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Chapter 1

Background

1.1. Introduction

Problems in all areas of mathematics, applied science, engineering, economics, medicine
and statistics can be posed as optimization problems. An optimization problem begins
with a set of independent variables or parameters, and often includes conditions or restric-
tions that define acceptable values of the variables. Such restrictions are known as the
constraints of the problem. The other essential component of an optimization problem is
a single measure of “goodness”, termed the objective function, which depends in some way
on the variables. The solution of an optimization problem is a set of allowed values of the
variables for which the objective function assumes its “optimal” value. In mathematical
terms, this usually involves maximizing or minimizing.

Math 171B deals principally with nonlinear programming, which involves the mini-
mization of a nonlinear function, possibly subject to nonlinear equality and inequality
constraints.

In its most general form, the problem of interest is to find a point x∗ such that f(x∗)
is the least value of f(x) over a given set of acceptable values of x. This set, known
as the feasible region, is usually defined in terms of of a set of functional equalities and
inequalities. For example, suppose that we wish to find the least value of the function
−x1x

2
2 for all nonnegative values of x1 and x2 that lie on the circle x2

1 + x2
2 = 0. This

problem can be written formally as

minimize
x1,x2

−x1x
2
2

subject to x2
1 + x2

2 = 2
x1, x2 ≥ 0.

(1.1.1)

Figure 1.1 shows the level curve of the function f = −x1x
2
2 and the set of points that

satisfies the constraint x2
1 + x2

2 = 0. This simple problem is an instance of the following
general case:

minimize
x∈Rn

f(x)

subject to ci(x) = 0, i = 1, 2, . . . ,mE,
ci(x) ≥ 0, i = mE + 1,mE + 2, . . . ,mE +mI ,

7
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where each ci(x) is a (possibly) nonlinear function of the n variables x1, x2, . . . , xn. This
problem hasmE equality constraints andmI inequality constraints. The {ci(x)} are known
as the constraint functions of the problem. For convenience, we will often consider the vec-
tor function c(x) that has the constraint function ci(x) as its ith component. Throughout,
it is assumed that f and c are twice-continuously differentiable—i.e., the second partial
derivative of ci(x) with respect to each of the variables exists and is continuous.

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 1.1: This graph depicts the level curves and constraint functions for the
two-dimensional example (1.1.1). The feasible region consists of points lying on the
circle x2

1 + x2
2 = 2 lying between the vertical and horizontal axes.

Before tackling this inequality constrained problem in all its generality, we consider
first the so-called unconstrained problem, which occurs when there are no restrictions on
x. This problem not only arises as a subproblem during the solution of the general case,
but also occurs as a valid problem in its own right. Broadly speaking, an unconstrained
minimizer x∗ is a point at which f(x) achieves its minimum value.

Throughout, we consider problems that are at least continuously differentiable, i.e., all
first derivatives exist and are continuous. In some cases, we go further and assume that
the second derivatives also exist and are continuous. The solution of the problem will
always be denoted by x∗.

To motivate our interest in unconstrained problems, we consider a large class of un-
constrained problems derived from applications in data fitting.

Consider a set of observed values y1, y2,. . . , ym of some process or experiment sampled
at times t1, t2,. . . , tm. We assume that the {yi} are values of some unknown function y(t)
that we would like to be able to define explicitly. One possibility is to approximate y(t)
by a simple function φ(t) defined in terms of a small number of parameters that can be
adjusted to make φ(t) ≈ y(t). In particular, we wish to identify the function φ that “best
fits” the data values {yi} when evaluated at the data points {ti}. One possibility is to
use a simple polynomial form for φ. For example, we might estimate that the data can be
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fitted by a quadratic polynomial of the form:

φ(t) = x1 + x2t+ x3t
2,

where the values (x1, x2, x3) are chosen so that φ(t) fits the data as closely as possible. In
particular, we wish to choose (x1, x2, x3) so that the magnitude of each of the error terms
yi − (x1 + x2ti + x3t

2
i ) is as small as possible. The most popular strategy is to minimize

the sum of squares of these errors, which is the same as minimizing a function f such that

f(x) =

m∑

i=1

(yi − (x1 + x2ti + x3t
2
i ))

2,

where x is the vector with components x1, x2 and x3. This problem, known as the so-called
least-squares fitting problem, is an unconstrained minimization problem since all values of
the parameters x1, x2, and x3 are meaningful.

The data-fitting problem can be stated more generally as follows. Suppose that we
wish to identify n parameters x1, x2, . . .xn. Consider the m× n matrix A and m-vector
b such that

A =




1 t1 t21
1 t1 t21
...

...
...

1 tm t2m




and b =




y1

y2
...

ym



.

The least-squares fitting problem is then equivalent to minimizing ‖b−Ax‖22, where ‖x‖2
denotes the two-norm (

∑m
i=1 x

2
i )

1/2. The unconstrained minimization of this function,
which can be done by solving a single system of linear equations, will be discussed later.

In Figure 1.2 we give the results of fitting the quadratic polynomial φ(t) = x1 + x2t+
x3t

2, to the data (ti, yi) given by (1, 2), (2, 3), (3, 5), (4, 7). The left-hand figure gives the
plot of the raw data, with {ti} on the horizontal axis and {yi} on the vertical axis. In the
second figure depicts the quadratic polynomial that best fits the data in the least-squares
sense. This polynomial is given by φ(t) = 5

4 + 9
20 t + 1

4 t
2. We will show how to compute

this polynomial later.
The main feature of the data-fitting problem considered so far is that the function

φ(t) is linear in the parameters x1, x2,. . . , xn. It is this that allows us to use the special
methods of linear least-squares and linear programming described above. If φ(t) involves
some nonlinear terms, the data fitting problem becomes a general (possibly nonsmooth)
unconstrained minimization problem, and the degree of difficulty increases accordingly.
For example, suppose we believe that for some values of x1, x2, and x3, the following
function best estimates the data:

φ(t) = x1t+ x2e
x3t.

In this case, it can be seen that f(x) is the norm of a nonlinear function instead of a linear
function. For example, in the least-squares case

f(x) =

m∑

i=1

(yi − (x1t+ x2e
x3t))2.
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Figure 1.2: Data-fitting problem with least-squares best fit.

These problems, known as nonlinear least-squares problems, will be considered in more
detail later. Nonlinear least-squares problems, or nonlinear parameter optimization, as it
is often called, is one of the most common sources of unconstrained optimization problem.

1.2. Eigenvalues and Singular Values

1.2.1. Eigenvalues and eigenvectors

For any square matrix A, there is at least one number λ (which may be complex) and an
associated nonzero vector u such that

(A− λI)u = 0, or, equivalently, Au = λu. (1.2.1)

The first equation in (1.2.1) indicates that subtraction of λ from each diagonal element of
A produces a singular matrix; the second relation shows that premultiplication of u by A
does not alter the direction of u. A value λ for which (1.2.1) holds is called an eigenvalue
of A, and the corresponding vector u is called an eigenvector. For example, when

A =

(
2 1

1 2

)
, B =

(
3 1

0 3

)
, u =

(
1

1

)
, and v =

(
1

0

)
, (1.2.2)

we have

Au =

(
3

3

)
= 3u and Bv =

(
3

0

)
= 3v,

so that λ = 3 is an eigenvalue of both A and B, u is an eigenvector of A and v is an
eigenvector of B.

Any n × n matrix A has n eigenvalues {λ1, . . . , λn} (not necessarily distinct), which
are the roots of the nth degree polynomial equation

det(A− λI) = 0, (1.2.3)
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where “det” denotes the determinant. In example (1.2.2), the two eigenvalues of A are
λ1 = 3, λ2 = 1, while B has a double eigenvalue (λ1 = λ2 = 3). We sometimes denote the
set of eigenvalues of A by {λi(A)}.

Any nonzero multiple of an eigenvector is also an eigenvector, since A(γu) = λ(γu) for
any nonzero scalar γ; thus, eigenvectors are often implicitly assumed to have Euclidean
length one (see §1.3.1). A general matrix does not necessarily have n linearly independent
eigenvectors. (However, see the discussion below of symmetric matrices.) For example,
the matrix B of (1.2.2) has only a single eigenvector, of the form (γ, 0)T. The eigenvalues
and eigenvectors together comprise the eigensystem of a matrix.

A useful relation is that the sum of the diagonal elements of any square matrix A
(called the trace of A) is equal to the sum of the eigenvalues:

trace(A) =
n∑

i=1

aii =
n∑

i=1

λi(A).

In addition, the product of the eigenvalues is equal to the determinant of A:

n∏

i=1

λi(A) = det(A).

Multiplying the relation (1.2.1) by any nonsingular matrix S, we have SAu = S(λu) =
λ(Su). Since S−1S = I, it follows that

SAu = SAS−1Su = SAS−1(Su) = λ(Su), (1.2.4)

which shows that λ is an eigenvalue and Su is an eigenvector of SAS−1. Two matrices are
said to be similar if they have the same eigenvalues, and (1.2.4) verifies that SAS−1 is
similar to A. (The matrix SAS−1 is called a similarity transform of A.) Similar matrices
do not in general have the same eigenvectors.

If A is singular, there exists a nonzero vector x such that Ax = 0, which shows that
a singular matrix has at least one zero eigenvalue. If A is nonsingular, all its eigenvalues
are nonzero, and the eigenvalues of A−1 are the reciprocals of the eigenvalues of A.

It is sometimes convenient to have an explicit formula for the eigenvalues of a 2 ×
2 matrix. (Since the eigenvalues are the roots of an nth degree polynomial, no such
expression exists for the eigenvalues of a general matrix of order greater than four.) Using
(1.2.3), the two eigenvalues of the matrix

T =

(
a b

c d

)

are the roots of the quadratic equation λ2 − (a+ d)λ+ ad− bc = 0, namely

λ1, λ2 = 1
2

(
a+ d ±

√
(a− d)2 + 4bc

)
.

The eigensystems of symmetric matrices have two special properties. First, if A is
symmetric, all the eigenvalues of A are real. Furthermore, a symmetric matrix always
has n orthogonal eigenvectors that may be normalized to form an orthonormal basis for
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R
n. Let λi denote an eigenvalue of the symmetric matrix A, with vi the corresponding

normalized eigenvector, so that

Avi = λivi, i = 1, . . . , n. (1.2.5)

Letting V be the matrix whose ith column is vi, and Λ the diagonal matrix diag(λ1,
. . . , λn), the equations in (1.2.5) may be written as AV = V Λ. Since V is orthogonal,
multiplying on the right by V T gives

A = V ΛV T , (1.2.6)

a form called the spectral decomposition of A. If an orthogonal matrix V and a diagonal
matrix Λ can be found satisfying (1.2.6), the elements of Λ must be the eigenvalues of A,
and the columns of V are the corresponding eigenvectors. We sometimes assume that the
eigenvalues are ordered so that λ1 ≥ λ2 ≥ · · · ≥ λn. The spectral radius of A, denoted by
ρ(A), is defined as

ρ(A) = max
1≤i≤n

|λi(A)|.

A square matrix A is said to be:

positive definite if uTAu > 0 for all u 6= 0;

positive semidefinite if uTAu ≥ 0 for all u;

indefinite if uTAu > 0 and vTAv < 0 for some u, v.

Note that these definitions imply that a positive-definite matrix is also positive semidefinite
(just as a positive number α satisfies α ≥ 0).

For any symmetric matrix, the positive-definiteness condition may be conveniently
stated in terms of its eigenvalues. Let A be a symmetric matrix whose eigenvalues λ1,
λ2, . . . , λn, are ordered so that λ1 ≥ λ2 ≥ · · · ≥ λn. Let v1, v2, . . . , vn denote the
corresponding eigenvectors of A. It holds that

(i) A is positive definite if and only if λi > 0 for all 1 ≤ i ≤ n.

(ii) If λi ≥ 0 for 1 ≤ i ≤ n and there is at least one eigenvalue λj such that λj = 0, then
A is positive semidefinite.

(iii) An eigenvector vj corresponding to a positive (negative) eigenvalue satisfies vT
j Avj >

0 (vT
j Avj < 0). An eigenvector corresponding to a zero eigenvalue is a null vector

for A.

(iv) The largest and smallest eigenvalues of A satisfy

λ1 ≥
xTAx

xTx
≥ λn, for all x 6= 0.

The inertia of a symmetric matrix A, denoted by In (A), is defined as a triple of
nonnegative integers

In (A) =
(
i+(A), i−(A), i0(A)

)
,
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where i+(A) is the number of positive eigenvalues of A, i−(A) is the number of negative
eigenvalues, and i0(A) is the number of zero eigenvalues. The inertia of A is equal to the
inertia of B only if i+(A) = i+(B), i−(A) = i−(B) and i0(A) = i0(B).

If C is any nonsingular matrix, Sylvester’s law of inertia states that the inertia of
CTAC is the same as the inertia of A. (However, in general the eigenvalues of A and of
CTAC are different.)

1.2.2. The singular-value decomposition

Any m× n matrix A can be written as

A = USV T , (1.2.7)

where U is an m×m orthogonal matrix, V is an n×n orthogonal matrix, and S is an m×n
diagonal matrix, S = diag(σ1, σ2, . . . , σp), with p = min(m, n) and σi ≥ 0, i = 1, . . . ,
p. The nonnegative numbers {σi} are called the singular values of A, and (1.2.7) is called
the singular-value decomposition (SVD). The singular value decomposition is arguably the
most informative general representation of a matrix, and will be discussed in more detail
in later chapters. The convention is usually adopted that σ1 ≥ σ2 ≥ · · · ≥ σp, so that
σ1(A) denotes the largest singular value of A.

If A has rank r and r > 0, then A has exactly r strictly positive singular values, so that
σr > 0 and σr+1 = · · · = σp = 0. If A has full rank, all its singular values are nonzero.
The singular values of A are the square roots of the eigenvalues of ATA (if m ≥ n) or
of AAT (if m < n). If A is symmetric, its singular values are the absolute values of its
eigenvalues.

1.3. Norms

To use terms like “smaller” or “larger” in our later work, we need to define how to measure
the “size” of a vector or matrix. For scalars, the “natural” choice for the size of a number
is its absolute value. The definition of norms provides a generalization of this association
to vectors and matrices.

1.3.1. Vector norms

A vector norm, denoted by ‖ · ‖, satisfies the following three properties:

(i) ‖x‖ > 0 for any nonzero vector x;

(ii) for any scalar γ, ‖γx‖ = |γ| ‖x‖;

(iii) for any two vectors x and y, ‖x+ y‖ ≤ ‖x‖+ ‖y‖ (the triangle inequality).

A norm is a continuous function of the elements of its argument. The definition of a norm
extends in an obvious way to row vectors.

For a positive integer p, the p- or Hölder norm of an n-vector x (denoted by ‖x‖p) is
defined as

‖x‖p =

( n∑

i=1

|xi|p
)1/p

, (1.3.1)
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and a finite limit exists as p→∞.
The three most common vector norms correspond to p = 1, 2 and ∞ in (1.3.1). When

x is an n-vector, these norms are given by

• ‖x‖1 =
∑n

i=1 |xi| (the `1 or one-norm);

• ‖x‖2 =
√
xTx (the `2, Euclidean or two-norm, also called the length or Euclidean

length of x);

• ‖x‖∞ = max1≤i≤n |xi| (the `∞, max or infinity-norm).

For example, if

x =

(
1

−2

)
, then ‖x‖1 = 3, ‖x‖2 =

√
5 and ‖x‖∞ = 2. (1.3.2)

The standard formula for the cosine of the angle θ between two nonzero vectors x and
y is

cos θ =
xTy

‖x‖2‖y‖2
. (1.3.3)

When x and y are orthogonal, i.e., xTy = 0, relation (1.3.3) confirms the usual interpreta-
tion that x and y intersect at right angles. Since the cosine is bounded in magnitude by
unity, (1.3.3) also gives the following useful Cauchy-Schwarz inequality :

−‖x‖2‖y‖2 ≤ xTy ≤ ‖x‖2‖y‖2. (1.3.4)

For any nonzero vector x and norm ‖ · ‖, the normalized vector u such that u has the
same direction as x and ‖u‖ = 1 is given by

u =
1

‖x‖ x =
x

‖x‖ . (1.3.5)

(The final expression in (1.3.5) illustrates the compact notation x/α to mean (1/α)x,
where x is a vector and α is a scalar.)

Given any norm ‖ · ‖ we can define the function

ν(x) = max
v∈R

n

v 6=0

|xT v|
‖v‖ . (1.3.6)

It can be shown that: (i) ν(x) ≥ 0 for all x, with ν(x) = 0 if and only if x = 0; (ii)
ν(αx) = |α|ν(x) for any scalar α; and (iii) ν(x+ y) ≤ ν(x) + ν(y) for all vectors x and y.
It follows that ν(x) defines a vector norm, which is known as the vector norm dual to ‖ · ‖.

The dual norm of the two-norm is itself the two-norm. This follows from the Cauchy-
Schwartz inequality

−‖v‖2 ‖x‖2 ≤ vTx ≤ ‖v‖2 ‖x‖2,
where both inequalities are exact for the vector v∗ = ±x. It follows that v∗ = ±x solves
the problem associated with ν(x), with

ν(x) = max
v∈R

n

v 6=0

|xT v|
‖v‖2

=
|xT v∗|
‖v∗‖2

=
|xTx|
‖x‖2

= ‖x‖2.
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The two-norm is said to be self-dual.
It can be shown that the dual of the Hölder norm ‖ · ‖p is ‖ · ‖q, where 1/p+ 1/q = 1.

This result implies that the dual of the dual of the Hölder norm is the original norm. It
can be shown that limp→∞ ‖x‖p = max1≤i≤n |xi| = ‖x‖∞, which implies that the one-
and infinity-norms are dual to each other.

We often need the vector v∗ that minimizes the ratio (1.3.6) defining ν(x). Consider
the dual norm for the one-norm, which is the infinity norm. In this case, v∗ = ±ei, where
ei is the ith coordinate vector with i defined such that |xi| = max1≤j≤n |xj |. Then

ν(x) = max
v∈R

n

v 6=0

|xT v|
‖v‖1

=
|xT v∗|
‖v∗‖1

=
|xT ei|
‖ei‖1

= |xi| = max
1≤j≤n

|xj | = ‖x‖∞.

Similarly, for the dual of the infinity norm, we have v∗ = ±η where η is the vector

ηj =

{
+1 if xj ≥ 0;

−1 if xj < 0.

Then xT η =
∑n

j=1 |xj |, with ‖η‖∞ = 1 and

ν(x) =
|xT v∗|
‖v∗‖∞

=
|xT η|
‖η‖∞

= ‖x‖1.

Next we consider the so-called ellipsoidal norm ‖x‖C = (xTCx)1/2, where C is a
positive-definite symmetric matrix. Since C is positive definite, there exists a nonsingular
matrix M such that C = MTM . As M is nonsingular, we have xTv = xTM−1Mv =
(M−Tx)T (Mv). The Cauchy-Schwartz inequality can be used to obtain the sequence of
inequalities

|xTv| ≤ ‖M−Tx‖2‖Mv‖2
= (xTM−1M−Tx)1/2(vTMTMv)1/2

= (xTC−1x)1/2(vTCv)1/2

= ‖x‖C−1‖v‖C .

This establishes the bound |xTv|/‖v‖C ≤ ‖x‖C−1 , which is achieved for the vector v∗
such that v∗ = ±C−1x. It follows that the dual of the ellipsoidal norm ‖x‖C is another
ellipsoidal norm ‖x‖C−1 based on C−1.

1.3.2. Matrix norms

A matrix norm, denoted as in the vector case by ‖ · ‖, satisfies the same three properties
as a vector norm:

(i) ‖A‖ > 0 for any nonzero matrix A;

(ii) ‖γA‖ = |γ| ‖A‖ for any scalar γ;

(iii) ‖A+B‖ ≤ ‖A‖+ ‖B‖.
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It is also useful for a matrix norm to satisfy a fourth property, called consistency :

(iv) ‖AB‖ ≤ ‖A‖ ‖B‖.
Given any vector norm, an associated matrix norm can be defined as follows. Intu-

itively, the matrix A should have a “large” norm if its application to a nonzero vector x
can produce a vector Ax whose norm is large relative to ‖x‖. For any matrix A and vector
norm ‖ · ‖, the subordinate or induced matrix norm ‖A‖ is defined as

‖A‖ = max
x6=0

‖Ax‖
‖x‖ . (1.3.7)

(Note that the norms on the right-hand side of this expression are vector norms.) Using
(1.3.5), an equivalent (sometimes more convenient) definition of ‖A‖ is:

‖A‖ = max
‖u‖=1

‖Au‖.

A lower bound on ‖A‖ can be obtained by computing the ratio of ‖Ax‖ and ‖x‖ for
any specific nonzero vector x:

‖A‖ ≥ ‖Ax‖‖x‖ . (1.3.8)

Equality in (1.3.8) must be achieved for at least one nonzero vector x, for which ‖A‖ ‖x‖ =
‖Ax‖.

The matrix norms subordinate to the one-, two- and infinity-norms for vectors are:

• ‖A‖1 = maxj ‖aj‖1 (the maximum absolute column sum);

• ‖A‖2 = σ1(A) (the largest singular value; see §1.2.2);

• ‖A‖∞ = maxi ‖a′i‖1 (the maximum absolute row sum).

A vector norm ‖ · ‖ and a matrix norm ‖ · ‖′ are said to be compatible or consistent if

‖Ax‖ ≤ ‖A‖′‖x‖

for every A and x. A vector norm and its subordinate matrix norm are always compatible
(see (1.3.8)).

An important matrix norm that is not subordinate to a vector norm is the Frobenius
norm, defined for an m× n matrix A as

‖A‖F =

( m∑

i=1

n∑

j=1

a2
ij

)1/2

,

which can be shown to satisfy

‖A‖2
F

= trace(ATA).

The Frobenius norm is essentially the Euclidean norm of its matrix argument treated as
a “vector” with mn components. The Frobenius norm is compatible with the Euclidean
vector norm, i.e., for any A and x,

‖Ax‖2 ≤ ‖A‖F‖x‖2.
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Although different norms usually vary in value for a fixed vector or matrix (see (1.3.2)),
they can nonetheless be regarded as “equivalent” in the following sense. For any two vector
norms, say ‖ · ‖ and ‖ · ‖′, there exist positive constants cl and cu, depending only on the
dimension of the vector, such that, for any vector x,

cl‖x‖ ≤ ‖x‖′ ≤ cu‖x‖. (1.3.9)

A similar result also holds for any two matrix norms.
Relation (1.3.9) allows us to choose the most convenient norm in certain situations

when the exact value of the norm is not crucial. For example, if a theorem states that
the two-norm of a certain vector is bounded, we know from (1.3.9) that any norm of the
vector is bounded. Similarly, the one-, infinity- or Frobenius norms may be preferred in
matrix calculations because they are less expensive to compute than the two-norm.

1.4. Some Properties of Sets

In this class we will always be finding minimizers or zeros of functions that are defined
on a finite-dimensional normed space. A normed vector space is essentially a set of points
D with some method for measuring the distance between any two points x and y in D.
Most often, we will consider the simplest case where D is the set of n vectors (x1, x2, . . . ,
xn)T , and the distance between two n-vectors x and y is the so-called Euclidean distance
(
∑n

i=1(xi − yi)
2)1/2, which is just the two-norm of the vector x− y.

In general, the method of measuring the distance between any two points x and y in
D is known as the “metric” associated with D.

We need to define the most common properties associated with subsets of D.

Definition 1.4.1. Given a positive δ and a point x0 ∈ D, we define B(x, δ) to be the set
of all x ∈ D whose distance to x0 is less than δ, i.e.,

B(x0, δ) = {x | ‖x− x0‖ < δ}.

We call B(x0, δ) the open ball of radius δ centered at x0.

In R
1, the open ball of radius δ is the open interval (x0 − δ, x0 + δ).

If we say that a certain property holds “in an open neighborhood” of x, we mean that
there exists some δ > 0 such that the property holds in an open ball B centered at x; in
this context, the existence of the neighborhood is important, but the actual value of δ is
not.

Definition 1.4.2. (Interior of a set.) Given a set S, a point x is an interior point of S
if x ∈ S and there exists an open ball centered at x that is entirely contained in S. The
interior of S, denoted by int(S), is the set of all interior points of S.

An important property of an open or closed ball is that, given any two points x, y ∈ B,
every point z on a line joining x and y must also lie in B. Sets with this property are
called convex sets. A convex set satisfies the following definition.

Definition 1.4.3. (Convex set.) A set S is convex if, for all x, y ∈ S,

z = θy + (1− θ)x ∈ S, for all θ ∈ [0, 1].
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Another interpretation of this definition comes from observing that the point may be
written in the form z = x+ θ(y − x) with 0 ≤ θ ≤ 1. This implies that a set is convex if
all steps θ (0 ≤ θ ≤ 1) from x along a vector in the direction of y must give a point that
also lies in S.

Definition 1.4.4. Let S be a subset of a normed space D. A point x ∈ D is called a limit
point of S if there is a sequence {xk} of points of S that converges to x. The set of all
limit points of S is called the closure of S.

An important property of a limit point x is that every open ball centered at x contains
at least one point of S.

In many cases, the set S will consist of the members of a sequence of approximate
solutions generated by an algorithm. This sequence is usually written as {xk}.

The closure of the open ball B(x, δ) is the set

B̄(x, δ) = {x | ‖x− y‖ ≤ δ},

which is known as the closed ball of radius δ centered at x.

Definition 1.4.5. (Closed set.) A set S is said to be closed if S = S̄, i.e., a set is closed
if it contains all its limit points.

Definition 1.4.6. (Boundary of a set.) Given a set S, a point x is a boundary point of
S if every neighborhood of x contains at least one point in S and at least one point not in
S. The boundary of S is the collection of all boundary points of S.

It is straightforward to show that a closed set contains all its boundary points. The
boundary of the closed ball B̄(x, δ) is the set of points y that lie on the “sphere” ‖y−x‖ = δ.

Definition 1.4.7. Let S and D be two sets such that S ⊂ D ⊂ R
n. The set S is said to

be open (closed) relative to D if S = D ∩N , where N is some open (closed) set in R
n.

An open set D in R
n is always open relative to R

n. If S ⊂ D, and if D is open, then
the set S is open relative to D since S = S ∩D.

Definition 1.4.8. (Bounded set.) A set S is bounded if there exists a positive number
M such that

‖x− y‖ ≤M, for all x, y ∈ S.

1.5. Convergence of Sequences

In studying a sequence of approximations to a solution, we typically consider two features:
whether the elements of the sequence converge to the desired solution; and, if so, the
“speed” of convergence. Rigorous definitions are required in order to make meaningful
statements about these issues. Unless specified otherwise, every sequence is assumed to
be infinite; however, non-finiteness may sometimes be stated for emphasis.

Definition 1.5.1. (Convergence of a sequence). The sequence {xk}, k = 0, . . . , converges
to the value x∗ if, for any ε > 0, there exists an index K such that for all k ≥ K,

‖xk − x∗‖ < ε. (1.5.1)
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When a sequence converges, the (necessarily unique) value x∗ is called the limit of the
sequence, since relation (1.5.1) is equivalent to stating that limk→∞ xk = x∗. If we say
simply that a sequence converges, we mean that some limit (whose value is unspecified
and may be irrelevant) exists.

Definition 1.5.2. (Subsequence). Given a sequence {xk}, a subsequence is a sequence
formed by omitting some of the elements of the original sequence, without altering the
order of the remaining elements.

A subsequence is often defined by specifying a set of indices {ki}, i = 0, 1, . . . , of the
selected elements, so that the subsequence is {xki

}. For example, if {xk} is the sequence
of integers xk = k, k = 0, 1, 2, . . . , then the odd integers 1, 3, . . . , form a subsequence
whose set of indices is ki = 2i+ 1.

Definition 1.5.3. (Limit point). A point x∗ is a limit point of the sequence {xk} if there
exists a subsequence that converges to x∗.

To illustrate the ideas behind these crucial definitions, consider three sequences. First,
the sequence of integers xk = k does not converge and has no limit point. Second, the
sequence xk = 2 + 2−k converges to x∗ = 2, as we now show. Given any ε > 0 (no matter
how small), an integer K exists such that 2k > 1/ε for all k ≥ K. Hence, 2−k < ε for all
k ≥ K, so that

xk − x∗ = xk − 2 = 2 + 2−k − 2 = 2−k < ε,

and (1.5.1) is satisfied. Finally, the sequence

xk =

{
2 + 2−k k even;
1
2 k odd,

(1.5.2)

does not converge, but has two limit points (2 and 1
2 ) since the subsequences corresponding

to even and odd k converge to these values.
We next define the property of boundedness, and then give three related theorems.

Definition 1.5.4. (Boundedness of a sequence). The scalar sequence {xk} is bounded
below if there exists a constant m such that xk ≥ m for all k, and bounded above if there
exists a constant M such that xk ≤M for all k. If a sequence is bounded above and below,
the sequence is bounded. If no constant M exists such that xk ≤ M for all k, {xk} is
unbounded above, with an analogous definition for “unbounded below”.

For example, the sequence xk = k, k = 0, 1, . . . , is bounded below by zero and unbounded
above, whereas the sequence (1.5.2) is bounded.

Theorem 1.5.1. (Existence of a limit point). Every bounded scalar sequence has at least
one limit point.

Theorem 1.5.2. (Existence of a greatest lower or least upper bound.) If S is a non-empty
set of real numbers that is bounded below, then S has a greatest lower bound. If S is a
non-empty set of real numbers that is bounded above, then S has a least upper bound.
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Sequences whose elements become consistently larger or smaller are the subject of the
following definition and theorem.

Definition 1.5.5. (Monotonicity of a sequence). The scalar sequence {xk} is decreasing
if xk+1 < xk for all k, and is non-increasing if xk+1 ≤ xk for all k. Similarly, {xk} is
increasing if xk+1 > xk for all k, and non-decreasing if xk+1 ≥ xk for all k. A sequence
that is either non-increasing or non-decreasing is said to be monotonic.

Theorem 1.5.3. (Convergence of a monotonic sequence.) If {xk} is a non-increasing
scalar sequence that is bounded below, then {xk} converges to its greatest lower bound.
Similarly, a non-decreasing sequence that is bounded above converges to its least upper
bound.

1.5.1. Rates of convergence

A vital concept in the analysis of iterative algorithms is the order or rate of convergence
of the sequence of iterates. (We use the terms “order of convergence” and “rate of con-
vergence” interchangeably.) Broadly speaking, the order of convergence indicates how fast
convergence occurs; the larger the order, the faster the convergence. Since our concern
is almost entirely with sequences of a somewhat restricted nature, we shall not state the
most general definitions of the rate of convergence.

Definition 1.5.6. (Lower bound on the order of convergence). Let {xk} be a sequence
that converges to x∗, and let r ≥ 1. We say that {xk} converges to x∗ with order at least
r if there exist a constant βr ≥ 0 and a positive integer K such that, for all k ≥ K,

‖xk+1 − x∗‖ ≤ βr‖xk − x∗‖r. (1.5.3)

The following definition is a special case of the widely used concept of q-order.

Definition 1.5.7. (Order of convergence; the asymptotic error constant). Let {xk} be a
sequence that converges to x∗, and let r ≥ 1. If the sequence

qk =
‖xk+1 − x∗‖
‖xk − x∗‖r

(1.5.4)

is well defined and converges to a finite nonzero limit γr, then {xk} converges to x∗ with
order r, and γr is the asymptotic error constant.

When r = 1, the order of convergence is said to be linear, and it must hold that γr ≤ 1.
When r = 2 or 3, the rate of convergence is quadratic or cubic, respectively.

When Definition 1.5.7 applies, r is unique. Let r̄ be a number purporting to be the
rate of convergence. A “rule of thumb” is that the limit of the sequence {qk} (1.5.4) is zero
if r̄ < r, and that the values of qk are unbounded above if r̄ > r. For example, consider
the sequence xk = 2−k, whose limit is x∗ = 0. Since xk 6= x∗ for any k, the sequence {qk}
of (1.5.4) is well defined, and

qk =
xk+1

xr
k

=
2−k−1

2−rk
= 2rk−k−1. (1.5.5)
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If r = 1, qk = 1
2 for all k. On the other hand, suppose that r > 1. Writing r = 1 + δ,

where δ > 0,
qk = 2δk−1,

and qk becomes arbitrarily large as k increases. We conclude that 2−k converges to zero
with order one and asymptotic error constant 1

2 .
A higher rate of convergence implies (ultimately) faster convergence because of the

following relationship between consecutive powers of sufficiently small numbers.

Property 1.5.1. Given any constant M > 0, there exists ε̄ > 0 such that

Mεm+1 < εm for all 0 < ε < ε̄. (1.5.6)

It is straightforward to see that (1.5.6) will hold if ε̄ = 1/M .
Convergence that is “faster than linear” is given a special name, and may be charac-

terized without knowing the precise value of r.

Definition 1.5.8. (q-superlinear convergence). Let {xk} be a sequence that converges to
x∗. If there exists a sequence {βk} that converges to zero and an index K such that

‖xk+1 − x∗‖ ≤ βk‖xk − x∗‖
for all k > K, then {xk} converges q-superlinearly to x∗.
If a value of r satisfying Definition 1.5.7 exists, the corresponding sequence converges
superlinearly when r > 1. However, it is important to realize that superlinearly convergent
sequences exist for which there is no value of r satisfying Definition 1.5.7. For example,
consider the sequence

xk = 2−22k

, whose first three elements are 1
4 ,

1
16 ,

1
65536 .

Although Definition 1.5.8 applies and {xk} therefore converges superlinearly to zero, the
associated sequence {qk} in Definition 1.5.7 converges to zero for any fixed value of r, and
hence the order of convergence is not defined.

It is sometimes convenient to analyze the error in an approximation using the following
definition.

Definition 1.5.9. (Order notation). Let f be an arbitrary function of a positive variable
h; let p ≥ 0 and ε < 1. Suppose that there exists a finite constant M , independent of h,
such that for all h < ε, it holds that

|f(h)| ≤Mhp; then we write f = O(hp),

and say “f is of order hp” (or “f is big oh of hp”). If

lim
h→0

f(h)

hp
= 0, then we write f = o(hp),

and say “f is little oh of hp”. Finally, if there exists a nonzero constant L such that

lim
h→0

f(h)

hp
= L, then we write f ∼ Lhp.

When p = 0, the above relations are written as O(1) and o(1), since h0 = 1 for any
nonzero h. If f = O(1), |f | is bounded. If f = o(1), then limh→0 f(h) = 0. Broadly
speaking, a = o(b) means that a is going to zero faster than b, and a = O(b) means that
a and b are going to zero at the same “speed”.
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1.6. Properties of Univariate Functions

The “fastest” methods for zero-finding and optimization rely on properties such as con-
tinuity and differentiability that allow us to deduce information about a function f at a
“new” point from its behavior at “old” points.

In characterizing intervals on the real line, we use the following standard notation:
“ (a” indicates that a is the left endpoint of an interval that is open on the left, i.e., the
interval includes points that lie to the right of a, not including a; whereas “ [a” means that
the interval is closed on the left, i.e., includes a as well as points to the right of a. The
notations “ b)” and “ b]” have a similar meaning for the right endpoints. We sometimes
denote intervals by the letter I. If I is the interval [a, b], |I| means the length of I,
namely b− a.

If an interval exists with endpoints x1 and x2, where x1 6= x2, the statement “x ∈
int(x1, x2)” means that x lies in (x1, x2) if x1 < x2 and in (x2, x1) otherwise.

The following notation conveys the continuity properties of a function and its deriva-
tives.

Definition 1.6.1. (The notation Ck). Let f be a function and k a nonnegative integer.
The statement that f ∈ Ck (in an interval) means that f and its first k derivatives are
continuous (in the interval).

To illustrate, f1(x) = |x| is continuous everywhere, but its first derivative is discontinuous
at x = 0, so that f1 ∈ C0. In contrast, f2(x) = x2 is in C∞, since f2 itself and all its
derivatives are continuous everywhere. If f ∈ Cm, f is also in Cs for 0 ≤ s < m. If f ∈ C1,
f is said to be continuously differentiable; if f ∈ C2, f is twice-continuously differentiable.

The following theorems will be used throughout the remainder of the book, and are
grouped here for reference.

Theorem 1.6.1. (The Intermediate Value Theorem). Let f be a continuous function in
[a, b]. If f(a) 6= f(b), then f assumes every value between f(a) and f(b) in [a, b].

The Intermediate Value Theorem does not state that f assumes only values between f(a)
and f(b), but rather that f assumes at least this range of values.

Theorem 1.6.2. (The Extreme Value Theorem). Let f be a continuous function in [a,
b]. Then

(i) f is bounded in [a, b]; and

(ii) f attains its maximum and minimum in [a, b], i.e., there exists ξ ∈ [a, b] such that
f(ξ) ≥ f(x) for all x ∈ [a, b], and there exists η ∈ [a, b] such that f(η) ≤ f(x) for
all x ∈ [a, b].

It follows from this result and the Intermediate-Value Theorem that a continuous function
f assumes every value between its maximum and minimum in [a, b].

Theorem 1.6.3. (The Mean-Value Theorem of Differential Calculus). Let f be a function
that is continuous in [a, b] and differentiable in (a, b). Then there exists at least one point
ξ ∈ (a, b) such that

f ′(ξ) =
f(b)− f(a)

b− a .
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This theorem may be stated in terms of an integral as follows.

Theorem 1.6.4. (The Integral Mean Value Theorem). Let f be a function that is con-
tinuous in [a, b] and differentiable in (a, b). Then

f(b) = f(a) +

∫ b

a

f ′(z) dz.

Theorem 1.6.5. (The Nonzero Derivative Theorem). Let f be a function that is con-
tinuously differentiable in [a, b], and assume that f ′(ξ) 6= 0 for some point ξ ∈ (a, b).
Then

(i) if f ′(ξ) > 0, there exists δ satisfying 0 < δ < min(ξ − a, b − ξ) such that f(x) <
f(ξ) < f(z) for all ξ − δ < x < ξ and ξ < z < ξ + δ;

(ii) if f ′(ξ) < 0, there exists δ satisfying 0 < δ < min(ξ − a, b − ξ) such that f(x) >
f(ξ) > f(z) for all ξ − δ < x < ξ and ξ < z < ξ + δ.

Theorem 1.6.6. (Taylor’s theorem with remainder). Let h > 0, and assume that f ∈ Cp

in [x, x+ h]. Then there exists θ satisfying 0 ≤ θ ≤ 1 such that

f(x+ h) = f(x) + hf ′(x) + 1
2h

2f ′′(x) + · · ·

+
1

(p− 1)!
hp−1f (p−1)(x) +Rp, (1.6.1)

where the remainder term Rp is given by

Rp =
1

p!
hpf (p)(x+ θh) (1.6.2)

and f (k) denotes the kth derivative of f .

It is often convenient to use an integral form of the remainder term.

Theorem 1.6.7. (Taylor’s theorem with integral remainder). Let h > 0, and assume that
f ∈ Cp in [x, x+ h]. Then

f(x+ h) = f(x) + hf ′(x) + 1
2h

2f ′′(x) + · · ·

+
1

(p− 1)!
hp−1f (p−1)(x) +Rp, (1.6.3)

where the remainder term Rp is given by

Rp =
1

(p− 1)!
hp

∫ 1

0

(1− ξ)p−1f (p)(x+ ξh) dξ (1.6.4)

and f (k) denotes the kth derivative of f .
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The Taylor-series expansion (1.6.1) is most commonly written with a linear or quadratic
remainder term, i.e.,

f(x+ h) = f(x) + hf ′(x+ θ1h) (1.6.5)

f(x+ h) = f(x) + hf ′(x) + 1
2h

2f ′′(x+ θ2h) (1.6.6)

where 0 < θ1 < 1 and 0 < θ2 < 1.
Equivalent first- and second-order expansions with an integral remainder term are

f(x+ h) = f(x) + h

∫ 1

0

f ′(x+ ξh) dξ, (1.6.7)

and f(x+ h) = f(x) + hf ′(x) + h2

∫ 1

0

(1− ξ)f ′′(x+ ξh) dξ. (1.6.8)

Alternative forms for the error terms of these Taylor-series expansions involve the
integral of the difference between the next higher derivative. In the first-order case, we
include an additional term hf ′(x) on the right-hand side of (1.6.7) to obtain

f(x+ h) = f(x) + hf ′(x) + h

∫ 1

0

(f ′(x+ ξh)− f ′(x)) dξ. (1.6.9)

Note that this form expresses the remainder term in terms of the “sum” of the variation
of the first derivative as ξ varies between 0 and 1. Hence, if f ′(x) varies dramatically, we
should expect the remainder term to be large.

A similar “difference” form for the remainder in the second-order expansion can be
derived by including an additional term 1

2h
2f ′′(x) on the right-hand side of (1.6.8), giving

f(x+ h) = f(x) + hf ′(x) + 1
2h

2f ′′(x) + h2

∫ 1

0

(1− ξ)
(
f ′′(x+ ξh)− f ′′(x)

)
dξ.

Definition 1.6.2. (Multiplicity of a zero). Let f ∈ Ck and f(x∗) = 0. Then x∗ is a zero
(root) of f of multiplicity k if f (i)(x∗) = 0, i = 1, . . . , k− 1, and f (k)(x∗) 6= 0, where f (i)

denotes the ith derivative of f .

For example, if f(x) = x2 − 1, x∗ = 1 is a zero of multiplicity one, since f ′(x∗) = 2x∗ =
2 6= 0. In contrast, if f(x) = (x − 1)2, then x∗ = 1 is a zero of multiplicity two, since
f ′(1) = 0 but f ′′(1) = 2 6= 0. A zero of multiplicity one is called a simple zero.

1.7. Properties of Functions of Many Variables

Let Fi(x) denote a scalar-valued function of n variables x1, x2, . . . , xn. Let F (x) denote
the m-vector whose ith component is Fi(x), i.e.,

F (x) =




F1(x)

F2(x)
...

Fm(x)



.
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A scalar-valued function F of a single variable x is differentiable if there exists a number
F ′(x) such that

lim
h→0

1

h
{F (x+ h)− F (x)− F ′(x)h} = 0.

If F ′(x) exists, it is unique and is known as the first derivative of F (x).
This definition can be extended to define the derivative of a general vector-valued

function. In the definition used here, the quantity h is a vector whose norm goes to zero.

Definition 1.7.1. (Derivative of a vector-valued function.) A vector-valued function F :
D ⊂ R

n → R
m is differentiable at a point x ∈ int(D) if there exists an m × n matrix

F ′(x) such that

lim
h→0

1

‖h‖ {F (x+ h)− F (x)− F ′(x)h} = 0.

If F ′(x) exists, it is unique and is known as the first derivative of F (x).

An explicit matrix representation of F ′(x) may be obtained in terms of the first partial
derivatives of F . If the partial derivative ∂Fi/∂xj of the ith element Fi(x) with respect
to the jth variable xj exists, then

lim
δ→0

1

δ

{
Fi(x+ δej)− Fi(x)−

∂Fi

∂xj
δ

}
= 0.

By choosing the vector h of Definition 1.7.1 as δej , where ej is the jth column of the
identity matrix, it is evident that the ijth element of F ′(x) is the ijth element of the
following m× n matrix:

F ′(x) =




∂F1

∂x1

∂F1

∂x2
. . .

∂F1

∂xn

∂F2

∂x1

∂F2

∂x2
. . .

∂F2

∂xn
...

...
...

∂Fm

∂x1

∂Fm

∂x2
. . .

∂Fm

∂xn




.

This matrix of partial derivatives is known as the Jacobian and is often denoted by J(x).
We shall use the notation F ′(x) and J(x) interchangeably.

As might be expected, the Jacobian of a linear function is constant, as in the one-
variable case. In particular, if F (x) = Ax − b, with A an m × n matrix with constant
elements, then F ′(x) is the m × n matrix A. In general, however, the elements of the
Jacobian are themselves functions of x. For example, if x ∈ R

3 and F (x) is the two-vector

F (x) =

(
F1(x)

F2(x)

)
=

(
x2

1 + x2
2 + x2

3 − 1

ex1 − x2 − cosx3

)
,

then F ′(x) is the 2× 3 matrix

J(x) =

(
2x1 2x2 2x3

ex1 −1 sinx3

)
.
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1.7.1. Scalar-valued multivariate functions

A scalar-valued function F (such as the objective function in an optimization problem) is
an example of a 1×1 vector-valued function. Applying the definition of the first derivative,
we see that the first derivative is a row vector of first partial derivatives:

f ′(x) =

(
∂f

∂x1

∂f

∂x2
· · · ∂f

∂xn

)
.

One of the simplest examples of a scalar-valued function is the affine function f(x) =
aTx − β =

∑n
i=1 ajxj − β, where a be an n-vector and β be a scalar. From the above

discussion, we may deduce that the derivative of an affine function is

f ′(x) =
(
a1 a2 · · · an

)
.

A quadratic function has the form f(x) = 1
2

∑n
i=1

∑n
j=1 hijxixj , where the n2 components

hij are constant. If H is the matrix whose (i, j)th element is hij , then F may be written
in the matrix-vector form f(x) = 1

2x
THx. The derivative of this function is given by

f ′(x) = 1
2x

T (H +HT ).
For a given constant σ, the set of points S such that S = {x | f(x) = σ} defines a level

surface or level curve in R
n. The column vector whose components are the first partial

derivatives of F evaluated at x is normal to this surface at x. This column vector is known
as the gradient vector, and sometimes denoted by ∇f(x), or just g(x).

Definition 1.7.2. If f(x) is a scalar-valued function, its gradient is the transpose of the
derivative f ′(x). Thus, the gradient is the column vector of partial derivatives:

∇f(x)
4

= f ′(x)T =




∂f

∂x1

∂f

∂x2
...
∂f

∂xn




.

The gradients of the affine function f(x) = aTx − β and quadratic function 1
2x

THx, are
∇f(x) = a and ∇f(x) = 1

2 (H +HT )x, respectively.

Definition 1.7.3. If f(x) is a scalar-valued function, its Hessian ∇2f(x) is the Jacobian
of the gradient vector ∇f(x). Thus, the Hessian is the n×n matrix of mixed second-order
partial derivatives of f :

∇2f(x)
4

= (∇f(x))′ =




∂2f

∂x2
1

∂2f

∂x2∂x1
. . .

∂2f

∂xn∂x1

∂2f

∂x1∂x2

∂2f

∂x2
2

. . .
∂2f

∂xn∂x2

...
...

...

∂2f

∂x1∂xn

∂2f

∂x2∂xn
. . .

∂2f

∂x2
n




.
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If the first- and second-order partial derivatives ∂f/∂xi, ∂f/∂xj and ∂2f/∂xi∂xj exist
and are continuous, then ∂2f/∂xi∂xj = ∂2f/∂xj∂xi and the Hessian is symmetric.

The affine function f(x) = aTx − β and quadratic function f(x) = 1
2x

THx, have
Hessians ∇2f(x) = 0, and ∇2f(x) = 1

2 (H + HT ), respectively. If H is symmetric, i.e.,
hij = hji, then ∇2f(x) = H. For a general nonlinear function, the components of the
Hessian are functions of x. For example, the function f(x) = x1x

2
2 + 3x2

1x2 has gradient
and Hessian

∇f(x) =

(
x2

2 + 6x1x2

2x1x2 + 3x2
1

)
and ∇2f(x) =

(
6x2 2x2 + 6x1

2x2 + 6x1 2x1

)
.

Note that the Hessian is symmetric, as is the usual case.

1.7.2. The chain rule and its applications

One of the most useful results in multivariate optimization is the chain rule. The chain
rule is a mechanism that allows the simple evaluation of complicated derivatives.

Result 1.7.1. Let F and G be vector-valued functions such that F maps vectors in R
p to

vectors in R
q and G maps vectors in R

q to vectors in R
s. Consider the composite function

H(x) = G(F (x)),

that maps vectors in R
p to vectors in R

s. If F and G are differentiable, then H is differ-
entiable and the derivative of H(x) is given by H ′(x) = G′(F (x))F ′(x).

Essentially, the chain rule says that the Jacobian of H is the product of the Jacobians of
G and F . However, it is important to recognize that the order of this product is crucial
since both G and F are generally rectangular and may only be multiplied together in the
order stated.

One of the most important applications of the chain rule concerns the calculation of
the derivatives of a scalar-valued function along a direction p. Given any point x̄ ∈ R

n,
we shall be interested in the behavior of f as we move along a direction p that starts at
x̄. Let the scalar-valued function ψ(α) denote the restriction of f(x) along the direction
p, i.e.,

ψ(α)
4

= f(x̄+ αp), (1.7.1)

where x̄ and p are held constant and the scalar α is allowed to vary. The function ψ(α)
represents the univariate variation of f as we move along a linear path starting at x̄.
The chain rule allows us to define the derivatives of ψ with respect to α, i.e., the scalar
quantities

ψ′(α), ψ′′(α), . . . etc.

To apply the chain rule it is necessary to notice that ψ is a composite map of the form
G(F (x)) in which F : R

1 → R
n maps α into x̄ + αp, and G : R

n → R
1 maps x̄ + αp to

f(x̄+ αp). It follows that the derivative of ψ is

ψ′(α) = f ′(x̄+ αp)
d

dα
(x̄+ αp) = ∇f(x̄+ αp)Tp. (1.7.2)
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Note that the order of this product is crucial. The quantity ∇f(x̄+αp)Tp is known as the
directional derivative of f along p at x̄ + αp (often we just say “directional derivative”
when the position and direction are obvious). The directional derivative gives the slope of
f along the direction p.

For the second derivative, we use the chain rule to obtain the derivative of ∇f(x̄ +
αp)Tp = pT∇f(x̄ + αp) with respect to α. Using the fact that the derivative of the
gradient is the Hessian, we obtain

ψ′′(α) = pT d

dα
∇f(x̄+ αp)

d

dα
(x̄+ αp) = pT∇2f(x̄+ αp)p. (1.7.3)

The quantity pT∇2f(x̄ + αp)p is known as the curvature of f along p at x̄ + αp (or just
the “curvature” for short).

1.7.3. Taylor-series for multivariate functions

Given these expressions for ψ′(α) and ψ′′(α), the first- and second-order Taylor-series
expansions (1.6.6) and (1.6.6) for the univariate function ψ(α) may be written as ψ(α) =
ψ(0) + αψ′(θ1α), and ψ(α) = ψ(0) + αψ′(0) + 1

2α
2ψ′′(θ2α), where θ1 and θ2 are scalars

such that 0 < θ1 < 1 and 0 < θ2 < 1. If these expansions are written in terms of f , we
obtain

f(x̄+ αp) = f(x̄) + α∇f(x̄+ θ1α)T p,

f(x̄+ αp) = f(x̄) + α∇f(x̄)T p+ 1
2α

2pT∇2f(x̄+ θ2αp) p.

The equivalent first- and second-order expansions with an integral remainder term are

f(x̄+ αp) = f(x̄) + α

∫ 1

0

∇f(x̄+ ξα)T p dξ,

f(x̄+ αp) = f(x̄) + α∇f(x̄)T p+ α2

∫ 1

0

pT∇2f(x̄+ ξαp) p(1− ξ) dξ.

1.8. Results from Matrix Theory

Lemma 1.8.1. Let ‖ · ‖ be any norm on R
n×n such that ‖AB‖ ≤ ‖A‖ ‖B‖ and ‖I‖ = 1.

If ‖E‖ < 1 then (I + E)−1 exists and

‖(I + E)−1‖ ≤ 1

1− ‖E‖ . (1.8.1)

If A is nonsingular and ‖A−1(B −A)‖ ≤ 1, then B is nonsingular and

‖B−1‖ ≤ ‖A−1‖
1− ‖A−1(B −A)‖ . (1.8.2)

Proof. Let λ be any eigenvalue of E with associated normalized eigenvector v. Then
Ev = λv and (I +E)v = (1 + λ)v, so that 1 + λ is an eigenvalue of I +E. We must show
that 1 + λ 6= 0. Taking norms in Ev = λv gives

|λ| = ‖λv‖ ≤ ‖E‖‖v‖ = ‖E‖ < 1.
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If ‖E‖ < 1, we must have 1 + λ 6= 0 and I + E is nonsingular.
For the second part, define C = (I + E)−1. Taking norms in the matrix identity

(I + E)C = I gives

1 = ‖I‖ = ‖(I + E)C‖ = ‖C + CE‖ ≥ ‖C‖ − ‖CE‖
≥ ‖C‖ − ‖C‖ ‖E‖ = ‖C‖(1− ‖E‖).

This implies ‖(I + E)−1‖ ≤ 1/(1− ‖E‖), as required.
For the final part, we define E = A−1(B −A), so that

B = A(I + E).

By assumption, ‖E‖ < 1, and (I + E) is nonsingular. As A is also nonsingular, so is B,
and

B−1 = (I + E)−1A−1.

Taking norms and using (1.8.1) gives (1.8.2)

Corollary 1.8.1. (The Banach Lemma.) Let A be nonsingular, with ‖A‖ ≤ µ. If ‖A −
C‖ ≤ δ and µδ < 1, then C is nonsingular, and

‖C−1‖ ≤ µ

1− µδ .

1.9. Properties of Convex Functions

When finding minimizers or zeros of functions we often need to be able to predict the
behavior of a function from its behavior at a few sample points. In the general case, we
have to use Taylor-series expansions. Such predictions are made much simpler when we
deal with the class of so-called convex functions.

Definition 1.9.1. (Convexity.) A function is convex on an interval [a, b] if

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y), (1.9.1)

for all x, y in [a, b], and 0 < θ < 1.

In geometric terms, this definition implies that if f is convex, the value of f at any
point z ∈ int(x, y) must lie below the chord joining f(x) and f(y).

A function is strictly convex if (1.9.1) holds with strict inequality.

Theorem 1.9.1. Assume that f ∈ C1 in an interval [a, b]. The function f is convex on
[a, b] if and only if f ′(x)(y − x) ≤ f(y)− f(x) for all x and y in [a, b].

Proof. First we show that if f(y) − f(x) ≥ f ′(x)(y − x) for all x and y in [a, b], then f
must be convex.

Let 0 ≤ θ ≤ 1 and define z = θx + (1 − θ)y. Clearly, z lies in the interval [a, b]. By
assumption, we have

f(x)− f(z) ≥ f ′(z)(x− z) and f(y)− f(z) ≥ f ′(z)(y − z). (1.9.2)
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Adding θ times the first inequality to (1− θ) times the second inequality, we obtain

θf(x) + (1− θ)f(y)− f(z) = θ (f(x)− f(z)) + (1− θ) (f(y)− f(z))

≥ θf ′(z)(x− z) + (1− θ)f ′(z)(y − z).

The inequalities (1.9.2) give

θf(x) + (1− θ)f(y)− f(z) ≥ f ′(z) (θ(x− z) + (1− θ)(y − z)) = 0,

since z = θx+ (1− θ)y. We have shown that

θf(x) + (1− θ)f(y) ≥ f(z) = f(θx+ (1− θ)y)

so that f must be convex, as required.

Conversely, assume that f is convex in [a, b]. We must show that f(y) − f(x) ≥
f ′(x)(y − x) for all x and y in [a, b]. If h is any number in [0, 1], x + h(y − x) will lie in
int(x, y). Moreover, since x+ h(y − x) = x(1− h) + hy, we have

f(x+ h(y − x)) = f(x(1− h) + hy) ≤ (1− h)f(x) + hf(y),

from the definition of the convexity of f . Rearrangement of this equation gives

f(x+ h(y − x))− f(x) ≤ h (f(y)− f(x)) ,

so that dividing both sides of this inequality by h leads to

1

h
[f(x+ h(y − x))− f(x)] ≤ f(y)− f(x).

Since limh→0(1/h) [f(x+ h(y − x))− f(x)] = f ′(x)(y − x), we have

f ′(x)(y − x) ≤ f(y)− f(x),

as required.

Theorem 1.9.2. Assume that f ∈ C1 in an interval [a, b]. The function f is convex on
[a, b] if and only if (f ′(y)− f ′(x)) (y − x) ≥ 0 for all x and y in [a, b].

Proof. If f is convex, we may use Theorem 1.9.1 to obtain the inequalities

f(y)− f(x) ≥ f ′(x)(y − x) and f(x)− f(y) ≥ f ′(y)(x− y).

Adding these inequalities together gives (f ′(y)− f ′(x)) (y − x) ≥ 0, as required.

Conversely, suppose that

(f ′(y)− f ′(x))(y − x) ≥ 0 for all x and y in [a, b].

The Mean-Value Theorem (Theorem 1.6.3) gives

f(y)− f(x) = f ′(u)(y − x), (1.9.3)
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where u = x+ h(y − x) with 0 < h < 1.
Consider the inequality

(f ′(u)− f ′(x))(y − x) =
1

h
((f ′(u)− f ′(x))(u− x)) ≥ 0,

by assumption.
Continuing with equation (1.9.3) we obtain

f(y)− f(x) = f ′(u)(y − x) = ((f ′(u)− f ′(x))(y − x)) + f ′(x)(y − x)
≥ f ′(x)(y − x),

which implies that f is convex from Theorem 1.9.1.

Theorem 1.9.3. Assume that f ∈ C2 on an interval [a, b]. The function f is convex on
[a, b] if and only if f ′′(x) is nonnegative for all x in [a, b].

Proof. Assume that f is convex. The Taylor-series expansion of f at x gives

f(y) = f(x) + f ′(x)(y − x) + 1
2f

′′(ξ)(y − x)2,

where ξ ∈ int(x, y). Rearranging this equation gives

f(y)− f(x)− f ′(x)(y − x) = 1
2f

′′(ξ)(y − x)2.

If f is convex, the left-hand side of this equation is nonnegative for all x, y ∈ I from
Theorem 1.9.1.

Conversely, the definition of the second derivative of f gives

f ′′(x) = lim
h→0

1

h
(f ′(x+ h)− f ′(x))

= lim
h→0

1

h2
((f ′(x+ h)− f ′(x))h)

≥ 0,

for all h.
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Chapter 2

Zero Finding

2.1. Introduction

Suppose that it is necessary to find a value x for which the nonlinear equation ex = 2 is
satisfied. This problem is equivalent to that of finding a value x for which the nonlinear
function F (x) = ex − 2 is zero. For this reason, finding a root or solution of a nonlinear
equation is always equivalent to finding a zero of a related nonlinear function.

It is essential to recognize from the outset that “numerical” techniques for zero-finding
differ in flavor from what might be termed “exact” or “analytic” techniques. To illustrate
the latter, consider finding the solution of ex = 2. Using elementary calculus, the exact
(unique) solution is a “one-liner”: x = ln 2. In this setting, a solution is found by exploiting
knowledge of the specific mathematical form of the problem. Although the solution is a
number, the number is typically represented in abstract form as a formal mathematical
expression.

In contrast, the methods to be discussed in this chapter are designed to find a zero
of a generic nonlinear function F for which the functional form is unknown, so that F is
treated as a “black box” provided by the problem-solver that simply produces the value
of F for any given x. (In some applications, values of the function F (x) are available
only as the result of a long calculation for which an explicit formula is not available or
inconvenient.) Some knowledge is usually assumed of general properties of F (such as
differentiability), but nothing more. Although a computed solution is a number (as in the
exact case), it is expressed here in concrete form as a representable version of the solution.
For the example above, the computed solution of ex−2 = 0 on a machine with six decimal
digits is x = .693147.

Given a general function F (x), the zero-finding problem is:

find x∗ such that F (x∗) = 0.

A point x∗ where F (x∗) = 0 will be called either a zero or a root of F . Zero-finding
algorithms usually involve infinite sequences of iterates {xk} with the property that xk

converges to x∗, but xk 6= x∗ for any k. Consequently, although xk becomes a better and
better approximation to x∗, we may never actually “find” x∗ itself!

33
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2.2. Functions with one variable

Problems with one variable occur in many settings. Consider the everyday situation in
which a person borrows money and wishes to make equal monthly payments so that the
entire loan plus interest will be fully paid at the end of a specified time. The “right”
monthly payment is the solution of a nonlinear equation in one variable (see below).

One-dimensional problems also occur as (sometimes unnoticed) subproblems within
physical and numerical calculations involving higher dimensions. For example, high-energy
physicists may need to determine when a typical particle reaches a critical velocity (a
one-dimensional nonlinear equation). Finally, the study of problems involving just one
variable suggests approaches that can often be generalized to solve problems with many
variables. Concentrating first on the one-variable case helps make it easier to understand
the underlying ideas and to “picture” the various strategies that are available.

In some applications, values of the function F (x) are available only as the result of
a long calculation for which an explicit formula is not available or inconvenient. The
loan-repayment problem mentioned above is an example. Consider finding the monthly
repayment x for an N -year loan of P dollars when the interest rate is I%, compounded
annually. The amount P1 owing at the end of the first year is the balance of the loan at
the beginning of the year, plus the yearly interest on the outstanding balance, minus the
twelve monthly payments. We may write P1 in terms of P and the unknown payment x
as

P1 = P +
PI

100
− 12x = P

(
1 +

I

100

)
− 12x.

Similarly, if Pi is the amount owed at the end of year i, then

Pi = Pi−1

(
1 +

I

100

)
− 12x

=

(
Pi−2

(
1 +

I

100

)
− 12x

)(
1 +

I

100

)
− 12x, etc.

If the monthly repayment is to pay off the loan at the end of the Nth year, we must have

PN = PN (x) = PN−1

(
1 +

I

100

)
− 12x = 0.

Note that the evaluation of the function f ≡ PN can be accomplished using the recurrence
relation

P0 = P, Pi = Pi−1

(
1 +

I

100

)
− 12x, i = 1, 2, . . . , N.

This particular form of the problem has an analytic solution, which can be found by
summing the geometric series for PN and solving explicitly for x. However, it is easy to
devise other forms of the problem for which a solution cannot be written in closed form.
For example, suppose that the lender offers a loan in which the interest rate is a function
of the outstanding loan and interest. In this case, the interest at the end of the ith year
is of the form Ii ≡ Ii(Pi), and the problem generally must be solved numerically.

The numerical solution techniques under consideration are iterative, in the following
sense. (For simplicity, only one-step methods are considered in this discussion.) If x∗ is
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the exact solution, a sequence {xk} is generated by a numerical method such that each
successive iterate is a new (and, ideally, improved) estimate of x∗. An initial iterate x0 is
required, and production of xk+1 usually involves evaluation of F at xk, and sometimes
auxiliary calculations. Although in theory the sequence is infinite, in practice only a
finite number of iterates are computed. It should not be surprising that we seek methods
whose sequences of iterates are guaranteed to reach a “good” approximation to the desired
solution.

Beyond assurance of eventual convergence, an important practical issue is the effi-
ciency of a method—broadly speaking, the amount of work or time required to obtain
a satisfactory solution. For an iterative method, it would be useful to know in advance
how many iterations will be performed before termination. Unfortunately, disappoint-
ingly few general statements can be made about the total number of iterations for most
of the “fast” iterative methods (in contrast to “interval reduction” methods; see §2.2.1).
The most common kind of analysis considers instead how fast the later elements of the
iterative sequence converge (see §1.5.1 concerning rates of convergence).

Because F may contain arbitrary nonlinearities, standard techniques for measuring
work are unlikely to be meaningful. In linear algebraic applications, the work associated
with certain factorizations depends in a known way on the matrix dimensions, and the
number of “flops” required to compute the solution serves as an estimate of efficiency.
However, the effort involved in computing an unknown nonlinear function cannot be esti-
mated in advance. Even when F is “known”, the amount of work needed to compute it
may depend on x—for example, when F involves solving a differential equation whose be-
havior changes radically for different parameter values. Since all zero-finding algorithms
need to evaluate F , a frequent “after the fact” measure of efficiency is the number of
evaluations of F needed to satisfy a specified set of termination criteria. Evaluation of
other quantities (such as the first derivative F ′) may also be counted, although the proper
weight to be assigned depends on the problem. (In some cases, F ′ is essentially a “free”
byproduct of the calculation of F ; in others, computation of F ′ may increase the required
time by several orders of magnitude.)

A complicated (and often overlooked) issue in designing an iterative method is the
selection of termination criteria. An ideal termination criterion is one whose satisfac-
tion ensures that the current iterate is a “sufficiently good” approximation to the desired
solution. In the “pseudo-code” to be given for various algorithms, the phrase “test for
convergence” indicates the invocation of an appropriate termination criteria. In a prac-
tical algorithm, the iterative sequence must terminate after a finite number of iterations.
In the one-variable case, termination criteria generally involve tests of one or both of the
following forms:

|F (xk)| ≤ τF ; (2.2.1)

|xk − x∗| ≤ τx, (2.2.2)

where the “F -tolerance” τF indicates that |F | is “small enough”, and the “x-tolerance”
τx indicates that xk is “close enough” to the desired solution.

Since x∗ is unknown, condition (2.2.2) cannot be tested directly. Fortunately, in many
instances an interval of uncertainty [xl, xu] is known such that x∗ lies somewhere in the
interval, i.e., xl ≤ x∗ ≤ xu. For example, suppose that F is continuous and we have an
interval [a, b] for which F (a) 6= 0, F (b) 6= 0 and F (a) and F (b) are of opposite sign. The
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Intermediate Value Theorem (Theorem 1.6.1) immediately implies that there must exist at
least one point in (a, b) where F vanishes, and [a, b] constitutes an interval of uncertainty.

In this spirit, the best zero-finding methods compute not only a sequence of iterates
{xk}, but also a sequence of intervals (of uncertainty) {Ik}, where Ik contains xk as well
as x∗. If each successive interval is strictly smaller in length, so that |Ik+1| < |Ik| for all
k, then {|Ik|} is a monotonically decreasing sequence. If Ik+1 is constructed appropri-
ately from Ik, the length of the interval of uncertainty converges to zero. Consequently,
condition (2.2.2) will eventually hold for some k, since satisfaction of (2.2.2) is implied by
the verifiable condition

|Ik| ≤ τx. (2.2.3)

(For brevity, a statement that an interval of uncertainty “decreases” should be taken to
mean that its length decreases.) Methods that produce a sequence of decreasing intervals
of uncertainty are called interval reduction methods.

2.2.1. The method of bisection

The method of bisection is a classical technique for producing a sequence {Ik} of intervals
of uncertainty with strictly decreasing lengths. The bisection algorithm starts with an
initial interval of uncertainty I0 = [a0, b0] such that F is of opposite sign at the endpoints.
(As mentioned above, I0 is thus known to contain a zero of F .) Each “new” interval is
constructed as follows. Let Ik denote the current interval [ak, bk], which must have the
property that F (ak)F (bk) < 0. The value of F is calculated at mk = 1

2 (ak + bk), the
midpoint of Ik. (In fact, only the sign of F at mk needs to be determined.) If F (mk) = 0,
mk is a zero and the algorithm terminates. If F (mk) 6= 0, a new interval is produced by
replacing either the left or right endpoint by mk, thereby cutting the length of the interval
in half. (It is customary to designate mk as the new “iterate” xk+1.) If F (ak)F (mk) < 0,
the new interval Ik+1 is [ak, mk], and mk replaces the right endpoint; otherwise, Ik+1 is
[mk, bk], and the “old” left endpoint is discarded. Since exactly one of these conditions
must hold, a bisection step is always well defined.

The pseudocode in Algorithm 2.2.1 represents a typical step of the bisection method,
where “a” and “b” refer to current endpoints of the interval of uncertainty. We assume
that F (a0) 6= 0, F (b0) 6= 0 and sign(F (a0)) 6= sign(F (b0)). The notation ← is used as in a
programming language to mean that the quantity on the right is evaluated first and then
replaces the variable on the left.

Algorithm 2.2.1. The bisection algorithm.
a← a0; b← b0;
while b− a > τx do

m← (a+ b)/2; evaluate F (m);
if sign(F (m)) = sign(F (a)) then

a← m else b← m;
end while

Each step of bisection requires one evaluation of F , and reduces the length of the
interval of uncertainty by a factor of precisely two (no more, no less). Bisection can be
viewed as an “optimal” algorithm for the class of continuous functions that change sign in
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[a, b], in the sense that in the worst case it yields the smallest interval of uncertainty for a
specified number of function evaluations. Evaluating F at any point besides the midpoint
might reduce the interval by a factor of more than two, but is not guaranteed to do so.
Hence it is always possible to construct a continuous function whose zero will be found
more quickly by bisection than by any other algorithm.

If F (mk) 6= 0 for any k, the convergence test (2.2.3) will be satisfied for the smallest
integer K such that

bK − aK ≤ τx, i.e.,
b0 − a0

2K
≤ τx,

which occurs when

K ≈ log2

(b0 − a0

τx

)
. (2.2.4)

Unless an exact zero is encountered by chance, (2.2.4) shows that the “efficiency” of
bisection—i.e., the number of function evaluations required to satisfy (2.2.3)—does not
vary with F , but depends only on the size of the initial interval. The length of the
interval of uncertainty converges to zero linearly, with asymptotic error constant 1

2 (see
Definition 1.5.7).

Despite its reliability and guaranteed convergence, the bisection method has certain
deficiencies. An important practical caveat is that the “true” zero x∗ will be contained in
the final interval produced by the bisection method only if the computed values of F always
have the correct sign, so that care must be taken to evaluate the sign of F accurately.

Ironically, the most serious “defect” of bisection method when applied to many practical
problems is precisely the quality of invariance that provides ironclad reliability for the
entire class of continuous functions. Since the speed of convergence is independent of the
behavior of F , it cannot improve when F is “well behaved”. The unvarying choice of the
midpoint for the next evaluation of F is likely to be extremely inefficient if F is smooth
and the values of F at the endpoints have widely differing magnitudes. For example, if
F (a) = −1050 and F (b) = 10−8, x∗ seems “more likely” to be close to b than to a. (Of
course, this judgment depends completely on an assumption of “good behavior” by F .)

Another disadvantage is that bisection is not guaranteed to find a zero x∗ at which F
does not change sign. It follows from the Nonzero Derivative Theorem (Theorem 1.6.5)
that any such zero must be a multiple root. (See Definition 1.6.2.) For example, when
F (x) = (x− 1)2, F is never negative, but has a double root at x∗ = 1.

Furthermore, bisection must be initiated with an interval [a, b] of somewhat specialized
nature (satisfying F (a)F (b) < 0). In some circumstances, an initial interval of uncertainty
may be known that does not possess this property, which means that additional function
evaluations must be expended to begin the bisection algorithm.

Although “pure” bisection is rarely used in sophisticated zero-finding methods, it re-
mains the quintessential interval reduction method. The principle of recursively “splitting”
a large problem into a small number of more tractable subproblems can be applied in many
contexts whose relationship to zero-finding is not immediately obvious. Bisection can be
interpreted as the simplest form of powerful “divide and conquer” paradigms in sorting,
searching and combinatorial problems. For example, the well known technique of binary
search locates a specified element in a sorted list by comparing the desired element with
the “middle” element, thereby eliminating half the list with a single comparison. The sim-
plicity and reliability of the bisection method will always provide an important standard
of comparison for all other methods.
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2.2.2. Newton’s method for zero-finding

Despite the importance of the bisection method, one can argue convincingly that Newton’s
method is even more fundamental. Newton’s method occurs in many flavors and disguises,
explicitly and implicitly, throughout mathematics. At the most basic level, Newton’s
method illustrates an important technique in algorithm design:

REPLACE A HARD PROBLEM
BY A SEQUENCE OF (RELATED) EASY PROBLEMS.

In the context of minimization, the original problem itself—finding a minimizer of
a general nonlinear function F—is the “hard” problem. A simpler related problem is
constructed in two stages. Given a current iterate xk, F is modeled or approximated by
a function (denoted by Lk(x)) that depends on xk and whose minimizer can be found
“easily”. Second, the minimizer of Lk(x) (denoted by xL) is computed and taken as an
estimate of a minimizer of F . A (highly simplified) generic model-based algorithm has the
structure shown in Algorithm 2.2.2, in which the above process is repeated at each new
iterate.

Algorithm 2.2.2. Generic model-based algorithm.
k ← 0;
repeat

test for convergence and exit if converged;
construct Lk(x); compute xL ;
xk+1 ← xL; k ← k + 1;

end repeat

The success of such an approach depends completely on the “appropriateness” of the
chosen model function in the context of minimization. It makes sense to construct a model
function L that represents F only if F has general properties that can be incorporated
into L. For example, we often assume that F is continuously differentiable, and choose a
“simple” model function L with this same property.

Let xk be a point at which F (xk) 6= 0 (otherwise F (xk) = 0 and there is nothing to
do). We seek a model function Lk that approximates F and is likely to have a zero closer
to x∗ than xk. An obvious candidate for Lk is a function whose value and first derivative
at xk match those of F at xk, i.e., Lk(xk) = F (xk) and L′

k(xk) = F ′(xk). These conditions
are satisfied by an infinite number of smooth model functions. Among all these, however,
the most straightforward and obvious must surely be the tangent line to F at xk—and
this choice is the foundation of Newton’s method.

Once xk has been specified, the corresponding values of F and F ′ are known. The
tangent line at xk is the linear function

Lk(x) = F (xk) + F ′(xk)(x− xk). (2.2.5)

If F ′(xk) 6= 0, the unique zero xL of this straight line satisfies

F (xk) + F ′(xk)(xL − xk) = 0, (2.2.6)

which gives the simple formula xL = xk − F (xk)/F ′(xk).
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As in the generic algorithm (Algorithm 2.2.2), xL is interpreted as a new estimate of
x∗. If F (xL) 6= 0, a new model may be derived based on the tangent line at xL, and the
process repeated. In this form, a Newton method for zero-finding begins with an initial
point x0, and generates a sequence of Newton iterates {xk}, where xk+1 satisfies

xk+1 = xk −
F (xk)

F ′(xk)
, (2.2.7)

and corresponds to a zero of the model function Lk(x). In the language of Algorithm 2.2.2
we have

Algorithm 2.2.3. Newton’s method for zero-finding.
Define kmax;
Choose x0;
k ← 0;
while not converged and k ≤ kmax do

Evaluate F (xk) and F ′(xk);
xk+1 ← xk − F (xk)/F ′(xk);
k ← k + 1;

end while

Another popular way to derive Newton’s method is to expand F in a Taylor series
about xk:

F (xk + h) = F (xk) + hF ′(xk) + h

∫ 1

0

[F ′(xk + ξh)− F ′(xk)] dξ. (2.2.8)

(Note that h may be positive or negative.) Assuming that the integral remainder term is
“negligible”, the local variation of F is modeled by a linear function:

F (xk + h) ≈ F (xk) + hF ′(xk).

Letting x = xk + h, the expression on the right is identical to Lk(x) of (2.2.5).
It is not only convenient but also numerically desirable to compute the sequence (2.2.7)

in terms of the step from one iterate to the next. In this case the Newton iteration is defined
by

xk+1 = xk + pk, where pk satisfies pk = − F (xk)

F ′(xk)
. (2.2.9)

Newton’s method is a fascinating and ubiquitous process that arises in many contexts,
with a confusing variety of names. Suppose, for example, that one needs to compute

√
a

for a specific value of a > 0, but has neither calculator nor mathematical tables at hand.
The well known “divide and average” technique can be used to produce a sequence {xk}
of increasingly accurate estimates of

√
a, as follows. Starting with any x0, a new estimate

xk+1 is obtained for k ≥ 0 by averaging xk and a/xk:

xk+1 = 1
2

(
xk +

a

xk

)
. (2.2.10)
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Examination of (2.2.10) reveals that it is precisely the Newton iteration (2.2.9) correspond-
ing to the function F (x) = x2 − a, since the Newton step pk is

pk = − F (xk)

F ′(xk)
= − (x2

k − a)
2xk

= − 1
2xk + 1

2

( a
xk

)
,

and xk + pk is the expression (2.2.10).
To illustrate the results, we apply this process to calculate

√
9, i.e., to solve x2−9 = 0.

Starting with x0 = 10, the values of xk−3 and of F (xk) = x2
k−9 in Table 2.1 are produced

by (2.2.10) for k = 0, . . . , 5. (The computations were performed with approximately 16
decimal digits of precision.)

Iteration xk − 3 x2

k − 9

0 7 91
1 2.45 20.7025
2 5.5069 × 10−1 3.60739
3 4.2704 × 10−2 2.5805 × 10−1

4 2.9967 × 10−4 1.7981 × 10−3

5 1.4966 × 10−8 8.9795 × 10−8

Table 2.1: Finding
√

9 with Newton’s method.

The values of |F (xk)| and |xk − 3| in this example are not simply converging to zero,
but are converging very fast. In fact, since the last few errors in xk are effectively squared
at each iteration, we speculate (correctly) that the iterates are converging quadratically to
the exact value, i.e., |xk+1 − 3|/|xk − 3|2 is approaching a constant value. Probably the
best known feature of Newton’s method is this remarkable quadratic convergence near the
solution. This behavior will be considered again in the next section.

A vast body of convergence theory has been developed for Newton’s method (further
details are given in the Notes and Selected Bibliography). We shall delay the proof until
we consider Newton’s method for the zero of a function of many variables.

In practical terms, the onset of quadratic convergence leads to an enormous reduction
in error compared to (say) the linear improvement of bisection. For example, the interval
of uncertainty is effectively reduced by a factor of 106 during the last two Newton iterations
shown in Table 2.1, whereas twenty bisection steps would be required to achieve a similar
reduction.

A major difficulty with Newton’s method is that its spectacular convergence rate ap-
plies only locally, i.e., when the iterates reach a “small enough” neighborhood of x∗.
Outside this neighborhood, the linear model function Lk may be inaccurate and mislead-
ing. In particular, when x0 is not close enough to x∗, the Newton iterates may diverge,
or may make only negligible progress toward x∗. These difficulties can be overcome by
using a safeguarded method in which the Newton iterate is accepted only when it appears
to make “reasonable” progress. The topic of safeguarded methods will be considered in
Section 2.2.4

Although Newton’s method must be applied with some caution to a general function
F , it has exceptionally strong convergence properties in certain special cases—for example,
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when F is twice-continuously differentiable and F ′′(x) > 0 for all x. (The functions ex

and x2 have these properties.) Suppose that we wish to apply Newton’s method to find
a zero x∗ (whose existence is known) of such a function. Because F ′′ is positive, the first
derivative F ′ is strictly increasing. It follows that F itself is increasing to the right of x∗
if F ′(x∗) > 0, and decreasing to the right of x∗ if F ′(x∗) < 0.

Furthermore, the linear model of F defined by the Taylor-series expansion (2.2.8) is
a consistent underestimate of the true value of F . To see why, consider the expansion of
F (xk + δ) for a Newton iterate xk and some perturbation δ:

F (xk + δ) = F (xk) + δF ′(xk) + 1
2δ

2F ′′(ξ),

where ξ ∈ int(xk, xk + δ). Since F ′′(ξ) is positive by assumption, rearrangement gives

F (xk + δ)− F (xk)− δF ′(xk) = 1
2δ

2F ′′(ξ) > 0. (2.2.11)

Assume that xk 6= x∗. If δ is specialized to pk (the Newton step at xk), it follows
from the relation F (xk) + pkF

′(xk) = 0 that F (xk + pk) > 0 (see (2.2.9)). Since the next
Newton iterate xk+1 is equal to xk +pk, we see that F (xk) must be positive for any Newton
iterate xk with k ≥ 1.

Now suppose that F ′(x∗) > 0 and consider a Newton iterate xk that lies to the right
of x∗, i.e., xk > x∗. What can we conclude about xk? First, we recall that F ′(xk) > 0
and F (xk) > 0, which shows that the Newton step pk = −F (xk)/F ′(xk) will be negative.
Second, we take δ in (2.2.11) as x∗ − xk, with the following result:

F (x∗)− F (xk)− δF ′(xk) = −F (xk)− δF ′(xk) > 0.

Dividing by F ′(xk) gives the inequality

−δ = xk − x∗ >
F (xk)

F ′(xk)
= |pk|,

which shows that the magnitude of the (negative) Newton step is strictly less than the step
from xk to x∗. Combining these observations, we see that xk+1 will lie strictly between x∗
and xk.

This analysis shows that, if F ′′(x) > 0 for all x, F ′(x∗) > 0 and F ′(x0) > 0, the
Newton iterates satisfy

x∗ < xk < · · · < x1 (2.2.12)

for k ≥ 2. Hence Newton’s method has guaranteed convergence, and the iterates converge
in a highly special pattern—monotonically from the right, with monotonically decreasing
values of F . An analogous examination of the case when F ′(x∗) < 0 shows that, if
F ′(x0) < 0, then x1 < x2 · · · < xk < x∗, and the Newton iterates converge monotonically
from the left.

A specific instance of these conditions occurs when finding
√
a using Newton’s method

as described above. If x0 is positive and larger than
√
a, all subsequent iterates converge

monotonically to
√
a from above. If x0 is positive but smaller than

√
a, the next iterate

x1 will lie to the right of
√
a, and the convergence pattern described above will apply

beginning at x1. (See Table 2.1.)
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2.2.3. Secant and regula falsi methods

In solving F (x) = 0 with Newton’s method, the first derivative of F is evaluated at every
iterate. For simple or “textbook” problems, F ′ is usually easy to calculate. In practice,
however, computation of F ′ is sometimes unacceptably expensive—for example, F may
be defined by a subroutine containing many intermediate calculations. Accordingly, it is
desirable for practical reasons to derive a method with “fast” (superlinear) convergence,
but in which only function values are required to compute the next iterate.

To do so, we retain the basic motivation of Newton’s method (modeling F by a straight
line), but take the model function L(x) as the straight line that passes through the values
of F at the two most recent iterates (the secant line). With this strategy, the derivative
of Lk at xk is not taken as the exact derivative F ′(xk), but rather as a finite-difference
approximation using xk and xk−1:

L′
k(xk) =

F (xk)− F (xk−1)

xk − xk−1
. (2.2.13)

When L′
k(xk) is given by (2.2.13) and is nonzero, the linear model function

Lk(x) = F (xk) + L′
k(xk)(x− xk)

has a unique zero

xk+1 = xk − F (xk)
xk − xk−1

F (xk)− F (xk−1)
. (2.2.14)

The zero-finding method whose iterates are defined by (2.2.14) is called the secant method.
The steps of a generic secant method are given in Algorithm 2.2.4.

Algorithm 2.2.4. A generic secant method for zero-finding.
Choose x0, x1;
x← x1;
Evaluate F (x0);
k ← 1;
while not converged do

Evaluate F (x);
L′ ← (F (x)− F (x0))/(x− x0);
x0 ← x; x← x− F (x)/L′;
k ← k + 1;

end while

(A word of warning: the next iterate (2.2.14) should not be computed from the alge-
braically equivalent form

xk+1 =
xk−1F (xk)− xkF (xk−1)

F (xk)− F (xk−1)
,

which suffers from extreme rounding error when the iterates become close.)
As with Newton’s method, the “pure” secant method (2.2.14) produces a new estimate

of the zero rather than a reduced interval of uncertainty. In contrast to Newton’s method,
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the values of F at two points are required to initiate the secant method. Only one new
function evaluation is required at each iteration, so that the work per iteration (measured
in terms of function evaluations) is comparable to that of the bisection method.

If F ′(x∗) 6= 0, and x0 and x1 are sufficiently close to x∗, the secant method has a
superlinear convergence rate r = (1 +

√
5)/2 ≈ 1.6180 (see Definition 1.5.8). Thus, the

secant method can achieve very rapid convergence (although not quite as rapid as the
convergence of Newton’s method).

We now apply the secant method to solve x2−9 = 0, i.e., to calculate
√

9. Starting with
x0 = 10 and x1 = 1, the values of xk − 3 and of F (xk) = x2

k − 9 in Table 2.2 are produced
by (2.2.14) for k = 0, . . . , 8. (The computations were performed with approximately 16
decimal digits of precision.)

Iteration xk − 3 x2

k − 9

0 7.0 91
1 −2.0 −8
2 −1.2727 −6.0165
3 0.93333 6.4711
4 −0.20985 −1.2151
5 −2.9131 × 10−1 −0.17394
6 1.0611 × 10−3 6.3678 × 10−3

7 −5.1761 × 10−6 −3.1056 × 10−5

8 −9.1523 × 10−10 −5.4914 × 10−9

Table 2.2: Finding
√

9 with the secant method.

Comparison of the last few iterates here with the analogous Newton iterates in Table 2.1
shows the slightly less rapid convergence of the secant method.

Despite its favorable local convergence properties, the secant method is not “perfect”.
If F (xk) and F (xk−1) have opposite signs, F must have a root between xk and xk−1. In
this case, the secant iterate xk+1 defined by (2.2.14) is an interpolation step, and also
lies between xk and xk−1. However, if F (xk) and F (xk−1) have the same sign, so that
the secant step is an extrapolation, xk+1 will lie outside the interval defined by xk−1 and
xk. Since there is no a priori bound on the secant step, the iterates may diverge. It is
also possible (in theory) for the secant method to cycle indefinitely among the same three
points.

Because the danger of divergence is associated with extrapolation, it might seem plau-
sible to modify the secant method so that the model function represents a straight line con-
necting two points at which F has opposite sign. The regula falsi (“false position”) method
is a variation of the secant method based on ensuring that F (xk)F (xk−1) < 0. The method
begins with x0 and x1 satisfying F (x0)F (x1) < 0. Assuming that F (xk−1)F (xk) < 0 at
iteration k, the values of xk+1 and fk+1 are calculated using (2.2.14). Whereas the itera-
tion counter is simply incremented in the secant method, (in effect “discarding” xk−1), the
regula falsi method discards either xk−1 or xk, depending on which function value agrees
in sign with F (xk+1).

Unfortunately, the regula falsi method can be extremely inefficient. Somewhat surpris-
ingly, although the method was designed to correct a deficiency in reliability of the secant
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method, it can also be “unreliable” in the sense that the improvement at each step may
become arbitrarily small. In particular, its performance can be much worse than bisection
(even on well-behaved functions); its rate of convergence is linear, and the asymptotic
error constant can be arbitrarily close to 1. The explanation for this behavior is that
requiring F (xk) and F (xk−1) to be of opposite sign may mean that a “poor” point will
not be discarded for many iterations. Hence, the approximation (2.2.13) to F ′ remains
inaccurate and progress is negligible.

The difference between the secant and regula falsi methods may be illustrated by finding
a root of x6 − 1 starting with x0 = 0.9 and x1 = 10. The iterates for both methods are
shown in Table 2.3 Although the first three iterates are (necessarily) identical, the secant
method thereafter converges rather quickly to the desired zero, whereas the regula falsi
method “creeps” along because it is not permitted to discard x1 (a “bad” point).

Secant Regula Falsi

Iteration xk F (xk) xk F (xk)

0 .9 − .46856 .9 −.46856
1 10 999999 10 999999
2 .900004 − .46854 .900004 −.46854
3 1.03225 .20979 .900008 −.46853
4 .991350 −5.0789 × 10−2 .900013 −.46851
5 .999322 −4.0610 × 10−3 .900017 −.46850
6 1.00001 8.8931 × 10−5 .900021 −.46848
7 .99999997 −1.5084 × 10−7 .900026 −.46847
8 1.000000 −5.5892 × 10−12 .900030 −.46845

Table 2.3: Solving x6 − 1 = 0 with the secant and regula falsi methods.

The purpose of mentioning the regula falsi method (which is obviously not to be recom-
mended!) is to emphasize that seemingly reasonable algorithmic modifications, especially
those designed to increase reliability, may fail to achieve the desired improvements, and
(even worse) may destroy the properties they wish to retain.

2.2.4. Safeguarded zero-finding algorithms

The bisection algorithm is a special example of the general zero-finding technique of “in-
terval reduction”, in which a sequence of intervals of strictly decreasing size is generated
until criterion (2.2.2) is satisfied. At every step, the “next” interval is constructed using a
function value at a “new” point u in the existing interval, where u can be obtained from
bisection, Newton’s method, the secant method, or some other procedure.

The best methods available for zero-finding are called safeguarded procedures. Their
design is based on combining an interval reduction method (such as bisection) with a
rapidly convergent method (such as Newton’s method or the secant method). The intent
is to produce an algorithm that will converge rapidly if F is well-behaved, but is not much
less efficient than the guaranteed method in the worst case. (Note that regula falsi fails
to satisfy this latter criterion!)

For illustration, consider a safeguarded secant method. Throughout the execution of
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the algorithm, we maintain both an interval of uncertainty (as in an interval reduction
method) and a record of the two “best” points (to achieve the most accurate secant
approximation). At each iteration, three conceptually distinct points are available: b, the
“best” point, is the point found thus far for which |F (b)| is least, and also one endpoint
of the interval of uncertainty; a is the other endpoint of the interval of uncertainty, so
that F (b)F (a) < 0; and c is the immediately preceding value of b (so that in some cases
a = c). The secant fit (2.2.14) is then performed with b and c (the two “best” points),
yielding a trial point s. Before accepting s as the next point, a safeguarded procedure
checks whether s is “reasonable”, and computes an alternative point if it is not.

The definition of “reasonable” includes several requirements. First, an interval reduc-
tion step is taken if the secant step does not lie between a and b, i.e., in the known interval
of uncertainty. For example, consider applying a safeguarded secant method to find the
zero of x6 − 729 in [0, 5], where the exact solution is x∗ = 3. The first four “pure” secant
iterates xk, k = 0, . . . , 3 and the values of F (xk) = x6

k − 729 are shown in Table 2.4.

Iteration xk F (xk)

0 0.0 −729
1 5.0 14896
2 0.23328 −728.99984
3 1.0552 × 106 1.3805 × 1036

Table 2.4: Divergent secant iterates.

The change of sign in F between x0 and x1 indicates that the zero must lie in [x0, x1],
so that in this case [0, 5] is known to be an interval of uncertainty. Because F is highly
nonlinear, however, the linear model is inaccurate, and the fourth secant iterate x3 lies
outside the known interval of uncertainty. Therefore, F should not even be evaluated at
x3, and the next trial point should be chosen in some other way. This form of “safeguard”
protects against nonsensical iterates that might be generated by an inaccurate model.

The “opposite” situation can arise in which the secant iterates become “bogged down”
(inside the interval of uncertainty) because of an inaccurate model. A safeguarded algo-
rithm accordingly forces an interval reduction step to be taken if the interval of uncertainty
has not been sufficiently reduced after a specified number of iterations. This type of strat-
egy ensures that the worst-case number of function evaluations for the safeguarded method
is not significantly more than that required by a pure interval reduction method.

To illustrate why such a protection might be necessary, consider applying the secant
method to find a zero of x6 − 1 in [0.5, 10], as shown in Table 2.5. (The function is the
same as in Table 2.3, but x0 is farther from x∗.)

Observe that the interval of uncertainty is hardly reduced at all between iterations 3
and 9 (from [0.500009, 5.7498] to [0.500584, 5.7232]). In contrast, six function evaluations
in the bisection method would be guaranteed to reduce the interval of uncertainty by a
factor of 64, and hence an interval reduction step would be mandated in a safeguarded
method.

Finally, protections are included to prevent successive iterates from becoming “too
close”. If the secant step (2.2.14) is computed with nearly equal values of x, rounding
errors may cause the predicted point to be poorly defined. To prevent this occurrence, a
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Iteration xk F (xk)

0 .5 −.984375
1 10 999999
2 .500009 −.984373
3 5.7498 3.6131 × 104

4 .500152 −.984346
5 .500295 −.984319
6 5.7383 3.5700 × 104

7 .500440 −.984292
8 .500584 −.984265
9 5.7232 3.5142 × 104

Table 2.5: Slowly convergent secant iterates.

“small” distance is imposed as a lower bound on the permitted step.

2.3. Zerofinding for Functions of Many Variables

Now we turn to the general n-dimensional zero-finding problem of finding a vector x∗ at
which the m nonlinear scalar-valued functions {Fi(x)}, i = 1, 2, . . . , m, are simultaneously
zero. If F (x) denotes the m-vector with components Fi(x), then the problem is to find x∗
such that F (x∗) = 0.

Before attempting to find a zero of F , it would obviously be helpful to know if a zero
actually exists! Unfortunately, the issue of existence of a zero when F (x) is allowed to
contain arbitrary nonlinear functions is in general complex and difficult to analyze. To see
why, let us review some crucial properties of linear equations that simplify matters. One
can view solving the linear system Ax = b as finding a zero of F (x), where F (x) = Ax− b.
Suppose that we wish to solve such a system. In the space of n real variables, where n > 1,
a single linear equation has the form aTx = β, and specifies that x must lie in a certain
hyperplane. If rank(A) = r > 0, every solution of Ax = b can be written in the form
x0 + Zv, where x0 satisfies Ax0 = b and Z contains n − r linearly independent columns
that form a basis for the null space of A, i.e., AZ = 0. The Jacobian of F (x) = Ax− b is
simply the constant matrix A, whose ith row is the normal vector of the ith equation. If
A has linearly independent rows, a solution of Ax = b must exist. When A is nonsingular
(i.e., is square and has full rank), the solution of Ax = b is a unique point. Even when the
rows of A are not known to be linearly independent, finite procedures are known that can
check whether Ax = b is compatible. If not, no solution can exist; if so, a solution can be
computed in a straightforward manner.

Sadly, not one of these desirable properties applies to a general zero-finding problem!
Given a single nonlinear function F (x) in n real variables, there may be no points satisfying
F (x∗) = 0, regardless of the value of n. For example, consider the two-variable function
F (x1, x2) = x2

1 +x2
2 +3. Another possibility is that there may be a unique zero, regardless

of the number of variables. For example, for any n > 0, the origin is the only point
satisfying

∑n
i=1 x

4
i = 0. In dealing with nonlinear zero-finding, we must accept that it is

not possible in general to determine the existence of a solution, the number of degrees of
freedom, or a simple representation of points satisfying the equations.
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Despite these general cautions, the set of zeros ofm “well-behaved” nonlinear equations
has the same structure as in the linear case, and may be viewed as characterized by n−m
degrees of freedom. For example, the equation

∑n
i=1 x

2
i = 1 is satisfied only by points

that lie on the “unit ball” in n-space, and can be parameterized in terms of n − 1 other
variables. We shall normally assume that the number of functions is equal to the number
of variables, so that in writing F (x) = 0, F contains n nonlinear functions as components.

If there are many variables it is generally impossible to define an interval of uncertainty
for x∗. In this situation it is necessary to use a termination criterion of the form ‖F (xk)‖ ≤
τF (analogous to (2.2.1)) and replace (2.2.2)) by ‖xk+1 − xk‖ ≤ τx.

2.4. Newton’s Method

Newton’s method for a zero of a vector-valued function is motivated as in the univariate
case—to develop a “simple” local model Lk of F . Given a current iterate xk (recall that
xk is an n-vector), a simple local model of the function F (x) at xk is developed whose zeros
can be characterized “easily”. The set of points that simultaneously satisfy all the model
equations is then taken as an estimate of the solution of the original nonlinear system.

Let xk be a point where F (xk) 6= 0. An obvious candidate for Lk(x) is a function
whose value and derivative at xk match those of F (x) at xk, i.e., Lk(xk) = F (xk) and
L′

k(xk) = F ′(xk). These conditions are satisfied by an infinite number of smooth model
functions. Among all these, however, the most straightforward and obvious is the linear
local model Lk(x) = ak + Ak(x − xk). Substitution of the two conditions in this linear
model gives ak = F (xk) and Ak = J(xk), where J(x) denotes the m× n Jacobian matrix
of F . The local linear model is then Lk(x) = F (xk) + J(xk)(x − xk). Note that each Fi

is approximated by a linear function (Lk(x))i of the form

(Lk(x))i = Fi(xk) + F ′
i (xk)(x− xk) = Fi(xk) +∇Fi(xk)T(x− xk), (2.4.1)

which is the same as saying that each Fi is approximated by its tangent hyperplane at xk.
We would expect the linear model to be quite accurate in any neighborhood of xk in

which F were approximately linear. The size of this neighborhood will depend on the
smoothness of F—i.e., on the behavior of the derivatives of F . For example, Lk will be
accurate in any neighborhood of xk where the second derivatives of Fi are “small”, or,
equivalently, where the first derivatives “do not vary very much”. These statements can
be made more precise using a closed-form expression for the error in Lk(x). From the
Taylor-series expansion with the integral form of the remainder we have

F (x)− Lk(x) = F (x)− F (xk)− J(xk)(x− xk)

=

∫ 1

0

(J(xk + ξ(x− xk))− J(xk)) (x− xk) dξ.

(see §1.7.3). Using standard norm inequalities we obtain

‖F (x)− Lk(x)‖ ≤ ‖x− xk‖
∫ 1

0

‖J(xk + ξ(x− xk))− J(xk)‖ dξ, (2.4.2)

which implies that the error in the linear model depends not only on the distance of x from
xk, but also the total amount that J(x) varies from J(xk) on the line segment [xk, xk +
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ξ(x − xk)]. This expression may be simplified nicely if J(x) has a certain smoothness
property known as Lipschitz continuity.

Definition 2.4.1. The matrix-valued function J is said to be Lipschitz continuous at x
if there exists an open convex set D and a scalar γ such that x ∈ D and

‖J(x)− J(y)‖ ≤ γ‖x− y‖, for all y ∈ D. (2.4.3)

Essentially, this definition implies that the elements of J do not vary too rapidly in a
neighborhood of x. It should be emphasized that if the components of F were twice
continuously differentiable then J would be automatically Lipschitz continuous, with Lip-
schitz constant bounded by the magnitude of the largest second derivative. Thus, although
requiring Lipschitz continuity of J is stronger than merely requiring J to be continuous,
it is weaker than requiring J(x) to be differentiable.

With the assumption (2.4.3) of Lipschitz continuity we obtain the very concise bound
on the magnitude of the error in the linear model:

‖F (x)− Lk(x)‖ ≤ γ‖x− xk‖2
∫ 1

0

ξ dξ = 1
2γ‖x− xk‖2. (2.4.4)

This bound implies that the error in the model function is bounded by the Lipschitz
constant times the square of the distance from x to xk.

2.4.1. The Newton iteration

The set of points for which each linear model function vanishes is given by xk + pk, where
pk is any solution of the m× n linear system

J(xk)pk = −F (xk). (2.4.5)

If rank(J(xk)) = m, i.e., the Jacobian at xk has full row rank, this system must have a
solution. If m = n and Jk is nonsingular, the solution is unique.

A “pure” Newton method for zero-finding begins with an initial point x0, and generates
a sequence of Newton iterates {xk}, where xk+1 is given by xk + pk, and pk (the Newton
direction) satisfies (2.4.5):

xk+1 = xk + pk, where J(xk)pk = −F (xk). (2.4.6)

(Compare these definitions with those of the one-variable case (2.2.9)).
Newton’s method for the zero of a function F of many variables may be summarized

in the following algorithm:

Algorithm 2.4.1. Newton’s method for a zero.
Choose x0;
k ← 0;
while not converged do

Evaluate F (xk) and J(xk);
Find pk such that J(xk)pk = −F (xk);
xk+1 ← xk + pk;

end while
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Note that this algorithm is not well-defined when the system J(xk)pk = −F (xk) does
not have a solution. When J(xk) is nonsingular, it is sometimes convenient in theoretical
contexts to write pk in the mathematically equivalent form

pk = −J(xk)−1F (xk). (2.4.7)

2.4.2. Convergence properties

We illustrate the performance of Algorithm 2.4.1 by applying it to a problem whose func-
tion and Jacobian are given by

F (x) =

(
x2

1 − x2

−x1 + x2
2

)
and J(x) =

(
2x1 −1

−1 2x2

)
. (2.4.8)

This problem has two zeros, one at x∗ = (0, 0)T and the other at x∗ = (1, 1)T . Table 2.6
shows the result of using Algorithm 2.4.1 with starting point x0 = (2, 2). The iterates
converge to the zero x∗ = (1, 1)T . Note that, as in the univariate case, the iterates
converge quadratically.

k ‖xk − x
∗‖ ‖F (xk)‖

0 1.4 2.8
1 0.47 6.3 × 10−1

2 9.4 × 10−2 1.0 × 10−1

3 5.6 × 10−3 5.6 × 10−3

4 2.2 × 10−5 2.2 × 10−4

5 3.3 × 10−10 3.3 × 10−10

Table 2.6: Example of convergence of Newton’s method.

Unfortunately, even on this simple example, Newton’s method may not converge from
every starting point. If the run is repeated with initial point x0 = (2, 0), the iterates
diverge, with ‖F (xk)‖ taking the values 4.5, 1.6 × 101, 2.6 × 102, 6.6 × 104, 4.3 × 109,
1.8× 1019, 3.4× 1038, 1.2× 1077, . . . .

The next theorem shows that if we start sufficiently close to a zero x∗, then Newton’s
method converges. Moreover, if Newton’s method converges, then it usually converges
quadratically.

Theorem 2.4.1. (Convergence of Newton’s Method for vector-valued functions.) Let F :
D ⊂ R

n → R
n be a continuously differentiable function on an open convex set D, and

assume that F (x∗) = 0 for some x∗ ∈ D and that J(x∗) is nonsingular. Then there exists
an open neighborhood S containing x∗ such that, for any x0 in S, the Newton iterates
(2.4.6) are well defined, remain in S and converge to x∗ at a q-superlinear rate. Moreover,
if

‖J(x)− J(x∗)‖ ≤ σ‖x− x∗‖, x ∈ S, (2.4.9)

for some constant scalar σ > 0, then the sequence converges q-quadratically to x∗.
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Proof. Let θ be a fixed scalar in (0, 1). Since J(x) is continuous at x∗ and J(x∗) is
nonsingular, there is an open neighborhood S containing x∗ and a positive scalar µ such
that

‖J(x)−1‖ ≤ µ and ‖J(y)− J(x)‖ ≤ θ

µ
(2.4.10)

for every x and y in S. Suppose that xk ∈ S. Some simple rearrangement of (2.4.6) and
the application of the relation F (x∗) = 0 gives

xk+1 − x∗ = J(xk)−1
(
F (x∗)− (F (xk) + J(xk)(x∗ − xk))

)

= J(xk)−1 (F (xk + h)− Lk(xk + h)) ,

where h = x∗ − xk and Lk(xk + h) is the linear model evaluated at xk + h. Taking norms
and using the first inequality in (2.4.10) implies that

‖xk+1 − x∗‖ ≤ µ ‖F (xk + h)− Lk(xk + h)‖ .

This expression directly relates the error in the new iterate with the error in the linear
model. Using the bound (2.4.2) gives

‖xk+1 − x∗‖ ≤ µ
∥∥∥∥
∫ 1

0

[J(xk + ξh)− J(xk)]h dξ

∥∥∥∥

≤ µ
{

max
0≤ξ≤1

∥∥J
(
xk + ξh

)
− J(xk)

∥∥
}
‖h‖. (2.4.11)

If xk lies in S then so will xk + ξh, and the second condition of (2.4.10) gives

‖xk+1 − x∗‖ ≤ θ‖xk − x∗‖.

Since θ < 1, this implies that if x0 ∈ S, then xk ∈ S for k = 1, 2, . . . , and that {xk}
converges to x∗.

Now we consider the question of the rate of convergence of xk. Define

βk = µ

{
max

0≤ξ≤1

∥∥∥J
(
xk + ξ(x∗ − xk)

)
− J(xk)

∥∥∥
}
, (2.4.12)

and assume that x0 ∈ S, with µ defined as above. The continuity of J and the convergence
of {xk} to x∗ imply that βk converges to zero. The inequality (2.4.11) can be written as

‖xk+1 − x∗‖ ≤ βk‖xk − x∗‖, (2.4.13)

which establishes the q-superlinear convergence of {xk} to x∗.
In order to verify q-quadratic convergence, we will need the assumption (2.4.9). Let

ξ∗ denote the value of ξ for which the maximum in (2.4.12) is achieved, and let y∗ denote
xk + ξ∗(x∗ − xk). Then

‖J(y∗)− J(xk)‖ ≤ ‖J(y∗)− J(x∗)‖+ ‖J(x∗)− J(xk)‖. (2.4.14)

Applying (2.4.13) in (2.4.14) and (2.4.12) gives

βk ≤ 2µσ‖xk − x∗‖.
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Hence, {xk} satisfies the definition of quadratic convergence to x∗.

This theorem implies that Newton’s method will converge if x0 is sufficiently close to x∗.
The set of initial points x0 for which Newton’s method converges is known as the domain
of convergence. Theorem 2.4.1 tells us that the size of the domain of convergence depends
on two (usually independent) properties of F : the degree of nonlinearity (characterized
by the scalar σ); and the proximity of J(x∗) to a singular matrix (characterized by µ∗ =
‖J(x∗)−1‖).

The factor µ∗ also affects the rate of convergence in the sense that the ratio ‖xk+1 −
x∗‖/‖xk − x∗‖2 will decrease more rapidly for a problem with a smaller value of µ∗. For
example, if J(x∗) nonsingular but ‖J(x∗)−1‖ is large, the convergence rate will look linear
rather than quadratic. To illustrate this, consider the function

F (x) =

(
x2

1 − x2

2x1 − x2 − α(x2
2 − 1)− 1

)
, (2.4.15)

where α is a fixed parameter in [0, 1]. For any fixed value of α, F has a zero at x∗ = (1, 1)T ,
with Jacobian

J(x∗) =

(
2 −1

2 −1− 2α

)
=

(
2 −1

2 −1

)
+O(α).

Clearly, the smaller the value of α, the closer J(x∗) is to a singular matrix. Table 2.7
shows the result of using Algorithm 2.4.1 with starting point x0 = (2, 2) for the case
α = 10−2. Observe that, despite this relatively large value of α, the rate of convergence
is not recognizably quadratic since the number of correct figures in xk does not double at
each iterate close to x∗.

k ‖xk − x
∗‖ ‖F (xk)‖

0 1.4 2.2
1 1.1 2.6 × 10−1

2 0.51 6.4 × 10−2

3 0.24 1.6 × 10−2

4 0.10 3.9 × 10−3

5 3.6 × 10−2 8.8 × 10−4

6 8.3 × 10−3 1.6 × 10−4

7 7.0 × 10−4 1.2 × 10−5

8 5.7 × 10−6 9.8 × 10−8

9 3.9 × 10−10 6.7 × 10−12

Table 2.7: Example of “slow quadratic” convergence of Newton’s method. This
table shows the result of using Newton’s method on the problem (2.4.15), starting
at x0 = (2, 2) for α = 10−2. The rate of convergence is not recognizably quadratic
since the number of correct figures in xk does not double at each iterate close to x∗.

When x0 is not close enough to x∗, the linear model function Lk(x) may be inaccurate
and misleading and the Newton iterates may diverge, or may make only negligible progress



52 Chapter 2. Zero Finding April 6, 2006

toward x∗. In later sections we will show that these difficulties can be overcome by using
a safeguarded method in which the Newton iterate is accepted only when it appears to
make “reasonable” progress.

2.5. The Finite-Difference Newton Method

In our discussion of Newton’s method thus far, we have assumed that the Jacobian can be
evaluated at any value of x. For many practical problems, this assumption is unrealistic—
for example, F may be computed by performing a complex sequence of calculations, such
as solving a set of partial differential equations or running a simulation. Therefore, we
now consider ways of retaining as many of the beneficial properties of Newton’s method
as possible without the cost of evaluating the Jacobian J .

One of the most successful of these methods involves approximating the partial deriva-
tives of F by a finite-difference approximation. The differentiability of F implies the
existence of a limit:

lim
δ→0

1

δ
{F (x+ δej)− F (x)− J(x)ejδ} = 0,

where ej is the jth unit vector. This implies that if we fix δ as some small value hj , known
as the finite-difference interval, then the vector yj = (1/hj) {F (x+ hjej)− F (x)} will be
an approximation to the jth column of J(x). Let h denote a vector with components hj .
The matrix J(x, h) such that

J(x, h) =
(
y1 y2 · · · yn

)
, with yj =

1

hj
{F (x+ hjej)− F (x)} , (2.5.1)

satisfies J(x, h) ≈ J(x) and is known as a forward-difference Jacobian at x. The calculation
of J(x, h) requires n+1 evaluations of the vector-valued function F (x): one at each of the
points x, x+ h1e1, x+ h2e2, . . . , and x+ hnen.

By analogy with the Newton equation (2.4.5), a direction pk associated with J(xk, h)
can be defined by

J(xk, h)pk = −F (xk).

A method in which J(xk, h) replaces J(xk) is called a finite-difference Newton method.
Not surprisingly, the effectiveness of this method depends critically on how accurately

J(xk, h) approximates J(xk). If we assume that the Jacobian is Lipschitz continuous, we
obtain the following convenient forms for the error in J(x, h).

Theorem 2.5.1. Let D denote an open convex subset of R
n. Let F : D ⊂ R

n → R
n be a

continuously differentiable function whose derivative F ′ is Lipschitz continuous in D with
Lipschitz constant γ. If ‖ · ‖ denotes any norm such that ‖ej‖ = 1, then

‖[J(x, h)− J(x)]ej‖ ≤ 1
2γ|hj | and ‖J(x, h)− J(x)‖ ≤ 1

2γ‖h‖∞.

Proof. From the definition of J(x, h) we have

‖[J(x, h)− J(x)]ej‖ =
1

|hj |
‖F (x+ hjej)− F (x)− J(x)hjej‖

=
1

|hj |
‖F (x+ hjej)− L(x+ hjej)‖,
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where L(x+ d) denotes the linear model L(x) = F (x) + J(x)d. Equation (2.4.4) may now
be used to give

‖[J(x, h)− J(x)]ej‖ ≤
1

|hj |
1
2γ‖hjej‖2 = 1

2γ|hj |.

Similarly

‖J(x, h)− J(x)‖1 = max
1≤j≤n

‖[J(x, h)− J(x)]ej‖1 ≤ max
1≤j≤n

1
2γ|hj | = 1

2γ‖h‖∞,

which is what we wanted to show.

A major question in the calculation of J(xk, h) in (2.5.1) is the choice of finite-difference
interval h. The next two results indicate that, at least in theory, h must go to zero as
xk → x∗ if quadratic convergence is to be maintained. It is convenient to present these
results in the context of a more general class of methods characterized by the linear model

Lk(x) = F (xk) +Ak(x− xk),

where Ak is a nonsingular approximation to J(xk). This model is used to define the
following algorithm:

Algorithm 2.5.1. Approximate Newton method for a zero.
Choose x0;
x← x0;
k ← 0;
while not converged do

Find p such that Ap = −F (x);
x← x+ p;
Redefine A;
k ← k + 1;

end while

To analyze this method we first derive the error in the linear model at an arbitrary
point xk + d.

Lemma 2.5.1. Let D denote an open convex subset of R
n. Let F : D ⊂ R

n → R
n be a

continuously differentiable function whose derivative F ′ is Lipschitz continuous in D with
Lipschitz constant γ. Let {Ak} be a sequence of nonsingular matrices. Define the sequence
{xk} such that xk+1 = xk +pk, where pk satisfies Akpk = −F (xk). Then, for any d ∈ R

n,

‖F (xk + d)− Lk(xk + d)‖ ≤ 1
2γ‖d‖

2 + ‖[Ak − J(xk)]d‖. (2.5.2)

Proof. Let LN
k (x) denote the linear model LN

k (x) = F (xk) + J(xk)(x − xk) associated
with the Newton iteration. For any d ∈ R

n,

‖F (xk + d)− Lk(xk + d)‖ ≤ ‖F (xk + d)− LN
k (xk + d)‖+ ‖LN

k (xk + d)− Lk(xk + d)‖.
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From (2.4.4), a bound on the error in the first term—the error in Newton model—is given
by ‖F (xk + d)− LN

k (xk + h)‖ ≤ 1
2γ‖d‖2. Substituting for LN

k and Lk, we obtain

‖F (xk + d)− Lk(xk + h)‖ ≤ 1
2γ‖d‖

2 + ‖F (xk) + J(xk)d− (F (xk) +Akd)‖

= 1
2γ‖d‖

2 + ‖[J(xk)−Ak]d‖,

as required.

Theorem 2.5.2. Let F be a function satisfying the assumptions of Lemma 2.5.1. If εk
and εk+1 denote the errors εk = xk − x∗ and εk+1 = xk+1 − x∗, then

‖εk+1‖ ≤ ‖A−1
k ‖

{
1
2γ‖εk‖+

‖[Ak − J(xk)]εk‖
‖εk‖

}
‖εk‖. (2.5.3)

Proof. Rearranging the equation xk+1 = xk−A−1
k F (xk) and using the identity F (x∗) = 0

gives

xk+1 − x∗ = A−1
k

(
F (x∗)− (F (xk) +Ak(x∗ − xk)

)

= A−1
k (F (xk + d)− Lk(xk + d)) ,

where d = x∗−xk and Lk(xk +d) denotes the linear model evaluated at xk +d. The result
follows by taking norms and applying Lemma 2.5.1.

This implies that a sufficient condition for superlinear convergence is

lim
k→∞

[Ak − J(xk)]
εk
‖εk‖

= 0.

and a sufficient condition for quadratic convergence is that there exist a positive scalar σ
and an integer K such that for all k ≥ K,

‖Ak − J(xk)‖ ≤ σ‖xk − x∗‖. (2.5.4)

When J(xk, hk) is given by (2.5.1), Theorem 2.5.1 implies that condition (2.5.4) holds
for all k only if hk → 0 as xk → x∗. However, this result does not apply in practice. In
finite precision arithmetic a “too-small” finite-difference interval is disastrous numerically,
because of inaccuracies in the resulting J(xk, hk) due to “cancellation” error. For small
h we have F (xk + hej) ≈ F (xk) and consequently, when yj is computed from (2.5.1), the
error in computing F (x) is revealed (magnified) by the cancellation of similar terms.

To discuss the effects of cancellation error on the calculation of approximate derivatives,
consider the univariate case in which we wish to approximate F ′(x) by the finite difference

δ(F, h) =
F (x+ h)− F (x)

h
. (2.5.5)

So far, discussion of the error in a finite difference has been restricted to the truncation
error, which is the error in δ(F, h) resulting from the neglected terms in the Taylor-series
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expansion of F (x + h) (see Theorem 2.5.1 for the result in the multivariate case). If the
differential form of Taylor-series remainder is used, the truncation error can be written as

T (h) ≡ δ(F, h)− F ′(x) = 1
2hF

′′(x+ ξh), (2.5.6)

where ξ is a point in (0, 1). The truncation error can be bounded by an expression that
decreases with |h|, but its exact value depends on the unknown point x+ ξh.

Unfortunately, T (h) is not the only error present when δ(F, h) is evaluated on a com-
puter. In a “real” calculation of δ, the quantities to be subtracted in (2.5.5) are subject to
errors that occur because computer arithmetic is generally not exact. To see this, consider
any real number y represented by its infinite decimal expansion

y = ±10e ×
(
d1

101
+

d2

102
+

d3

103
· · ·
)
,

where the di are integers such that 1 < d1 ≤ 9, 0 ≤ di ≤ 9, i > 1, and e is a signed integer
exponent. (Here we use a decimal expansion for simplicity, but other forms are possible,
with binary being the most common on digital computers.) The decimal expansion may
be writen in shorthand form as

y = ±10e × .d1d2d3 · · · , (2.5.7)

where the “·” denotes the decimal point and the di are known as the decimal digits.
On a computer, there are only a finite number of digits (say t) available to represent

a number. In this case every number z represented on the machine is held in the t-digit
form

z = ±10e × .d1d2d3 · · · dt−1dt,

with 1 < d1 ≤ 9, 0 ≤ di ≤ 9, 1 < i ≤ t. The set of all z of this form is known as
the set of representable numbers, and we say that any representable number is held in
finite precision. The number m = .d1d2d3 · · · dt is known as the mantissa and satisfies
1
10 ≤ m ≤ 1.

Any number y of the form (2.5.7) must be represented on a computer by discarding
the least significant digits to give a representable number fl(y) known as the floating-point
value of y. More precisely, fl(y) is defined as representable number that is nearest to y, and
the process of choosing fl(y) is known as rounding. Note that the nearest representable
number to y may have a least significant digit d̄t that differs from dt by one unit. Hence,
the floating-point value of the exact representation (2.5.7) is

fl(y) = ±10e × .d1d2d3 · · · dt−1d̄t,

where the “rounded” value d̄t differs from dt by at most one. Note that regardless of the
form of rounding, we have |fl(y)− y| ≤ 1

210−t10e.
Unfortunately, the computed value of F (x) may have more than only one incorrect digit

in the mantissa. This is a consequence of the fact that the result of a single arithmetic
operation between two representable numbers y and z is not usually representable. This
implies that a small rounding error is made during every calculation. During the course of
a sequence of calculations, these rounding errors can accumulate and cause the computed
value of F (x) to have several incorrect digits in its mantissa. This may be illustrated
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schematically as follows: let F̂ (x) denote the computed value of F (x) and write F̂ (x) in
the form

F̂ (x) = ±10e × .d1d2 · · · dp d̄p+1 · · · d̄t,

where it is assumed that the barred digits d̄p+1, . . . , d̄t are incorrect because of the
cumulative effects of rounding error during the calculation of F .

Definition 2.5.1. The value F̂ (x) is said to have relative precision 10−p if its mantissa
has at least p correct decimal digits.

We stress that this is a “rule of thumb” definition that requires the exponents of F̂ (x)
and F (x) to be identical.

If F is small in magnitude (i.e., |F | � 1), then F will almost always have very low
relative precision (i.e., p will be close to one). This happens because the leading zeros of
the unnormalized form

F̂ (x) = ±.00 · · · 00d1d2 · · · dp d̄p+1 · · · d̄t

are “correct” digits of the mantissa before renormalization (i.e., before the exponent is
adjusted). This happens, for example, when F is the difference of two numbers of similar
size. Hence, F (x) may still be accurate in an absolute sense even though the relative
precision is poor. To allow for this case we add the following rule-of-thumb.

Definition 2.5.2. The value F̂ (x) is said to have absolute precision 10−p if F̂ (x) has at
least p correct decimal digits, including the leading decimal places.

A function F is said to have precision ε if it has relative precision ε when F ≥ 1 and
absolute precision ε when F < 1.

Now we return to the calculation of the difference F (x+ h))− F (x) in finite-precision

arithmetic. Let F̂ (x) and F̂ (x + h) denote the computed values of F (x) and F (x + h).

If h is small enough that both F̂ (x+ h) and F̂ (x) have the same exponent and the same
precision, then the relevant representations are

F̂ (x) = 10e × .d1d2 · · · dp d̄p+1 · · · d̄t

F̂ (x+ h) = 10e × .d′1d′2 · · · d′p d̄′p+1 · · · d̄′t.

(We have assumed for simplicity that F is positive.) Since h is small, F will be close to
F (x + h) and the values F (x) and F (x + h) will have a certain number of leading digits
in common. Suppose, for arguments sake, that h is chosen so that the first three digits
coincide, giving d′1 = d1, d

′
2 = d2 and d′3 = d3. In this case, the first three digits in the

difference F̂ (x+ h)− F̂ (x) cancel and the mantissa will be of the form

.b1b2b3 · · · bp−3 b̄p−2 · · · b̄t,

so that we would expect the precision in δ(F, h) to be approximately 10−(p−3), i.e., we
would lose approximately three digits of precision in the approximate derivative. Clearly,
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the smaller the value of h, the larger the number of identical leading digits of F̂ (x + h)

and F̂ (x). In particular, if h is chosen small enough, all the correct digits will match, and

d′1 = d1, d′2 = d2, · · · d′p = dp.

For such a value of h, there will be no correct figures in the difference, and δ(F, h) will
have no precision.

These statements can be made more precise in the following discussion. First, it is
necessary to define the absolute and relative errors in F (x).

Definition 2.5.3. The absolute error in F̂ (x) is

εA(x) = F (x)− F̂ (x).

The relative error in F̂ (x) is

εR(x) =
F (x)− F̂ (x)

F (x)
.

If F (x) 6= 0 then εA(x) = εR(x)F (x).

Observe that if F̂ (x) has precision ε, then ε ≈ εR(x) unless |F | is small, in which case

ε ≈ εA(x). When F̂ (x) has precision ε, a suitable model for the error in F̂ (x) is

|F̂ (x)− F (x)| ∼ ε(1 + |F (x)|).

Now we will show that if F̂ (x) is computed with precision ε, then the error in δ(F, h)
resulting from rounding errors will usually be of the order of ε/h.

From the definition of the absolute error we have

F̂ (x) = F (x) + εA(x) and F̂ (x+ h) = F (x+ h) + εA(x+ h). (2.5.8)

Let δ(F̂ , h) denote the value of δ computed with the inexact function values (2.5.8). Then
the difference between the computed and exact versions of δ satisfies

C(h) ≡ δ(F̂ , h)− δ(F, h) =
εA(x+ h)− εA(x)

h
. (2.5.9)

This error, which is only present because of inaccuracies in the computed value of F , is
the cancellation error defined informally earlier. If the magnitude of the absolute error in
F is bounded by εA for all x ∈ [x, x + h], then C(h) ≤ 2εA/h, so that broadly speaking,
a bound on the cancellation error increases as |h| decreases (the opposite effect from the
truncation error (2.5.6)).

In the context of choosing the finite-difference interval for a finite-difference Newton
method, hmust be not only small enough to give satisfactory convergence near the solution,
but also large enough to ensure that J(xk, h) retains adequate accuracy. Fortunately, a
“sensible” choice of h appears to give good results in most practical problems. Returning
to the univariate case, we note that the total error is the sum of the truncation error T (h)
(2.5.6) and the cancellation error (2.5.9), where changes in the size of |h| tend to have
(roughly) opposite effects on the sizes of these errors. The “ideal” finite-difference interval
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would yield the smallest error in δ(F, h), but unfortunately is impossible (in general) to
compute. We therefore settle for computing an interval that approximately minimizes a
bound E on the total error

|T (h) + C(h)| ≤ E = 1
2h|F

′′(x+ ξh)|+ |εA(x+ h)− εA(x)|
h

. (2.5.10)

If the magnitude of the absolute error in F is bounded by εA for all x ∈ [x, x+h], we have

|T (h) + C(h)| ≤ 1
2h|F

′′(x+ ξh)|+ 2εA

h
.

The “optimal” interval h∗ that minimizes this bound is given by

h∗ = 2

√
εA

|F ′′(x+ ξh)| . (2.5.11)

However, rather than attempting to estimate the “optimal” interval for each variable at
every iterate of a finite-difference Newton method, it is typical to compute a set of intervals
at the initial point x0, and to retain the same intervals as long as numerical difficulties
are not encountered. The almost universal choice for this fixed interval is the square root
of the precision to which the components of F can be calculated. To demonstrate that
this is a plausible choice we need to reconsider the calculation of a difference interval for
a univariate function F . Assume that F has precision ε. We also assume that the second
derivative is not zero.

If |F (x)| is small, then εA ≈ ε and as long as |F ′′(x + ξh)| is not close to zero, the
expression (2.5.11) for the optimal interval implies that h∗ ∼ √ε.

If |F (x)| is not small, we have

εA = |F | εR ≈ |F |ε. (2.5.12)

Suppose also that F and all its derivatives are of comparable magnitude in the region of
interest, so that

|F | ∼ |F ′′|. (2.5.13)

(When this relation holds, we tend to regard F as “well scaled”.) Applying (2.5.12) and
(2.5.13) in (2.5.11), it follows that

h∗ ∼
√
ε (2.5.14)

as before.
Practical (i.e., computable) estimates of h∗ must estimate the truncation error δ(F, h)−

F ′(x) more precisely using finite differences to estimate the second derivatives of F .
Finite-difference Newton methods typically mimic Newton’s method almost exactly

even to the extent of appearing to have an asymptotic q-quadratic rate of convergence.
For example, a finite-difference Newton method applied to the two-variable problem (2.4.8)
gives results that are virtually indistinguishable from those of Table 2.6. The explanation
for this phenomenon is that the linear rate is very fast (the linear convergence constant
is proportional to h). Consequently, close to the solution, the quadratic term in the
error is dominant except in a small neighborhood of the solution. On most problems the
termination criteria are satisfied before the neighborhood exhibiting linear convergence is
reached.
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2.6. Newton’s Method with Backtracking

We have already seen that the Newton iterates may fail to converge, or may diverge if the
local model is inaccurate. However, when Newton’s method does converge, the magnitude
of each Fi and hence the norm of F eventually decrease monotonically. This behavior
suggests that it might be possible to force convergence from any starting point by making
sure that the norm of F decreases at each iteration. Suppose that instead of moving along
the Newton direction from xk to the point xk +pk, we move a fraction αk of the step along
pk to the point xk + αkpk. The precise value of the fraction, or step length as it is more
commonly called, is chosen to ensure that ‖F (xk + αkpk)‖ < ‖F (xk)‖. In effect, we are
using the length of the vector F as a measure of progress of the algorithm.

These methods for zero-finding involve techniques associated with unconstrained min-
imization. The most common choice of norm to be minimized is the two-norm. Any
minimizer of the two-norm of F (x) is a minimizer of the squared two-norm of F (x), and
we accordingly consider how to minimize the “merit function”

1
2‖F (x)‖2 = 1

2F (x)TF (x) = 1
2

n∑

i=1

Fi(x)
2.

Other choices of norm are possible, but the two-norm is exceptionally convenient. In
particular, we will show that if the Jacobian of F (xk) is nonsingular and F (xk) 6= 0, it is
always possible to take a positive step along the Newton direction −J(xk)−1F (xk) that
decreases ‖F‖ (and hence 1

2‖F‖2).
The standard technique is to try αk = 1 first, and if necessary, reduce αk by a factor of

1
2 until the required reduction in ‖F‖ is achieved. This procedure is known as backtracking.
If the backtracking is to be successful it is essential that there always exist points such
that ‖F (xk + αpk)‖ < ‖F (xk)‖. (If no such points exist, any algorithm for finding them
is doomed to failure.)

Definition 2.6.1. (Direction of decrease.) A direction p is known as a direction of de-
crease for ‖F (x)‖ at x if there exists a positive σ such that

‖F (x+ αp)‖ < ‖F (x)‖, for all α ∈ (0, σ).

We define a norm ‖·‖ as being smooth if ‖x‖ is a continuously differentiable function of
x. Examples of smooth norms are the two norm and ellipsoidal norms ‖x‖ = (xTBx)1/2,
with B symmetric positive definite. For any smooth norm, ‖F (x)‖ is also continuously
differentiable and a simple condition on the derivative will indicate whether or not p is a
direction of decrease. Let m(α) define the univariate function

m(α) = ‖F (xk + αpk)‖.

The function m is continuously differentiable as long as ‖ · ‖ is smooth, and the directional
derivative of ‖F‖ at x along p is defined as

m′(0) =
d

dα
m(α)

∣∣∣∣
α=0

=
d

dα
‖F (xk + αpk)‖

∣∣∣∣
α=0

.

If the directional derivative is negative for any smooth norm, then the Nonzero Derivative
Theorem (see Theorem 1.6.5) implies that there must exist an interval of positive values
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of α such that ‖F (xk + αpk)‖ < ‖F (xk)‖. The next result shows that the directional
derivative along the Newton direction at α = 0 is always negative as long as F 6= 0, so
that the Newton direction is indeed a direction of decrease for ‖F‖.

Lemma 2.6.1. Let F : D ⊂ R
n → R

m be continuously differentiable. Let x be any point
in D such that ‖F (x)‖ > 0, where ‖·‖ denotes an arbitrary norm on R

m. If p is a direction
such that J(x)p = −F (x), then

lim
α→0+

‖F (x+ αp)‖ − ‖F (x)‖
α

= −‖F (x)‖.

Proof. Since F is continuously differentiable, it must hold that

‖F (x+ αp)‖ − ‖F (x)‖ = ‖F (x) + αJ(x)p+ r(α)‖ − ‖F (x)‖, (2.6.1)

where r(α) is a vector-valued function such that ‖r(α)‖ = O(α2). From the definition of
p we have

F (x) + αJ(x)p = F (x)− αF (x) = (1− α)F (x).

Using this identity in (2.6.1) we obtain

‖F (x+ αp)‖ − ‖F (x)‖ = ‖(1− α)F (x) + r(α)‖ − ‖F (x)‖,

If we use the triangle inequality ‖x‖ − ‖y‖ ≤ ‖x+ y‖ ≤ ‖x‖+ ‖y‖, we obtain

−α‖F (x)‖ − ‖r(α)‖ ≤ ‖F (x+ αp)‖ − ‖F (x)‖ ≤ −α‖F (x)‖+ ‖r(α)‖,

where we have assumed without loss of generality that α < 1. The required result follows
from the fact that limα→0+

‖r(α)‖/α = 0.

For the remainder of this section we will restrict our attention to the two-norm of F .

Lemma 2.6.2. Let F : D ⊂ R
n → R

m be continuously differentiable. Let x be any point
in D such that ‖F (x)‖ > 0. Let p denote any nonzero direction. Then there exists an σ
(σ > 0) such that

d

dα
‖F (x+ αp)‖ =

1

‖F (x+ αp)‖p
TJ(x+ αp)TF (x+ αp), for all α ∈ [0, σ]. (2.6.2)

Moreover, if p satisfies the equations J(x)p = −F (x), then

d

dα
‖F (x+ αp)‖

∣∣∣∣
α=0

= −‖F (x)‖,

and p is a direction of decrease for F at x.

Proof. Definem(α) = ‖F (x+αp)‖. Equation (2.6.2) follows from the repeated application
of the chain-rule to obtain m′(α).

If J(x) is nonsingular, the Newton equations J(x)p = −F (x) give

m′(α)|α=0 =
1

‖F (x)‖p
TJ(x)TF (x) = −F (x)TF (x)

‖F (x)‖ = −‖F (x)‖.
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The nonzero derivative theorem Theorem 1.6.5, implies that p is a direction of decrease.

If αk can be chosen such that ‖F (xk+1)‖ < ‖F (xk)‖, the sequence {‖F (xk)‖} must
converge because ‖F (x)‖ is bounded below by zero (see Theorem 1.5.3). However, some
care must be taken with the choice of step lengths if the F (xk) are to converge to zero.
False convergence will occur if the step lengths {αk} are inadvertently chosen so that ‖F‖
is reduced by an ever-smaller amount at each iteration. For example, consider finding a
zero of the function F (x) = x with αk = 1/2k+1, starting at the point x0 = 2. Then
pk = −xk for all k and we generate the sequence of iterates 2, 1, 3

4 , 27
32 , which converges

to x̄ ≈ .5776. This example shows how a poor choice of αk may cause ‖xk+1 − xk‖ to
converge to zero even when ‖pk‖ is not converging to zero! (Recall from Theorem 2.4.1
that the Newton direction pk is such that pk → 0 as xk → x∗.) To guard against this
difficulty, we must choose αk so that the sequence {αk} can never converge to zero unless
‖pk‖ converges to zero.

A suitable definition of α may be derived from the properties of the model function
Lk(x) (see (2.4.1)). Recall that the choice of pk is based on the observation that F is
closely approximated by Lk(x) in a sufficiently small neighborhood of xk. If this is the
case, the reduction in ‖F‖ will be approximately equal to the reduction in ‖Lk‖, i.e.,

‖F (xk)‖ − ‖F (xk + pk)‖ ≈ ‖Lk(xk)‖ − ‖Lk(xk + pk)‖.

This implies that the backtracking procedure may be interpreted as follows. Starting with
the guess of αk = 1, αk is reduced by a constant factor until

‖F (xk)‖ − ‖F (xk + αkpk)‖ ≈ ‖Lk(xk)‖ − ‖Lk(xk + αkpk)‖.

This implies that αk is reduced until the change in ‖F‖ is consistent with the change
predicted by the linear model. To be more specific, we define a fixed parameter µ (0 <
µ < 1) and require that αk gives a reduction in ‖F‖ that is no worse than µ times the
reduction in ‖Lk(x)‖. This gives the condition

‖F (xk)‖ − ‖F (xk + αpk)‖ ≥ µ(‖Lk(xk)‖ − ‖Lk(xk + αpk)‖). (2.6.3)

The following result implies that we can always find an αk sufficiently small that satisfies
this inequality.

Lemma 2.6.3. Let F : D ⊂ R
n → R

n be continuously differentiable. At any point xk in
D such that F (xk) 6= 0, define the affine model Lk(x) = F (xk) + F ′(xk)(x − xk). If p is
any vector such that J(xk)p 6= 0, then

lim
α→0

‖F (xk)‖ − ‖F (xk + αp)‖
‖Lk(xk)‖ − ‖Lk(xk + αp)‖ = 1.

Proof. Consider the univariate functions

φ(α) = ‖F (xk + αp)‖ and ψ(α) = ‖Lk(xk + αp)‖.

Then

‖F (xk)‖ − ‖F (xk + αp)‖
‖Lk(xk)‖ − ‖Lk(xk + αp)‖ =

φ(α)− φ(0)

ψ(α)− ψ(0)
=

[
φ(α)− φ(0)

α

] [
α

ψ(α)− ψ(0)

]
.
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Taking the limit as α→ 0 gives

lim
α→0

‖F (xk)‖ − ‖F (xk + αp)‖
‖Lk(xk)‖ − ‖Lk(xk + αp)‖ =

φ′(0)

ψ′(0)
.

It remains to be shown that φ′(0) is equal to ψ′(0). Lemma 2.6.2 gives

φ′(0) =
F (xk)TJ(xk)p

‖F (xk)‖ and ψ′(0) =
Lk(xk)TL′(xk)p

‖Lk(xk)‖ .

The result now follows from the fact that Lk(xk) = F (xk) and L′(xk) = J(xk).

The condition (2.6.3) can be simplified as follows. Using the definition of Lk(x) and
the definition of the Newton direction gives

‖Lk(xk)‖ − ‖Lk(xk+1)‖ = ‖F (xk)‖ − ‖F (xk) + F ′(xk)(xk + αkpk − xk)‖
= αk‖F (xk)‖.

Substituting for ‖Lk(xk)‖ − ‖Lk(xk+1)‖ in (2.6.3) leads to the following condition,

‖F (xk + αkpk)‖ < (1− αkµ)‖F (xk)‖. (2.6.4)

This condition may be regarded as defining an αk that enforces a sufficient decrease in
‖F (x)‖.

It should be evident from (2.6.4) that provided the sequence {αk} does not converge
to zero, then ‖F (xk)‖ can only become arbitrarily close to ‖F (xk + αpk)‖ if ‖F (xk)‖
converges to zero (which is the objective of the whole process). An implementation of
Newton’s method with backtracking takes the following form:

Algorithm 2.6.1. Newton’s method with backtracking.
Fix µ such that 0 < µ < 1;
Choose x0;
x← x0;
k ← 0;
while not converged do

Evaluate J(x);
Solve J(x)p = −F (x);
α← 1;
while ‖F (x+ αp)‖ > (1− αµ)‖F (x)‖ do

α← α/2;
end while
x← x+ αp;

end while

Note that each step length is of the form αk = 1/2jk−1, where jk is an integer such
that jk ≥ 1.



2.7. Treatment of Singularity 63

We illustrate the performance of Newton’s method with backtracking, by reconsidering
the problem of finding x1 and x2 such that F (x1) = x2

1 − x2 = 0, F2 = −x1 + x2
2 = 0. We

have

F (x) =

(
x2

1 − x2

−x1 + x2
2

)
, with J(x) =

(
2x1 −1

−1 2x2

)
.

In Table 2.8 we give the iterates of Newton’s method with x0 given by the point (2, 0), for
which Algorithm 2.4.1 diverged. Note that in this case, the iterates converge quadratically
to the zero x∗ = (0, 0)T .

k nF αk ‖F (xk)‖

0 1 – 4.5

1 4 0.25 3.3
2 5 1.0 1.0
3 6 1.0 3.8 × 10−1

4 7 1.0 1.1 × 10−1

5 8 1.0 1.3 × 10−2

6 9 1.0 1.6 × 10−4

7 10 1.0 2.6 × 10−8

8 11 1.0 6.6 × 10−16

Table 2.8: The iterates of Newton’s method with a backtracking line search.

2.7. Treatment of Singularity

Consider the solution of the linear system Jp = −F . If J is nonsingular, then p = −J−1F
is the unique solution of Jp = −F .

If J is singular with rank r (r < n), then either there is an infinite number of solutions
of Jp = −F , or no solution exists at all. If r < n, a solution exists only if F can be written
as a linear combination of the columns of J , i.e., if F ∈ range(J), where range(J) denotes
the range space or column space of J—the set of vectors {y | y = Jp for some p}. In this
case, the Newton system is said to be compatible or consistent. If r < n and the Newton
equations are compatible, then there are an infinite number of solutions of Jp = −F .
This may be shown by considering the null-space of J , which is the (n − r)-dimensional
subspace of R

n composed of vectors z such that

null(J) = {z | Jz = 0}.

It follows that if p is a solution of Jp = −F , and z is a vector in null(J), then p̄ = p + z
is also a solution of Jp = −F since Jp̄ = J(p+ z) = Jp+ Jz = −F .

If the Newton system is not compatible, we choose p so that Jp is as close as possible
to the right-hand side −F . We define “close as possible” to mean that p must give the
smallest possible distance d between Jp and −F , i.e., p minimizes ‖ d ‖ = ‖ Jp + F ‖ for
some vector norm ‖ · ‖. Although a solution of this problem exists, whatever the choice of
norm, it is not unique. To show this we consider any p∗ that minimizes ‖ Jp + F ‖, and
add any vector z in null(J). It follows that ‖Jp+F‖ = ‖J(p+ z)+F‖ and p̄ = p+ z gives
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the same optimal norm as p. Note that a minimizing value of p can be used even when
the Newton equations are compatible, since ‖Jp+F‖ is zero at any solution of Jp = −F .

The most common choice of norm is the two-norm, which leads to the linear least-
squares problem:

minimize
p∈Rn

‖ Jp+ F ‖2. (2.7.1)

If p is not unique, it seems sensible to choose the smallest p that solves the least-squares
problem. The least-length least-squares solution, denoted by p+, is a solution of (2.7.1)
that has the least value of ‖ p ‖2. The least-length solution has the nice properties that it
is unique and can be defined (implicitly) using a matrix analogous to the inverse of J .

Theorem 2.7.1. The least-length least-squares solution p+ is unique, and there exists
a unique n × n matrix J+ such that p+ = −J+F . The matrix J+ is known as the
pseudoinverse of J .

If J is nonsingular, the pseudoinverse is just J−1, as we would expect.
The pseudoinverse of J is easily defined in terms of its singular-value decomposition.

When J is n× n, it can be written as

J = USV T , (2.7.2)

where U and V are n × n orthogonal matrices, and S is an n × n diagonal matrix, S =
diag(σ1, σ2, . . . , σn), with σi ≥ 0, i = 1, . . . , n. The nonnegative numbers {σi} are called
the singular values of J , and (2.7.2) is called the singular-value decomposition (SVD). The
singular-value decomposition is arguably the most informative general representation of a
matrix. The convention is usually adopted that σ1 ≥ σ2 ≥ · · · ≥ σn, so that σ1(J) denotes
the largest singular value of J .

If J has rank r and r > 0, then J has exactly r strictly positive singular values, so that
σr > 0 and σr+1 = · · · = σr = 0. If J is nonsingular, all its singular values are nonzero.
The singular values of J are the square roots of the eigenvalues of JTJ (which are identical
to the square roots of the eigenvalues of JJT ).

Theorem 2.7.2. If U , S and V denote the matrices associated with the SVD (2.7.2) of
J , then the pseudoinverse of J is given by

J+ = V

(
S−1

r 0

0 0

)
UT .

where Sr is the diagonal matrix of positive singular values Sr = diag(σ1, σ2, . . . , σr).

The least-length solution is now easily found. Suppose that the columns of U and V
be partitioned so that

U =
(
Ur Un−r

)
and V =

(
Vr Vn−r

)
. (2.7.3)

where Ur and Vr contain the first r columns of U and V . It follows from Theorem 2.7.1
that

p+ = −
(
Vr Vn−r

)( S−1
r 0

0 0

)(
UT

r

UT
n−r

)
F = −VrS

−1
r UT

r F.
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If J is nonsingular, J+ = V S−1UT = J−1. In this case, p = −V S−1UTF .
The next result shows that under circumstances that hold most of the time, a modified

Newton direction is a direction of decrease for the two-norm of F . This result uses the
property of the SVD that certain columns of U and V can be used to generate the range-
and null-spaces of both J and JT . In particular, every z ∈ null(J) can be written as
z = Vn−rw, for some (n − r)-vector w (which implies that the columns of Vn−r form
an orthonormal basis for null(J)). This can be verified using the partition (2.7.3) in the
definition of

Jz = U

(
Sr 0

0 0

)
V TVn−rw = U

(
Sr 0

0 0

)(
V T

r

V T
n−r

)
Vn−rw

= U

(
Sr 0

0 0

)(
0

w

)
= 0.

Similarly, any z ∈ null(JT ) can be written as z = Un−ry for some y, and the columns of
Un−r form an orthonormal basis for null(JT ).

Lemma 2.7.1. Let F : D ⊂ R
n → R

m be continuously differentiable. Let x be any point
in D such that F (x) 6∈ null(J(x)T ). Then the direction p+ = −J(x)+F (x) is a direction
of decrease for ‖F (x)‖2 at x.

Proof. Define m(α) = ‖F (x+ αp)‖2. As in the proof of Lemma 2.6.2, we have

m′(α)|α=0 =
1

‖F (x)‖2
pTJ(x)TF (x).

Substituting for the modified Newton direction p = −J(x)+F (x) gives

m′(α)|α=0 =
1

‖F (x)‖2
pTJ(x)TF (x) = −F (x)T (J(x)J(x)+)TF (x)

‖F (x)‖2
.

Using the singular value decomposition of J , we have

JJ+ = U

(
Sr 0

0 0

)
V TV

(
S−1

r 0

0 0

)
UT = UrU

T
r .

It follows that

m′(α)|α=0 = −F (x)TUrU
T
r F (x)

‖F (x)‖2
= −‖U

T
r F (x)‖2
‖F (x)‖2

.

We assert that UT
r F (x) 6= 0. Otherwise, if UT

r F (x) = 0, then F (x) = Un−rw for some
nonzero vector w, and it follows that F (x) ∈ null(J(x)T ), contradicting the assumption of
the lemma. It follows that

m′(α)|α=0 = −‖U
T
r F (x)‖22
‖F (x)‖2

< 0,

and p must be a direction of decrease for ‖F‖2.
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The condition that F (x) must not lie in the null-space of JT requires some explanation.
Simple differentiation gives the gradient of φ(x) = ‖F (x)‖2 as

∇φ(x) =
1

‖F (x)‖J(x)TF (x).

If x is minimizer of φ(x) such that φ(x) > 0, then ∇φ(x) = 0. This must imply that
J(x)TF (x) = 0 and F (x) lies in the null-space of JT at a local minimizer of ‖F (x)‖2. This
is not surprising, because under suitable conditions, it is possible to show that satisfaction
of a sufficient decrease condition (2.6.4) ensures that the iterates will converge to a local
minimizer of ‖F (x)‖. It follows that we are implicitly treating the problem of solving
F (x) = 0 as the problem of minimizing ‖F (x)‖. For any norm, ‖F (x)‖ is zero only if
F (x) is zero, and hence any zero of F (x) must be a minimizer of ‖F (x)‖. The opposite
implication does not follow, however, since the norm of F (x) may be minimized at a point
that is not a zero of F—for example, let F (x) = x2 + 3.

It is important to note that in zero finding with an n-dimensional F , xk can converge
to an erroneous local minimizer only if J(x) can (and does) become singular. Fortunately,
there are many important applications in which x can be restricted to lie in a region in
which J is nonsingular. In this case, convergence is assured.

In summary, we state a robust form of Newtons’ method with a back-tracking line
search.

Algorithm 2.7.1. Modified Newton with backtracking.
Fix µ such that 0 < µ < 1;
Choose x0;
x← x0;
k ← 0;
while not converged do

Evaluate J(x);
p← −J(x)+F (x);
α← 1;
while ‖F (x+ αp)‖ > (1− αµ)‖F (x)‖ do

α← α/2;
end while
x← x+ αp;
k ← k + 1;

end while

To illustrate the performance of this modified Newton method, consider finding a zero
of the functions F1 = arctanx1−x2 and F2 = 1

4x
2
1−x2 starting at the point x0 = (1,−10)T .

At x0 we have

F (x0) =

(
10.785

10.250

)
, and J(x0) =

(
1
2 −1
1
2 −1

)
,

where the components of F (x0) are given to five figures. A “pure” Newton method is
undefined at x0 since J(x0) is singular, and there is no p such that J(x0)p = −F (x0).
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However,

p0 = −J(x0)
+F (x0) =

(
−4.207

8.414

)

The components of J(x0)
TF (x0) are (10.52, −21.03)T , which implies that p0 is a direc-

tion of decrease for ‖F (x)‖ at x0. After this modification, Algorithm 2.7.1 requires six
(unmodified) iterations to converge.



68 Chapter 2. Zero Finding April 6, 2006



Chapter 3

Unconstrained Optimization

3.1. Introduction

This chapter is concerned with the determination of an unconstrained minimizer of a
nonlinear function f(x). Broadly speaking, an unconstrained minimizer x∗ is a point at
which f(x) achieves its minimum value. In this context, f(x) is known as the objective
function.

Throughout this chapter we shall consider problems that are at least continuously
differentiable, i.e., all first derivatives exist and are continuous. In some cases, we go
further and assume that the second derivatives also exist and are continuous. A solution
of the problem will always be denoted by x∗.

To understand the theory of unconstrained minimization, it is helpful to start with
the simplest case: the minimization or maximization of a function of one variable. For
simplicity, we address only the problem of minimization. This restriction causes no loss
of generality: finding a maximum of f is equivalent to finding a minimum of −f . Given a
function f defined on an open interval D, and an interval F ⊂ D, the problem of interest
can be expressed as:

find x∗ ∈ F such that f(x∗) = min{f(x) | for all x ∈ F.} (3.1.1)

If a point x∗ satisfying (3.1.1) exists, it is known as a global minimizer of f on the interval
F. In this case, f(x∗) is known as the global minimum of f in F. Note that this problem
involves finding two quantities: a point x∗ and a value f(x∗). The term minimizer refers
to the argument x∗, whereas the minimum is the associated function value f(x∗).

If f is continuous and F is the closed bounded interval {x : a ≤ x ≤ b}, a famous
theorem of analysis—the extreme value theorem—states that a continuous function defined
on a closed bounded interval always attains its minimum and maximum value, so that this
problem always has at least one solution. However, this solution may be “constrained” in
the sense that x∗ may lie on the boundary of [a, b] (e.g., consider the function f(x) = x on
the interval [0, 1]). In this case the minimizer will change if the end-points of the interval
[a, b] are changed, which implies that the solution is determined by the interval [a, b] as
well as the function f . Constrained minimizers will be considered later. Here we consider
so-called unconstrained local minimizers, which are minimizers characterized solely by the
properties of f .

69
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The concept of “minimization” is inherently relational, and thus implies that a solution
can be defined only in terms of its relationship to surrounding points. Essentially, f(x∗)
is a local minimum if f(x∗) is less than or equal to f(x) for all “points around x∗”.
These points are conveniently characterized by points lying in the so-called “open ball”
B(x∗, δ) = {x | ‖x − x∗‖ < δ}. With this idea in mind, we give the following precise
characterization of an unconstrained local minimizer of f .

Definition 3.1.1. (Unconstrained local minimizer.) Let f be a function defined on an
open convex set D contained in R

n. A point x∗ is a unconstrained local minimizer of f if
there exists an open ball B(x∗, δ) contained in D such that

f(x∗) ≤ f(x) for all x ∈ B(x∗, δ). (3.1.2)

A point x∗ is a strict or proper minimizer if this relation holds with strict inequality except
at x∗ itself, i.e., f(x∗) < f(x) for all x 6= x∗, x ∈ B(x∗, δ).

Definition 3.1.2. (Isolated unconstrained local minimizer.) A unconstrained local mini-
mizer x∗ is isolated if there exists an open ball B(x∗, δ) contained in D in which x∗ is the
unique unconstrained local minimizer.

It is worth noting that in each of these definitions, it is not necessary to use a “reg-
ular” region to define points neighboring to x∗. The comparison may be done over the
interior of any compact (i.e., closed and bounded) region S in R

n. (Boundary points of
S must be excluded because boundary points at which f is decreasing could define ex-
traneous “constrained” minimizers of f .) The following definition is a generalization of
Definition 3.1.1.

Definition 3.1.3. Let f be a function defined on an open convex set D. A point x∗ is a
unconstrained local minimizer of f if there is a compact set S contained in D such that

x∗ ∈ int(S) and f(x∗) ≤ f(x) for all x ∈ S. (3.1.3)

A more general form of the extreme value theorem may be used to show that the problem
min{f(x) | x ∈ S} always has at least one solution. This implies that x∗ is a local
minimizer if it is an interior solution of min{f(x) | x ∈ S}.

In the study of optimization algorithms it is often helpful to be able to visualize the
properties of a function of n variables. A useful definition is that of a level set.

Definition 3.1.4. (Level set and level curve.) Let f be a function defined on an open

convex set D ⊂ R
n. Given a scalar γ, the level set L(γ) is defined as L(γ)

4

= {x | x ∈
D, f(x) ≤ γ }. The boundary of the level set, {x | x ∈ D, f(x) = γ } is known as the
level curve associated with γ.

For example, if f(x) = x2
1 + x2

2 and γ = 1, the level set L(1) includes the boundary and
interior of the circle x2

1 + x2
2 ≤ 1. Note that a level set may be empty for some choices of

γ (e.g., for negative γ in the case of f(x) = x2
1 + x2

2). A convex function has either empty
or convex level sets. The proof is left as an exercise.

If the level set associated with a continuous function f is compact, i.e., closed and
bounded, then a standard result of analysis states that f must take on its maximum and
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minimum values at points in the level set. Without the two assumptions of boundedness
and closedness, it is easy to give examples of level sets that may not even contain a
minimizer. For example, consider the univariate function f(x) = x3, which is smooth
but unbounded below because f(x) → −∞ as x → −∞. Hence, the level set f(γ) is
unbounded for any γ. Functions that are bounded below can also have unbounded level
sets. For example, consider f(x) = ex, which satisfies f(x) > 0 for all x. However, the
lower bound is not attained for any finite x, and thus the set of x for which f(x) ≤ γ
(γ > 0) is unbounded. On the other hand, a function can be unbounded below and yet
have a bounded level set. For example, if f(x) = x2 − 1/x2, f is unbounded below as |x|
approaches zero. yet the set of x for which f(x) ≤ 0 is the closed bounded interval [−1,
1]. (Since functions with singularities are not twice-continuously differentiable, they have
already been excluded from consideration.)

In many cases, a level set can consist of several isolated subsets, each of which can be
bounded or unbounded. Consider the function f(x) = ex1(4x2

1 + 2x2
2 + 4x1x2 + 2x2 + 1),

whose level curves are depicted in Figure 3.1. This functions has a local minimizer at the
point x = ( 1

2 ,−1)T , but f(x)→ 0 as x1 → −∞ and x2 → +∞. In this case, if 0 < γ ≤ 1,
the level set has two isolated subsets, one of which is bounded and the other is unbounded.
Note that L(γ) is either empty or unbounded for all γ.

−3 −2 −1 0 1 2
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

Figure 3.1: Level curves of the function f(x) = ex1(4x2

1 + 2x2

2 + 4x1x2 + 2x2 + 1). This
functions has a local minimizer at x = ( 1

2
,−1)T , but f(x) → 0 as x1 → −∞ and x2 → +∞.

In this case, the level set L(γ) has two isolated subsets for 0 < γ ≤ 1. One of these subsets
is bounded, the other is unbounded.

3.2. Optimality Conditions

We are now ready to derive practical necessary and sufficient conditions for optimality
based on the values of the derivatives of f at a candidate solution x∗. The definition 3.1.1
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is not “practical”, since it offers no insight into how one might actually verify that x∗
possesses the specified property of a minimizer. (Realistically, it would be impossible to
check the value of f at the infinite set of points in an interval containing x∗.) Fortunately,
information about the behavior of a function in an entire neighborhood can be deduced
from properties at a single point when certain smoothness properties hold.

3.2.1. Functions of one variable

We start by considering the simplest case, which involves a function f of one variable. In
this case, we assume that f is defined on a set D consisting of points in the open interval
(a, b), and we take the open ball B(x∗, δ) as the open interval {x | |x− x∗| < δ}.

If f is continuously differentiable on (a, b) (i.e., the derivative f ′ exists and is continu-
ous) then the following two theorems give necessary conditions (i.e., conditions that must
hold) at a unconstrained local minimizer of f .

Theorem 3.2.1. (First-order necessary condition for a univariate local minimizer). If f
is continuously differentiable on (a, b), a point x∗ ∈ (a, b) is a local minimizer of f only if
f ′(x∗) = 0.

Proof. Suppose that x∗ is a minimizer such that f ′(x∗) 6= 0. For the moment, assume
that f ′(x∗) < 0. The continuity of f ′ implies that we can always find a small positive
number δ such that x∗ + h ∈ (a, b) and f ′(x∗ + h) < 0 for all 0 < h ≤ δ. It follows that if

0 < h ≤ δ, then
∫ 1

0
f ′(x∗ + ξh) dξ ≤ 0 for all 0 ≤ ξ ≤ 1. The Taylor-series expansion with

integral remainder term gives

f(x∗ + h)− f(x∗) =

∫ 1

0

f ′(x∗ + ξh)h dξ < 0.

This implies that if f ′(x∗) < 0 then there is a positive constant δ for which f(x∗ + h) <
f(x∗), for all h ∈ (0, δ). A similar argument shows that if f ′(x∗) > 0, there is a positive
constant δ for which f(x∗ + h) < f(x∗), for all h ∈ (−δ, 0). Clearly f ′(x∗) must be zero,
since otherwise, any sufficiently small neighborhood of x∗ would include points with lower
values of f .

In our proof we used the so-called “integral form” of the remainder for a Taylor-series
expansion. The expansion of f(x + h) is usually written with a linear remainder term
involving the next highest derivative evaluated at some point in [x, x+ h], i.e.,

f(x+ h) = f(x) + f ′(x+ θh)h, where 0 ≤ θ ≤ 1.

Here and elsewhere we use the equivalent first-order expansions with an integral remainder
term, which may be stated as

f(x+ h) = f(x) +

∫ 1

0

f ′(x+ ξh)h dξ.

In the single-variable case, either form of the remainder is acceptable, but we prefer the
integral form because this generalizes to the case where f is a vector-valued function.
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We conclude from Theorem 3.2.1 that a zero derivative is a necessary condition for x∗
to be a local minimizer. Such a condition is designated as first-order because it involves
the first derivative of f . A point x∗ at which f ′(x∗) = 0 is called a stationary point of f .
Although f ′(x∗) must be zero when x∗ is a minimizer, the first derivative may be zero at
points that are not unconstrained minimizers—for example, consider the function sinx at
x = π/2. The next theorem shows that if a function has continuous second derivatives,
then a further condition must hold at a minimizer.

Theorem 3.2.2. (Second-order necessary conditions for a univariate local minimizer).
Let f denote a twice-continuously differentiable on (a, b). A point x∗ ∈ (a, b) is an uncon-
strained local minimizer of f only if

f ′(x∗) = 0 and f ′′(x∗) ≥ 0.

Proof. Theorem 3.2.2 is established by contradiction. Assume that x∗ is a minimizer
such that f ′′(x∗) < 0.

The Taylor-series expansion with a second-order integral remainder term gives the
objective at f(x∗ + h) in the form

f(x∗ + h) = f(x∗) + hf ′(x∗) + h2

∫ 1

0

(1− ξ)f ′′(x∗ + ξh) dξ.

If an additional term 1
2h

2f ′′(x∗) is included on the right-hand side of this expression, we
obtain

f(x∗ + h) = f(x∗) + hf ′(x∗) + 1
2h

2f ′′(x∗) + h2

∫ 1

0

[f ′′(x∗ + ξh)− f ′′(x∗)](1− ξ) dξ.

Using the result of Theorem 3.2.1, f ′(x∗) must be zero at a minimizer, and as long as h is
not zero we can rearrange the last equation so that

f(x∗ + h)− f(x∗)
h2

= 1
2f

′′(x∗) +

∫ 1

0

[f ′′(x∗ + ξh)− f ′′(x∗)](1− ξ) dξ. (3.2.1)

The assumed continuity of f ′′ implies that f ′′(x∗ + ξh)→ f ′′(x∗) as ξ → 0 and it follows
that the integrand on the right-hand side can be made as small as we wish by choosing
h sufficiently small. In particular, since f ′′(x∗) is negative, the value of h can always be
chosen small enough that the right-hand side of (3.2.1) is negative. We can state this
argument precisely as follows. Let λ = f ′′(x∗) and let δ be a positive number such that,
for all |h| ≤ δ, the inequality

1
4λ <

∫ 1

0

[f ′′(x∗ + ξh)− f ′′(x∗)](1− ξ) dξ < − 1
4λ

holds. It follows that (f(x∗+ h)− f(x∗))/h2 ≤ 1
2λ− 1

4λ = 1
4λ < 0, and f(x∗) > f(x∗+ h)

for all |h| ≤ δ, which contradicts the assumption that x∗ is a minimizer of f . Consequently,
x∗ cannot be a local minimizer if f ′′(x∗) < 0.

The condition f ′′(x∗) ≥ 0 is called a second-order necessary condition because it in-
volves the second derivative of f . Note that f ′′(x) gives the curvature of f at x, and the
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requirement that f ′′(x∗) ≥ 0 is a statement that the curvature at a minimizer must be
non-negative. Pictorially, f cannot curve downward at a minimizer.

It is important to realize that if f ′(x∗) = 0 and f ′′(x∗) = 0, then x∗ may not be a local
unconstrained minimizer, even though x∗ satisfies the second-order necessary conditions
f ′(x∗) = 0 and f ′′(x∗) ≥ 0. For example, both the first and second derivative of f(x) = x3

are zero at x∗ = 0, yet zero is not a minimizer of this function. A zero second derivative
may or may not imply optimality (for example, f(x) = x4 does have a minimizer at x = 0).
The problem is that if f ′′(x∗) = 0, then it is not possible to determine the optimality of
x∗ without looking at derivatives higher than second order.

The practical benefit of necessary optimality conditions is that their failure to be
satisfied at a point immediately implies that the point cannot be a minimizer. Sufficient
optimality conditions such as those in the following theorem have a different flavor, in that
their satisfaction at a point guarantees that the point is a minimizer. The next theorem
is proved later in the section.

Theorem 3.2.3. (Sufficient conditions for a univariate local minimum). Let f(x) be
twice-continuously differentiable. If f ′(x∗) = 0 and f ′′(x∗) > 0, then x∗ is an isolated
local minimizer of f .

It is important to note that a strict minimizer is not necessarily an isolated minimizer.
For example, consider the function

f(x) =

{
x2
(
1 + x2 + sin(1/x)

)
if x 6= 0;

0 if x = 0.

This function has the property that f(x) ≥ 0 for all x ∈ R, and x = 0 is a strict local (and
global) minimizer of f . However, in every neighborhood of 0, f ′(x) changes sign infinitely
often and f has infinitely many local minimizers in each of these neighborhoods.

3.2.2. Functions of many variables

We now return to the problem of finding the least value of a function of many variables.
Throughout this section, the gradient and Hessian of f will be denoted by g(x) and H(x).

Every point x in a neighborhood of x∗ can be reached by taking the appropriate step
along a vector p in the direction of x− x∗. Hence, by allowing a vector p to take on every
value in R

n we can characterize the neighborhood of x∗ as points of the form x∗ + αp
with α sufficiently small. This allows us to define a minimizer in terms of the univariate
function f(x∗+αp) defined for all possible directions p emanating from x∗. More precisely,
the definition of a minimizer can be restated as follows: a point x∗ is a minimizer of f if
and only if for every vector p ∈ R

n, there exists a positive σ such that

f(x∗) ≤ f(x∗ + αp) for all α ∈ [0, σ]. (3.2.2)

This is the same as saying that α∗ = 0 must be a minimizer of the univariate function

f(x∗ + αp) for every p in R
n. If ψ(α)

4

= f(x∗ + αp), the first- and second-order necessary
conditions for α∗ = 0 to be a minimizer of ψ(α) are

ψ′(0) = 0 and ψ′′(0) ≥ 0.
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Using the chain rule of differentiation (see §1.7.2), the derivatives are given by

ψ′(0) = g(x∗)T p and ψ′′(0) = pTH(x∗)p.

The next theorem follows immediately.

Theorem 3.2.4. (Necessary condition for a local minimizer). Let f be a twice continu-
ously differentiable function defined on an open convex set D ⊂ R

n. A point x∗ ∈ D is a
local minimizer of f only if

∇f(x∗) = g(x∗) = 0 and pTH(x∗)p ≥ 0 for every p ∈ R
n. (3.2.3)

Proof. If x∗ is a local minimizer of f , then the restricted function ψ(α) = f(x∗ + αp)
has a local minimizer α∗ = 0 for every p ∈ R

n. This implies that g(x∗)T p = 0 for all
p, which must mean that ∇f(x∗) = 0, since we may choose p = e1, p = e2, p = e3, . . . ,
p = en, where ej is the jth coordinate vector. Also, since ψ′′(0) = pTH(x∗)p, the second
statement follows from the second-order necessary condition for the optimality of α∗ = 0.

The condition pTH(x∗)p ≥ 0 for every p ∈ R
n is equivalent the the condition that

H(x∗) be positive semi-definite (see §1.2.1). This implies the following equivalent charac-
terization of optimality.

Theorem 3.2.5. (Second-order necessary condition for a local minimizer). Let f be a
twice continuously differentiable function defined on an open convex set D ⊂ R

n. A point
x∗ ∈ D is a local minimizer of f only if g(x∗) = 0 and H(x∗) is positive semidefinite.

The requirement of Theorem 3.2.4 that g(x∗) = 0 is called a first-order condition for
optimality, since it involves the first partial derivatives of f . The necessary condition of
Theorem 3.2.5, which involves the second partial derivatives of f , is called a second-order
condition.

A point x∗ ∈ D such that g(x∗) = 0 is called a stationary point of f . Theorem 3.2.4
shows that a local minimizer of a smooth function is a stationary point. However, a zero
gradient at x∗ is not enough to ensure that x∗ is a minimizer. For example, the gradient is
also zero at every local maximizer of f . Furthermore, the gradient can be zero at a point
that is neither a local minimizer nor a local maximizer; such a point is called a saddle
point. For example, consider the function f(x) = ex1(4x2

1 + 2x2
2 + 4x1x2 + 2x2 + 1) of

Figure 3.1. This function has a local minimizer at the point x = ( 1
2 ,−1)T and a saddle

point at x = (− 3
2 , 1). As x1 → −∞ and x2 → +∞ both f and the components of g go to

zero.
It is important to note that the first- and second-order conditions above are necessary

but not sufficient conditions for optimality. To emphasize this point we could say that
an equivalent form of Theorem 3.2.4 is that if g(x∗) 6= 0 or H(x∗) is indefinite, then x∗
cannot be a local minimizer of f .

As discussed in §1.2.1, positive-definiteness condition may be conveniently stated in
terms of the eigenvalues of H(x̄) as follows:

1. Compute g(x̄), H(x̄), and the eigenvalues of H(x̄).
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2. If g(x̄) 6= 0 or there is at least one negative eigenvalue of H(x̄), then x̄ cannot be a
local minimizer of f .

Since Theorems 3.2.4 and 3.2.5 provide only necessary conditions for optimality, we can-
not say that an x̄ satisfying the conditions above will be an unconstrained local minimizer.
The following example illustrates this point. Consider the function f(x) = x3

1 cos x3 + x2
2,

which has gradient and Hessian

g(x) =




3x2
1 cos x3

2x2

−x3
1 sin x3


 , H(x) =




6x1 cos x3 0 −3x2
1 sin x3

0 2 0

−3x2
1 sin x3 0 −x3

1 cos x3


 .

At the point x̄ = 0 we have

f(x̄) = 0, g(x̄) =




0

0

0


 , and H(x̄) =




0 0 0

0 2 0

0 0 0


 ,

so that g(x̄) is zero and H(x̄) has eigenvalues (0, 2, 0). Our verification procedure above
implies that x̄ satisfies the first- and second-order necessary conditions for optimality.

However, x̄ is not a minimizer. Consider the direction d = (−1, 0, 1)T and the values
of f restricted to the line segment

x(h) = x̄+ αd =



−α

0

α


 .

We have f(x(α)) = −α3 cos α ≤ f(x̄) for all α ∈ [0, π/2]. This implies that x̄ cannot
be a local minimizer of f since every open ball B(x∗, δ) with radius δ less than π/2 must
contain points that have lower objective values than f(x̄).

In order to state that a point x∗ is a local minimizer, we must use the following sufficient
conditions for optimality, which exclude the case where the Hessian is singular.

Theorem 3.2.6. (Sufficient conditions for a local minimizer). Let f be a twice contin-
uously differentiable function defined on an open convex set D ⊂ R

n. If x∗ ∈ D satisfies
g(x∗) = 0 and H(x∗) positive definite, then x∗ is an isolated local minimizer of f .

Proof. Since H(x∗) is positive definite, its smallest eigenvalue λmin satisfies

λmin = min
sTs=1

sTH(x∗)s > 0.

Since H(x) is continuous, there exists a positive δ such that, for every ‖s‖ < δ, the point
x∗ + s lies in D and

‖H(x∗ + s)−H(x∗)‖ < 1
2λmin.
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Using an approach similar to that of Theorem 3.2.2, we obtain

f(x∗ + s)− f(x∗)
sTs

=
1

2sTs
sTH(x∗)s+

1

sTs

∫ 1

0

sT
(
H(x∗ + ξs)−H(x∗)

)
s(1− ξ) dξ

≥ 1
2λmin − 1

2 max
0≤ξ≤1

‖H(x∗ + ξs)−H(x∗)‖

> 1
4λmin.

Therefore, f(x∗ + s) > f(x∗) for all ‖s‖ < δ (s 6= 0), which proves that x∗ is an isolated
local minimizer.

In order to show that x∗ is an isolated minimizer, we must show that there exists a
neighborhood of x∗ such that for every point, say x̄ in this neighborhood and different
from x∗ cannot be a local minimizer. A necessary condition for x̄ to be a local minimizer is
g(x̄) = 0. Hence it is sufficient to show that in B, all points other than x∗ have a nonzero
gradient, i.e., g(x̄) 6= 0. Let x̄ ∈ B satisfy g(x̄) = 0. If we write x̄ = x∗ + p for some p 6= 0,
then by Taylor’s theorem g(x∗+ p)T p = g(x∗)T p+ pTH(x∗+ θp)p, where θ ∈ (0, 1). Since
g(x∗) = 0 and pTH(x∗ + sp)p > 0 for ‖p‖ sufficiently small, it follows that g(x∗ + p) > 0,
which is a contradiction. It follows that g(x̄) 6= 0 and hence x∗ is truly isolated.

It is typical that proofs of necessary conditions are proved by contradiction (we assume
that the various conditions are not true, and then show that the given point cannot be
a minimizer), whereas proofs of sufficient conditions tend to be “constructive”, i.e., we
show that the definition of a minimizer is satisfied by the given point when the stated
conditions apply. Development of conditions that are both necessary and sufficient is
extremely complicated, and will not be considered here.

3.2.3. An alternative derivation

In this section we consider a more “constructive” derivation of optimality conditions that
will give some insight into the formulation of algorithms. In particular, we will focus on
directions for which condition (3.2.2) does not hold. Such vectors are of particular interest
since they provide a direction along which lower values of f can be found.

Definition 3.2.1. A direction p is a direction of decrease for f at x if there exists a
positive σ such that f(x+ αp) < f(x), for all α ∈ (0, σ).

The following theorem gives an equivalent definition of a minimizer in terms of all
directions p emanating from x∗.

Theorem 3.2.7. Let f be a function defined on an open convex set D. A point x∗ ∈ D
is a local minimizer of f only if no direction of decrease exists at x∗.

If f is continuously differentiable, it is possible to give a simple verifiable sufficient
condition under which a direction of decrease exists. If f is initially decreasing along p,
i.e., if

d

dα
f(x+ αp)

∣∣∣∣
α=0

= g(x)T p < 0,



78 Chapter 3. Unconstrained Optimization April 6, 2006

then p must be a direction of decrease. To show this we use the continuity of f to guarantee
the existence of a positive σ such that x + ξp ∈ D and g(x + ξp)T p < 0 for all ξ ∈ [0, σ].
For any α ∈ (0, σ), the Taylor-series expansion with integral remainder term gives

f(x+ αp)− f(x) =

∫ α

0

g(x+ ξp)T p dξ < 0.

This implies that any direction for which g(x)T p < 0, there is a positive constant σ for
which f(x+ αp) < f(x), for all α ∈ (0, σ).

A vector p such that g(x)Tp < 0 is known as a descent direction for f at x. A descent
direction is always a direction of decrease for f , but a direction of decrease is not necessarily
a descent direction. For example, if x is a stationary point of f at which the Hessian has
some negative eigenvalues, any eigenvector v associated with a negative eigenvalue is a
direction of decrease at x. However, p = v is not a descent direction since g(x)T p = 0 for
all p.

These results imply an equivalent first-order optimality condition that x∗ is a local
minimizer only if no descent directions exist at x∗, i.e., only if g(x∗)Tp ≥ 0 for all p ∈ R

n.
In the unconstrained case, this is the same as saying that g(x∗)Tp = 0 for all p ∈ R

n, since
otherwise we could always define a descent direction p̄ = −p for which g(x∗)Tp̄ < 0.)

If second derivatives are available, a larger class of directions of decrease can be iden-
tified. In particular, p will be a direction of decrease if either g(x)T p < 0, or g(x)T p = 0
and pTH(x)p < 0. The first condition is just the statement that p is a descent direction,
which we have already shown to be a direction of decrease. The second condition follows
from the second-order Taylor-series expansion

f(x∗ + αp)− f(x∗)
α2

=
1

2
pTH(x∗)p+

∫ 1

0

pT
(
H(x∗ + ξαp)−H(x∗)

)
p(1− ξ) dξ.

Since pTH(x∗)p < 0 there must exist a positive σ such that

1

2
pTH(x∗)p+

∫ 1

0

pT
(
H(x∗ + ξp)−H(x∗)

)
p(1− ξ) dξ < 0,

for all α ∈ (0, σ). This implies that f(x∗ + αp) − f(x∗) < 0 for all α ∈ (0, σ) and p is a
direction of decrease.

A vector p such that pTH(x)p < 0 is known as a direction of negative curvature for f
at x. Note that if p is a direction of negative curvature then so is −p. It follows that the
sign of a direction of negative curvature can always be selected to ensure that g(x)T p ≤ 0.

3.2.4. Properties of quadratic functions

Quadratic model functions play an important role in the development of minimization
algorithms, and we accordingly devote this section to a brief look at certain key properties
of the quadratic function

q(x) = cTx+ 1
2x

THx, (3.2.4)

where c is a constant vector and H is a symmetric matrix. Note that the gradient of
(3.2.4) is

∇q(x) = c+Hx, (3.2.5)
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and that ∇2q(x) = H (i.e., the Hessian is constant). Since the third derivative is constant,
the Taylor-series expansion of q(x+ d) has three terms and is given by

q(x+ d) = q(x) + dT∇q(x) + 1
2d

THd. (3.2.6)

In order for x to be a stationary point of q(x), it must hold that

∇q(x) = c+Hx = 0, or Hx = −c. (3.2.7)

If H is nonsingular, this shows that q(x) has a unique stationary point. If, in addition, H
is positive definite, then Theorem 3.2.6 implies that the stationary point is an isolated local
minimizer, denoted by x∗. In the positive-definite case, the point x∗ for which Hx∗ = −c
is the (unique) minimizer of q(x). If x = 0, then q(x) = 0. The minimal value of q is
therefore

q(x∗) = cTx∗ + 1
2x
∗THx∗ = cTx∗ + 1

2x
∗T (−c) = 1

2c
Tx∗ ≤ 0. (3.2.8)

If H is indefinite and nonsingular, then the unique stationary point of q is a saddle
point, i.e., neither a minimizer or a maximizer. In this case, q(x) is unbounded below. To
see why, note that the definition of an indefinite matrix implies the existence of y such
that yTHy < 0. For any scalar γ, the Taylor-series expansion (3.2.6) gives

q(x∗ + γy) = q(x∗) + γ∇q(x∗)Ty + 1
2γ

2yTHy = q(x∗) + 1
2γ

2yTHy.

The second (negative) term implies that q can be made arbitrarily large and negative by
moving from x∗ along y. A similar argument shows that q(x) can be made unbounded
above by moving along a direction z such that zTHz > 0.

The only remaining possibility is thatH is singular. In this case, q will have a stationary
point if Hx = −c can be satisfied for some vector x. This will occur if and only if c lies in
the range space of the columns of H. If c 6∈ range(H), no stationary point of q(x) exists,
and q is unbounded below. (The term cTx can be made arbitrarily large and negative by
choosing x as an appropriate vector in null(HT ).)

If c is in the range space of H, then a nonzero stationary point of q exists, but it is
not unique. The singularity of H implies the existence of a nonzero vector z such that
Hz = 0. If (3.2.7) is satisfied for some vector x∗, so that c+Hx∗ = 0, then it also holds
that c+H(x∗ + βz) = 0 for every scalar β, and hence (3.2.7) holds for an infinite family
of vectors x∗ + βz.

If H is positive semidefinite and a vector x∗ exists such that Hx∗ = −c, then x∗ is a
local minimizer of q(x), as is every vector x∗+ βz, where Hz = 0. Using the Taylor-series
expansion (3.2.6) about x∗, we have

q(x∗ + βz) = q(x∗) + βzT∇q(x∗) + 1
2β

2zTHz = q(x∗), (3.2.9)

since ∇q(x∗) = 0 and Hz = 0. For any other direction y such that Hy 6= 0, the positive
semidefiniteness of H implies that yTHy > 0, and hence, again using the Taylor-series
expansion,

q(x∗ + βy) = q(x∗) + 1
2β

2yTHy > q(x∗). (3.2.10)

The implication of (3.2.9) and (3.2.10) is that x∗ is a (nonunique) local minimizer if H is
positive semidefinite. Notice, however, that the optimal objective function value q(x∗) is
unique.



80 Chapter 3. Unconstrained Optimization April 6, 2006

If H is singular and c is in the range space of H, but H is not positive semidefinite,
then q has a nonunique stationary point, but is unbounded below.

The results above are summarized in the following theorem and corollary.

Lemma 3.2.1. If H is positive semi-definite, then the quadratic function q(x) achieves
its bounded global minimum at a point x∗ if Hx∗ = −c. If H is positive definite, the
minimizer x∗ is unique. If H is positive semi-definite and singular, there is an infinite
number of minimizers of the form x∗ + z, where z ∈ null(H). If no vector x exists such
that Hx = −c, or if H is indefinite, then q(x) is unbounded below.

Corollary 3.2.1. The necessary and sufficient conditions for x∗ to be a global minimizer
of the quadratic function q(x) are:

(a) ∇q(x∗) = c+Hx∗ = 0; and

(b) H positive semidefinite.

To illustrate the two main cases of interest, let

H1 =




3 2 1

2 4 1

1 1 5


 , H2 =




3 2 1

2 3 −1

1 −1 2


 , and c =




7

8

−1


 .

The matrix H1 is positive definite, with eigenvalues 6.71, 3.86 and 1.43 (rounded to three
digits), and the quadratic function (3.2.4) has a unique minimizer, at x∗ = (−1.70, −1.35,
.81)T . In contrast, H2 is positive semidefinite, with eigenvalues 5, 3 and 0, with null(H2)
defined as the set of vectors

H2z = 0 ⇒ z =



−γ
γ

γ


 ,

for any scalar γ. Since c is a linear combination of the columns of H2, the associated
quadratic function has an infinite family of (weak) local minimizers, of the form

x∗ =



−1

−2

0


+



−γ
γ

γ


 .

The (unique) optimal value of q(x) is assumed at all such points, and, from (3.2.8), is
q(x) = 1

2c
Tx∗ = − 23

2 .

3.3. Minimizing a Function of One Variable

3.3.1. Interval reduction techniques

To locate an unconstrained minimizer of a smooth function in a bounded interval, interval
reduction techniques can be developed that are similar in motivation to the bisection
method for zero-finding (see §2.2.1).
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Before specifying an interval reduction procedure, it is useful to impose conditions
that ensure the existence of an unconstrained minimizer in a given interval [a, b]. (An
analogous condition for zero-finding is that f(a)f(b) < 0.) We wish to avoid the situation
when a minimizer occurs at an endpoint of the interval and does not satisfy the necessary
conditions of Theorem 3.2.2—for example, the minimizer of f(x) = x in the interval [1, 2]
occurs at x = 1, which is not an unconstrained minimizer. Many different sets of conditions
can be defined. For example, when f is continuously differentiable, the conditions that
f ′(a) < 0 and f ′(b) > 0 ensure that existence of an unconstrained minimizer in [a, b].

A “classic” approach to interval reduction is based on function comparison within an
interval containing an unconstrained minimizer. For simplicity, we assume the property
of unimodality, which is defined in several different ways in the literature and allows us to
make the strong assertion that only a single unconstrained minimizer lies in an interval of
uncertainty.

Definition 3.3.1. (Unimodality.) The function f(x) is unimodal in the interval [a, b] if
there exists a x∗ ∈ [a, b] at which f(x) attains its minimum value, and that, given any two
points u, v ∈ [a, b] for which u < v:

if v < x∗ then f(u) > f(v);

if u > x∗ then f(u) < f(v).

The next definition does not require the existence of the point x∗.

Definition 3.3.2. (Unimodality.) The function f(x) is unimodal in the interval [a, b] if
there exists an unique x∗ ∈ [a, b] such that, given any three points u, v, w ∈ [a, b] for which
u < v < w:

if f(u) ≤ f(v) then f(v) < f(w);

if f(v) ≥ f(w) then f(u) > f(v).

If f is continuous, then x∗ must exist (see Theorem 1.6.2) and these definitions are
equivalent.

Unimodality is relevant in interval reduction methods because it allows information
about the location of x∗ to be deduced by a comparison of two interior function values.
In particular, suppose that a minimizer of f is known to lie in an interval of uncertainty
[a, b], that f is unimodal in [a, b], and that the values of f are known at two points, say
u and v, where a < u < v < b. It follows from unimodality that x∗ must lie in [a, v] if
f(v) > f(u), and in [u, b] if f(u) > f(v). If f(u) = f(v), we know that x∗ must lie between
u and v, so that either subinterval is acceptable. (Without an assumption of unimodality
or further information, the “correct” choice of subinterval when f(u) = f(v) is unclear.)
In all cases, the interval of uncertainty is reduced following the comparison of f(u) and
f(v).

To carry out an interval reduction strategy in the context of minimization, we thus
require two values of f in the current interval. Algorithm 3.3.1 describes a general interval
reduction strategy.

Various strategies can be developed for selecting the two points u and v at each step.
Given the general principle that evaluation of f is “expensive”, it would be desirable to
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Algorithm 3.3.1. A general interval-reduction strategy.
a← a0; b← b0;
while b− a > τx do

Define two points u, v ∈ (a, b), with u < v;
Evaluate f(u), f(v);
if f(u) < f(v) then

b← v else a← u;
end while

choose the points so that one of them could be re-used at the next iteration, thereby
requiring only one new evaluation of f .

The interval reduction strategy that is optimal in the sense of yielding the maximum
reduction in the interval of uncertainty for a specified number of function evaluations is
called Fibonacci search. The trial points are chosen based on the well known Fibonacci
numbers 1, 1, 2, 3, 5, 8, 13, . . . , which define a sequence whose elements {Fi} are given by

F0 = F1 = 1, Fk = Fk−1 + Fk−2, k ≥ 2.

To use Fibonacci search, the number N of function evaluations is specified in advance,
and the initial interval of uncertainty is interpreted as a “scaled” interval of length FN . It
is easiest to explain the idea by example, as follows.

First, we must consider the special case when N = 2, so that two function evaluations
are allowed. The trial points are the two points in the original interval that would corre-
spond to the position of the points u = F0 and v = F1 in the interval [0, F2], i.e., [0, 2]. As
F0 = F1 = 1, two distinct trial points are created by choosing u = 1 and v = 1 + ε, where
ε is “negligible” but large enough to make f(u) different from f(v). If f(u) < f(v), the
new interval of uncertainty is [0, 1 + ε]; if f(u) ≥ f(v), the new interval of uncertainty is
[1, 2]. In either case, the interval has been reduced to essentially half its original size.

When N = 3, FN = 3, and the original interval of uncertainty is treated as [0, 3]. The
first two trial points are placed at u = F1 = 1 and v = F2 = 2, i.e., at one-third and
two-thirds of the original interval. The reduced interval is [0, 2] if f(u) < f(v) and [1, 3] if
f(u) ≥ f(v), and has length two in either case. Since the function value at the midpoint of
the reduced interval is (by construction) already available, only one additional evaluation
is required to obtain a final interval of length at most F1 + ε = 1 + ε.

These cases illustrate the basic property of intervals defined using the Fibonacci num-
bers: given any Fibonacci number Fk and an interval of uncertainty [0, Fk], if f is evaluated
at Fk−2 and Fk−1 (the points “u” and “v” respectively) then the resulting interval of un-
certainty is of length Fk−1 irrespective of the behavior of f(x). With an initial interval
of uncertainty [0, FN ], f is first evaluated at u = FN−2 and v = FN−1, giving an interval
of uncertainty of length FN−1. The next points u′ and v′ are just the “scaled” versions of
the points FN−2 and FN−3 in the interval [0, FN−1]. The scheme continues in this way,
obtaining a sequence of intervals of length FN , FN−1, . . . , F1, F0. Whatever the value of
N , the last two trial points must be made distinct using the perturbation ε.

At each stage of Fibonacci search, one of the trial points coincides with a trial point of
the previous step. This property is most obvious after the first step. As described above,
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let u and v denote the points FN−2 and FN−1 selected for the interval [0, FN ]. There
are two possible outcomes for the interval of uncertainty. If the new interval is [0, FN−1],
u′ = FN−2 and the function at u′ is known already. Alternatively, if the new interval of
uncertainty is [FN−2, FN ],

u′ =
FN−3

FN−1
(FN − FN−2) + FN−2.

If we use the property of the Fibonacci numbers that FN = FN−1 − FN−2, then

u′ =
FN−3

FN−1
FN−1 + FN−2 = FN−3 + FN−2 = FN−1,

which is just v from the previous step. In either case, only one function value is required
at each step, as required.

The definition of u and v is easily generalized to an arbitrary interval [ak, bk] by
performing an appropriate transformation of points in [0, Fk]. At the k-th stage, the trial
points in the interval of uncertainty [ak, bk] are:

uk+1 =
FN−k−2

FN−k
(bk − ak) + ak and vk+1 =

FN−k−1

FN−k
(bk − ak) + ak,

where these formulae apply for all k = 0, 1, . . . , N − 2. At the last stage we must perturb
either uN−1 or vN−1 by ε (the point to be perturbed depends on which was not computed
at the previous stage).

A Fibonacci search procedure will produce a final interval of uncertainty of length
essentially 1/FN times the length of the original interval. (We must say “essentially”
because of the special case associated with the last step of the reduction.)

Although Fibonacci search is of some theoretical interest because of its “optimal”
properties, it is rarely used in practice because the number of function evaluations to be
permitted must be specified in advance, and the choice of points depends on this number.
A less restrictive procedure that is almost identical in behavior when N is not too small is
called golden section search, and is based on the limiting ratio of the Fibonacci numbers.
It can be shown that

lim
k→∞

FN−1

FN
=

2

1 +
√

5
≡ τ ≈ .6180,

where τ satisfies the quadratic equation τ 2 + τ − 1 = 0.
With a golden section search procedure, the initial interval is “scaled” to be [0, 1], and

the two trial points are placed at u = 1 − τ and v = τ (i.e., at approximately .3820 and
.6180). No matter how the interval is reduced, one of the old points will then be in the
correct position with respect to the new interval, so that golden section search may thus be
viewed as the limiting case of Fibonacci search. With golden section search, the interval
of uncertainty is reduced by a factor of τ at every step, and its length converges linearly
to zero.

3.3.2. Polynomial interpolation

In interval reduction methods, only a simple comparison of function values is used to choose
the next point. Hence, their efficiency does not improve when f is well behaved. As in
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the zero-finding case, more rapidly convergent procedures can be developed in which f is
modeled by a simple function ϕ whose minimizer is “easy” to compute, and the minimizer
of ϕ is taken as the next approximation of the minimizer of f .

Since a general straight line has no minimizer, a linear function is not an appropriate
model. The obvious next candidate for the model function is a quadratic function, of the
form:

ϕ(x) = 1
2ax

2 + bx+ c. (3.3.1)

If a > 0, ϕ has a minimizer at x∗ such that ax∗+b = 0, i.e., x∗ = −b/a. Three independent
pieces of information are required to determine the quadratic function ϕ (3.3.1), although
only a and b are required to calculate x∗.

The particular quadratic model to be used depends on the available information about
f . By analogy with the development of Newton’s method (§2.2.2), a quadratic approxi-
mation is defined from the first three terms of the Taylor-series expansion of f about the
current point xk:

ϕk(x) = ϕk(xk + p) = f(xk) + pf ′(xk) + 1
2p

2f ′′(xk), (3.3.2)

where p = x− xk. This function is a quadratic in p (the step from xk to x), and its first
derivative is

ϕ′
k(x) = ϕ′

k(xk + p) = f ′(xk) + pf ′′(xk).

If f ′′(xk) > 0, the step p to the minimizer of the model function (3.3.2) satisfies

ϕ′
k(xk + p) = f ′(xk) + pf ′′(xk) = 0,

so that the next iterate would be defined by p = −f ′(xk)/f ′′(xk), i.e.,

xk+1 = xk −
f ′(xk)

f ′′(xk)
. (3.3.3)

The iteration scheme (3.3.3) is equivalent to applying Newton’s method (2.2.9) to find a
zero of f ′(x).

A practical difficulty of the scheme (3.3.3) for univariate minimization is that it requires
both first and second derivatives of f . When first but not second derivatives are available,
we may use (for example) f(xk), f ′(xk) and f(xk−1) to define (3.3.1). When only function
values are available, a quadratic approximation ϕ (3.3.1) can be defined using the three
most recent function values—f(xk), f(xk−1) and f(xk−2).

Since cubic polynomials are well behaved, another popular strategy is to define the
model function ϕ as

ϕ(x) = ax3 + bx2 + cx+ d. (3.3.4)

Four independent pieces of information are needed to define (3.3.4)—most commonly,
f(xk), f ′(xk), f(xk−1), f

′(xk−1). Safeguarded univariate minimization methods based on
(3.3.4) are highly developed and widely used in practice.

The cubic (3.3.4) might seem to convey more information than the quadratic (3.3.2).
However, a word of caution is in order. Although a more complex model may express a
better approximation to the nonlinear function, analysis and interpretation of the model
invariably become more difficult. Remember that the purpose of a model function is not
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only to “capture the essence” of the nonlinear function, but also to be “simple” to analyze.
Even a quadratic model may need to be rejected; for example, when it is unbounded below,
it seems unlikely to provide good information about the minimizer that we seek. In the case
of a cubic model of the form (3.3.4), there may be no real stationary points (e.g., ϕ(x) =
x3 + x). Furthermore, even if real stationary points exist, they may not be minimizers of
the model function. Therefore, situations can occur in which the interpretation of a cubic
model is unclear, and univariate minimization methods based on cubic models tend to be
quite complicated.

Methods based upon suitable polynomial models such as (3.3.2) and (3.3.4) display
local superlinear convergence under various conditions (as with Newton’s method and
the secant method for zero-finding; see §§2.2.2 and 2.2.3). For example, a method based
on a quadratic model fitted to the latest three function values has a convergence rate
of approximately 1.324. We emphasize, however, that because these methods are based
on a well-behaved simple model, they may experience the same difficulty mentioned in
our discussion of rapidly convergent zero-finding techniques: when ϕ does not accurately
represent the behavior of f , its minimizer may be a poor estimate of the true minimizer.

Extreme care is necessary if one attempts to “fix up” a superlinearly convergent method
to improve reliability, since some seemingly “obvious” modifications may not only destroy
fast convergence, but also impair efficiency. (For an analogous situation in zero-finding, see
the discussion in §2.2.3 of the regula falsi method.) For example, if one uses a quadratic
model with the restriction that the three function values used for the fit always “bracket”
the minimizer (e.g., by requiring that the function value at the middle point be lower than
the function at either endpoint), the resulting method may display arbitrarily slow linear
convergence.

3.3.3. Safeguarded polynomial interpolation

As in zero-finding, the “best” general methods are based on combining rapidly convergent
polynomial models with reliable interval reduction procedures. For example, a typical
safeguarded method based on a quadratic model derived from three function values keeps
an interval of uncertainty (say, [a, b]), and the three “best” points found so far. The
minimizer s of the quadratic fitted to these three points is accepted as the “new” point
u only if: s lies within the interval of uncertainty; “reasonable” progress in reducing the
interval has been made during the last few iterations; and s is not “too close” to one of
the three points used to obtain the quadratic fit.

3.4. Model-Based Methods for Functions of Many Variables

Algorithms for minimization are closely related to algorithms for zero-finding in the sense
that they are iterative and rely on a local model of the problem functions. However, in
the case of minimization, there is a much wider choice of available models. As in previous
sections g(x) and H(x) are used to denote the gradient ∇f and Hessian ∇2f at a point x.

3.4.1. Choice of model

Since g(x) must be zero at a minimizer, one approach is to use Newton’s method to find
a point x∗ such that g(x∗) = 0. The reader will recall that Newton’s method for the zero
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of an n-vector F (x) with Jacobian J(x) involves constructing a local affine model of F .
If xk is the current point and J(xk) is nonsingular, the Newton direction pk is the step
from xk to the zero of the local affine model of F , and is the unique solution of the linear
system J(xk)pk = −F (xk). If we take F (x) ≡ g(x) and note that the Jacobian of g is the
Hessian H(x), we have the affine model

g(xk + p) ≈ g(xk) +H(xk)p. (3.4.1)

It follows that a zero of g(xk) +H(xk)p must satisfy the linear system

H(xk)pk = −g(xk). (3.4.2)

As background to later developments, we stress that this form of Newton’s method is
directed solely toward finding a zero of g. No additional properties of f are used in
deriving (3.4.2), and the quality of pk as a step to a zero of g depends on the validity of
the local affine model of g at xk.

The second form of Newton’s method is designed for minimization of f . Recall that a
local minimizer satisfies both first- and second-order conditions involving f , and hence is
inherently more complicated than a zero of g. A quadratic model of the local variation of
f is obtained from the Taylor-series expansion about xk:

f(xk + p) ≈ f(xk) + g(xk)Tp+ 1
2p

TH(xk)p. (3.4.3)

An essential point in any discussion of developing a model subproblem for minimization
is that the model must be appropriate for minimization (even when this assumption is
not be stated explicitly). In particular, the quadratic model (3.4.3) is bounded below
only if H(xk) is positive semidefinite; and the model has a unique minimizer (which is
also the unique stationary point) only if H(xk) is positive definite. The appropriateness
of a model for minimization thus inherently involves both its stationarity (to reflect first-
order optimality conditions) and conditions on positive-definiteness (to reflect second-order
optimality conditions).

Under the assumption that H(xk) is positive definite, there is a unique vector pk that
moves from xk to the minimizer of the model (3.4.3). This vector satisfies the nonsingular
linear system H(xk)pk = −g(xk), which is identical to the system (3.4.2). It follows that
when the Hessian is positive definite, the direction pk derived for minimization is equivalent
to the Newton step (3.4.2) to a stationary point of f , i.e., to the zero of the n-dimensional
nonlinear system g(x) = 0.

The interpretation of xk + pk as a zero of a linear model of the gradient explains the
rapid local convergence of xk to x∗ when H(x∗) is nonsingular, but does nothing to suggest
how the method may be extended to the case where H(xk) is singular and/or indefinite.
By contrast, the interpretation of xk + pk as a minimizer of a quadratic model leads to
several algorithms that will work when Newton’s method will fail.

The choice of model has a significant impact on the strategy used to force convergence
from an arbitrary starting point. Convergence may be guaranteed by requiring a sufficient
reduction in some merit function or line-search function at each iteration. For an iterative
method, it is important to have some consistent way of deciding whether a new point is
“better” than the old point. This idea will recur throughout the discussion of optimization
algorithms. If we interpret pk as being an estimate of the step to a zero of g(x), then it
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is appropriate to use the norm of g to measure progress. However, when minimizing f ,
another, more “natural”, measure of progress is provided by the value of f itself. It seems
reasonable to require a decrease in f at every iteration, and to ensure that a descent
condition

f(xk+1) < f(xk) (3.4.4)

is satisfied for all k ≥ 0 (unless xk = x∗). A method that imposes this requirement is
called a descent method.

The choice of merit function is closely linked to the choice of model function. It is
important to be able to show that the merit function can be decreased for a sufficiently
small step along the search direction. For example, consider the situation where H(xk)
cannot be computed exactly (e.g., the derivatives are too complicated to evaluate). In
both the linear and quadratic model, H(xk) can be approximated by a matrix Bk. Such
approximations are difficult to use with the affine model (3.4.1) because the resulting
direction pk may not be a direction of decrease for ‖g‖. However, if a positive-definite
approximation Bk is used in place of H in the quadratic model, then the resulting direction
is always a direction of decrease for f (see below).

3.4.2. The Quadratic Model

In this section we focus on the way in which the new iterate xk+1 is computed once the
quadratic model has been defined. We consider a “generic” quadratic model of the form

qk(xk + p) = f(xk) + g(xk)Tp+ 1
2p

TBkp, (3.4.5)

where Bk is a symmetric matrix that approximates the Hessian H(xk) in some sense. Un-
less explicitly stated otherwise, the matrix Bk is assumed to be positive definite. Precisely
how this model is used will depend upon the particular method employed. Two broad
classes of method are available: line-search methods and trust-region methods. All these
methods are descent methods in the sense of (3.4.4). These methods are considered in
more detail in §§3.5–3.6.

The use of an approximate Hessian is appropriate when either second derivatives are
not available, and/or the minimizer of the quadratic model (3.4.3) does not exist. The
minimizer of the quadratic model qk(xk + p) satisfies

Bkpk = −g(xk). (3.4.6)

and a positive definite Bk always ensures that pk is well-defined.

3.4.3. The Method of Steepest-Descent

The method of steepest-descent is based on one of the simplest possible choices of Bk in
the quadratic model (3.4.5). Given an approximate minimizer xk, the method of steepest
descent defines the local quadratic model

qk(xk + p) = f(xk) + g(xk)T p+ 1
2p

T p, (3.4.7)

which is the model (3.4.5) with Bk = I. From (3.4.6), qk(xk + p) has a unique global
minimizer pk such that

pk = −g(xk). (3.4.8)
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It is apparent from this expression that pk is independent of f(xk), which is to be expected
since an additive constant in the objective does not alter the location of a minimizer.

This search direction is known as the classical steepest-descent direction. The steepest-
descent direction was so named because pk is the vector that also minimizes the ratio of
g(xk)Tp and the Euclidean length of p, i.e., pk solves

min
g(xk)T p

‖p‖ . (3.4.9)

The Cauchy-Schwarz inequality |xTy| ≤ ‖x‖ ‖y‖ implies that

g(xk)Tp ≥ −‖g(xk)‖ ‖p‖,

where equality holds for a nonzero vector p only when p is a negative multiple of g(xk).
The “optimal” p is thus the negative gradient (3.4.8) and is the direction of (normalized)
greatest reduction in f at any nonstationary point xk. (We shall speak of “the” steepest-
descent direction as the negative gradient itself, but any negative multiple of g(xk) can
also be viewed as a direction of steepest descent.)

Despite its advantages of simplicity and guaranteed convergence, the steepest-descent
method is an extremely inefficient algorithm for general unconstrained minimization.
Broadly speaking, the steepest-descent method is inadequate because the model (3.4.7)
ignores the curvature of f , which is the crucial element in locating a minimum efficiently.
Even when αk is chosen as the exact step to a minimizer of f along pk, the steepest-descent
method converges linearly. Furthermore, the error constant (the reduction in the error at
each step) depends on the ratio of the largest and smallest eigenvalues of the Hessian
matrix at x∗, and can be arbitrarily close to unity.

Suppose that the steepest-descent method is used to minimize a quadratic—the sim-
plest function with a bounded minimizer (see §3.2.4):

q(x) = cTx+ 1
2x

THx, (3.4.10)

where H is symmetric and positive definite. Since q(x) is quadratic, there exists a closed-
form expression for the univariate minimizer of the function q(xk + αpk). An αk defined
as this minimizer will produce a much larger reduction in q than would be obtained from
a backtracking line search.

Let λmax and λmin denote the largest and smallest eigenvalues of H. As k → ∞, the
steepest-descent iterates satisfy

‖xk+1 − x∗‖
‖xk − x∗‖

≤ λmax − λmin

λmax + λmin
, (3.4.11)

where equality can be achieved. Equivalently, we may write

‖xk+1 − x∗‖
‖xk − x∗‖

≤ cond(H)− 1

cond(H) + 1
, (3.4.12)

where “cond” refers to the two-norm (cond(H) = λmax/λmin). Relation (3.4.12) shows
that only a painfully small improvement may be produced by a steepest-descent iteration,
even for a quadratic function whose Hessian is not particularly ill-conditioned.
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To illustrate this behavior, we apply the steepest-descent method to the simple three-
variable quadratic function q(x) = xTHx, with

H =




1000 50 2

50 10 2

2 2 1


 , (3.4.13)

and cond(H) = 2082. (All numbers in this example are rounded to four digits). Since H
is positive definite, q(x) is minimized for x∗ = (0, 0, 0)T , where q(x∗) = 0. Starting with
x0 = (1, 1)T , for which q(x0) = 1119, the first steepest-descent iteration gives

p0 = −g0 =



−1052

−62

−5


 , α0 = 9.976× 10−4, x1 =



−.04944
.9382

.9950


 ,

with q(x1) = 11.14. After 19 further iterations, the result is

x20 =




5.121× 10−3

−8.025× 10−2

2.967× 10−1


 ,

with q(x20) = 4.840× 10−2. Even after 100 iterations, q has been reduced only to 3.250×
10−4!

Despite the poor performance of the steepest-descent method as a general-purpose
algorithm, it is widely used as a “fallback”, in the sense that a direction related to the
steepest-descent direction may be used when more sophisticated methods fail.

3.4.4. Newton’s Method

Our discussion of the steepest-descent method shows that a good model of curvature is
the key to success in choosing a search direction. To develop such a model, we turn to the
Taylor-series expansion of f about xk:

f(xk + p) = f(xk) + g(xk)Tp+ 1
2p

THkp+O(‖p‖3), (3.4.14)

where g(xk) = ∇f(xk) and Hk = ∇2f(xk). When ‖p‖ is sufficiently small, higher-order
terms may be ignored, and we obtain a “natural” quadratic model q(xk + p) that approx-
imates f(xk + p):

q(xk + p) = f(xk) + g(xk)Tp+ 1
2p

THkp. (3.4.15)

(The model function is written in terms of p to reflect its role in defining the search
direction.)

If the Hessian of f at xk is positive definite, the discussion in §3.2.4 shows that the
quadratic model (3.4.15) has a unique minimizer, which we denote by pN

k and call the
Newton direction or Newton step. Using (3.2.7), pN

k satisfies the following Newton equa-
tions

Hkp
N
k = −g(xk). (3.4.16)
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(Since the elements of the inverse of Hk are never needed in practice, these equations will
deliberately not be written in the mathematically equivalent form pN

k = −H−1
k g(xk).)

The Newton step will be a “good” approximation to the step to the minimizer of f
when the quadratic model (3.4.15) closely approximates the local behavior of the nonlinear
function f—for example, when ‖p‖ is “small”. Remarkably, the “ideal” properties of
Newton’s method carry over without significant modification to the n-dimensional case.

3.4.5. Local Convergence

We first mention selected properties of a “pure” Newton method for unconstrained mini-
mization in which the iterates are given by

xk+1 = xk + pN
k , (3.4.17)

where pN
k is defined by (3.4.16). For a general nonlinear function f with smooth second

derivatives, the pure Newton method (3.4.17) converges quadratically to an unconstrained
local minimizer x∗ if the initial iterate x0 is sufficiently close to x∗ and H(x∗) is positive
definite.

Theorem 3.4.1. (Convergence of a pure Newton method). Let f(x) be three times contin-
uously differentiable, and assume that there exists x∗ ∈ R

n such that g(x∗) = 0 and H(x∗)
is positive definite. Then there exists a neighborhood N(x∗) such that for x0 ∈ N(x∗), the
Newton iterates defined by (3.4.16) and (3.4.17) are well defined, remain in N(x∗) and
converge quadratically to x∗.

For example, consider the function

f(x1, x2) = 10(x2
1 − x2)

2 + (x1 − 1)2,

whose (unique) minimizer is x∗ = (1, 1)T , with f(x∗) = 0. Starting the pure Newton
method (3.4.17) at x0 = (1.1, 0.9)T , the values of { ‖xk − x∗‖2 } and f(xk), k = 0,. . . , 4
(rounded to three figures).

Iteration ‖xk − x
∗‖ f(xk)

0 .141 .971

1 .199 7.42 × 10−3

2 6.70 × 10−3 5.42 × 10−4

3 9.49 × 10−5 1.80 × 10−9

4 1.66 × 10−9 3.25 × 10−17

Table 3.1: Pure Newton iterates.

3.5. Line Search Methods

The purpose of a line search is to ensure that the sequence {xk} is an improving of
approximate minimizers, where an improvement is defined as the calculation of a lower
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value of the objective function. An intuitively appealing strategy for choosing αk is that
f(xk + αpk) should be decreased “as much as possible” during the current iteration. If
pk is a descent direction, then g(xk)Tpk < 0, and f(xk + αpk) is a decreasing function at
the origin. This suggests choosing αk as a positive minimizer of the univariate function
f(xk + αpk); i.e., αk is chosen as a solution of the problem:

minimize
α>0

f(xk + αpk).

This calculation is known as an exact line search. The resulting step αk must satisfy

0 =
d

dα
f(xk + αpk)

∣∣∣∣
α=αk

= g(xk + αkpk)T pk = g(xk+1)
T pk, (3.5.1)

which implies that the gradient is orthogonal to the search direction at xk+1.
If f is a quadratic with positive-definite Hessian H, the univariate minimizer is easily

calculated in closed form as

αk = −g(xk)T pk

pT
kHpk

. (3.5.2)

If f is a general nonlinear function, under mild conditions on f , a univariate minimizer
of f(xk + αpk) can be determined using the techniques of §3.3. In the general case, how-
ever, an exact linear search is not to be recommended. First, the univariate minimization
method can require a substantial number of evaluations of f in order to calculate an accu-
rate minimizer. Moreover, no guarantee exists for a general function that the computed
minimum will satisfy f(xk + αpk) < f(xk). (This can be guaranteed only in certain spe-
cial cases, such as when H(x) is uniformly positive definite.) In order to guarantee an
improvement in f , it would be necessary to compute the minimizer nearest to α = 0. This
calculation is as difficult as finding a global minimizer of f(xk + αpk).

Although these difficulties preclude the use of an exact line search in practice, exact
searches often pop up the analysis of algorithms, especially with reference to the properties
of quadratic functions. A desirable feature of practical step length criteria is that there
should be a range of suitable values for α, some of which are “better” in the sense of
producing a larger reduction in f . However, an (inevitable?) tradeoff exists between the
effort needed to find a “good” α and the overall efficiency of the descent method, which is
performing a (possibly large) number of iterations. Choosing αk as a good approximation
to the nearest positive minimizer of f would give a nearly optimal reduction in the objective
function at every iteration, but would tend to require an inordinately large number of
evaluations of f and/or g during the entire course of the minimization. Ideally, step
length criteria should suggest how to find a “good” α with little effort.

3.5.1. The backtracking line search

The requirement that f(xk+1) < f(xk) and the condition g(xk)Tpk < 0 are not sufficient
to ensure that the sequence {xk} converges to a minimizer of f . For example, consider
finding a local minimizer of the function f(x) = 1

2x
2 with αk = 1/2k+1, starting at

the point x0 = 2. If a local quadratic model based on exact second-derivatives is used to
define pk (see (3.4.6)), we obtain pk = −xk and f(xk+1) < f(xk) for all k. This “direction”
generates the sequence of iterates 2, 1, 3

4 , 27
32 , which converges to x̄ ≈ .5776, which is not

a minimizer of 1
2x

2.



92 Chapter 3. Unconstrained Optimization April 6, 2006

In this example, although f is decreased at each step, αk eventually becomes so small
that the decrease in f converges to zero before the gradient has time to converge to zero.
This difficulty can be overcome if, at each step, the step length is chosen to produce a
sufficient decrease in f . Broadly speaking, a step of sufficient decrease is one that guar-
antees a reduction in f that is proportional to the magnitude of the directional derivative
|g(xk)Tpk|. This idea is best illustrated in the case of the method of classical steepest de-
scent, where |g(xk)Tpk| = ‖g(xk)‖2. In this case, it is clear that a step of sufficient decrease
will ensure that a small decrease in f must correspond to a small value of ‖g(xk)‖.

A sufficient decrease in f can be specified by considering the properties of the local
quadratic model qk(xk + p) (3.4.5). As qk is chosen such that qk(xk) = f(xk), it can be
seen that if qk(xk + αpk) ≈ f(xk + αpk), then

f(xk)− f(xk + αpk) ≈ qk(xk)− qk(xk + αpk).

If this is not the case, then α can be considered to be too large. The quantity qk(xk) −
qk(xk + αpk) can be regarded as the change in f predicted by the quadratic model. The
idea is to choose α small enough that f is reduced by an amount that agrees with the
reduction qk(xk)− qk(xk + αpk) predicted by the quadratic model. These statements are
justified by the limiting relationship

lim
α→0

f(xk)− f(xk + αpk)

qk(xk)− qk(xk + αpk)
= 1, (3.5.3)

which implies that the predicted and actual reductions in f become identical as α is
reduced.

If a quadratic model is to be used to compare actual and predicted reductions in f it is
necessary that the predicted reduction be positive. This will be the case if Bk is positive
definite and 0 < α < 2. The reduction in the model can be written as

qk(xk)− qk(xk + αpk) = −αg(xk)Tpk − 1
2α

2pT
kBkpk. (3.5.4)

On substituting Bkpk = −g(xk), we obtain

qk(xk)− qk(xk + αpk) = −αg(xk)Tpk + 1
2α

2g(xk)Tpk = −αg(xk)Tpk(1− 1
2α),

which implies that qk(xk) − qk(xk + αpk) > 0 as long as Bk is positive definite and
0 < α < 2.

The definition of a sufficient decrease in f involves a preassigned scalar parameter µ
such that 0 < µ < 1

2 (the reason for the upper bound of 1
2 will be discussed later). A step

αk is considered to be an acceptable step length if the actual reduction in f is no worse
than µ times the predicted reduction in f ; i.e., if

f(xk)− f(xk + αkpk)

qk(xk)− qk(xk + αkpk)
≥ µ (3.5.5)

(c.f. (3.5.3)). Given an initial estimate α0
k of αk (usually α0

k = 1), if (3.5.5) is satisfied,
then αk = α0

k. Otherwise, α0
k is reduced by multiplying it with “contraction” factor γc

such that γc < 1, and the test is repeated. Hence, the step αk is the first member of
the sequence {γj−1

c α0
k}∞j=1 such that the condition (3.5.5) is satisfied. This procedure,

known as a backtracking line search, is the basis of the generic line-search algorithm given
in Algorithm 3.5.1.
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Algorithm 3.5.1. Generic line-search method.
Specify constants µ and γc such that 0 < µ < 1

2 and 0 < γc < 1;

Choose x0 and B0; Evaluate f(x0), g(x0);
while not converged do

Solve Bkpk = −g(xk);
αk ← 1; jk ← 1;
while f(xk)− f(xk + αkpk) < µ(qk(xk)− qk(xk + αkpk)) do

αk ← αkγc; jk ← jk + 1;
end while
xk+1 ← xk + αkpk;
Evaluate g(xk+1); Define Bk+1;
k ← k + 1;

end while

Using (3.5.4) and the definition of pk, this condition may be written as

f(xk + αkpk) ≤ f(xk) + µ
(
αkg(xk)Tpk + 1

2α
2
kp

T
kBkpk

)
. (3.5.6)

If we use the univariate function M(α)
4

= f(xk + αpk) to describe the behavior of f
along pk, then the condition (3.5.6) is equivalent to requiring that M(αk) ≤ Q(αk), where

Q(α) is the quadratic Q(α)
4

= f(xk) + µ
(
αg(xk)Tpk + 1

2α
2pT

kBkpk

)
. Since Bk is positive

definite, the quadratic term of Q is positive, and Q attains its minimum value at the unique
stationary point α∗ = −g(xk)Tpk/p

T
kBkpk = 1. It follows that Q(α) is minimized by the

“pure” Newton step α = 1. In general, the sufficient decrease condition M(α) ≤ Q(α)
may or may not hold at α = 1.

It is necessary to show that the backtracking loop of Algorithm 3.5.1 will always ter-
minate in a finite number of steps. Consider the univariate function φ(α) ≡M(α)−Q(α).
From the definition of M(α) and Q(α), we have φ(0) = M(0) − Q(0) = 0, and φ′(0) =
M ′(0)−µM ′(0) = M ′(0)(1−µ) < 0. It follows from the The Nonzero Derivative Theorem
that there exist a nontrivial interval (0, σ) such that φ(α) < 0 for all α ∈ (0, σ). Hence,
for α sufficiently small, the backtracking line search will give an α in the interval (0, σ)
such that the condition (3.5.6) will be satisfied.

3.5.2. The Goldstein-Armijo line search

It is not necessary to use the same model to define both pk and the sufficient decrease
criterion (3.5.5). In particular, we may define a sufficient decrease criterion

f(xk)− f(xk + αkpk)

ψ(xk)− ψ(xk + αkpk)
≥ µ, (3.5.7)

in terms of a general function ψ known as the line-search model function. The only
requirements on ψ are that ψk(xk) = f(xk) and ∇ψk(xk) = g(xk).

Consider ψk(x) ≡ `k(x), where `k is the affine model `k(xk + p) = f(xk) + g(xk)Tp.
The reduction in f predicted by `k is

`k(xk)− `k(xk + αkpk) = −αkg(xk)Tpk,
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and the general criterion (3.5.7) simplifies to become

f(xk + αkpk) ≤ f(xk) + µαkg(xk)Tpk. (3.5.8)

This criterion is widely used in optimization and is known as the Armijo condition.
The Armijo condition is preferred because it is simpler than (3.5.6) yet forces a more

substantial reduction in f . This follows from the inequality

µαkg(xk)Tpk ≤ µαkg(xk)Tpk + 1
2α

2
kp

T
kBkpk,

which implies that if αk satisfies (3.5.8), then it must also satisfy (3.5.6).

Q(α)

M(α)

L(α)

Figure 3.2: This graph depicts a typical M(α) = f(xk + αpk) as a function of positive α.
The linear and quadratic functions L(α) and Q(α) are superimposed on the graph. Note
that any point that lies on the L graph must always lie below the Q graph.

3.5.3. Modified Newton Methods

secUC-indefinite
In discussing Newton-based methods, we have assumed thus far that H(x) is positive

definite. Since this condition does not hold for general functions (even those that are
bounded below), a strategy must be devised for detecting indefiniteness in the Hessian
and defining a suitable Newton-based search direction.

When Hk is not positive definite, the quadratic model (3.4.15) no longer provides
clearcut guidance for designing an algorithm, and in fact suggests that an “infinite” step
should be taken. Without positive-definiteness, there is neither a “natural” step length
nor an “obvious” interpretation of the quadratic model. This lack of certainty means
that researchers have had free rein to formulate numerous methods based on differing
interpretations of the quadratic model.
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One popular strategy is to use the quadratic model qk(xk + p) = f(xk) + g(xk)Tp +
1
2p

TBkp with Bk equal to H(xk) or some related positive-definite matrix. In particular,
Bk = H(xk) only when H(xk) is sufficiently positive definite. With this strategy, Bk is
always positive definite and pk is calculated from the linear system Bkpk = −g(xk). (Since
this section concerns the logic of a single iteration, we henceforth drop the subscript k.)
By requiring Bk to be positive definite, we guarantee that pk will be a descent direction
when g(xk) 6= 0.

3.5.4. The spectral decomposition

Careful analysis is essential in developing a satisfactory definition of the model function
Hessian B. (Several “obvious” algorithms have turned out to be ill-defined and/or numeri-
cally unstable.) A fundamental tool is a computational procedure for determining whether
H is actually positive definite. If not, it makes practical sense to compute B using the
same procedure that checks on positive-definiteness.

In some sense, an “ideal” B would be based on knowledge of the eigenvalues of the
true Hessian H. Suppose that the complete eigensystem of H is available, i.e.,

H = V ΛV T =
n∑

i=1

λiviv
T
i , (3.5.9)

where the orthonormal columns {vi}, i = 1, . . . , n, of V are the eigenvectors of H and
the diagonal matrix Λ contains the eigenvalues {λi} ordered so that λ1 ≥ λ2 ≥ · · · ≥ λn.
If H is positive definite, its eigenvalues are positive and the spectral decomposition of
its inverse is given by H−1 = V Λ−1V T =

∑n
i=1 λ

−1
i viv

T
i . This implies that the Newton

direction can be conveniently written as

pN = −H−1g = −V Λ−1V T g = −
n∑

i=1

λ−1
i viv

T
i g. (3.5.10)

In our “ideal” method the modified Hessian B is taken as

B = V Λ̄V T , (3.5.11)

so that B and H have the same eigenvectors, but (possibly) different eigenvalues.
A positive value δ is specified as a lower bound on the smallest eigenvalue of B. If

λi ≥ δ, λi is considered sufficiently positive. If |λi| < δ, λi is said to be negligible. Let
I+ denote the subset of indices of sufficiently positive eigenvalues, and V+ the subspace
spanned by the eigenvectors corresponding to these eigenvalues. Let I0 denote the subset
of indices of negligible eigenvalues and I− the subset of indices of eigenvalues satisfying
λi ≤ −δ, with similar meanings for V0 and V−.

Since the positive eigenvalues of H define a “well behaved” quadratic model, a “sensi-
ble” approach is to leave these eigenvalues unaltered in defining Λ̄, and to choose

λ̄i = λi, i ∈ I+. (3.5.12)

The question remains as to how B should affect V0 and V−.
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We mention two possible strategies. First, B can be chosen as the “nearest” matrix to
H that is sufficiently positive definite. This implies that we take

λ̄i = δ, i /∈ I+. (3.5.13)

The effect of this modification is to add a positive semidefinite matrix E to H, with
B = H + E. The size of the modification is given by

‖E‖2 = ‖V (Λ̄− Λ)V T ‖2 = max
1≤i≤n

|λ̄i − λi| = max{0, δ − λn},

where λn is the least eigenvalue of H. Note that E = 0 if all the eigenvalues of H are
sufficiently positive.

An alternative strategy is to “reverse” the effect of H on the subspace associated with
“sufficiently negative” eigenvalues, giving

λ̄i = δ, i ∈ I0; λ̄i = −λi, i ∈ I−. (3.5.14)

In this case, the modification matrix E such that B = H + E has norm

‖E‖2 = max{0, δ − λn, |λn| − λn}.

Again, E = 0 if all the eigenvalues of H are sufficiently positive (i.e., λi ≥ δ).
Once the modified eigenvalues are defined, the modified Newton direction is given by

(3.5.11), i.e.,

p = −V Λ̄−1V T g = −
n∑

i=1

λ̄−1
i viv

T
i g, (3.5.15)

which is a linear combination of the eigenvectors of B (cf. (3.5.10)).
To illustrate the effect of these modifications, consider a problem with Hessian and

gradient given by

H =

(
1 0

0 −2

)
, and g =

(
2

4

)
. (3.5.16)

The Newton direction defined by the solution of HpN = −g is pN = (−2, 2)T , which
corresponds to a saddle point of the quadratic model (3.4.15). In this case, pN is not a
descent direction since gTpN = 4.

Following the first strategy, B is taken as the positive-definite matrix “closest” to
H, where a positive value δ is chosen as a lower bound that defines what we mean by
“positive”. Thus, if λi < δ, we set λ̄i = δ in (3.5.9). It follows that

B =

(
1 0

0 δ

)
,

which gives p = (−2,−4/δ)T . Replacing negative eigenvalues by δ in (3.5.9) means that p
is dominated by vectors in V− and V0, and ‖p‖ will usually be large.

The second approach reverses the portion of H in V−, leaving the influence of V+

unchanged. This gives

B =

(
1 0

0 2

)
,
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pN

p

pδ

Figure 3.3: Level curves of the quadratic model q = 2p1 + 4p2 + 1

2
p2

1 − p2

2 defined by H

and g (3.5.16). The model has a saddle point at p = (−2, 2). The unmodified Newton
direction pN = p steps uphill to the saddle point. The modified Newton direction p is
formed by reversing the negative eigenvalues in the spectral decomposition. The modified
Newton direction pδ is obtained by replacing negative eigenvalues by δ. The value δ = 0.1
was used to compute pδ. A more realistic value of δ would make pδ considerably more
parallel to the p2 axis.

with p = (−2,−2)T . This p is also a descent direction, with gTp = −12. In this case, the
modified direction has the same norm as the unmodified Newton direction, and hence may
be considered to be a better direction than p = (−2,−4/δ)T .

The Newton direction and its two alternative modifications are depicted in Fig. 3.3.
The value δ = 0.1 was used to compute the direction p = (−2,−4/δ)T . A more realistic
value of δ would make pδ considerably more parallel to the x2 axis (which is itself parallel
to the eigenvector associated with the least eigenvalue of H).

In summary, we have the following modified Newton method for minimizing f .

Algorithm 3.5.2. Newton’s method with backtracking.
Specify µ such that 0 < µ < 1

2 and δ such that δ � 1;

Let x0 be given;
k ← 0;
do while not converged

Evaluate g(xk), H(xk);
Compute Vk and Dk such that H(xk) = VkDkV

T
k ;

Set λ̄i = max{δ, |λi|};
Define D̄k = diag(λ̄i);
Set pk = −VkD̄

−1
k V T

k g(xk);

Set αk = 1; jk = 1;
do while f(xk + αkpk) > f(xk) + αkµg(xk)T pk;

αk ← αk/2; jk ← jk + 1;
end do
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Set xk+1 = xk + αkpk;
k ← k + 1;

end do

In Table 3.2 we give the results of this modified Newton method applied to the function
f(x) = ex1(4x2

1+2x2
2+4x1x2+2x2+1), starting at the point x0 = (2, 2)T (see Figure 3.1).

Convergence to the local minimizer x∗ = ( 1
2 ,−1)T occurred in 9 iterations. Note the

quadratic convergence. In this run it was necessary to modify the Hessian at the first
iteration, where the smallest eigenvalue of the Hessian was −5.5.

k nf αk f(xk) ‖g(xk)‖ λmin(H(xk))

0 0 0.0e+00 3.3250752e+02 5.2e+02 -5.5e+00

1 1 1.0e+00 5.7733341e+01 1.4e+02 2.2e+01

2 2 1.0e+00 1.5525321e+01 4.7e+01 1.3e+01

3 3 1.0e+00 3.5681929e+00 1.5e+01 8.1e+00

4 4 1.0e+00 6.0466619e-01 4.4e+00 4.9e+00

5 5 1.0e+00 5.3774209e-02 1.0e+00 3.2e+00

6 6 1.0e+00 1.0888910e-03 1.3e-01 2.6e+00

7 7 1.0e+00 7.3270158e-07 3.2e-03 2.5e+00

8 8 1.0e+00 3.6462543e-13 2.2e-06 2.5e+00

9 9 1.0e+00 0.0000000e+00 1.1e-12 2.5e+00

Table 3.2: Modified Newton applied to f(x) = ex1(4x2
1 + 2x2

2 + 4x1x2 + 2x2 + 1), starting
at x0 = (2, 2)T , µ = 1

4 , δ = 10−8.

3.5.5. Modified Newton as Steepest Descent

Although the steepest-descent method defined by pk = −g(xk) usually performs poorly in
practice, it is important to note that a different definition of what we mean by “steepest”
can give other steepest-descent methods. One of these, to be discussed in this section, is
equivalent to the modified Newton method described above.

It was shown in Section 3.4.3 that pk = −g(xk) gives the maximum first-order reduction
in f for a unit change in the variables. In our analysis, the unit change d = p/‖p‖ was
defined so that ‖d‖ = (dT d)1/2. If we use a different norm for d, then we obtain a different
algorithm. Because the method depends on the choice of norm, we call the method with
pk = −g(xk) the classical steepest-descent method.

If B is a symmetric positive-definite matrix, then ‖x‖2
B
≡ xTBx defines a norm on

x ∈ R
n. This norm is often called an elliptic norm because the level curves of the function

φ = ‖x‖2
B

4

= xTBx are ellipsoids.
For clarify, we omit the subscript k. Using the same arguments used to derive the

“classical” steepest-descent method, the direction that gives the maximum reduction in f
to first order is the solution to the problem

minimize
p∈R

n

p6=0

gTp

‖p‖B

.
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The solution of this problem is precisely the modified Newton direction p = −B−1g.
To see this we use the result that every positive-definite matrix must have a symmetric
nonsingular “square root” matrix. For the positive-definite matrix B this implies that
there is a nonsingular S such that B = S2 = SS = STS. Using the Cauchy-Schwartz
inequality we have

(gTp)2 = (gTS−1Sp)2 ≤ (gTS−1S−T g)(pTSTSp) = (gTB−1g)‖p‖2
B
.

This inequality implies that for all p 6= 0,

−(gTB−1g)
1
2 ≤ gTp

‖p‖B

≤ (gTB−1g)
1
2 .

Clearly, any p for which the lower bound holds with equality must minimize gTp/‖p‖B.
This occurs for the p that satisfies the equations Bp = −g.

This analysis indicates that a modified Newton method is a steepest-descent method in
which the norm used to measure what is the “steepest direction” changes at each iteration.
Note that the classical steepest-descent method corresponds to the case Bk = I.

Theorem 3.5.1. Let {Bk} be a sequence of symmetric positive-definite matrices such that

λmin(Bk) ≥ δ > 0 and λmax(Bk) ≤ ∆ < +∞,

where δ and ∆ are fixed constants, and λmax(Bk) and λmin(Bk) denote the largest and
smallest eigenvalues of Bk. If the search direction pk is defined for every k by Bkpk =
−g(xk), then the directional derivative g(xk)T pk satisfies

1

∆
‖g(xk)‖2 ≤ |g(xk)T pk| ≤

1

δ
‖g(xk)‖2, (3.5.17)

δ‖pk‖2 ≤ |g(xk)T pk| ≤ ∆‖pk‖2. (3.5.18)

Proof. These results can be proved using standard matrix-vector norm inequalities. How-
ever, we will prove them from first principles, without using the properties of matrix norms.
For simplicity, we drop the suffix k.

Because Bp = −g with B positive definite, it follows that

|gTp| = −gTp = gTB−1g.

Consider the spectral decomposition B = V DV T , where D = diag(λ1, λ2, . . . , λn) is
the diagonal matrix of eigenvalues of B, and V is a matrix of eigenvectors such that
V TV = V V T = I. If w is the vector such that w = V T g, then

gTB−1g = gTV D−1V T g = wTD−1w =

n∑

i=1

w2
i

λi
.

Since each eigenvalue satisfies λi ≥ δ, we can replace each eigenvalue by its lower bound
and write

n∑

i=1

w2
i

λi
≤

n∑

i=1

w2
i

δ
=

1

δ

n∑

i=1

w2
i =

1

δ
wTw =

1

δ
gTV V T g =

1

δ
‖g‖2.
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It follows that |gTp| ≤ (1/δ)‖g‖2, which is the right-most inequality of (3.5.17).
Next we prove the right-most inequality of (3.5.18). If we define u = V T p and note

that λi ≤ ∆, we have

|gT p| = −gT p = pTBp ≤ uTDu =

n∑

i=1

u2
iλi ≤ ∆

n∑

i=1

u2
i = ∆‖p‖2.

The remaining inequalities follow in a similar way.

Corollary 3.5.1. For any u ∈ R
n, the elliptic norms ‖u‖Bk

= (uTBku)
1/2 and ‖u‖B−1

k

=

(uTB−1
k u)1/2 satisfy

γ‖u‖ ≤ ‖u‖Bk
≤ Γ‖u‖

1

Γ
‖u‖ ≤ ‖u‖B−1

k

≤ 1

γ
‖u‖,

where γ2 = δ, Γ 2 = ∆, and ‖u‖ denotes the Euclidean norm ‖u‖ = (uTu)1/2.

This corollary implies that in the limit, the Euclidean and elliptic norms are equivalent in
the sense that the elliptic norm is always within a certain factor of the Euclidean norm,
independent of k.

3.5.6. Convergence of Steepest Descent

Next we consider the conditions under which theq sequence {g(xk)} converges to zero.
The Goldstein-Armijo line search discussed in Section 3.5.2 defines a new iterate such

that
f(xk)− f(xk + αkpk) ≥ −αkµg(xk)Tpk.

Since, by definition, xk+1 = xk + αkpk and g(xk)Tpk < 0, we have

f(xk)− f(xk+1) ≥ −αkµg(xk)Tpk = αkµ|g(xk)Tpk|, (3.5.19)

and it follows that f(xk) > f(xk+1) and the sequence {f(xk)} decreases monotonically. If
it holds that the sequence {f(xk)} is bounded below, then the strictly monotonic sequence
{f(xk)} must converge to a limit. The sequence {f(xk)} will certainly be bounded below
if f itself is bounded below (for example, f ≥ 0 for functions of the form f =

∑
i φi(x)

2).
It is not realistic to expect that f be bounded below at every point in R

n. Fortunately, it
is possible to obtain a very convenient characterization of the region in which the iterates
can be expected to lie. Since f(xk+1) < f(xk) for all k, once x0 has been defined, all
subsequent iterates must have an objective value that is less than f(x0). This implies that
all iterates lie in the level set {x | f(x) ≤ f(x0) } associated with f(x0).

If the level set associated with a function f is closed and bounded in R
n, then a standard

result of analysis states that f must take on its maximum and minimum values at points
in the level set. If f is defined and continuous for all x ∈ R

n, then it can be shown that
the level sets of f are always closed. However, without the assumption of boundedness,
it is easy to give examples of level sets that may not contain a minimizer. For example,
consider the univariate function f(x) = x3, which is smooth but unbounded below because
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f(x) → −∞ as x → −∞. Hence, the level set L(γ) is unbounded for any γ. Note
that functions that are bounded below can also have unbounded level sets. For example,
consider f(x) = e−x, which satisfies f(x) > 0 for all x. However, the lower bound is not
attained for any finite x, and thus the set of x for which f(x) ≤ γ (γ > 0) is unbounded.
On the other hand, a function can be unbounded below and yet have a bounded level set.
For example, if f(x) = x2 − 1/x2, f is unbounded below as |x| approaches zero. yet the
set of x for which f(x) ≤ 0 is the closed bounded interval [−1, 1]. (Since functions with
singularities are not twice-continuously differentiable, they have already been excluded
from consideration.)

Theorem 3.5.2. Consider the method of classical steepest descent with GoldsteinArmijo
linesearch when applied to a continuously differentiable function f(x) defined on R

n. If x0

is chosen so that the level set L(f(x0)) is bounded, then the sequence {xk} lies in L(f(x0));
and either there exists a finite l such that g(xl) = 0 or limk→∞ g(xk) = 0.

Proof. To show that g(xk) converges to zero, we first show that the sequence of function
values {f(xk)} converges. Since f is continuous on the bounded level set L(f(x0)), it
follows immediately that f is bounded from below in L(f(x0)), and the sequence {f(xk)}
must converge. However, even though {f(xk)} converges, we cannot say yet if it converges
to f(x∗)! If {f(xk)} converges, it must follow that f(xk) − f(xk+1) → 0, in which case
(3.5.19) and pk = −g(xk) give

αkµ|g(xk)Tpk| = αkµ‖g(xk)‖2 → 0. (3.5.20)

An obvious approach is to use this limit to deduce that ‖g(xk)‖2 → 0. There are two cases
to consider.

Case 1 . First assume that {αk} is uniformly bounded away from zero—i.e., over all
the iterations, we never do more than some fixed number of back-tracking steps. Since the
step length is of the form αk = 1/2jk−1 (jk ≥ 1), every member of the sequence {jk} (the
number of backtracking steps associated with iteration k) must be smaller some fixed m.
It follows that

f(xk)− f(xk+1) ≥ 2−mµ‖g(xk)‖2.

Since f(xk)− f(xk+1)→ 0 it follows that ‖g(xk)‖ → 0, as required.

Case 2 . Suppose now that there is no uniform lower bound on αk (for example,
suppose each line search requires one more backtracking step than the last). Define the
set of integers K = { k | jk ≥ 1} associated with the iterations at which at least one
backtracking step was necessary. Since {αk} is not bounded away from zero, K must
define an infinite subsequence of the iterations.

For every k ∈ K, define the step σk = 2αk, which is the “last” step to fail the sufficient
reduction test. Then, by definition, σk = ( 1

2 )jk−1 and

f(xk + σkpk) ≥ f(xk) + σkµg(xk)Tpk, k ∈ K.

(Note the direction of the inequality.) Adding −σkg(xk)Tpk to both sides of this expression
gives

f(xk + σkpk)− f(xk)− σkg(xk)Tpk ≥ −σk(1− µ)g(xk)Tpk.
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Substituting pk = −g(xk) in the right-hand side of this equation leads to the bound

f(xk + σkpk)− f(xk)− σkg(xk)Tpk ≥ σk(1− µ)‖g(xk)‖2. (3.5.21)

The Taylor-series expansion with integral form of the remainder gives

f(xk + σkpk)− f(xk)− σkg(xk)Tpk = σk

∫ 1

0

(g(xk + ξσkpk)− g(xk))
T
pk dξ.

If this expression is used in the left-hand side of (3.5.21), we obtain

(1− µ)‖g(xk)‖2 ≤
∫ 1

0

(g(xk + ξσkpk)− g(xk))
T
pk dξ

≤
∫ 1

0

‖g(xk + ξσkpk)− g(xk)‖ ‖pk‖ dξ,

where the last inequality follows from the Cauchy-Schwartz inequality. After substituting
‖pk‖ = ‖g(xk)‖ on the right-hand side and simplifying, we have

(1− µ)‖g(xk)‖ ≤
∫ 1

0

‖g(xk + ξσkpk)− g(xk)‖ dξ

≤ max
0≤ξ≤1

‖g(xk + ξσkpk)− g(xk)‖.

The continuity of g implies that there exists some θ ∈ (0, 2αk) such that

max
0≤ξ≤1

‖g(xk + ξσkpk)− g(xk)‖ = ‖g(xk + θpk)− g(xk)‖.

Putting all these inequalities together we obtain

(1− µ)‖g(xk)‖ ≤ ‖g(xk + θpk)− g(xk)‖, (3.5.22)

for some θ ∈ (0, 2αk), as required.
Since αk → 0, the boundedness of L(f(x0)) implies that both ‖g(xk)‖ and θ‖pk‖ are

bounded above, and it follows that θpk → 0. The assumed continuity of g(x) implies that
g(xk + θpk)→ g(xk) and so ‖g(xk)‖ → 0 as required.

The next theorem establishes the convergence of the modified Newton line search
method.

Theorem 3.5.3. (Global convergence of the modified Newton method). Consider the mod-
ified Newton method with GoldsteinArmijo linesearch when applied to a twice continuously
differentiable function f(x) defined on R

n. If x0 is chosen so that the level set L(f(x0))
is bounded, then the sequence {xk} lies in L(f(x0)); and either there exists a finite l such
that g(xl) = 0 or limk→∞ g(xk) = 0.

Proof. The Goldstein-Armijo line search defines a new iterate such that

f(xk)− f(xk + αkpk) ≥ −αkµg(xk)Tpk.
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Since, by definition, xk+1 = xk + αkpk and g(xk)Tpk < 0, we have

f(xk)− f(xk+1) ≥ −αkµg(xk)Tpk = αkµ‖pk‖2Bk
= αkµ‖g(xk)‖2

B−1

k

,

where ‖g‖B−1

k

denotes the elliptic norm (gTB−1
k g)1/2. It follows that the objective val-

ues satisfy f(xk) > f(xk+1) and the sequence {f(xk)} decreases monotonically, forcing
αkµ‖g(xk)‖2

B−1

k

→ 0.

From this point, the analysis is identical to that of Theorem 3.5.2 except that we use
the elliptic norm ‖g(xk)‖B−1

k

for g(xk) and the elliptic norm ‖pk‖Bk
for pk. The expression

analogous to (3.5.22) is

(1− µ)‖g(xk)‖B−1

k

≤ ‖g(xk + θpk)− g(xk)‖B−1

k

, (3.5.23)

for some θ ∈ (0, 2αk).
The boundedness of L(f(x0)) implies that the components of H(x) are bounded above

and below in L(f(x0)). This implies that the eigenvalues must also be bounded in absolute
value, and that the modification process must give a matrix Bk satisfying λmax(Bk) ≤ ∆ <
+∞. Similarly, the modification of the spectral decomposition of H(xk) ensures that the
eigenvalues of Bk are never less than δ, and λmin(Bk) ≥ δ > 0. It follows from the
Corollary to Theorem 3.5.1 that ‖pk‖ is bounded above and θpk → 0 in (3.5.23) above.
The assumed continuity of g(x) implies that g(xk + θpk)→ g(xk) and so ‖g(xk)‖ → 0 as
required.

Equation (3.5.18) implies that for all k,

|g(xk)Tpk| ≥ ρ ‖pk‖ ‖g(xk)‖, (3.5.24)

where ρ = δ/∆. Because |xTy| = cos θ‖x‖‖y‖, for any two vectors x and y, the inequality
(3.5.24) implies that the angle between unit vectors in the direction of pk and −g(xk)
is bounded away from π/2. Search directions that satisfy condition (3.5.24) are said to
be gradient related. Equation (3.5.24) also demonstrates the relationship between the
magnitude of δ and the size of the condition number of the matrix Bk. The larger the
condition number of Bk (i.e., the more “elongated” the level curves of qk(x), the closer pk

and g(xk) can come to being orthogonal.
To summarize: the global convergence results concern algorithms that employ a direc-

tion of sufficient descent in conjunction with a step length of sufficient decrease. If such
an algorithm is applied to a general smooth function, starting at a point x0 for which the
level set L(f(x0)) is closed and bounded, then the iterates xk+1 = xk + αkpk satisfy

lim
k→∞

g(xk) = 0.

Obviously, no stronger result (such as convergence to a minimizer of f) can be proved
without utilizing curvature information, since we know from Section 3.2 that a minimizer is
distinguished from other stationary points by (at the least) a positive semidefinite Hessian.
Nonetheless, in practice the strategy of reducing f at every iteration often means that
descent methods converge to minimizers.
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3.5.7. Choosing the Line Search Parameter

Until now, the only requirement on the line search parameter is that, at each iteration, it
expresses the reduction in the objective function as a fraction of the reduction in the line
search model function, i.e., µ must lie in the interval (0, 1). However, there is a danger
that if µ is too large (i.e., too close to 1), then the line search may be too restrictive. For
example, consider Table 3.3, which gives results for the modified Newton method applied
to the function f(x) = ex1(4x2

1 + 2x2
2 + 4x1x2 + 2x2 + 1), starting at the point x0 = (2,

2)T . The only difference between this run and that of Table 3.2 is that the line search
parameter µ has the value 2

3 instead of 1
4 . The effect of this change is considerable, with 31

iterations being required instead of 9. The difference is due to the fact that as the solution
is approached, the step αk = 1 is not accepted by the Armijo test and a backtracking step
is made. This implies that errors in the iterates is no longer related by the expression
‖xk+1 − x∗‖ ≤ γ‖xk − x∗‖2, and the usual quadratic termination is confounded.

k nf αk f(xk) ‖g(xk)‖

0 0 0.0e+00 3.3250e+02 5.2e+02

1 1 1.0e+00 5.7733e+01 1.4e+02

2 2 1.0e+00 1.5525e+01 4.7e+01

3 3 1.0e+00 3.5681e+00 1.5e+01

4 4 1.0e+00 6.0466e-01 4.4e+00

5 6 5.0e-01 2.3959e-01 2.5e+00

6 8 5.0e-01 8.6413e-02 1.3e+00

...
...

...
...

...
14 24 5.0e-01 2.6028e-06 6.5e-03

15 26 5.0e-01 6.5215e-07 3.2e-03

16 28 5.0e-01 1.6321e-07 1.6e-03

17 30 5.0e-01 4.0827e-08 8.1e-04

18 32 5.0e-01 1.0209e-08 4.0e-04

19 34 5.0e-01 2.5527e-09 2.0e-04

20 36 5.0e-01 6.3823e-10 1.0e-04

21 38 5.0e-01 1.5956e-10 5.1e-05

22 40 5.0e-01 3.9891e-11 2.5e-05

23 42 5.0e-01 9.9730e-12 1.2e-05

24 44 5.0e-01 2.4930e-12 6.3e-06

25 46 5.0e-01 6.2308e-13 3.2e-06

26 48 5.0e-01 1.5595e-13 1.6e-06

27 50 5.0e-01 3.8805e-14 7.9e-07

28 52 5.0e-01 9.5183e-15 4.0e-07

29 54 5.0e-01 2.1965e-15 2.0e-07

30 56 5.0e-01 7.3217e-16 9.9e-08

31 57 1.0e+00 0.0000e+00 1.4e-15

Table 3.3: Modified Newton applied to f(x) = ex1(4x2
1 + 2x2

2 + 4x1x2 + 2x2 + 1), starting
at x0 = (2, 2)T , µ = 2/3.

The next result shows that the “natural” step of one will eventually be accepted by
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the Armijo test as long as µ is chosen so that 0 < µ < 1
2 .

Theorem 3.5.4. (Satisfaction of sufficient decrease by unit step). Assume that the as-
sumptions of Theorem 3.5.3 hold. Moreover, assume that the scalar µ is chosen so that
0 < µ < 1

2 . Then there exists an index kbar such that for all k ≥k bar for which g(xk) 6= 0,
the step αk = 1 satisfies the Goldstein-Armijo criterion

f(xk)− f(xk + αpk) ≥ −µαg(xk)Tpk.

Proof. First, observe that (3.5.18) and the definition H(xk)pk = −g(xk) imply that

δ‖pk‖2 ≤ −g(xk)Tpk. (3.5.25)

Since we know from Theorem 3.5.3 that g(xk) → 0, (3.5.25) implies that pk → 0. This
condition and the descent property of pk then imply that for all sufficiently large k, xk +
pk ∈ L(f(x0)). We henceforth consider only such values of k.

The condition to be verified is that

f(xk + pk)− f(xk)− µg(xk)Tpk ≤ 0. (3.5.26)

Using the identity

f(x+ p) = f(x) + g(x)Tp+ 1
2p

TH(x)p+

∫ 1

0

pT (H(x+ ξp)−H(x)) p(1− ξ) dξ,

and (3.4.16), the left-hand side of (3.5.26) may be written as

f(xk + pk)− f(xk)− µg(xk)Tpk =
1

2
(1− 2µ)g(xk)Tpk

+

∫ 1

0

pT
k (H(xk + ξpk)−H(xk)) pk(1− ξ) dξ.

Since H is continuous in the closed bounded region L(f(x0)), the quantity ωk such that

ωk = max
0≤ξ≤1

‖H(xk + ξpk)−H(xk)‖

is bounded. Applying this definition of ωk and (3.5.25), gives

f(xk + pk)− f(xk)− µg(xk)Tpk ≤
1

2
(1− 2µ)g(xk)Tpk +

1

2
ωk‖pk‖2

≤ 1

2
(1− 2µ− ωk

δ
)g(xk)Tpk. (3.5.27)

Since pk → 0, there must exist an index kbar such that for all k ≥k bar, ωk will be small
enough to satisfy

ωk < δ(1− 2µ).

When ωk satisfies this equation, the right-hand side of (3.5.27) will be negative for ω
sufficiently small (since µ < 1

2 and g(xk)Tpk < 0), and hence (3.5.26) is satisfied for
sufficiently large k.
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3.6. Trust-Region Methods

Trust-region methods are an alternative to line-search methods. At each iteration of a
line-search method, the search direction is defined as the unconstrained minimizer of a
quadratic model function. In contrast, the idea of trust-region methods is to rely on
the local quadratic model only as long as it adequately reflects the behavior of f . As
the quadratic model is most accurate “near” the current point, one way of ensuring an
accurate quadratic model is to restrict the length of the search direction. In the most
widely used version of this idea, the search direction is determined by the subproblem

minimize
p∈Rn

qk(xk + p)

subject to ‖p‖ ≤ δk,

for some positive scalar δk. The constraint ‖p‖ ≤ δk can be interpreted as defining a region
of trust, i.e., a region in which we trust that qk(xk + p) ≈ f(xk + p). The scalar δk, known
as the trust-region radius, is updated to reflect the changing behavior of f as the iterations
proceed. More details of this procedure are given in §3.6.

In §3.6 below, it will be shown that for certain values of δk, the trust-region problem
gives a direction pk such that f(xk +pk) is sufficiently lower than f(xk). This implies that
the new iterate can be defined simply as xk+1 = xk+pk, without the need for a step length.
Following our convention of using sk to denote the change in variables xk+1−xk, from this
point we will use s to denote the variables associated with the trust-region subproblem.

Trust-region methods are an alternative to line-search methods. They provide a dif-
ferent way of exploiting the generic quadratic model:

qk(xk + s) = f(xk) + g(xk)Ts+ 1
2s

TBks. (3.6.1)

Under certain restrictions on s, it holds that

lim
‖s‖→0

f(xk)− f(xk + s)

qk(xk)− qk(xk + s)
= 1.

This result implies that if µ is a scalar parameter chosen such that 0 < µ < 1, then there
exists a positive scalar δk such that

f(xk)− f(xk + s)

qk(xk)− qk(xk + s)
≥ µ for all ‖s‖ ≤ δk. (3.6.2)

It follows that the sufficient decrease condition may be imposed by means of an explicit
constraint on the norm of the search direction. If this value of δk is known, a suitable
direction sk can be found by solving the constrained problem

minimize
s∈Rn

qk(xk + s)

subject to ‖s‖ ≤ δk.
(3.6.3)

The constraint ‖s‖ ≤ δk can be interpreted as defining a region of trust in which we
can expect f to be represented effectively by its quadratic model. This interpretation
has resulted in the problem (3.6.3) being called the trust-region problem. Similarly, the
quantity δk is known as the trust-region radius.
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Trust-region methods have two important characteristics that distinguish them from
line-search methods. First, since xk + sk gives a sufficient decrease in f , the new iterate
may be defined as xk+1 = xk + sk without the need for a line search. Second, as long
as the trust-region radius δk is bounded, the trust-region problem always has a bounded
solution, regardless of the eigenvalues of Bk (see Lemma 3.6.1 below). Hence, Bk does not
need to be positive definite.

In practice, the precise value of δk that gives a sufficient decrease is not known in
advance and must be estimated iteratively. If (3.6.2) is not satisfied, δk is decreased in
steps (and the trust-region problem re-solved) until a suitable value is found.

For efficiency reasons, it may be necessary to increase δk in later iterations. If the
actual reduction in f is comparable to, or better than, the reduction predicted by the
model, then it is usually prudent to increase δk in order to exploit the accuracy of the
model. As the solution is approached, δk should be sufficiently large that the “natural”
convergence rate of the method is not inhibited. For example, if Bk = H(xk) and xk lies in
a region where the second-order sufficient conditions for optimality hold, then δk should be
large enough that the unconstrained minimizer of the quadratic model (3.6.1) be accepted.
The precise rate at which δk is increased or reduced is governed by parameters η, µ, ω1

and ω2. Algorithm 3.6.1 below describes the details of a simple trust-region algorithm for
minimizing f .

Algorithm 3.6.1. Simple Trust-Region Algorithm
Specify constants kmax, 0 < µ < µe < 1;
k ← 0; δk ← 1; xk ← x0;
while k ≤ kmax and not converged do

Compute sk as an approximate solution of min {qk(xk + s) | ‖s‖ ≤ δk};
ρk ← (f(xk)− f(xk + sk)) / (qk(xk)− qk(xk + s));
if ρk ≥ µ then

xk+1 ← xk + sk;
if ρk ≥ µe then δk+1 = max{δk, 2‖sk‖} else δk+1 ← δk;

else
xk+1 ← xk; δk+1 ← 1

2‖sk‖;
end
k ← k + 1;

end while

The choice of norm in the constraint ‖s‖ ≤ δk has important practical and theoretical
consequences. An advantage of choosing the two-norm is that it is possible to compute
a global minimizer of the trust-region problem. If Bk is indefinite, the trust-region prob-
lem may have many local minimizers. If only a local minimizer is found, there is the
possibility that the convergence will be disrupted by the calculation of alternative local
minimizers. However, regardless of the choice of norm, the presence of the constraint makes
the trust-region step considerably more expensive to compute than the line-search step. In
particular, we will show that for each value of δk, the trust-region problem must be solved
using an iterative method in which each iteration involves a linear system comparable to
that solved by a line-search method.
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3.6.1. Computing the trust-region direction

The main effort associated with the trust-region method concerns the calculation of the
trust-region direction sk. In this section we consider the solution of this problem when
the trust-region constraint is defined using the two-norm. Unless otherwise stated, ‖ · ‖
will denote the two-norm. To simplify the discussion, we drop the suffix k and (without
loss of generality) discard the constant term in the quadratic model. Let Q(s) denote the
function gT s+ 1

2s
TBs, which predicts the change in the objective corresponding to a step

x+ s. The trust-region problem may then be written in the form

minimize
s∈Rn

Q(s) = gTs+ 1
2s

TBs

subject to ‖s‖2 ≤ δ.
(3.6.4)

The objective function Q(s) is continuous on the closed bounded set {s | ‖s‖2 ≤ δ}, and
the existence of a global solution is guaranteed by the Extreme Value Theorem. The
algorithm for computing this global solution is based on the following lemma.

Lemma 3.6.1. Let δ be a given positive constant. A vector s is a global solution of the
trust-region problem if and only ‖s‖2 ≤ δ and there exists a λ ≥ 0 such that

(B + λI)s = −g, λ(δ − ‖s‖2) = 0, (3.6.5)

with B + λI positive semidefinite.

Proof. Suppose that λ and s satisfy (3.6.5) with ‖s‖2 ≤ δ and B + λI positive definite.
Then Lemma 3.2.1 implies that s minimizes the quadratic function

Q̂(w) = gTw + 1
2w

T (B + λI)w.

Hence, Q̂(w) ≥ Q̂(s), which implies that

gTw + 1
2w

TBw ≥ gT s+ 1
2s

TBs+ 1
2λ(sT s− wTw) (3.6.6)

for all w ∈ R
n. As λsT s = λδ2 and λ ≥ 0 we have

gTw + 1
2w

TBw ≥ gT s+ 1
2s

TBs+ 1
2λ(δ2 − wTw) (3.6.7)

whenever ‖w‖2 ≤ δ. If follows that Q(w) ≥ Q(s) for all ‖w‖2 ≤ δ and s solves the
trust-region problem (3.6.4).

Now suppose that s solves (3.6.4). If ‖s‖2 < δ then s is a bounded unconstrained
minimizer of Q(w) and Lemma 3.2.1 implies that (3.6.5) holds with λ = 0 and B positive
semidefinite.

If ‖s‖2 = δ then s must solve the equality constraint problem min{Q(w) | ‖w‖2 = δ}.
The method of Lagrange ensures the existence of a γ such that ∇L(s, γ) = 0, where
L(w, τ) = Q(w)− τ(δ−‖w‖2). Differentiating L with respect to both w and τ , we obtain

∇L(s, γ) =


 g +Bs+

γ

‖s‖2
s

δ − ‖s‖2


 = 0.
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This implies that (3.6.5) holds for this s and λ = γ/δ.
Since s solves the trust-region problem, it must hold that Q(s) ≤ Q(w) for any feasible

w, which implies that

gTw + 1
2w

TBw ≥ gT s+ 1
2s

TBs+ 1
2λ(sT s− wTw)

for any w such that wTw = sT s. Substituting the expression (B + λI)s for −g and
collecting terms gives

1
2 (w − s)T (B + λI)(w − s) ≥ 0,

for all vectors w of length ‖s‖2. As the direction of w is arbitrary, w − s is arbitrary, and
this expression implies that B + λI is positive semidefinite.

To show that λ is nonnegative, note that Lemma 3.2.1 implies that (3.6.7) is valid
for every w ∈ R

n. If λ is not positive, then (3.6.7) implies that Q(w) ≥ Q(s) whenever
‖w‖2 ≥ ‖s‖2. As s solves the trust-region problem, we must have that s is an unconstrained
minimizer of Q and then Lemma 3.6.1 implies that λ = 0. Hence λ ≥ 0 as required.

Lemma 3.6.1 has several important implications. First, suppose that B is positive
definite, and let sN = −B−1g denote the unconstrained minimizer of the quadratic model.
If ‖sN‖2 ≤ δ, then sN will solve the constrained subproblem, giving s = sN and λ = 0.
Otherwise, ‖sN‖2 > δ, and there exists a positive λ and a direction s such that (B+λI)s =
−g. This implies that if the trust-region radius is sufficiently small, a “modified” Hessian
B + λI is used to define the search direction even though B is positive definite. This is
in contrast to line-search methods, which always use the minimizer of a positive-definite
quadratic model.

When B is positive definite, it is instructive to consider the locus of points x+s obtained
by solving a given trust-region problem with different values of δ. We are particularly
interested in what happens as δ → 0. The proof of Lemma 3.6.1 implies that λ → ∞
as δ → 0. Hence, it is sufficient to consider the locus of points x + sλ as λ → ∞, where
sλ = −(B + λI)−1g. For all δ ≥ ‖sN‖2, the points x + sλ lie at the minimizer of the
quadratic model. However, as δ varies continuously from 0 to ‖sN‖2, the points x + sλ

describe a path joining x and x+ sN known as the dog-leg. It is not difficult to show that
this dog-leg path approaches x along the negative gradient vector −g. The vector sλ can
be written in terms of the spectral decomposition of B:

B = V ΛV T =

n∑

i=1

λiviv
T
i ,

where the columns of V , {vi}, i = 1, . . . , n, are the eigenvectors of B and Λ is the matrix of
eigenvalues {λi} ordered so that λ1 ≥ λ2 ≥ · · · ≥ λn. Substituting for B in the definition
of sλ gives

sλ = −(B + λI)−1g = −
n∑

i=1

vT
i g

λ+ λi
vi = − 1

λ

n∑

i=1

vT
i g

1 + λi/λ
vi. (3.6.8)

As λ → ∞, the vector sλ becomes parallel to −(1/λ)V V T g = −(1/λ)g. Hence, as the
trust-region radius goes to zero, the trust-region direction becomes parallel to a small
multiple of −g, the steepest-descent direction.
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If B is indefinite (in which case the unconstrained model is unbounded below), or
‖sN‖2 > δ, the scalar λ is positive, and the restriction on the norm of s in (3.6.3) will
apply. In this case, for a given δ, the vector s is defined by the solution α = λ of the
nonlinear equations

%(α) ≡ δ2 − ‖s(α)‖22 = 0, where (B + αI)s(α) = −g. (3.6.9)

These equations can be solved using a one-dimensional variant of Newton’s method with
appropriate safeguards. The properties of %(α) may be investigated by considering the
spectral decomposition of B:

‖s(α)‖22 = ‖(B + αI)−1g‖22 =
n∑

i=1

(
vT

i g

α+ λi

)2

. (3.6.10)

It follows that ‖s(α)‖22 is a rational function with poles at a subset of the eigenvalues of
−B.

To illustrate some of the features of the trust-region problem, we consider a problem
with model given by

B =

(
1 0

0 −2

)
, and g =

(
2

4

)
. (3.6.11)

The system BsN = −g defines a step sN = (−2, 2)T to the saddle point of the model
(3.4.15). However, sN is not a descent direction for either q or f since gTsN = 4.

Consider the trust-region subproblem with δ = 4. A simple calculation gives ‖sN‖2 < δ,
but as H is indefinite, a better value of the model must be defined on the boundary of the
trust region. The equation (B + αI)s(α) = −g gives s(α) = (−2/(α + 1), −4/(α − 2))T .
Hence the required λ is the unique root of the nonlinear equation

δ2 − ‖s(α)‖22 = 16− 4

(α+ 1)2
− 16

(α− 2)2
= 0

for which B+αI is positive semidefinite. The required root is λ = 3.00787 (to six figures),
which gives the (unique) trust-region direction s = (−0.49902, −3.96875). The level curves
of the model function and the position of the search directions sN and s are depicted in
Fig. 3.4.

Unfortunately, Newton’s method for zero-finding does not work well on problems with
singularities. It is better to formulate the equivalent zero-finding problem

ϑ(α) ≡ 1

‖s(α)‖22
− 1

δ2
= 0. (3.6.12)

The function ϑ has no poles, and is better behaved than %. Each evaluation of ϑ in the
zero-finding algorithm requires a Cholesky factorization of the matrix B + αI in order to
obtain s(α) from (3.6.9) and to check the positive definiteness of B + αI.

Lemma 3.6.2. If vT
ng 6= 0, where vn is the eigenvector corresponding to the smallest

eigenvalue λn of B, then ϑ(α) has a unique zero α = λ in (−λn,∞).
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sN

s

Figure 3.4: Level curves of the quadratic model q = 2p1 + 4p2 + 1

2
p2

1 − p2

2 given by B

and g (3.6.11). The model has a saddle point at (−2, 2) and decreases along directions
starting at (−2, 2) parallel to the x2 axis. The interior of the circle depicts the set of points
satisfying the trust-region constraint ‖s‖2 ≤ 4. There are two local minimizers of q, but
the direction s = (−0.49902, −3.96875) (to six figures) corresponding to λ = 3.00787 is
the global solution.

Proof. To prove the existence and uniqueness of a zero α = λ of ϑ in (−λn,∞) we show
that ϑ is increasing and concave in (−λn,∞).

If g is not orthogonal to vn, then γn is nonzero in (3.6.10), and hence

lim
α→−λn

1

‖s(α)‖2
= 0, lim

α→+∞

1

‖s(α)‖2
=∞. (3.6.13)

Differentiating ϑ(α) with respect to α gives

ϑ′(α) = − w
Ts

‖s‖32
, where w =

ds

dα
= (B + αI)−2g. (3.6.14)

Premultiplying w by sT gives

wTs = sT(B + αI)−2g = −sT(B + αI)−1s,

and (3.6.14) may be written as

ϑ′(α) =
sT(B + αI)−1s

‖s‖32
, (3.6.15)

which is positive for all α ∈ (−λn,∞).
Differentiating ϑ′(α) (3.6.14) gives

ϑ′′(α) =
3

‖s‖52
(wTs)2 − 1

‖s‖32

(
sT

(
dw

dα

)
+ wTw

)
. (3.6.16)



112 Chapter 3. Unconstrained Optimization April 6, 2006

Differentiating sTw with respect to α gives

sT

(
dw

dα

)
= 2wTw.

If this expression is substituted in (3.6.16), ϑ′′ may be rearranged so that

ϑ′′(α) = − 3

‖s‖52
(
(wTw)(sTs)− (wTs)2

)
. (3.6.17)

The Cauchy-Schwartz inequality implies (wTw)(sTs)− (wTs)2 ≥ 0, and ϑ′′(α) is negative
for all α.

Finally, since B + αI is positive definite for α > −λn, (3.6.13), (3.6.15) and (3.6.17)
imply that

ϑ′(α) ≥ 0 and ϑ′′(α) < 0,

so that ϑ(α) must have a unique zero in (−λn,∞).

The only exception to this lemma occurs when vT
n g = 0. In this case, the nonlin-

ear equations (3.6.9) and (3.6.12) have no solutions in (−λn,∞), and the zero-finding
algorithm will fail. This happens, for example, when g = 0 and B is indefinite. In the
trust-region literature, this situation is known as the “hard-case”. When the hard-case
occurs, the optimal value of λ makes B + λI singular, and only part of s (the range-space
portion) can be determined from the linear system (B+λI)s = −g. The null-space portion
must be computed explicitly by estimating a vector z that lies in the null-space of B+λI.
The length of the null-space portion is then determined from the constraint ‖s‖2 = δ.

To help illustrate the hard case, consider a trust-region problem in which the quadratic
model is defined by

B =

(
1 0

0 −2

)
, and g =

(
2

0

)
. (3.6.18)

Note that vT
n g = eT

2 g = 0, and the calculation of s is one of the hard cases. The search
direction must satisfy the system (B + λI)s = −g, with λ = 2, i.e.,

(
3 0

0 0

)(
s1

s2

)
= −

(
2

0

)
.

This system can be used to define the first component of s, giving s1 = − 2
3 . The second

component must be determined from the trust-region constraint δ − ‖s‖2 = 0, giving
s2 = ±

√
δ2 − s21 = ±3.94405 (to six figures). Note that the trust-region step is not

unique in this case since both (− 2
3 , 3.94405)T and (− 2

3 , −3.94405)T give the same global
minimum of the model. This situation is depicted in Fig. 3.5.
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s

s

Figure 3.5: Level curves of the quadratic model q = 2p1 + 1

2
p2

1 − p2

2 defined by B and
g (3.6.18). This figure depicts the so-called “hard-case” associated with the trust region
problem. The trust-region solution is not unique—either of the vectors shown is a suitable
search direction.
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Chapter 4

Equality Constraints

4.1. Introduction

In its most general form, the constrained nonlinear programming problem is to find a point
x∗ such that f(x∗) achieves its least value over a given set of acceptable values of x. The
set of acceptable values is denoted by F and is known as the feasible region. Every point
in F is said to be feasible. (All sets are in R

n unless stated otherwise.)
In this chapter we consider the case where the set F is defined by means of a set of

functional equalities. In this case, the optimization problem is written in the general form:

NEP minimize
x∈Rn

f(x)

subject to c(x) = 0.

where each ci(x) is a (possibly) nonlinear function of the n variables x1, x2, . . . , xn.
This problem has m equality constraints and the m functions {ci(x)} are known as the
constraint functions of the problem. For convenience, we will often consider the vector
function c(x) that has the constraint function ci(x) as its ith component. Throughout,
it is assumed that f and c are twice-continuously differentiable—i.e., the second partial
derivative of ci(x) with respect to each of the variables exists and is continuous.

Fig. 4.1 depicts the simple problem with two variables:

minimize
x1,x2

−x1x
2
2

subject to 2− x2
1 − x2

2 = 0.
(4.1.1)

This problem has one equality constraint c1 = 2 − x2
1 − x2

2, which implies that we wish
to find the smallest value of f over all points lying on the circle of radius

√
2 centered at

the origin. The objective is f(x) = −x1x
2
2, which has the property that f(x) → −∞ as

x1 → +∞. The objective is clearly is unbounded below in R
n and there is no unconstrained

minimizer of f . This situation often occurs in constrained optimization and it implies that
the constraints determine the location of a solution as well as the objective. The solution
may be determined approximately by inspection. If we start at the point (0,

√
2) and

move clockwise round the circle, we pass through level curves of f with decreasing values
until we are in the region of (0.8, 1.1), where we again start to pass through level curves

115
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with increasing values. In fact the solution lies at x∗ = (0.8165, 1.1547) (rounded to four
figures).

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 4.1: This graph depicts the level curves and constraint functions for the two-
dimensional example (4.1.1). The feasible region consists of points lying on the circle
x2

1 + x2

2 = 2. The solution lies at the point x
∗ = (0.8165, 1.1547).

Definition 4.1.1. (Constrained global minimizer.) A point x∗ is a constrained global
minimizer of f if x∗ ∈ F and f(x∗) = min{f(x) | x ∈ F}.

Definition 4.1.2. (Constrained local minimizer.) Let f be a function defined for all x ∈
R

n. A point x∗ is a constrained local minimizer of f if there is an open ball B(x∗, δ) such
that

f(x∗) ≤ f(x) for all x ∈ B(x∗, δ) ∩ F.

A point x∗ is a strict or proper constrained minimizer if this inequality holds with strict
inequality except at x∗ itself, i.e., f(x∗) < f(x) for all x ∈ B(x∗, δ) ∩ F.

This definition states that f(x) ≥ f(x∗) for all points x in some set that is open relative
to the feasible region F (see Definition 1.4.7).

Definition 4.1.3. (Isolated constrained local minimizer.) A constrained local minimizer
x∗ is isolated if there is an open ball B(x∗, δ) such that x∗ is the unique constrained local
minimizer in B(x∗, δ) ∩ F.

As in the unconstrained case, the region B(x∗, δ) may be replaced by the interior of
any closed bounded set S containing x∗, as in the next equivalent definition.

Definition 4.1.4. (Constrained local minimizer.) The point x∗ is a constrained local
minimizer of f if there exists a compact set S such that

x∗ ∈ int(S) ∩ F and f(x∗) = min{f(x) | x ∈ S ∩ F}.
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We assume throughout that the constraint functions {ci(x)} are at least continuously
differentiable. Given a nonlinear constraint function ci(x), its gradient is denoted by
∇ci(x), and its Hessian by ∇2ci(x). For an m-vector c(x) of constraint functions, the
m × n Jacobian matrix of c is denoted by J(x), whose ith row (the transposed gradient
of ci) is ∇ci(x)T . For the objective function f(x), the n-vector g(x) denotes the gradient
(vector of first partial derivatives) of f , and the n×n symmetric matrix H(x) denotes the
Hessian (matrix of second partial derivatives) of f .

The most powerful algorithms for constrained optimization are based on seeking a
point that satisfies certain optimality conditions that are known to hold at a solution. The
key role of these conditions in algorithm design has already been discussed in the context
of unconstrained problems, in which the gradient of the objective function must vanish
at the solution, and the Hessian matrix must be positive semidefinite. We seek analogous
conditions for constrained problems.

4.2. Optimality Conditions

In the unconstrained case, a minimizer x∗ satisfies f(x) ≥ f(x∗) for all x in some suffi-
ciently small neighborhood of x∗. In §3.2 it was demonstrated that every point x in this
neighborhood of x∗ can be reached by taking the appropriate step along a vector p in
the direction of x − x∗. This implies that allowing p to take on every value in R

n, the
neighborhood of x∗ can characterized as points of the form x∗ + αp with α sufficiently
small. This allows a minimizer to be defined in terms of the univariate problem f(x+αp),
defined for every direction p emanating from x∗.

In the constrained case we have the added complication that the values of x in the
relation f(x) ≥ f(x∗) must be restricted to feasible points. However, a similar approach
can be used as long as f is compared at neighboring points that are reachable from x∗ by
a path x(α) that is feasible for every value of α. In general, this path must be nonlinear
in order to follow the nonlinearities of the constraints. However in some situations, such
as when c is an affine function, x(α) can be a linear path x(α) = x∗ + αp, as in the
unconstrained case.

In general, feasibility can be retained with respect to nonlinear equality constraints
only by movement along a nonlinear feasible path in R

n. For example, the nonlinear
constraint 2− x2

1 − x2
2 = 0 defines a circle centered at the origin, whose curved boundary

is a feasible path.

Definition 4.2.1. (Feasible Path.) A feasible path is a directed twice-differentiable curve
x(α) emanating from a feasible point x, parameterized by the scalar α such that

x(0) = x and c(x(α)) = 0,

for all α satisfying 0 ≤ α < σ, where σ > 0, and dx(α)/dα|α=0 6= 0.

In order to remain feasible, each constraint function ci(x(α)) must remain identically
zero at all points α ∈ [0, σ). This implies that the rate of change, or derivative of each
ci(x) must be zero for all points on the path, with

d

dα
ci(x(α))

∣∣∣∣
α=0

= ∇ci(x)T p = 0,
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where p is the vector tangent to x(α) at α = 0,

p =
d

dα
x(α)

∣∣∣∣
α=0

= lim
α→0+

1

α
(x(α)− x(0)) .

A path that is simultaneously feasible for every constraint of NEP must have a tangent p
such that ∇ci(x)T p = 0 for i = 1, 2 . . . , m, which implies

J(x)p = 0. (4.2.1)

This relation states that any tangent p to a feasible path lies in the null space of the
matrix J(x), i.e., any tangent must be a member of the set {z | J(x)z = 0}. It is worth
emphasizing that there are an infinite number of tangents to a given feasible path. If the
parameterization of the path is changed from α to σα, where σ is a positive constant, then
c(x(σα)) = 0 as before, but the tangent vector is now σp. The scale of α determines the
“speed” at which the path is traversed, but not the direction of the path.

Given an m×n matrix J(x) of rank r, we shall use Z(x) to denote a generic n× (n−r)
matrix with linearly independent columns such that J(x)Z(x) = 0. These properties
imply that the columns of Z(x) form a basis for the (n−r)-dimensional null space of J(x),
i.e., every vector p such that J(x)p = 0 can be expressed as a linear combination of the
columns of Z(x). Although the null space of J(x) is unique (i.e., it always contains the
same vectors), the matrix Z(x) is not unique except when rank(J(x)) = n (in which case
Z(x) is vacuous). In fact, if M is any (n− r)× (n− r) nonsingular matrix, the columns
of Z(x)M also form a basis for the null space of J(x).

From the definition of a basis, every vector p such that J(x)p = 0 may be written as
a linear combination of the columns of Z(x), so that

J(x)p = 0 if and only if p = Z(x)pZ

for some vector pZ .

To illustrate some of the notation introduced above, consider the constraint 2−x2
1−x2

2 =
0 at the point x = (0,

√
2)T . A suitable feasible path is given by x(α) = (

√
2 sinα,√

2 cosα)T . Thus

d

dα
x(α) =

( √
2 cosα

−
√

2 sinα

)
with p ≡ d

dα
x(α)

∣∣∣∣
α=0

=

( √
2

0

)
.

We are particularly interested in the set of tangent vectors corresponding to every
feasible path at x. As feasible paths can be rescaled by the multiplication of an arbitrary
positive constant, a given tangent p to a feasible path may be represented by any vector
σp, with σ > 0. Consideration of the set of all such tangents, together with the zero
vector, leads to the idea of the tangent cone at a feasible point x.

Definition 4.2.2. Let T (x) denote the set of tangent vectors associated with every feasible
path emanating from the feasible point x, i.e.,

T (x) = {p | p a nonzero tangent to a feasible path emanating from x.}

Then T 0(x) = T (x) ∪ {0} is known as the tangent cone of c at x.
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Assume that at least one feasible path x∗(α) exists at the feasible point x∗, which
is equivalent to the assumption that every neighborhood of x∗ contains feasible points
different from x∗. (If no feasible path exists, x∗ is a unique feasible point that must be
optimal independently of the objective function.)

Under this assumption, x∗ is a local solution of NEP if and only if f(x∗) ≤ f(x∗(α))
for α sufficiently small along all feasible paths emanating from x∗. The point x∗ can be a
local solution only if f does not initially decrease along any feasible path, for we have

f(x∗(α)) = f(x∗(0)) + α
d

dα
f(x∗(α))

∣∣∣∣
α=0

+O(α2)

= f(x∗) + αg(x∗)T p+O(α2), (4.2.2)

and if g(x∗)Tp < 0, x∗(α) can always be chosen so that infinitesimally small α will lead to
a decrease in f . The next theorem is almost identical to that of Theorem 3.2.7—the only
difference being the restriction of the directions p to the tangent cone.

Theorem 4.2.1. Assume that f and c are differentiable. Let x∗ be a feasible point at
which at least one feasible path exists. Then x∗ is a local solution of NEP only if g(x∗)Tp ≥
0 for every p in the tangent cone.

The next step is to convert this necessary condition into an “algebraic” condition that
can be verified computationally. To do this we need to be able to define the tangent
cone algebraically. It may be observed that at any feasible point, the tangent cone closely
resembles the null-space of the Jacobian, i.e., the set

null(J(x)) = {z | J(x)z = 0}.

For example, since every tangent to a feasible path must satisfy (4.2.1) it follows that
T 0(x) ⊂ null(J(x)). In fact, in most situations, these sets are identical and this fact
makes it possible to use simple verifiable optimality conditions based on the calculation of
Lagrange multipliers.

4.2.1. Lagrange multipliers

The next step in our derivation involves investigating the sign of g(x∗)Tp when p is any
vector in null(J(x∗)).

Lemma 4.2.1. (Existence of Lagrange Multipliers for NEP.) Assume that f and c are
differentiable at a feasible point x∗. Then

g(x∗)Tp ≥ 0 for all p such that J(x∗)p = 0 (4.2.3)

if and only if there exists a vector λ∗ such that

g(x∗) = J(x∗)Tλ∗ =

m∑

i=1

λ∗i∇ci(x∗). (4.2.4)
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Proof. If g(x∗) = J(x∗)Tλ∗ for some λ∗, then for all p ∈ null(J(x∗)), we have

g(x∗)Tp = (J(x∗)Tλ∗)T p = λ∗TJ(x∗)p = 0,

so that g(x∗)Tp ≥ 0.
It remains to show that if there is no vector λ∗ such that g(x∗) = J(x∗)Tλ∗, then

there exists a vector p such that g(x∗)T p < 0 and J(x∗)p = 0. If no λ∗ exists then
g(x∗) 6∈ range(J(x∗)T ) and g(x∗) can be written uniquely as

g(x∗) = gR + gN , gN 6= 0,

where gR ∈ range(J(x∗)T ), gN ∈ null(J(x∗)), and gT
N
gR = 0. The vector p = −gN satisfies

J(x∗)p = 0, with

g(x∗)T p = (gR + gN)T p = −(gR + gN)T gN = −‖gN‖22 < 0.

This implies that (4.2.3) does not hold, as required.

The components of λ∗ are known as the Lagrange multipliers at x∗, and they are
unique if J(x∗) has full row rank. The existence of Lagrange multipliers can be verified
computationally, since λ∗ can be calculated as the solution of the overdetermined equations
J(x∗)Tλ = g(x∗).

Lemma 4.2.1 implies that when the tangent cone and null(J(x∗)) are identical sets, then
g(x∗) must lie in range(J(x∗)T ) if x∗ is optimal. These sets are “almost” always identical
in practice, but some pathological examples exist in which this equivalence doesn’t hold.
It is customary to make regularity assumption or constraint qualification which essentially
is an assumption that the pathological case does not apply.

One commonly used constraint qualification is that the rows of J(x∗) are linearly
independent. If the problem always has this property, then T (x∗) = null(J(x∗)), the
existence of Lagrange multipliers signal the presence of optimality, and the next section
can be skipped.

4.2.2. The constraint qualification

When c is nonlinear, there may be nonzero vectors p satisfying J(x)p = 0 that are not
tangents to a feasible path. For example, consider the two constraints x3

1 − x2 = 0, and
x2 = 0. At the point x = 0, the Jacobian is

J(x) =

(
0 −1

0 1

)
.

Any vector of the form p = (γ, 0)T with γ 6= 0 is a non-trivial vector in the null-space of
J(x). However, x is the unique feasible point for these constraints, and no feasible paths
exist. Hence, nonzero vectors p exist satisfying J(x∗)p = 0 that are not tangents to any
feasible path. It must be emphasized that it is not the uniqueness of x∗ that causes the
difficulty. For example, consider the constraints x1 − x2

2 = 0, and x2 − x2
1 = 0. At x∗ = 0

the Jacobian is

J(x∗) =

(
1 0

0 1

)
,
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and there are no nonzero vectors p such that J(x∗)p = 0 because J(x∗) is nonsingular. In
this case the origin is a locally unique feasible point and no feasible paths exist.

Unfortunately, if the tangent cone is not identical to the null-space of J(x∗), the exis-
tence of Lagrange multipliers may have no bearing on whether or not x∗ is a minimizer.
For example, consider the problem

minimize
x∈R2

1
2 (x1 + 1)2

subject to x3
1 − x2 = 0, x2 = 0.

(4.2.5)

At the point x∗ = 0 we have

g(x∗) =

(
1

0

)
and J(x∗) =

(
0 −1

0 1

)
.

Clearly, no λ∗ exists such that g(x∗) = J(x∗)Tλ∗, yet x∗ is the unique global constrained
minimizer.

We have shown that when c(x) is nonlinear, the condition J(x)p = 0 is not sufficient
to ensure that p is tangent to a feasible path. In order to use Lagrange multipliers to test
optimality, a condition is needed that ensures that all null vectors are tangents to feasible
paths. Conditions of this kind are called constraint qualifications, and have been widely
studied. We consider only one constraint qualification for equality constraints.

Definition 4.2.3. (Constraint qualification for equality constraints.) The constraint qual-
ification with respect to the equality constraints c(x) = 0 holds at x if x is feasible and every
nonzero vector p satisfying J(x)p = 0 is tangent to a differentiable feasible path emanating
from x.

If the constraints are linear, the constraint qualification always holds regardless of the
rank of the Jacobian. Consider the affine function c(x) = Ax − b and assume that x
satisfies c(x) = 0. If A is nonsingular, x is unique and there are no feasible paths. If x is
not unique, consider any nonzero vector p such that Ap = 0. It is easy to see that p must
be a tangent to a feasible path. For example, consider the linear path x(α) = x + αp.
Clearly p is tangent to x(α) at α = 0 (since x(α) is a ray, it is a tangent for all α ≥ 0).
Moreover, x(α) is a feasible path for all α since

c(x(α)) = Ax(α)− b = A(x+ αp)− b = Ax− b+ αAp = 0.

Any move from a feasible point along p produces another feasible point, and we accordingly
say that a nonzero direction p satisfying Ap = 0 is a feasible direction for the constraints
Ax = b.

In the linear constraint case, Lemma 4.2.1 implies that a x∗ is a local solution of NEP
only if there exist Lagrange multipliers such that g(x∗) = ATλ∗.

For nonlinear constraints, Definition 4.2.3 has the unsatisfactory feature that it cannot
easily be verified. In contrast, the following result provides a computationally practical test
for verifying satisfaction of the constraint qualification when the constraints are nonlinear.

Theorem 4.2.2. Assume that {ci}, are m continuously differentiable constraint func-
tions. A sufficient condition for the constraint qualification to hold at a feasible point x is
that the rows of J(x) are linearly independent.
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Proof. Let p satisfy J(x)p = 0. If there is no such p, the constraint qualification holds
vacuously. Otherwise p must be expressible in the form ZpZ for some vector pZ . Construct
the path x(α) from x by specifying x(0) = x and dx(α)/dα = Z(x(α))pZ , for 0 ≤ α ≤ σ,
where Z(x(α)) is a matrix whose columns form a basis for the null space of J(x(α)).
Since the constraint gradients {∇ci} are linearly independent at x and c is continuously
differentiable, the matrix J is continuous with linearly independent rows in a neighborhood
of x. Thus an appropriate representation of Z(x(α)) is also continuous and of fixed rank
in a neighborhood of x, and the constructed x(α) is a continuous, differentiable path.
Expanding ci along x(α) gives

ci(x(α)) = ci(x) +

∫ α

0

d

dξ
ci(x(ξ)) dξ = ci(x) +

∫ α

0

∇ci(x(ξ))T p(ξ) dξ,

where p(ξ) denotes the tangent dx(α)/dα to the feasible path at α = ξ. Using the identity
p(ξ) = Z(x(ξ))pZ and the fact that ci(x) = 0, we have

ci(x(α)) = ci(x) +

∫ α

0

∇ci(x(ξ))T p(ξ) dξ =

∫ α

0

∇ci(x(ξ))TZ(x(ξ))pZ dξ = 0.

The path x(α) is therefore feasible in some neighborhood of x, as required.

The idea of a linearized constraint is crucial in both the theory and practice of opti-
mization. Consider the Taylor-series expansion of the ith constraint at a point x̄:

ci(x) = ci(x̄) +∇ci(x̄)T(x− x̄) +O(‖x− x̄‖2).

If we ignore the higher-order terms we obtain the vector of linear or affine constraints
cL(x, x̄) = 0, where

cL(x, x̄) ≡ c(x̄) + J(x̄)(x− x̄).
If the point at which c is being linearized is understood we shall drop the second argument
and use cL(x) to denote cL(x, x̄).

If x̄ is feasible then c(x̄) = 0 and the linearized constraint surface is defined by the
intersection of the m hyperplanes ∇ci(x̄)Tx = ∇ci(x̄)T x̄. This surface is tangent to the
surface c(x) = 0 at x = x̄.

Definition 4.2.4. Let x̄ denote any feasible point. Let TL(x̄) denote the set of all tangent
vectors associated with the linearized constraints cL(x, x̄). The tangent cone of cL is then
T 0

L
(x) = TL(x) ∪ {0}.

We have shown that every p ∈ TL(x̄) satisfies J(x̄)p = 0, so that T (x) ⊂ TL(x). The
tangent cone T 0

L
(x) is easily computed. By definition, T 0

L
(x̄) is given by

T 0
L
(x̄) = {p | J(x̄)p = 0.}

Recall that any direction p satisfying J(x̄)p = 0 lies by definition in the null space of J(x̄).

Definition 4.2.5. (Equivalent statement of the constraint qualification for equality con-
straints.) The constraint qualification with respect to the equality constraints c(x) = 0 holds
at x if x is feasible and T 0

L
(x) = T 0(x).
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4.2.3. The Karush-Kuhn-Tucker (KKT) conditions

At a point where the constraint qualification holds, the equation J(x)p = 0 provides a
complete characterization of tangents to feasible paths.

We now state the important first-order Karush-Kuhn-Tucker conditions for a local
solution of NEP. (The “order” of an optimality condition refers to the highest order of the
derivatives that it contains.) The proof is an obvious consequence of Lemma 4.2.1 and the
constraint qualification.

Theorem 4.2.3. (First-order necessary optimality conditions for NEP.) If the constraint
qualification holds at x∗, then x∗ is a local solution of NEP only if

g(x∗) = J(x∗)Tλ∗ =

m∑

i=1

λ∗i∇ci(x∗), (4.2.6)

for some λ∗. Equivalently, if Z(x∗) denotes a null-space basis for J(x∗), then

Z(x∗)Tg(x∗) = 0. (4.2.7)

We emphasize the key role of the constraint qualification in this result. Lagrange
multiplier result of Lemma 4.2.1 implies that if g(x∗) cannot be written as a linear combi-
nation of the constraint gradients, then there exists a nonzero p in null(J(x∗)) such that
g(x∗)T p < 0. If the constraint qualification holds, this p is a tangent to a feasible path
along which f takes on lower values.

The vector Z(x)Tg(x) is known as the reduced gradient of f at x. The first-order
condition Z(x∗)Tg(x∗) = 0 is analogous to the first-order condition g(x∗) = 0 in the
unconstrained case.

4.2.4. The Lagrangian

Condition (4.2.6) can also be written as

g(x∗)− J(x∗)Tλ∗ = 0,

which can be interpreted as a statement that x∗ is a stationary point (with respect to x)
of the Lagrangian

L(x, λ) ≡ f(x)− λTc(x) (4.2.8)

when λ = λ∗. Note that λ∗ is a stationary point of L(x, λ) (with respect to λ) at any
feasible point x.

We emphasize that in general a solution x∗ of NEP is not an unconstrained minimizer
of the Lagrangian. For example, consider the one-variable problem

minimize
x∈R1

x3 subject to x+ 1 = 0, (4.2.9)

whose (unique) solution is obviously x∗ = −1, with Lagrange multiplier λ∗ = 3. However,
x∗ is an unconstrained maximizer of the associated Lagrangian L(x, λ∗) = x3 − 3(x+ 1).
Fig. 4.2 depicts the level curves of the Lagragian for this problem.
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Figure 4.2: Level curves of the Lagrangian x3 − λ(x + 1) for the problem min x3 subject
to x + 1 = 0. An “x” marks the position of the stationary point (x∗, λ

∗) = (−1, 3).

To derive second-order optimality conditions, we examine the second-order behavior of
f along feasible paths emanating from x∗. The Hessian of the Lagrangian with respect to
x plays a crucial role in the second-order optimality conditions. At the point (x, λ), the
Hessian of the Lagrangian is given by

H(x, λ) ≡ ∇2
xxL(x, λ) = H(x)−

m∑

i=1

λi∇2ci(x). (4.2.10)

Theorem 4.2.4. (Second-order necessary conditions for a local solution of NEP.) If the
constraint qualification holds at x∗, then x∗ is a local solution of NEP only if:

(a) x∗ is feasible, i.e., c(x∗) = 0;

(b) there exists a vector λ∗ such that g(x∗) = J(x∗)Tλ∗; and

(c) for the λ∗ of part (a), pTH(x∗, λ∗)p ≥ 0 for every vector p satisfying J(x∗)p = 0.

Proof. Assume that x∗ is a local solution of NEP. Part (b) holds by Theorem 4.2.3.
Now consider a nonzero vector p satisfying J(x∗)p = 0. (If none exists, the theorem holds
vacuously.) Let x∗(α) be the twice-differentiable path whose existence is guaranteed by
the constraint qualification, where x∗(0) = x∗ and dx∗(α)/dα

∣∣
α=0

= p. Let v denote

d2x∗(α)/dα2
∣∣
α=0

, and assume henceforth that all vector and matrix functions are evalu-

ated at x∗ unless otherwise specified. Since each constraint function ci is identically zero
along x∗(α), we have

d2

dα2
ci(x
∗(α))

∣∣∣∣
α=0

= ∇ci(x∗(α))T d2

dα2
x∗(α)

∣∣∣∣
α=0

+
d

dα
(∇ci(x∗(α))T )

d

dα
x∗(α)

∣∣∣∣
α=0

= ∇ci(x∗)T v + pT∇2ci(x
∗)p = 0. (4.2.11)
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Further, using (4.2.6) and the assumption that J(x∗)p = 0,

d

dα
f(x∗(α))

∣∣∣∣
α=0

= g(x∗(α))T d

dα
x∗(α)

∣∣∣∣
α=0

= g(x∗)T p

= λ∗TJ(x∗)p = 0. (4.2.12)

Condition (b) implies that x∗ is a stationary point of f along the feasible path. In
order for x∗ to be a local solution, the curvature of f along any feasible path must be
nonnegative, i.e., it must hold that

d2

dα2
f(x∗(α))

∣∣∣∣
α=0

≥ 0. (4.2.13)

Using (4.2.12), the definition of v, and (4.2.6), we write (4.2.13) as

d2

dα2
f(x∗(α))

∣∣∣∣
α=0

=
d

dα

(
g(x∗(α))T d

dα
x∗(α)

)∣∣∣∣
α=0

= g(x∗)T d2

dα2
x∗(α)

∣∣∣∣
α=0

+ pTH(x∗)p

= λ∗TJ(x∗)v + pTH(x∗)p ≥ 0. (4.2.14)

Rewriting (4.2.11) as ∇ci(x∗)T v = −pTHi(x
∗)p and substituting this expression into

(4.2.14), we obtain

d2

dα2
f(x∗(α))

∣∣∣∣
α=0

= −pT

(
m∑

i=1

λ∗iHi(x
∗)
)
p+ pTH(x∗)p

= pTH(x∗, λ∗)p ≥ 0,

which is the desired result.

A compact statement of condition (c) of this theorem is that the (n −m) × (n −m)
matrix Z(x∗)TH(x∗, λ∗)Z(x∗) must be positive semi-definite. Given arbitrary x and λ, the
matrix Z(x)TH(x, λ)Z(x) is called the reduced Hessian of the Lagrangian. The condition
that Z(x∗)TH(x∗, λ∗)Z(x∗) is positive semi-definite is analogous to condition that H(x∗)
be positive semi-definite in the unconstrained case.

Fig. 4.3 depicts the level curves of the Lagrangian L(x, λ) = −x1x
2
2 − λ(2 − x2

1 − x2
2)

for problem (4.1.1) with λ fixed at the optimal Lagrange multiplier λ∗ = 0.8165. The
stationary point of the Lagrangian lies at x∗ = (0.8165, 1.1547), which is a minimizer
of the problem. Starting at x∗, the Lagrangian initially has positive curvature along the
constraint surface, and negative curvature normal to the constraint surface. Note that the
Lagrangian is unbounded below, and therefore has no minimizer.

The next theorem gives sufficient conditions for a point x∗ to be a solution of NEP.

Theorem 4.2.5. (Sufficient conditions for a local solution of NEP.) A point x∗ is a strict
local minimizer of NEP if
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Figure 4.3: This graph depicts the level curves of the Lagrangian L(x, λ
∗) for the two-

dimensional example (4.1.1). The stationary point of the Lagrangian lies at x
∗ = (0.8165,

1.1547), which is a minimizer of the problem. Starting at x
∗, the Lagrangian initially

has positive curvature along the constraint surface, and negative curvature normal to the
constraint surface.

(a) x∗ is feasible, i.e., c(x∗) = 0;

(b) there exists a vector λ∗ such that g(x∗) = J(x∗)Tλ∗; and

(c) for the λ∗ of part (b), the strict inequality pTH(x∗, λ∗)p > 0 holds for all nonzero p
such that J(x∗)p = 0.

Proof. Consider any feasible sequence {xk} with xk → x∗. Let pk be a unit vector such
that xk = x∗ + αkpk. It follows that αk → 0. The sequence {pk} is bounded and must
have a convergent subsequence. Without loss of generality, this subsequence and its limit
will be denoted by {pk} and p∗. The Taylor-series expansion of c yields

c(xk) = c(x∗) + αkJ(x∗)pk + αk

∫ 1

0

(
J(x∗ + ξαkpk)− J(x∗)

)
pk dξ.

Since c(xk) = c(x∗) = 0, we can write

J(x∗)pk = −
∫ 1

0

(
J(x∗ + ξαkpk)− J(x∗)

)
pk dξ.

Taking the limit as k → ∞, it follows that pk → p∗, αk → 0, and the continuity of J
implies that J(x∗)p∗ = 0.

Now assume that x∗ is not a strict minimizer in B, then there must exist a feasible
sequence {xk} such that xk → x∗ and f(x∗) ≥ f(xk) for sufficiently large k. Expanding
the objective function in a Taylor series gives

0 ≥ f(xk)− f(x∗) = αkg(xk)T pk + α2
k

∫ 1

0

pT
kH(x∗ + ξαkpk)pk(1− ξ) dξ. (4.2.15)
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Similarly, for each constraint function ci(xk),

0 = αk∇ci(x∗)T pk + α2
k

∫ 1

0

pT
kHi(x

∗ + ξαkpk)pk(1− ξ) dξ.

Multiplying each of these identities by λ∗i , subtracting the resulting product from (4.2.15)
and using the condition g(x∗) =

∑
i∇ci(x∗)λ∗i to simplify the final sum gives

0 ≥ α2
k

∫ 1

0

pT
kH(x∗ + ξαkpk, λ

∗)pk(1− ξ) dξ,

which yields a contradiction as k →∞.

Note that the sufficient conditions do not require the satisfaction of the constraint
qualification. Theorem 4.2.5 is weaker than its unconstrained counterpart Theorem 3.2.6
in the sense that the sufficient conditions imply that x∗ is a strict local minimizer and
not necessarily an isolated local minimizer. We may assert that x∗ is isolated only under
the additional assumption that the constraint gradients are linearly independent. This is
shown in the next result

Theorem 4.2.6. (Sufficient conditions for an isolated local solution of NEP.) A point x∗
is an isolated local minimizer of NEP if

(a) x∗ is feasible, i.e., c(x∗) = 0;

(b) there exists a vector λ∗ such that g(x∗) = J(x∗)Tλ∗; and

(c) for the λ∗ of part (b), the strict inequality pTH(x∗, λ∗)p > 0 holds for all nonzero p
such that J(x∗)p = 0.

(d) the constraint gradients at x∗ are linearly independent.

Proof. From Theorem 4.2.5, conditions (a)–(c) imply that x∗ is a strict local minimizer.
It remains to show that x∗ is locally unique. Conditions (a)–(b) state that (x∗, λ∗) is a
zero of the (n+m)-vector G(x, λ) = ∇L(x, λ). The implicit function theorem can be used
to establish local uniqueness if the Jacobian of G is nonsingular. Differentiating G with
respect to x and λ gives G′(x, λ) as

G′(x, λ) =

(
H(x)−

∑m
i=1 λiHi(x) −J(x)T

−J(x) 0

)
=

(
H(x, λ) −J(x)T

−J(x) 0

)
,

where H(x), Hi(x) and H(x, λ) denote ∇2f(x), ∇2ci(x) and the Hessian of the Lagrangian
rspectively. For simplicity, we write H ≡ H(x, λ) and J ≡ J(x).

Suppose G(x∗, λ∗) is singular. Then there must exist vectors u and v, not both zero,
such that (

H −JT

−J 0

)(
u

v

)
=

(
Hu− JT v

−Ju

)
= 0.

If u 6= 0 and v = 0, then u is a nonzero vector such tha Hu = 0 and Ju = 0, contradicting
assumption (c). Alternatively, if u = 0 and v 6= 0, then v is a nonzero vector such
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tha JT v = 0, contradicting the assumption that the rows of J are linearly independent.
Finally, if u 6= 0 and v 6= 0, then the equations Ju = 0 imply that u ∈ null(J), and u can
be written as u = Zw for some matrix Z whose columns form a basis for null(J). The
equations Hu− JT v = 0 imply that HZw = JT v, or, equivalently, ZTHZw = ZTJT v =
(JZ)T v = 0, which implies that the reduced Hessian is singular, again contradicting
assumption (c).

4.3. Quadratic Problems with Equality Constraints

The minimization of a quadratic function subject to a set of linear constraints is termed
a quadratic programming (QP) problem. Quadratic programming is important not only
in its own right, but also because almost all effective methods for linearly and nonlinearly
constrained minimization involve the solution of a quadratic program. In this section we
discuss the solution of quadratic programs with only equality constraints, of the following
form

EQP minimize
x∈Rn

f(x) = dTx+ 1
2x

THx

subject to Ax = b,

where H is symmetric and A has m rows. Note that the gradient g(x) = ∇f(x) of the
quadratic objective function at x is d+Hx, and that the Hessian is the constant matrix
H.

In order to make the problem sensible, we assume that the set of feasible points F =
{x | c(x) = Ax − b = 0} is non-empty. This condition is equivalent to the condition that
the linear system Ax = b has at least one solution, which is equivalent to the condition
that b is a vector that lies in range(A).

If F is non-empty and A has rank r, with r < m, it can be shown that F is completely
defined by any set of r linearly independent rows of A. It follows that there is no loss of
generality in assuming that A has full row rank (so that m ≤ n). It must be emphasized
that this is a property that holds only for linear constraints.

4.3.1. Optimality conditions for EQP

The following theorem, which is essentially Theorem 4.2.4 applied to problem EQP, will
allow us to derive numerically verifiable conditions for x∗ to be optimal for EQP.

Theorem 4.3.1. (Necessary conditions for a solution of EQP.) Let Z denote a basis for
null(A). Then a feasible point x∗ is a solution of EQP only if

(a) ZT g(x∗) = 0, or equivalently g(x∗) = ATλ∗; for some λ∗; and

(b) ZTHZ is positive semi-definite.

The vector ZT g(x) is known as the reduced gradient of f at x. Any point x̄ such that
ZT g(x̄) = 0 is termed a constrained stationary point of f (with respect to the constraints
Ax = b). The matrix ZTHZ is known as the reduced Hessian.

It is important to note that unlike the unconstrained case, it is not necessary for the
Hessian H to be positive semidefinite at x∗. The following example illustrates this point.
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Consider minimizing f(x) = x2
1 + x2

2 − 3x1x2 + x1 + x2 subject to the single constraint
x1 + 2x2 = 2. Here

d =

(
1

1

)
and H =

(
2 −3

−3 2

)
.

The constraint matrix is just the single row A =
(

1 2
)
, with right-hand side b = ( 2 ).

The Hessian is indefinite, with eigenvalues 5 and −1. One possible basis for the null space
is the column vector Z = ( 2 − 1 )T . At the point x∗ = ( 7

22
15
22 )T we have

ZTg(x∗) =
(

2 − 1
)
(

5
22
5
11

)
= 0.

Although the Hessian is indefinite, the reduced Hessian is positive definite, since

ZTHZ =
(

2 − 1
)
(

2 −3

−3 2

)(
2

−1

)
= 22 > 0.

Note that the single Lagrange multiplier is defined by the overdetermined equations
ATλ∗ = g(x∗), or equivalently,

(
1

2

)
λ∗ =

(
5
22
5
11

)
, from which we obtain λ∗ =

5

22
.

The imposition of m linearly independent linear constraints on an n-dimensional prob-
lem can be viewed as reducing the dimensionality of the optimization to n − m. This
reduction in dimensionality can be described formally in terms of the complementary sub-
spaces range(AT ) and null(A), with bases Y and Z respectively. Every n-vector x has a
unique decomposition

x = Y xY + ZxZ . (4.3.1)

Consider any feasible point x; then, since AZ = 0,

Ax = A(Y xY + ZxZ) = AY xY = b. (4.3.2)

Because AY is nonsingular, (4.3.2) shows that the linear constraints Ax = b uniquely
determine the vector xY . If we denote the fixed vector Y xY as x0, every feasible x is of
the form

x = x0 + ZxZ ,

so that EQP can be viewed as an unconstrained problem in the n−m variables xZ . This
gives precisely the expected reduction in dimensionality to n−m. For example, consider
the single constraint

x1 + x2 + x3 + x4 = 4,

for which A = ( 1 1 1 1 ). The matrix Y may be taken as AT , and one possible Z is

Z =




− 1
2 − 1

2 − 1
2

5
6 − 1

6 − 1
6

− 1
6

5
6 − 1

6

− 1
6 − 1

6
5
6


 . (4.3.3)
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Substituting into (4.3.2), we obtain 4x∗
Y

= 4, or x∗
Y

= 1. Therefore, regardless of the
objective function, the solution must be of the form

x∗ =




1

1

1

1


+ Zx∗

Z
,

where Z is given by (4.3.3) and x∗
Z
∈ R

3.
Since xY is completely determined by the constraints, we substitute (4.3.1) for x in

EQP and ignore constant terms to give an unconstrained problem in xZ :

minimize
xZ∈Rn−m

xT
Z
ZT(d+HY x∗

Y
) + 1

2x
T
Z
ZTHZxZ .

Theorem 4.3.1 shows that, if ZTHZ is positive semi-definite, x∗
Z

must satisfy the equations

ZTHZx∗
Z

= −ZT(d+HY x∗
Y
) = −ZT∇f(x0). (4.3.4)

The above approach, together with the results for the unconstrained case, imply that
optimality conditions for an EQP are completely characterized (i.e., there is no “hard case”
analogous to both the first and second derivative being zero). The proof of the following
lemma follows directly from Theorems 3.2.1 and 4.3.1.

Theorem 4.3.2. Let x0 be any feasible point for the constraints Ax = b, where A be an
m× n matrix of rank m. Let Z denote a matrix whose columns form a basis for null(A).
If ZTHZ is positive semi-definite, then the quadratic function f(x) achieves its bounded
global minimum at a point x∗ such that

x∗ = x0 + Z(ZTHZ)−1ZT∇f(x0).

If ZTHZ is positive definite, the minimizer x∗ is unique. If ZTHZ is positive semi-
definite and singular, there is an infinite number of minimizers of the form x∗+Zv, where
v ∈ null(ZTHZ). If ZT∇f(x0) 6∈ range(ZTHZ), or if ZTHZ is indefinite, then f(x) is
unbounded below.

When the reduced Hessian ZTHZ cannot be computed, an alternative to Theorem 4.3.2
is needed to characterize the solution of EQP. To obtain such a result, we use Theorem 4.3.2
to give the optimality and feasibility conditions for EQP as

g(x∗) = d+Hx∗ = ATλ∗, (4.3.5a)

Ax∗ = b, (4.3.5b)

where λ∗ is the vector of Lagrange multipliers. Rewriting (4.3.5) in matrix form, we note
that x∗ and λ∗ solve the symmetric indefinite linear system:

(
H AT

A 0

)(
x∗
−λ∗

)
≡ K

(
x∗
−λ∗

)
=

(
−d
b

)
. (4.3.6)
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4.3.2. Solving an equality constrained QP

We have already seen that a quadratic program with equality constraints may be stated
as:

EQP minimize
x

f(x) = dTx+ 1
2x

THx

subject to Ax = b,

where the Hessian H is symmetric, and A is an m× n matrix with rank m. The gradient
∇f(x) is the linear function g(x) = d+Hx.

First, assume that H is positive definite, in which case EQP is a convex problem with
a unique solution. The feasibility and optimality conditions for EQP may be written as
two linear relations, repeated here for convenience:

d+Hx∗ = ATλ∗

Ax∗ = b,
(4.3.7)

where x∗ is a solution and λ∗ is the Lagrange multiplier vector. These equations may
be rearranged so that x∗ is defined as the step p∗ from the given point x0. Writing
x∗ = x0 + p∗, (4.3.7) becomes

Ap∗ = −c, where c = Ax0 − b;
g +Hp∗ = ATλ∗, with g = d+Hx0.

These conditions imply the following system of equations for p∗ and λ∗:
(
H AT

A 0

)(
p∗
−λ∗

)
= −

(
g

c

)
. (4.3.8)

If x0 is feasible, then c = Ax0 − b = 0 and the second block of the right-hand side of the
KKT system (4.3.8) is zero.

Linear systems of the type (4.3.8) are of fundamental importance in nonlinear pro-
gramming. A system with this structure is called a Karush-Kuhn-Tucker (or just KKT)
system. The matrix K such that

K =

(
H AT

A 0

)

is known as the KKT matrix. If A has full rank and the reduced Hessian is nonsingular,
then K is nonsingular.

The vectors p∗ and λ∗ are themselves the solution of a quadratic program

minimize
p∈Rn

ϕ(p) ≡ gTp+ 1
2p

THp

subject to Ap = −c.
(4.3.9)

The quadratic function ϕ(p) defines the change in the QP objective corresponding to a
step p; i.e., ϕ(p) = f(x0 + p) − f(x0), which implies that minimizing ϕ(p) in (4.3.9) is
equivalent to maximizing f(x0)− f(x0 + p), the reduction in f .
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Finally, we could just have well used an initial estimate λ0 for the Lagrange multipliers
and solved for the change s∗ = λ∗ − λ0. In this case, the optimality conditions are

Ap∗ = −c, where c = Ax0 − b;
g −ATλ0 +Hp∗ = AT s∗, with g = d+Hx0.

These conditions give analogous equations
(
H AT

A 0

)(
p∗
−s∗

)
= −

(
g −ATλ0

c

)
. (4.3.10)

We now present three alternative representations of p∗ and λ∗ whose appropriateness
for computation depends on the nature of A and H. Nonetheless, it is important to
remember that they are all equivalent under certain conditions (for example, when H is
positive definite).

4.4. The Method of Multipliers

Now we return to the general nonlinear equality constrained problem of the form

NEP minimize
x∈Rn

f(x)

subject to c(x) = 0.

In the unconstrained case, a standard approach is to use the first-order optimality con-
ditions to define a system of nonlinear equations g(x) = 0 whose solution is a first-order
optimal point x∗. In the constrained case, the relevant system involves the gradient of the
Lagrangian, which expresses the first-order feasibility and optimality conditions satisfied
by x∗ and λ∗. Theorem 4.2.3 implies that the n + m vector (x∗, λ∗) is a solution of the
n+m nonlinear equations F (x, λ) = 0, where

F (x, λ) ≡ ∇L(x, λ) =

(
g(x)− J(x)Tλ

c(x)

)
. (4.4.1)

It follows that one approach to finding (x∗, λ∗) is to apply Newton’s method to find a zero
of F . Let y denote an (n +m)-vector (x, λ). Given an initial estimate y0 = (x0, λ0) of a
zero y∗ = (x∗, λ∗), Newton’s method generates a sequence of iterates yk such that

yk+1 = yk + αk∆yk, where F ′(yk)∆yk = −F (yk).

It only remains to compute the (n+m)× (n+m) Jacobian F ′(y). Differentiating (4.4.1)
with respect to x and λ gives F ′(y) ≡ F ′(x, λ) as

F ′(x, λ) =

(
H(x)−∑m

i=1 λiHi(x) −J(x)T

J(x) 0

)
.

where H(x) and Hi(x) denote ∇2f(x) and ∇2ci(x), the objective Hessian and Hessian of
the ith constraint function. Using this Jacobian in the Newton equations gives

(
H(xk, λk) −J(xk)T

J(xk) 0

)(
∆xk

∆λk

)
= −

(
g(xk, λk)

c(xk)

)
,



4.4. The Method of Multipliers 133

where g(x, λ) and H(x, λ) denote the gradient and Hessian of the Lagrangian with respect
to x, i.e.,

g(x, λ) = g(x)− J(x)Tλ and H(x, λ) = H(x)−
m∑

i=1

λiHi(x).

The Newton system has two equivalent forms that involve a symmetric matrix analogous
to the KKT matrix. First, using suitable row and column scalings of ±1 we obtain the
equivalent symmetric system,

(
H(xk, λk) J(xk)T

J(xk) 0

)(
∆xk

−∆λk

)
= −

(
g(xk, λk)

c(xk)

)
(4.4.2)

Note the similarity of this system to the KKT system (4.3.10). It follows that (∆xk,∆λk)
may be computed using any of the methods discussed in §4.3 for solving a KKT system.
The matrices in (4.4.2) are nonsingular whenever J(xk) has independent rows and the
reduced Hessian Z(xk)TH(xk, λk)Z(xk) is nonsingular.

Another equivalent system is obtained by substituting ηk = λk + ∆λk. In this case,
only the right-hand side changes, and the relevant system is

(
H(xk, λk) J(xk)T

J(xk) 0

)(
∆xk

−ηk

)
= −

(
g(xk)

c(xk)

)
.

Note that this system is simliar to the KKT system (4.3.8).
Once ∆yk has been computed, a line search can be used to ensure that an appropriate

“merit” or “line search” function is sufficiently reduced at each step. Two common choices
are ‖F (x, λ)‖2 and 1

2‖F (x, λ)‖22. In the latter case, we have the line search function

1
2‖g(x)− J(x)Tλ‖2 + 1

2‖c(x)‖
2
2,

which simultaneously enforces both feasibility (by ensuring that ‖c(x)‖ → 0) and optimal-
ity (by forcing g(x) to lie in the range space of J(x)T ).

Algorithm 4.4.1 defines an iteration based on the method of multipliers.
The standard analysis of Newton’s method can be used to show that if c and f are

sufficiently smooth, and if the KKT matrix is nonsingular, then the sequence {yk} will
converge at a q-quadratic rate. The nonsingularity condition holds when second-order
sufficient conditions for optimality hold, i.e., the reduced Hessian is positive definite and
the smallest singular value of the Jacobian is greater than zero at x∗.

This iteration has an important property when the constraints are linear; i.e., when
c(x) = Ax− b. In this case, once a unit step αk = 1 is taken, then every subsequent iterate
is feasible, i.e., Axk+l = b for all l such that l ≥ 1. The feasibility of xk+1 follows from the
equations

Axk+1 = A(xk +∆xk) = Axk − c(xk) = Axk −Axk + b = b.

Thus c(xk+1) = 0 and the last m rows of (4.4.2) at the next iteration force ∆xk+1 to lie
entirely in the null space of A. This implies that, for any α,

A(xk+1 + α∆xk+1) = Axk+1 + αA∆xk+1 = Axk+1 = b,
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Algorithm 4.4.1. Lagrangian-based method for NEP.
Fix µ such that 0 < µ < 1;
Choose x0 and λ0;
x← x0; λ← λ0;
k ← 0;
while not converged do

Solve the KKT system

(
H(x, λ) J(x)T

J(x) 0

)(
∆x

−∆λ

)
= −

(
g(x, λ)

c(x)

)

α← 1;
while ‖g(x+ α∆x, λ+ α∆λ))‖ > (1− αµ)‖g(x, λ)‖ do

α← α/2;
end do
x← x+ α∆x; λ← λ+ α∆λ;
k ← k + 1;

end do

and xk+2 is feasible. This argument may be continued to show that xk+l is feasible for all
l such that l ≥ 1.

Once xk is feasible, ‖∇L(xk, λk)‖ = ‖g(xk) − ATλk‖, and the line search attempts to
find a point for which the objective gradient is “closest” to range(AT ).

4.5. Linear Equality Constraints

It has been shown that linear constraints have the special property that once a feasible
point is computed, all subsequent search directions satisfy the equation Apk = 0 and lie
in null(A). Linear constraints have the important property that the feasible region F is
convex, i.e., for any two points x, y ∈ F, and for all 0 ≤ θ ≤ 1, the vector z such that
z = (1− θ)x+ θy is also in F. This is the same as saying that, given any x, y ∈ F,

z = x+ θ(y − x) ∈ F for all θ ∈ [0, 1].

This form clearly shows that z is the result of a step θ along a direction p = y − x
emanating from the feasible point x. The property of convexity ensures that if xk and
xk+1 are feasible, then all points of the form xk + αkpk are also feasible.

In this section we consider minimizing a general nonlinear function in the special case
of linear constraints. An important feature of the methods to be considered is that they
combine techniques from unconstrained optimization and linear algebra. The problem to
be addressed has the form

LEP minimize
x

f(x)

subject to Ax = b,
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where f is a real-valued function defined on R
n. As in the unconstrained case, we usually

assume that f is at least twice-continuously differentiable.

4.5.1. A local quadratic model

If x0 is feasible, c(xk) = Axk− b = 0 for all k ≥ 0 and the method of multipliers is defined
by the system (

H(xk) AT

A 0

)(
pk

−ηk

)
= −

(
g(xk)

0

)
. (4.5.1)

The discussion of §4.3 implies that these equations define the necessary conditions for the
solution of an equality constrained QP in the n variables p. This problem has the form

minimize
p∈Rn

g(xk)Tp+ 1
2p

TH(xk)p

subject to Ap = 0.
(4.5.2)

It follows that the Newton step can be interpreted as the solution of a subproblem in which
a local quadratic model of f is minimized subject to the requirement that the solution
must be feasible. By analogy with the unconstrained case, the local quadratic model of f
is suitable for minimization only when its reduced Hessian is positive definite.

An important feature of this approach is that the step length αk can be defined using
the natural merit function f(x) instead of the norm of the Lagrangian gradient. With this
choice of merit function, the Lagrangian is not used directly and the Lagrange multipliers
need not be updated with xk. This observation reflects the fact that when x satisfies
Ax = b, the Lagrangian satisfies L(x, λ) = f(x)−λT (Ax−b) = f(x) for all x, independent
of the value of λ.

Methods of this type are known as null-space methods because all movement occurs in
the null space of A. Null-space methods require the definition of the null-space basis Z.
This is done either explicitly using the TQ factorization, or implicitly using the variable-
reduction form of Z. The first stage of a null-space method requires the calculation of an
initial point x0 such that Ax0 = b. Any point x can be converted into a feasible point
using the calculation

x0 = x+ Y pY , where pY satisfies AY pY = −c(x).

Each subsequent iteration of a null-space method involves the solution of the quadratic
subproblem (4.5.1). With the assumption that ZTH(xk)Z is positive definite, the solution
of (4.5.1) may be written as pk = ZpZ , where pZ satisfies

ZTH(xk)ZpZ = −ZTg(xk).

If ZTg(xk) 6= 0, then ZpZ must be a descent direction for f since

g(xk)Tpk = g(xk)TZpZ = −g(xk)TZ(ZTH(xk)Z)−1ZTgk < 0.

It must be emphasized that the assumption of positive-definiteness of ZTH(xk)Z is weaker
than the assumption of positive-definiteness of H(xk).

If ZTH(xk)Z is sufficiently positive definite, αk can be defined that give a sufficient
decrease in the objective f , and the analysis of convergence carries over directly from the
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unconstrained case. In effect, a null-space method transforms LEP into an unconstrained
problem in a subspace of lower dimension.

Analogous to the unconstrained case, it is possible to define a general class of algorithms
that use a convex quadratic model of the objective function. However, in the case of LEP,
the model can be defined in terms of an (n−m)× (n−m) positive-definite reduced matrix
BZ .

Algorithm 4.5.1. Generic Null-Space Line Search Method for LEP.
Compute Z such that AZ = 0 ;
Compute x0 such that Ax0 = b ;
Define an (n−m)× (n−m) positive-definite matrix BZ ;
k ← 0;
repeat

Define pZ as the solution of BZpZ = −ZTg(xk) ;
Set pk = ZpZ ;
Compute an αk that gives a sufficient decrease in f ;
xk+1 ← xk + αkpk ;
Redefine BZ to reflect the curvature at xk+1;
k ← k + 1;

until converged;

The matrix Z may be computed using any of the methods discussed in §4.3.

4.5.2. Newton-based methods

A Newton-based algorithm for LEP can be developed if second derivatives of f are avail-
able. The Newton direction for LEP is the direction that solves (4.5.1) with Hk = H(xk),
and will be a direction of descent for f if the reduced Hessian ZTH(xk)Z is positive definite.

If the reduced Hessian is not positive definite, the solution of the EQP subproblem
(4.5.1) is either unbounded or not unique. As in the unconstrained case, a Newton-based
method can be defined in which pZ is the solution of

H̄ZpZ = −gZ , (4.5.3)

where H̄Z is a positive-definite matrix related in some way to the reduced Hessian and
gZ = ZTg(xk). In particular, if the reduced Hessian is sufficiently positive definite, H̄Z

can be ZTH(xk)Z.
We may also apply a trust-region method to LEP. Since all changes in x lie in null(A),

the appropriate trust-region constraint is ‖sZ‖ ≤ ∆, where s = ZsZ . The constrained
subproblem analogous to (3.6.4) is

minimize
sZ∈Rn−m

ϕ(sZ) ≡ gT
Z
sZ + 1

2s
T
Z
BZsZ

subject to ‖sZ‖2 ≤ ∆k,

where gZ = ZTg(xk) and BZ = ZTH(xk)Z. This subproblem may be solved in the same
way as (3.6.4).
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Under conditions similar to those in the unconstrained case, a Newton-based line search
and trust-region methods will converge to x∗ from any initial feasible point. Furthermore,
if the reduced Hessian is positive definite in a neighborhood of x∗ and the starting point
is sufficiently close to x∗, the iterates will converge at a q-quadratic rate.

4.5.3. Discrete Newton methods

When first, but not second, derivatives of f are available, a discrete Newton null-space
method can be defined, as in the unconstrained case. The major difference is that only the
(n−m)-dimensional reduced Hessian needs to be approximated, rather than all of H(xk).

Expanding f in a Taylor series along a basis vector zi, we have

g(xk + δizi) ≈ g(xk) + δiH(xk)zi,

which implies that a direct finite-difference approximation to ZTH(xk)Z can be obtained
by using the n−m columns of Z as finite-difference vectors (as opposed to approximating
the full Hessian and forming the reduced matrix). If wi is defined as

wi =
1

δi
(g(xk + δizi)− g(xk)) , i = 1, . . . , n−m,

for some finite-difference interval δi, then wi is an O(δi) approximation to H(xk)zi. Let
W denote the n× (n−m) matrix whose i-th column is wi, so that W may be computed
with n−m evaluations of the gradient. A symmetric approximation to ZTH(xk)Z is then

H̃Z ≡
1

2
(ZTW +WTZ).

If H̃Z is not positive definite, a related positive-definite matrix H̄Z may be used in
(4.5.3) to define pZ . The global convergence properties of a discrete Newton null-space
method for LEP are identical to those of an exact Newton-based method. However, as in
the unconstrained case, the limited accuracy of the reduced Hessian approximation can
inhibit the quadratic convergence.

4.6. Penalty Function Methods

The basic principle invoked in solving NEP is that of replacing a difficult problem by
an easier problem. Application of this principle leads to methods that formulate and
solve a sequence of subproblems, where each subproblem is related in a known way to
the original problem. In some of the methods to be discussed, the subproblem involves
the unconstrained minimization of a model function; in other instances, the subproblem
includes bounds and/or linear constraints derived from constraints of the original problem.

For constrained problems, the same general principle applies of creating subproblems
based on local models of the objective and constraint functions. Approaches to solving
NEP vary in the form of the subproblem to be solved at each iteration, and in the definition
of any model functions. Further variation is induced by the use of different numerical
methods for solving mathematically equivalent problems.

Although penalty functions in their original form are not widely used today, a thor-
ough understanding of their properties is important background for more recent methods.
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Penalty functions have a long history, occur in many forms, and are often called by special
names in different applications. Their motivation is always to ensure that the iterates do
not deviate “too far” from the constraints.

In general, an unconstrained minimizer of f will occur at an infeasible point, or f
may be unbounded below. Therefore, any algorithm for NEP must consider not only the
minimization of f , but also the enforcement of feasibility. In solving NEP, a “natural”
strategy is to devise a composite function whose unconstrained minimizer is either x∗ itself,
or is related to x∗ in a known way. The original problem can then be solved by formulating
a sequence of unconstrained subproblems (or possibly a single unconstrained subproblem).
Intuitively, this can be achieved by minimizing a function that combines f and a term that
“penalizes” constraint violations.

4.6.1. The quadratic penalty function

A “classical” penalty term is the squared Euclidean norm of the constraint violations,
which leads to the well known quadratic penalty function

P2(x, ρ) ≡ f(x) +
ρ

2

m∑

i=1

ci(x)
2 = f(x) +

ρ

2
c(x)Tc(x) = f(x) +

ρ

2
‖c(x)‖22, (4.6.1)

where the nonnegative scalar ρ is called the penalty parameter. In the “classical” penalty
function method, P2(x, ρ) is minimized for each of a sequence of increasing values of ρ using
an unconstrained minimization method. Let x(ρ) denote an unconstrained minimizer of
P2(x, ρ). The main property idea is that, for a given sequence {ρk}, we have

lim
k→∞

x(ρk) = x∗.

In practice, a finite sequence of unconstrained problems are solved, with the approximate
minimizer of P2(x, ρk) being used as the initial estimate of the minimizer of P2(x, ρk+1).

To illustrate this procedure, consider the problem

minimize
x∈R1

x2 subject to x− 1 = 0,

whose solution is trivially x∗ = 1. The quadratic penalty function is given by

P2(x, ρ) = x2 +
ρ

2
(x− 1)2.

This function is twice-continuously differentiable, with ∇P2(x, ρ) = (2 + ρ)x − ρ, and
∇2P2(x, ρ) = 2 + ρ. In this case, as ∇2P2(x, ρ) > 0 for all x, P2(x, ρ) is convex, with
unique minimizer

x(ρ) =
ρ

2 + ρ
=

1

2/ρ+ 1
.

This formula gives minimizers for ρ = 1, 10, 100 and 1000 as x(1) = 1
3 , x(10) = 5

6 ,
x(100) = 100

102 ≈ 0.9804, and x(1000) = 1000
1002 ≈ 0.9980. As ρ → ∞, we have x(ρ) → 1, as

required. In Figure 4.4 the graphs of P2(x, ρ) for ρ = 1, 10 and 100 are superimposed on
the graph of the objective function x2.
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Figure 4.4: This figure depicts the graphs of various penalty functions for the problem min
x2 subject to x−1 = 0. Graphs of the quadratic penalty function P2(x, ρ) = x2+ 1

2
ρ(x−1)2

are superimposed on the graph of the objective f(x) = x2. The dash-dot line is P2(x, 1),
the dotted line is P2(x, 10), and the dashed line is P2(x, 100). The solid line is the graph
of x2 = P2(x, 0).

Next we state the conditions under which we can expect local minimizers of the penalty
function to be close to local solutions of NEP. These conditions require that a particular
subset of local constrained minimizers be “isolated” within the full set of local constrained
minimizers.

Definition 4.6.1. (Isolated subset.) Let X and X∗ be sets in R
n such that X∗ ⊆ X. The

set X∗ is called an isolated subset of X if there exists a closed set S such that X∗ ⊂ int(S)
and S ∩X = X∗.

Broadly speaking, X∗ is “separated” by S from any other points of X. The definition
is satisfied if X∗ = X, or if X∗ is an isolated point in X.

Theorem 4.6.1. (Convergence of the quadratic penalty method.) Let {ρk} be a strictly
increasing unbounded positive sequence. Assume that there exists a nonempty, isolated
compact set X∗ of local solutions of NEP with the same optimal function value. Then
there exists a compact set S such that X∗ ⊂ S, and for sufficiently large ρk, there exist
unconstrained minimizers of P2(x, ρk) in the interior of S. Further, every limit point of
any subsequence of the minimizing points is in X∗.

In effect, this result ensures that applying the quadratic penalty-function transforma-
tion creates a set of local minimizers of the penalty function. For ρ sufficiently large,
and within a bounded region including x∗, the sequence of local minimizers of P2(x, ρ)
will converge to x∗. It may nonetheless happen that the unconstrained algorithm used to
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minimize P2(x, p) will fail to converge to the desired local minimizer. This limitation is
illustrated in the following example:

minimize
x∈R1

x3 subject to x+ 1 = 0,

whose solution is trivially x∗ = −1. The associated penalty function is

P2(x, ρ) = x3 +
ρ

2
(x+ 1)2, (4.6.2)

which has derivatives ∇P2(x, ρ) = 3x2 + ρ(x+ 1), ∇2P2(x, ρ) = 6x+ ρ. For a given value

of ρ, stationary points of P2(x, ρ) lie at x(ρ) = − 1
6ρ± 1

6

√
ρ2 − 12ρ. The second derivative

of P2 is 6x+ρ, which implies that for all ρ > 12, the stationary point corresponding to the
negative sign is a local maximizer, and the stationary point corresponding to the positive
sign is the local minimizer

x(ρ) = −ρ
6

+
ρ

6

√
1− 12/ρ = −1− 3

ρ
+O(

1

ρ2
).

For this local minimizer, limρ→∞ x(ρ) = x∗ = −1. However, the penalty function (4.6.2) is
unbounded below for any finite ρ, and hence there is no guarantee that an unconstrained
minimization will converge to the minimizer from an arbitrary starting point. Figure 4.5
gives the penalty function P2(x, ρ) for ρ = 18.
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Figure 4.5: Graph of the quadratic penalty function P2(x, ρ) = x3+ 1

2
ρ(x+1)2 for ρ = 18.

The solid line is the graph of x3. The dash-dot line is the graph of the Lagrangian L(x, λ
∗)

with optimal Lagrange multiplier λ
∗ = 3.

The solutions of intermediate unconstrained subproblems have several interesting fea-
tures. Given a strictly increasing positive unbounded sequence {ρk}, let {x(ρk)} denote
the local unconstrained minimizer of P2(x, ρk) nearest to x∗. Then it can be shown that
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(i) the sequence {P2(x(ρk), ρk)} is nondecreasing; (ii) the sequence {fk} is nondecreasing;
and (iii) the sequence {‖c(x(ρk))‖2} is nonincreasing. Thus, in general, each successive
x(ρk) displays a decreasing measure of infeasibility and an increasing value of the objective
function. Further, each x(ρk) is a point at which no direction exists that is simultaneously
a descent direction for both f and ‖c‖2.

4.6.2. Derivatives of the penalty function

If an unconstrained minimization method is to be applied to minimize the penalty func-
tion, it is necessary to know the first and second derivatives of P2 at every point x.
Differentiation of P2(x, ρ) gives

∇P2(x, ρ) = g(x) +
m∑

i=1

ρ∇ci(x)ci(x) = g(x) + ρJ(x)T c(x) (4.6.3)

∇2P2(x, ρ) = H(x) +

m∑

i=1

ρci(x)Hi(x) + ρJ(x)TJ(x). (4.6.4)

As P2 is a smooth function, its gradient must vanish at the unconstrained minimizer x(ρ).
It follows from (4.6.3) that

g
(
x(ρ)

)
= −ρJ

(
x(ρ)

)T
c
(
x(ρ)

)
, (4.6.5)

which states that the gradient of the objective is a linear combination of the constraint
gradients at a minimizer x(ρ). If the constraint qualification holds, this condition has the
same form as the first-order necessary condition for optimality

g(x∗) = J(x∗)Tλ∗ (4.6.6)

(see Theorem 4.2.3). A comparison of these two optimality conditions indicates that

the quantity λi(ρ)
4

= −ρci(x(ρ)), i = 1, . . . , m, may be viewed as an estimate of the
ith Lagrange multiplier at x∗. If J(x∗) has full rank and the sufficient conditions of
Theorem 4.2.5 hold at x∗, the convergence of x(ρ) to x∗ and the uniqueness of the Lagrange
multipliers imply that

lim
ρ→∞

λi(ρ) = λ∗i . (4.6.7)

At a minimizer of the penalty function, the Hessian ∇2P2(x, ρ) must be positive semidef-
inite. Using the identities λi(ρ) = −ρci(x(ρ)) in (4.6.4) gives

∇2P2(x(ρ), ρ) = H(x(ρ))−
m∑

i=1

λi(ρ)Hi(x(ρ)) + ρJ(x(ρ))TJ(x(ρ))

= H(x(ρ), λ(ρ)) + ρJ(x(ρ))TJ(x(ρ)), (4.6.8)

where H(x, λ) denotes the Hessian of the Lagrangian with respect to x. For large val-
ues of ρ it will be the case that H(x(ρ), λ(ρ)) ≈ H(x∗, λ∗). It follows that the term
ρJ(x(ρ))TJ(x(ρ)) has the effect of inducing a local solution of the penalty function by
adding positive curvature to the (usually indefinite) Lagrangian Hessian.
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4.6.3. The penalty trajectory

Under suitable assumptions, the set of unconstrained minimizers of the penalty function
can be regarded as a function of an independent variable, tracing out a smooth trajectory
of points converging to x∗.

Theorem 4.6.2. (Smooth trajectory of the quadratic penalty function.) Assume that
J(x∗) has full rank, and that the sufficient conditions of Theorem 4.2.5 hold at x∗. Then,
for ρ sufficiently large, there exist continuously differentiable functions x(ρ) and λ(ρ), such
that

lim
ρ→∞

x(ρ) = x∗ and lim
ρ→∞

λ(ρ) = λ∗.

Further, x(ρ) is an unconstrained local minimizer of P2(x, ρ) for any finite ρ.

Proof. It follows from the first-order optimality conditions for NEP, that the equations

g(x)− J(x)Tλ = 0

c(x) + µλ = 0
(4.6.9)

are satisfied at (x, λ) = (x∗, λ∗) for µ = 0. The Jacobian of this system is

Jµ(x, λ) =

(
H(x, λ) −J(x)T

J(x) µI

)
,

where H(x, λ) denotes the Hessian of the Lagrangian at (x, λ). Under the given assump-
tions, J0(x

∗, λ∗) is nonsingular, and the implicit function theorem states that in a neigh-
borhood of µ = 0 there exists a unique differentiable vector function (x(µ), λ(µ)) satisfying
(4.6.9).

Thus, for ρ sufficiently large, we may define µ = 1/ρ and assert that there exists a
point (x(ρ), λ(ρ)) that satisfies the first-order optimality conditions

g(x)− J(x)Tλ = 0,

ρc(x) + λ = 0.

The final step of the proof is to show that the stationary point x(ρ) is also a minimizer
of P2(x, ρ), i.e., it must be shown that H + ρJTJ is positive definite for sufficiently large
ρ, where H and J denote the Lagrangian Hessian and Jacobian evaluated at (x(ρ), λ(ρ))
(see expression (4.6.8) for the Hessian of P2 at a stationary point of P2). Since J(x∗) has
rank m, it follows that J will also have rank m for ρ sufficiently large, and there must
exist an n× n matrix Q (depending on ρ) such that

JQ =
(

0 I
)

with Q nonsingular.

Let Q be partitioned so that Q =
(
Z Y

)
, where Z is n× (n−m) and Y is n×m. Then

JZ = 0 and JY = I, which implies that the columns of Z form a basis for the null space
of J , and Y is a left-inverse for J .

Pre- and post-multiplying H + ρJTJ by QT and Q gives

QT(H + ρJTJ)Q = QTHQ+ ρQTJTJQ =

(
ZTHZ ZTHY

Y THZ Y THY + ρI

)
.
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Note that this matrix is of the form
(
H11 HT

21

H21 H22 + ρI

)
,

where H11 = ZTHZ, H21 = Y THZ and H22 = Y THY . Since x∗ satisfies the second-order
sufficient conditions for a local constrained minimizer, H11 is positive definite and we can
write the block 2× 2 matrix as the product

(
I 0

H21H
−1
11 I

)(
H11 0

0 H22 −H21H
−1
11 H

T
21 + ρI

)(
I H−1

11 H
T
21

0 I

)
.

Sylvester’s Law of Inertia then implies that the inertia of H + ρJTJ is the same as the
inertia of diag(H11, H22−H21H

−1
11 H

T
21 +ρI). Clearly, this matrix is positive definite for all

ρ > ρ̄, where ρ̄ = max{−λmin, 0}, with λmin the smallest eigenvalue of H22−H21H
−1
11 H

T
21.

The trajectory of minimizers of the quadratic penalty function has several interesting
properties. In order to discuss conditions at the limit point, we introduce the variable

µ = 1/ρ, use the notation x(µ)
4

= x(ρ), and take limits as µ approaches zero. Since
Theorem 4.6.2 implies the existence of a smooth function x(µ), we expand about µ = 0:

x(µ) = x∗ + µy +O(µ2),

where y is the tangent to the trajectory at µ = 0, i.e.,

y
4

= x′(µ) = lim
µ→0

1

µ

(
x(µ)− x∗

)
=
dx(µ)

dµ

∣∣∣∣
µ=0

.

Because x(µ) is an unconstrained minimizer of the quadratic penalty function, for µ > 0
we have the identity

µ∇P2

(
x(µ), µ

)
≡ µg(µ) + J(µ)Tc(µ) = 0, (4.6.10)

where the notation “(µ)” denotes evaluation at x(µ). Differentiating (4.6.10) with respect
to µ at x(µ) and using the chain rule, we obtain:

d

dµ
(µg + JTc) = g + µHx′(µ) + JTJx′(µ) +

m∑

i=1

ciHix
′(µ) = 0, (4.6.11)

where H denotes ∇2f , Hi denotes ∇2ci, and all functions are evaluated at x(µ). As µ→ 0,
we know that ci → 0, and hence, using (4.6.6), (4.6.11) becomes in the limit:

g(x∗) + J(x∗)TJ(x∗)y = J(x∗)Tλ∗ + J(x∗)TJ(x∗)y = 0. (4.6.12)

Equation (4.6.12) implies that J(x∗)T (λ∗+J(x∗)y) = 0 and since J(x∗) has full row rank,
we may assert that

J(x∗)y = −λ∗. (4.6.13)
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If λ∗i 6= 0, (4.6.13) implies that the trajectory of minimizers of the quadratic penalty
function generates a nontangential approach to x∗. This property of the trajectory is a
crucial factor in the construction of efficient algorithms based on minimizing P2.

Next we show that at any point (x(µ), λ(µ)) on the trajectory, the tangent vector x′(µ)
can be found by solving a linear system involving the first and second derivatives of f and
c. Points on the trajectory satisfy the identities

g − JTλ = 0,

c+ µλ = 0,

where x = x(µ), λ = λ(µ), g = g(x(µ)) and J = J(x(µ)). Differentiating these identities
with respect to µ gives

H(x, λ)x′(µ)− JTλ′(µ) = 0,

Jx′(µ) + λ′(µ) = −λ(µ),

where λ′(µ) = dλ(µ)/dµ and x′(µ) = dx(µ)/dµ. These equations imply that (x′(µ), λ′(µ))
satisfies the system

(
H(x, λ) −JT

J µI

)(
x′(µ)

λ′(µ)

)
=

(
0

−λ(µ)

)
. (4.6.14)

or, equivalently,

(H +
1

µ
JTJ)x′(µ) = − 1

µ
JTλ, and λ′(µ) = − 1

µ
(λ+ Jx′(µ)).

This form of the tangent to the trajectory will be considered further in the discussion of
the classical penalty method.

4.6.4. The “classical” penalty method

Based on the theory developed thus far, it might appear that the solution to NEP could
be found simply by setting ρ to a very large value and applying a standard unconstrained
minimization method to P2(x, ρ). Unfortunately, the Hessians ∇2P

(
x(ρ), ρ

)
become in-

creasingly ill-conditioned matrices as ρ increases. To see why, observe from (4.6.8 ) that the
Hessian of P2 can be written in the form ∇2P2 = H + ρJTJ . As ρ→∞, λ→ λ∗ and the
first term in this expression approaches the bounded matrix H(x∗, λ∗). Thus, if m < n,
the matrix ∇2P2(x, ρ) evaluated at x(ρ) is dominated by the unbounded rank-deficient
matrix ρJTJ .

Analysis of the eigenvalues and eigenvectors of ∇2P2(x(ρ), ρ) as ρ → ∞ reveals that
(n−m) eigenvalues are bounded, with associated eigenvectors that in the limit lie in the
null space of J(x∗). However, the remaining m eigenvalues are of order ρ, i.e., unbounded
in the limit, and the corresponding eigenvectors lie in the range of J(x∗)T .

The effect of this ill-conditioning on the unconstrained minimization problem is illus-
trated in Figure 4.6. This figure shows the level curves of the quadratic penalty function
P2(x, ρ) for the two-dimensional example (4.1.1). The two figures correspond to ρ-values
of 10 and 100. The larger the value of ρ, the more the level curves follow the curvature
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of the nonlinear constraint. Moreover, the sides of the curving valley become steeper as
ρ increases. This implies that if an unconstrained minimization method is started at an
arbitrary point, the iterates quickly move to the base of the valley close to the constraint
boundary. Subsequent iterates must follow the (possibly highly nonlinear) constraint sur-
face by negotiating a path along the base of the curved valley.

Figure 4.6: These graphs depict the level curves of the quadratic penalty function P2(x, ρ)
for the two-dimensional example (4.1.1). The left and right figures correspond to the ρ-
values of 10 and 100 respectively.

This difficulty can be alleviated by exploiting the properties of the penalty trajectory.
If the Lagrange multipliers are nonzero, the trajectory makes a non-tangential approach to
the constraint surface. If the iterates can be made to approach the solution along the path
of the trajectory, then the difficulties associated with approaching the solution along the
constraint surface are avoided. The solution can be approached along the trajectory by
approximately minimizing P2(x, ρ) for each of a sequence of increasing values of ρ—say,
10, 102, 103, etc. This scheme for increasing ρ is the basis for the so-called “classical”
penalty method. The first minimization, which has the effect of moving the iterates to
a neighborhood of the trajectory, is likely to be the most difficult subproblem (given an
arbitrary starting point). However, the problem will not be ill-conditioned if the initial
value of ρ is not too large. Inevitably, the problems will become ill-conditioned as ρ
is increased, but the hope is that the change in variables will lie in the “well-defined”
direction defined by the range-space of the constraint gradients.

Algorithm 4.6.1 is a typical first-order method based on the quadratic penalty function.
It uses a modified Newton method in conjunction with a backtracking line search.

Unfortunately, the classical penalty method can still require a significant number of
iterations when solving the later subproblems. Until quite recently, this inefficiency was
thought to be caused by rounding errors associated with the calculation of the search di-
rection from the ill-conditioned Newton equations. However, the classical penalty method
can behave poorly even if the search direction is computed with no rounding errors!
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Algorithm 4.6.1. Classical Newton Penalty Method for NEP.
Choose x0, ρ (ρ > 0), τ (0 < τ < 1

2 ), γ (γ > 1), and ε (0 < ε� 1);

x← x0;
k ← 0;
while not converged do

while ‖∇P2(x, ρ)‖ > ε do
Compute P (x, ρ), ∇P2(x, ρ);
Define E such that ∇2P2(x, ρ) + E is positive definite;
Solve (∇2P2(x, ρ) + E)∆x = −∇P2(x, ρ);
α← 1;
while P2(x+ α∆x, ρ) > P2(x, ρ) + τα∇P2(x, ρ)

T∆x do
α← α/2;

end do
x← x+ α∆x;
k ← k + 1;

end do
ρ← γ ∗ ρ;

end do

To understand the behavior of the classical penalty method, it is helpful to write the
Newton equations in terms of the m-vector π(x) with components

πi(x)
4

= −ρci(x). (4.6.15)

This vector has some important properties and is known as the vector of primal multipliers.
From (4.6.6) we observe that at any point x(ρ) on the trajectory, we can define λi(ρ) =
−ρci(x(ρ)), which approximates the Lagrange multiplier λ∗i . This definition implies that
for a given value of ρ, and for any sequence {xk} converging to x(ρ),

lim
k→∞

π(xk) = λ(ρ).

Written in terms of xk and π(xk), the Newton equations are

(H(xk, πk) + ρJ(xk)TJ(xk))∆xk = −(g(xk)− J(xk)Tπk), (4.6.16)

where πk denotes the vector π(x) evaluated at xk.
It may be verified by direct multiplication that if E = 0, the classical penalty method

search direction satisfies the system


H(xk, πk) −J(x)T

J(xk)
1

ρ
I



(

∆xk

−ηk

)
= −



g(xk)− J(xk)Tπk

c(xk) +
1

ρ
πk


 .

As (xk, πk))→ (x∗, λ∗), the matrix of this system approaches the matrix
(
H(x∗, λ∗) −J(x∗)T

J(x∗) 0

)
,
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which is well conditioned as long as problem NEP is well-conditioned. It follows that large
values of ρ do not introduce unnecessary numerical error in the calculation of ∆xk using
this system. It can be shown that the absolute error in ∆xk is reasonable even when the
Newton equations ∇2P2(xk, ρ)∆xk = −∇P2(xk, ρ) are solved directly.

If numerical error is not the cause of the inefficiency, what is? The difficulty occurs when
the value of ρ is increased at the start of the new problem. In practice, each unconstrained
minimization is done only approximately, with a termination condition that determines the
accuracy of the unconstrained minimizers. An important feature of any penalty method
is that, in the limit, this termination condition should allow only one inner iteration for
each value of ρ. If this is to be the case, the first direction associated with ρ̄ must provide
an increasingly good estimate of (x(ρ̄), λ(ρ̄)).

Suppose that we have just obtained the point (x(µ), λ(µ)) on the trajectory by solving
a penalty subproblem with penalty parameter ρ = 1/µ. The next step is to define µ̄
(µ̄ = 1/ρ̄) and solve the Newton equations

(
H(x, π̄) −J(x)T

J µ̄I

)(
∆x

∆λ

)
= −

(
g − JT π̄

c+ µ̄π̄

)
, (4.6.17)

where π̄ = −c(x(µ̄))/µ̄. If the direction ∆x is to be satisfactory, the new iterate x +∆x
must be close to x(µ̄), the point on the trajectory corresponding to the new penalty
parameter. This implies that ∆x must be approximately parallel to the tangent to the
trajectory at x(µ). If this is not the case, ∆x will have a relatively significant component
in the null space of J(x(µ)) and the unit step is unlikely to be accepted by the line search.
Unfortunately, the “classical” Newton direction ∆xk is not usually parallel to the tangent
x′(µ) to the trajectory at x(µ). To show this, it is only necessary to compare the solutions
of the two systems (4.6.17 ) and (4.6.14). Since π̄ is substantially different from π(µ),
the right-hand-side vector g − JT π̄ is not close to zero. Hence x + ∆x is generally a
poor estimate of x(µ̄) and the potential quadratic convergence rate is inhibited by the line
search.

To illustrate this phenomenon, consider the application of the classical penalty method
to the problem

minimize
x1,x2

x1x2 − 1
2x

2
1 − x2

subject to 2− x2
1 − x2

2 = 0.
(4.6.18)

Assume that the initial point x0 is a minimizer of P2(x, ρ) with ρ = 10. Since x0 lies on
the trajectory, ‖∇P2(x, ρ)‖2 = 0. If the new penalty value is ρ̄ = 100ρ = 1000, the initial
value of penalty gradient is ‖∇P2(x0, 1000‖ ≈ 1.75× 102, and the penalty search direction
and tangent to the trajectory are given by

∆x0 ≈
(
−2.03544

0.48303

)
, and x′(µ) ≈

(
0.18966

−0.13658

)
.

These vectors are not even close to being parallel! (The sign is irrelevant since x′(µ)
always points away from the solution.) The classical penalty algorithm requires a further
six iterations to reduce ‖∇P2(x, 1000)‖2 to O(10−14).
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4.6.5. The primal-dual penalty method

For any value of ρ, the point (x(ρ), λ(ρ)) on the penalty trajectory satisfies the n + m
equations

g(x)− J(x)Tλ = 0, (4.6.19a)

ci(x) +
1

ρ
λi = 0. (4.6.19b)

These relations imply that (x(ρ), λ(ρ)) can be determined by solving n + m nonlinear
equations in the n+m unknowns (x, λ) using an iterative method, which is usually some
variant of Newton’s method.

Conditions (4.6.19) imply that (x(ρ), λ(ρ)) is a zero of the nonlinear function F (x, λ),
where F (x, λ) and its Jacobian F ′(x, λ) are given by

F (x, λ) =



g(x)− J(x)Tλ

c(x) +
1

ρ
λ


 , F ′(x, λ) =



H(x, λ) −J(x)T

J(x)
1

ρ
I


 .

Suppose that (x, λ) is an estimate of (x(ρ), λ(ρ)). Let π, g, c, J andH denote the quantities
π(x), g(x), c(x), J(x) and H(x, λ). Given (x, λ), the next iterate of Newton’s method for
a solution of F = 0 is (x+∆x, λ+∆λ), where (∆x,∆λ) satisfies the Newton equations



H −JT

J
1

ρ
I



(
∆x

∆λ

)
= −



g − JTλ

c+
1

ρ
λ


 . (4.6.20)

These equations are known as the primal-dual Newton equations,
For computational purposes, it is best to reformulate these equations as a symmetric

system so that the symmetry can be exploited by the linear system solver. Our aim
is to produce symmetric equations analogous to those associated with the method of
multipliers (see (4.4.2)). This may be achieved by multiplying both sides of (4.6.20) by −1
and changing the sign of the λ variables. This gives the symmetric primal-dual Newton
equations

K

(
∆x

−∆λ

)
= −



g − JTλ

c+
1

ρ
λ


 , where K =



H JT

J −1

ρ
I


 . (4.6.21)

The symmetric matrixK is known as the primal-dual KKT matrix. This symmetric system
can be solved in many ways. For example, block elimination can be used to write the ∆λ
variables in terms of the ∆x variables, giving the two smaller systems

(H + ρJTJ)∆x = −(g − JTπ)

∆λ = π − λ− ρJ∆x.

If the second-order sufficient conditions for optimality hold, the Jacobian F ′(x, λ) is
nonsingular in a neighborhood of (x∗, λ∗) for ρ sufficiently large (see §4.6.3). This result
allows us to apply the standard convergence theory for Newton’s method, which states
that the Newton iterates will converge quadratically in a sufficiently small neighborhood
of (x(ρ), λ(ρ)).
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4.6.6. The `1 penalty function

With the quadratic penalty function, the penalty parameter ρ must become infinite in
order to achieve convergence to x∗. In contrast, we can devise a non-differentiable penalty
function of which x∗ is the unconstrained minimizer. (Such a function is called an exact
penalty function.)

The most widely used exact penalty function is the `1 penalty function, or absolute-
value penalty function:

P1(x, ρ) ≡ f(x) + ρ

m∑

i=1

|ci(x)| = f(x) + ρ‖c(x)‖1, (4.6.22)

where ρ ≥ 0. The `1 penalty function has been used for many years (under different
names) in structural and mechanical design problems.

For example, consider the problem

minimize
x∈R1

x2 subject to x− 1 = 0,

with solution x∗ = 1 and multiplier λ∗ = 2. The associated `1 penalty function is

P1(x, ρ) = x2 + ρ|x− 1| =
{

x2 + ρ(x− 1) if x ≥ 1;

x2 − ρ(x− 1) if x < 1,

of which x∗ is an unconstrained minimizer if ρ > 2. The derivative of P1(x, ρ) is the
piecewise continuous function,

P ′
1(x, ρ) =

{
2x+ ρ if x ≥ 1;

2x− ρ if x < 1,

which is undefined at the solution x∗ = 1.
The function P1(x, ρ) has discontinuous derivatives at any point where a constraint

function vanishes, and hence x∗ will be a point of discontinuity in the gradient of P1. An
important difference between P1 and P2 (4.6.1) is that, under mild conditions, ρ in (4.6.22)
need not become arbitrarily large in order for x∗ to be an unconstrained minimizer of P1.
Rather, there is a threshold value ρ∗ such that x∗ is an unconstrained minimizer of P1 for
all ρ > ρ∗. Thus, whenever ρ in (4.6.22) is “sufficiently large”, an unconstrained minimizer
of P1 will be a solution of the original problem NEP.

Theorem 4.6.3. If x∗ is a solution of problem NEP, then there exists a parameter ρ∗
(ρ∗ ≥ 0) such that x∗ is an unconstrained minimizer of P1(x, ρ) for all ρ ≥ ρ∗. Moreover,
if NEP satisfies the constraint qualification at x∗, then ρ∗ = ‖λ∗‖∞, where λ∗ is a Lagrange
multiplier vector at x∗.

Methods based on non-differentiable penalty functions avoid the large values of ρ asso-
ciated with P2, since the penalty parameter can remain finite. However, the crucial value
ρ∗ depends on quantities evaluated at x∗ (which is, of course, unknown), and therefore
the value of ρ may need to be adjusted as the algorithm proceeds. Difficulties can arise
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if an unsuitable value of the penalty parameter is chosen. If ρ is too small, the penalty
function may be unbounded below. On the other hand, the unconstrained subproblem
will be ill-conditioned if ρ is too large, and special techniques are then required to obtain
an accurate solution. Figure 4.7 shows the level curves of the `1 penalty function P1(x, ρ)
for the two-dimensional example (4.1.1). The two figures correspond to the ρ-values 10
and 100.

Figure 4.7: These graphs depict the level curves of the `1 penalty function P1(x, ρ) for
the two-dimensional example (4.1.1). The values of ρ are ρ = 1 and ρ = 10. The feasible
region consists of points lying on the circle x2

1 + x2

2 = 2.

Since P1 is non-differentiable even at the solution, standard unconstrained methods
designed for smooth problems cannot be applied directly. However, special algorithms
have been designed for minimizing (4.6.22) that utilize information about the original
nonlinearly constrained problem. Such methods are not discussed here.



Chapter 5

Inequality Constraints

5.1. Introduction

The problems considered in this chapter have variables that are restricted by inequality
constraints. The general statement of the problem is:

NIP minimize
x∈Rn

f(x)

subject to c(x) ≥ 0,

where c(x) is a vector-valued function with m components ci(x), and f(x) and {ci(x)} are
smooth functions. For the inequality constraint case, the feasible region is given by

F = {x | ci(x) ≥ 0, i = 1, . . . ,m}.

The definition of NIP makes no assumptions about the properties of f and c other than
that they are “smooth” (which generally means that f and c are twice-continuously dif-
ferentiable). However, in some cases it is possible to derive methods that exploit special
properties of f and c. A linear programming problem is an optimization problem in which
the objective function and constraint functions are linear. An optimization problem is
called a nonlinear program if the objective or any constraint function is nonlinear. A
quadratic program is a nonlinear program with quadratic objective function and linear
constraints.

For illustrative purposes, we will adapt the equality-constraint problem (4.1.1) of Chap-
ter 4. Fig. 5.1 depicts the level curves of the two-variable problem

minimize
x1,x2

−x1x
2
2

subject to 2− x2
1 − x2

2 ≥ 0,
x1, x2 ≥ 0.

(5.1.1)

In this case, there are three inequality constraints, one nonlinear: c1(x) = 2 − x2
1 − x2

2,
and two linear: c2(x) = x1 and c3(x) = x2. The feasible region F consists of all points
in the positive quadrant lying inside the circle x2

1 + x2
2 = 2. If this problem is compared

to the example (4.1.1) of NEP, it can be seen that the (unique) solution is x∗ = (0.8165,
1.1547). At this point, the function c1(x) associated with the first constraint is exactly

151



152 Chapter 5. Inequality Constraints April 6, 2006

zero, while the second and third constraints have positive values of c2(x) and c3(x). The
constraint c1(x) ≥ 0 is said to be active or satisfied exactly at x = x∗, and the other
constraints are said to be inactive or satisfied. If it could be determined in advance that
c1(x) ≥ 0 is the only constraint exactly satisfied at the solution, then the constraints
c2(x) ≥ 0 and c3(x) ≥ 0 could be ignored, and x∗ could be found by minimizing f(x)
subject to the single constraint c1(x) ≥ 0 maintained as an equality. This is more or
less how many successful algorithms for solving NIP proceed—the objective is minimized
with a subset of the inequality constraints held at equality. In practice, of course, the
set of constraints active at a solution is not known in advance. The additional problem
of identifying the subset of active constraints makes minimization subject to inequality
constraints considerably more difficult than minimization subject to equality constraints.

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4
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2

Figure 5.1: This graph depicts the level curves and constraint functions for the two-
dimensional example (5.1.1). The feasible region consists of points that lie inside the
circle x2

1 + x2

2 = 2 between the vertical and horizontal axes.

5.2. Optimality Conditions

We now derive optimality conditions for problem NIP. As before, the matrix J(x) will
denote the Jacobian of the constraint vector c(x). We start with definitions that formalize
some of the observations made in the introduction.

Definition 5.2.1. The constraint ci(x) ≥ 0 is said to be satisfied at x̄ if ci(x̄) ≥ 0, active
(binding, satisfied exactly) if ci(x̄) = 0, inactive if ci(x̄) > 0, and violated if ci(x̄) < 0.

The feasible region F for the constraints c(x) ≥ 0 is said to have a strict interior if it
contains at least one strictly feasible point x̄ for which no constraints are active, i.e., such
that c(x̄) > 0. It is easy to see that the existence of one strictly feasible point x̄ implies
the existence of a neighborhood of infinitely many strictly feasible points surrounding x̄.
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Practical optimality conditions for the inequality constraint case are developed using
arguments similar to those used for the equality-constraint case. The local behavior of
the objective function is investigated along a feasible path that emanates from an alleged
solution x. However, the derivation of optimality conditions for inequality constraints is
more complicated than for equalities for two reasons. First, only a subset of the constraints
are usually involved in some of the optimality conditions; and second, the set of feasible
paths is much larger in the inequality case.

Given the set of inequality constraints c(x) ≥ 0, the active set at a point x̄ refers to the
set of indices of the constraints active at x̄. We shall use A(x) to denote the active set at
x, with the argument suppressed if the meaning is clear. We use ca(x) to denote the subset
of constraints that are active at x, and Ja(x) the Jacobian of ca(x). The matrix Ja(x)
is called the matrix of active-constraint gradients or active-constraint matrix (sometimes
called simply the “active set” if there is no danger of confusion with the index set A). We
emphasize that Ja(x) includes only the gradients of the active constraints, whereas J(x) is
the full Jacobian of all the constraints. We shall use the notation ∇ci(x) for the gradient
of an active or inactive constraint, where the meaning should always be clear from the
context.

We shall sometimes use ma(x) to denote the number of constraints active at x. The
order of the indices in A(x) usually indicates the order of the rows of Ja, i.e., if

A(x) = {i1, i2, . . . , ima
}, then Ja(x) =




∇ci1(x)T

∇ci2(x)T

...

∇cima
(x)T



.

The order of the indices in A(x) is critical in some contexts and unimportant in others.
We emphasize that both Ja(x) and A(x) depend on x, although this dependence is not
always indicated explicitly.

For problem NIP, the active constraints at an alleged solution have special importance
because they restrict the directions of feasible paths. If x is any feasible point, a feasible
path for NIP is a directed differentiable path x(α) starting at x such that, for some positive
σ, c(x(α)) ≥ 0 for all 0 ≤ α ≤ σ. If x is strictly feasible with respect to a constraint, i.e.,
ci(x) > 0 for some i, then for any path x(α), the constraint satisfies ci(x(α)) > 0 for |α|
sufficiently small. Hence, if a constraint is inactive at x, then it will remain inactive for
any path in a sufficiently small neighborhood of x. On the other hand, an active constraint
restricts the direction of a feasible path in every neighborhood of a feasible point. Suppose
that ci(x) = 0. If x(α) is a feasible path such that ci(x(α)) = 0 for all 0 ≤ α ≤ σ, then
x(α) is known as a binding feasible path at x. If p is a tangent to a binding feasible path,
then

∇ci(x)T p = 0. (5.2.1)

A move along a binding feasible path is said to remain “on” the constraint. In contrast,
if x(α) is a feasible path such that c(x(α)) > 0, for α > 0, then x(α) is known as a
nonbinding feasible path at x. If p is a tangent to a nonbinding feasible path, then

∇ci(x)T p > 0. (5.2.2)



154 Chapter 5. Inequality Constraints April 6, 2006

This relation implies that the constraint ci(x) becomes inactive at x(α) if α > 0. A nonzero
move along a non-binding feasible path is said to move “off” the constraint.

As in the equality constraint case, at any feasible point x, it is of interest to characterize
the set of tangents for all feasible paths starting at x.

Definition 5.2.2. Let T (x) denote the set of tangent vectors associated with every feasible
path starting at a feasible point x, i.e.,

T (x) = {p | p a nonzero tangent to a feasible path starting at x.}
Then T 0(x) = T (x) ∪ {0} is known as the tangent cone of c(x) at x.

Consideration of the first-order necessary conditions for a minimizer of the univariate
function f(x(α)) at α = 0 leads to the general first-order necessary optimality conditions
for NIP.

5.2.1. First-order conditions

As in the equality constraint case, first-order conditions are derived by investigating the
properties of the univariate function f(x(α)) at α = 0 for all feasible paths x(α). The
first-order necessary conditions for α = 0 to be a local minimizer of this function lead to
the following theorem, stated without proof.

Theorem 5.2.1. Assume that f and c are differentiable. Then a feasible point x∗ is a
local solution of NIP only if g(x∗)Tp ≥ 0 for every p ∈ T 0(x).

It follows from (5.2.1) and (5.2.2) that every vector p in the tangent cone must satisfy
the set of inequalities

Ja(x)p ≥ 0. (5.2.3)

As in the equality constraint case, we would like to derive an algebraic version of Theo-
rem 5.2.1, i.e., we would like to assert that a necessary condition for a feasible point x∗ to
be optimal is that

g(x∗)Tp ≥ 0 for all p such that Ja(x)p ≥ 0.

Unfortunately, the set of vectors that satisfy (5.2.3) is not necessarily the same as the set
of vectors in the tangent cone. It is not difficult to show that the set {p | Ja(x)p ≥ 0} is
equal to the tangent cone T 0

L
(x) associated with the linearized active constraints cL(y) ≥ 0,

where cL(y) = ca(x)+Ja(x)(y−x) ≥ 0. Unfortunately, T 0(x) and T 0
L
(x) are not necessarily

identical, as the following example illustrates.
Consider the inequality constraints c1(x) ≥ 0 and c2(x) ≥ 0, where c1(x) = x3

1 − x2

and c2(x) = x2. At the point x̄ = 0, both constraints are active, with

Ja(x̄) =

(
0 −1

0 1

)
.

It follows that T 0
L
(x̄) consists of all vectors of the form p = (γ, 0)T . However, although

p = (−1, 0)T is member of T 0
L
(x̄), it is not a tangent to a feasible path at x̄, and hence

p 6∈ T 0(x̄). It follows that T 0(x̄) ⊂ T 0
L
(x̄), but that T 0

L
(x̄) 6⊂ T 0(x̄)

As in the equality-constraint case, we now consider conditions under which we can
define the tangent cone algebraically. To this end we define the following first-order con-
straint qualification.
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Definition 5.2.3. (First-order constraint qualification for inequality constraints.) The
first-order constraint qualification with respect to the set of inequality constraints c(x) ≥ 0
holds at the feasible point x if, for any nonzero vector p such that Ja(x)p ≥ 0, p is tangent
to a differentiable feasible path starting at x.

If this constraint qualification holds, the regular and linearized tangent cones are iden-
tical sets. We are now free to consider the conditions under which there may or may not
exists vectors p satisfying both Ja(x)p ≥ 0 and g(x)T p < 0. The existence of such a vector
implies that x∗ is not optimal, since every sufficiently small positive step along p retains
feasibility and strictly reduces f . The following lemma formally states this result.

Lemma 5.2.1. Let x∗ be a feasible point at which the first-order constraint qualification
holds. Then x∗ is a minimizer of NIP only if

g(x∗)Tp ≥ 0 for all p such that Ja(x∗)p ≥ 0, (5.2.4)

where Ja(x∗) denotes the Jacobian of active constraints at x∗.

This lemma provides necessary conditions for the optimality of x∗. The logical next
question is: what properties of f and Ja imply that the crucial relationship (5.2.4) does
(or does not) hold? For the case of equality constraints c(x) = 0, we were able to derive
a simple test involving whether or not the gradient vector g is in the range of JT . The
situation for inequality constraints is less straightforward because of the wider class of
feasible directions. We shall see that the analogous test for optimality with inequality
constraints involves whether or not g can be written as a nonnegative linear combination
of the active constraint gradients.

Conditions for existence of a feasible descent direction follow directly from Farkas’
Lemma, a classical result published in 1902.

Lemma 5.2.2. (Farkas’ Lemma.) Let A be an m× n matrix and g an n-vector. Then

gTp ≥ 0 for all p such that Ap ≥ 0

if and only if
g = ATλ for some λ ≥ 0.

Equivalently, a vector p satisfying gTp < 0 and Ap ≥ 0 exists if and only if g cannot be
written as a nonnegative linear combination of the columns of AT .

Proof. Here we provide a simple proof for the case where the rows of A are linearly
independent. A proof for the general case is considerably more complicated and is given
in the classnotes for Math 171a.

The “if” direction can be verified as follows. Since Ap ≥ 0, g = ATλ and λ ≥ 0, we
have

gTp = λTAp =
m∑

i=1

λi(Ap)i ≥ 0.

Thus, if g is known to be a nonnegative linear combination of the columns of AT , no vector
p can exist that satisfies both relations Ap ≥ 0 and gTp < 0.
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To prove the result in the “only if” direction, it is sufficient to show that there is a p
satisfying gTp < 0 and Ap ≥ 0 whenever g is not a nonnegative linear combination of the
columns of AT .

First, we consider the case when g does not even lie in the range of AT . In this case g
can be written uniquely as

g = gR + gN , gN 6= 0,

where gR ∈ range(AT ), gN ∈ null(A), and gT
N
gR = 0. The vector p = −gN satisfies Ap = 0,

with
gT p = (gR + gN)T p = −(gR + gN)T gN = −‖gN‖22 < 0.

Hence we have shown that there exists a vector p such that gTp < 0 and Ap ≥ 0 as
required.

Now assume that g lies in the range of AT , but that there is at least one negative
component of λ (say, λj). Since the rows of A are independent, λ is unique and no
nonnegative λ exists such that g = ATλ.

Suppose that the sth component of λ is negative. If A has independent rows, any
m-vector can be expressed as a linear combination of the n columns of A. This implies
that there exists at least one direction p such that

Ap = es, (5.2.5)

where es is the sth coordinate vector. For the moment, assume that A comprises the first
m rows of A, so that the sth row of A is aT

s . For any p that satisfies (5.2.5), the relation
g = ATλ implies that we can write

g(x∗)Tp = λsa
T
sp = λs. (5.2.6)

Since λs < 0, (5.2.5) and (5.2.6) imply that p satisfies gTp < 0 and Ap ≥ 0.

In the context of NIP, this result was proved by making the assumption that at any
feasible point x, there exists a feasible path with tangent p satisfying Ja(x)p = es, i.e.,

∇ci(x)T p =

{
1 if i = s;

0 otherwise.

This feasible path can be regarded as initially “staying on” all of the constraints in the
active set except the sth, which must initially increase (since ∇cs(x)

T p > 0). Directions of
this form play a fundamental role in the construction of algorithms for linear constraints.

The main first-order necessary condition for a solution of NIP can now be stated.

Theorem 5.2.2. (First-order necessary conditions at a minimizer of NIP.) Let x∗ be a
point such that c(x∗) ≥ 0, with ca(x) = 0. If the first-order constraint qualification holds
at x∗, then x∗ is a local minimizer of NIP only if there exists a vector λ∗a such that

g(x∗) = Ja(x∗)Tλ∗a, with λ∗a ≥ 0. (5.2.7)

Proof. Assume that x∗ is a solution of NIP, and consider any nonzero vector p satisfying

Ja(x∗)p ≥ 0. (5.2.8)
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The first-order constraint qualification implies that p is tangent to a feasible path ema-
nating from x∗ and contained in the feasible region. If g(x∗)Tp ≥ 0, then Farkas’ Lemma
immediately implies the existence of λ∗a ≥ 0 satisfying (5.2.7). Therefore, we now suppose
that there exists a nonzero p satisfying (5.2.8), but such that

g(x∗)Tp < 0. (5.2.9)

The rate of change of f along the associated feasible path is g(x∗)Tp, so that (5.2.9) implies
that f is strictly less than f(x∗) at feasible points in every neighborhood of x∗, thereby
contradicting the assumption that x∗ is a local minimizer. Thus, there can be no vector p
satisfying (5.2.8) and (5.2.9), and Farkas’ Lemma implies that (5.2.7) holds.

The crucial difference from the analogous theorem for equality constraints is that the
Lagrange multipliers corresponding to active inequality constraints must be nonnegative.

Definition 5.2.4. Any point x such that g(x) = Ja(x)Tλ for some λ ≥ 0, is known as a
first-order KKT point of NIP.

It is easy to see that checking for optimality at a point x is the same as checking if the
gradient g(x) can be written as a nonnegative linear combination of the active-constraint
gradients {∇ci(x), i ∈ A(x)}. An equivalent question is whether g(x) lies in the set CN(x)
such that

CN(x) = {y ∈ R
n | y = Ja(x)Tλ, λ ≥ 0}. (5.2.10)

An important property of CN(x) is that, given a point y ∈ CN(x) and any nonnegative
number γ, the point γy must also lie in CN(x). This is the defining property of a type of
set known as a cone, and is the reason why the set CN(x) is called the normal cone. The
normal cone at x can easily be shown to be closed and convex.

The main properties of the first-order necessary conditions are illustrated with a two-
dimensional example. Consider the problem

minimize
x1,x2

2x2
1 + x2

2 + x1x2 + x1 − x2

subject to (x1 + 1)2 + x2
2 − 2 ≥ 0,

x1x2 + 3x2 − 3 ≥ 0,

x1 ≥ 0, x2 ≥ 0,

(5.2.11)

which has derivatives

g(x) =

(
4x1 + x2 + 1

2x2 + x1 − 1

)
, and J(x) =




2(x1 + 1) 2x2

x2 x1 + 3

1 0

0 1


 .

At the point x̄ = (0, 1)T , we have A(x̄) = {1, 2, 3}, and derivatives

g(x̄) =

(
2

1

)
, Ja(x̄) =




2 2

1 3

1 0


 .
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The first-order optimality conditions hold with λ̄ = ( 1
2 , 0, 1)T .

Any point at which g ∈ range(AT
a ) and the active-constraint gradients are linearly

dependent is known as a degenerate point of F. At a degenerate point, Lagrange multipliers
exist but are not unique. For example, the vector λ̄ = ( 5

4 , − 1
2 , 0)T is also a solution of

the system g(x̄) = Ja(x̄)T λ̄ above. This example shows that if Ja(x) has dependent rows
at a first-order KKT point, then alternative multiplier vectors exist that have negative
components. This does not contradict Theorem 5.2.2, which requires λ̄ to be nonnegative
for some vector λ̄.

The point x̄ = (0, 1)T considered above is said to be a vertex of F. A vertex of F is
a feasible point at which there is at least one subset of n linearly independent constraint
gradients, i.e., Ja(x) has rank n. A vertex can exist only if m ≥ n, and x̄ can be a vertex
only if at least n constraints are active at x̄, i.e., if ma(x̄) ≥ n. If exactly n constraints
are active at a vertex, so that the matrix of active-constraint gradients is square and
nonsingular, the vertex is said to be nondegenerate. If more than n constraints are active,
the vertex is degenerate. In the plane, a degenerate vertex is the point of intersection of
three or more lines.

When there are an infinite number of possible Lagrange multiplier vectors at a de-
generate point, how can a nonnegative λa be found (if one exists)? One answer to this
question can be found by examining the general proof of Farkas’ lemma. Consider the
following problem, which has the same constraints as problem (5.2.11),

minimize
x1,x2

−(x1 + 1)2x2

subject to (x1 + 1)2 + x2
2 − 2 ≥ 0,

x1x2 + 3x2 − 3 ≥ 0,

x1 ≥ 0, x2 ≥ 0.

(5.2.12)

At the point x̄ = (0, 1)T , the gradient g(x̄) = (−2, −1)T lies in the column space of
Ja(x̄)T , but it can be verified by sketching the normal cone CN(x̄) that x̄ is not a KKT
point. Unfortunately, this method for checking optimality cannot be used when there
are more than three variables! Under these circumstances, a computational procedure is
needed for checking optimality. Unfortunately, Ja(x) has dependent rows at x̄, so it is not
possible to use the method for computing p described in the simplified proof of Farkas
lemma (see Theorem 5.2.2). For example, the Lagrange multiplier vector λ̄ = (− 5

4 , 1
2 , 0)T

has λ̄s < 0 for s = 1, yet there is no tangent p such that Ja(x̄)p = es. If such a vector
existed, the system 


2 2

1 3

1 0



(
p1

p2

)
=




1

0

0




would require p1 = 0, p1 = −3p2, and p1 + p2 = 1
2 , which is clearly impossible.

Next we describe a method for computing p based on the properties of the general
proof of Farkas’ lemma. This proof uses the result that if g(x) 6∈ CN(x), then p can be
defined as the normal vector of a particular hyperplane that separates g(x) from CN(x).
This normal vector is computed in two steps. First, a point y0 in CN(x) closest to g(x)
is calculated by minimizing the function ϕ(y) = ‖y − g(x)‖22 over all y ∈ CN(x). Then,
p is defined such that p = y0 − g(x). The vector p defines the equation of a hyperplane
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pT y = 0 that splits R
n into two half spaces

H1 = {y | pT y ≥ 0} and H2 = {y | pT y < 0},

with CN(x) ⊂ H1 and g(x) ∈ H2. Since CN(x) ⊂ H1 and ∇ci(x) ∈ CN(x) for all i ∈ A(x),
it follows that ∇ci(x) ∈ H1 and the definition of H1 means that

∇ci(x)T p ≥ 0, i ∈ A(x), or, equivalently, Ja(x)p ≥ 0.

Similarly, since g(x) ∈ H2, we have g(x)T p < 0 and it follows that the hyperplane normal
p is the required vector such that

g(x)T p < 0, and Ja(x)p ≥ 0.

This discussion implies that p may be defined as the vector −gJ(x), where gJ(x) =
g(x)−Ja(x)Tλ∗a with λ∗a the solution of the bound-constrained linear least-squares problem

minimize
λa∈Rma

‖g(x)− Ja(x)Tλa‖22, subject to λa ≥ 0. (5.2.13)

The vector gJ(x) is known as the projected gradient at x.

Theorem 5.2.3. Let x∗ be a point such that c(x∗) ≥ 0, with ca(x) = 0. If the first-order
constraint qualification holds at x∗, then x∗ is a local minimizer of NIP only if the projected
gradient gJ(x∗) is zero.

The positive components of the optimal solution λ∗a of problem (5.2.13) implicitly define
a subset of the active constraints with strictly positive Lagrange multipliers.

The projected gradient for problem (5.2.12) is the vector gJ = (−2, −1)T , which
corresponds to the optimal solution λ∗a = 0 in (5.2.13). It follows that since gJ 6= 0, the
point x̄ does not satisfy the first-order conditions for optimality. Moreover, the vector
p = (2, 1)T is the direction of a feasible path along which f is initially decreasing. Note
that in this case, p = −gJ is an interior vector, i.e., Ja(x̄)p > 0.

Problem (5.2.13) is an example of a convex program (see §5.2.5). As the constraint
gradients ei comprise the ma independent columns of the identity matrix, every KKT
point is nondegenerate. Methods for solving least-squares problems of the form (5.2.13)
will be considered later in this chapter.

5.2.2. Second-order conditions

To a large extent, the first-order necessary conditions can be derived by considering the
equality-constraint problem

minimize
x∈Rn

f(x) subject to ca(x) = 0. (5.2.14)

The crucial difference is that additional feasible paths must be considered that permit
movement off the constraints ca(x) = 0. This implies that the set of feasible paths for
the inequality constraints is larger than the set of paths for (5.2.14). For inequalities, the
Lagrange multipliers provide more than just a stationarity condition for the Lagrangian,
they also provide the sign of the initial derivative of f(x(α)) along an interior feasible
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path. In particular, if all the Lagrange multipliers are positive, then for any tangent p to
an interior path, we have

g(x∗)T p =
m∑

i=1

λ∗i∇ci(x∗)T p > 0.

Since f is not stationary at x(0) for such paths, the curvature of f does not play a role in the
second-order conditions. This is not the case for feasible paths that stay on the constraint
surface, i.e., paths such that ca(x(α)) = 0. In this case the sign of the curvature is crucial,
and the “second-order part” of the second-order conditions for NIP are essentially the
second-order necessary conditions for the equality-constraint problem (5.2.14).

However, the application of the second-order conditions for (5.2.14) requires the as-
sumption of the constraint qualification for the equality constraints ca(x) = 0. This
amounts to requiring the following condition:

Definition 5.2.5. (Second-order constraint qualification for inequality constraints.) The
second-order constraint qualification with respect to the inequalities c(x) ≥ 0 holds at the
feasible point x if, for any nonzero vector p such that Ja(x)p = 0, p is tangent to a
twice-differentiable path along which ca is identically zero.

It may be thought that the first-order constraint qualification for c(x) ≥ 0 must imply
the equality constraint qualification for ca(x) = 0 (and hence the second-order constraint
qualification for c(x) ≥ 0). However, this is not necessarily the case. For example, suppose
that the constraint qualification for equality constraints does not hold for problem (5.2.14)
(see Definition 4.2.3). This implies that a vector p exists satisfying Ja(x)p = 0 that is not
a tangent to a path x(α) such that ca(x(α)) = 0. However, this vector p may be a suitable
tangent for an interior path x(α) such that ca(x(α)) > 0. This implies that the first-
order constraint qualification may hold for c(x) ≥ 0 when the constraint qualification for
equality constraints does not hold for ca(x) = 0. To illustrate how this might happen,
consider the constraints

c1(x) = x2
1 + x2 ≥ 0, c2(x) = x2

1 − x2 ≥ 0, and c3(x) = x3 ≥ 0,

at the point x∗ = (0, 0)T . The Jacobian is

J(x) =




2x1 1 0

2x1 −1 0

0 0 1


 .

The active set is A(x∗) = {1, 2, 3} and

Ja(x∗) =




0 1 0

0 −1 0

0 0 1


 .

If p is any tangent to a feasible path at x∗. Then the requirement that Ja(x∗)p ≥ 0 imposes
the restrictions ∇c1(x∗)T p = p2 ≥ 0, ∇c2(x∗)T p = −p2 ≥ 0, and ∇c3(x∗)T p = p3 ≥ 0.
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It follows that the set of tangent vectors consists of all vectors of the form (p1, 0, p3)
T .

Each of these vectors is tangent to a path x∗(α) that points into the feasible region and
it follows that the first-order constraint qualification is satisfied. However, the second-
order constraint qualification does not hold. There are no feasible paths at x∗ that satisfy
c1(x) = 0, c2(x) = 0 and c3(x) = 0, despite the fact that every vector of the form p = (γ,
0, 0)T satisfies Ja(x∗)p = 0.

Other examples indicate that the first- and second-order constraint qualifications are
distinct, and neither implies the other. If both the first- and second-order constraint
qualifications hold, second-order conditions can be derived directly from problem (5.2.14).
As would be expected, these conditions involve the curvature of the Lagrangian restricted
to the active constraints:

La(x, λa) ≡ f(x)− λT
a ca(x).

In what follows, Ha(x, λ) is used to denote the Hessian with respect to x of the Lagrangian
La(x, λa).

Theorem 5.2.4. (Second-order necessary conditions for a local solution of NIP.) Let x∗
be a point such that c(x∗) ≥ 0, with ca(x) = 0. If the first- and second-order constraint
qualifications hold at x∗, then x∗ is a local solution of NIP only if

(a) there exists a vector λ∗a such that g(x∗) = Ja(x∗)Tλ∗a with λ∗a ≥ 0; and

(b) for the vector λ∗a of part (a), the inequality pTHa(x∗, λ∗a)p ≥ 0 holds for all vectors
p such that Ja(x∗)p = 0.

Proof. Consider any nonzero vector p satisfying Ja(x∗)p = 0. Because of the second-order
constraint qualification, p is tangent to a feasible path along which the constraints active
at x∗ remain identically zero. Exactly as in the proof of Theorem 4.2.4, analysis of the
curvature of f along the path implies the desired result.

Each of the following conditions on Ja(x) is sufficient to allow both the first- and
second-order constraint qualification to hold:

(i) The active constraints are linear, i.e., ca(x) = Aax− ba for some constant matrix Aa

and constant vector ba.

(ii) The matrix Ja(x) has full row rank, i.e., the active constraint gradients are linearly
independent.

(iii) There exists an “interior” tangent vector s, i.e., there exists a vector s such that
Ja(x)s > 0. This condition is known as the Mangasarian-Fromovitz constraint qual-
ification.

Sufficient conditions for x∗ to be a strict local minimizer of NIP are given in the
following theorem:

Theorem 5.2.5. (Sufficient conditions for a local solution of NIP.) Let x∗ be a point such
that c(x∗) ≥ 0, with ca(x) = 0. Then x∗ is a strict local minimizer of NIP if there exists
a vector λ∗ such that

(a) g(x∗) = Ja(x∗)Tλ∗a with λ∗a > 0; and
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(b) for the λ∗a of part (a), the strict inequality pTHa(x∗, λ∗a)p > 0 holds for all p such
that Ja(x∗)p = 0.

Condition (a) of Theorem 5.2.5, which requires that the Lagrange multipliers corre-
sponding to active constraints are strictly positive, is usually termed strict complemen-
tarity. The possibility of zero multipliers causes significant difficulties when analyzing the
theoretical properties of algorithms for NIP. However, their effect on practical computation
is usually less serious than the theory predicts, which is fortunate since zero multipliers
are very common in practice. Zero multipliers are discussed further in the next section.

5.2.3. ∗Zero Lagrange multipliers

Zero Lagrange multipliers can occur in various situations. If x∗ is a degenerate KKT
point, the Lagrange multipliers are not unique, and at least one set of multipliers exist
with zero values. Similarly, zero multipliers occur if a redundant constraint passes through
a point satisfying the first-order necessary conditions. For example, consider minimizing
f(x) = x2

1 − x2
2, subject to x2 ≥ 0. At x∗ = (0, 0)T , the gradient vanishes. Thus, λ∗a = 0,

Ja(x∗) =
(

0 1
)
, one possible null space basis is Z = (1, 0)T , and the reduced Hessian

is positive definite. However, x∗ is not a local minimizer, since any positive step along (0,
δ)T , for δ > 0, is a feasible direction that strictly reduces f (the problem has no bounded
solution).

The second-order sufficient conditions of Theorem 5.2.5 principally involve the two
conditions λ∗a > 0 and pTHa(x∗, λ∗a)p > 0. These conditions ensure that the objective
function f initially increases along all feasible paths starting at x∗. The condition (λ∗a)i > 0
ensures that f initially increases along every non-binding feasible path. The condition
pTHa(x∗, λ∗a)p > 0 ensures that the curvature of f is initially positive for every binding
feasible path.

In practice, many problems have zero Lagrange multipliers, and the requirement that
every multiplier be positive is too restrictive. The derivation of more realistic conditions
involves limiting the class of feasible paths that start at x∗. Consider the class of potential
feasible paths in the presence of zero multipliers. It is unnecessary to impose conditions on
the curvature of f along non-binding feasible paths for constraints with strictly positive
multipliers. In this situation, the fact that the multiplier is positive already implies that
f is initially increasing. However, it is necessary to impose a second-order condition
along non-binding feasible paths for constraints with zero multipliers since the relation
g(x∗)T p = 0 is not sufficient to guarantee that f initially increases off the constraint.

These arguments imply that it is necessary to impose positive curvature only along fea-
sible paths that are simultaneously binding for active constraints with positive multipliers,
and non-binding for active constraints with zero multipliers. At any point x, let A+(x)
denote the set of indices of active constraints with positive Lagrange multipliers and let
J+(x) denote the corresponding matrix of constraint gradients. Similarly, let A0(x) de-
note the set of indices of active constraints with zero multipliers, and let J0(x) denote the
associated matrix of constraint gradients. At any point satisfying the first-order necessary
conditions of Theorem 5.2.2, every active constraint index must be in either A+ or A0.
Given these quantities, we define the tangents associated with the set of feasible paths as:

T+(x) = {p | p 6= 0 is tangent to a feasible path with J+(x)p = 0 and J0(x)p ≥ 0}.
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In effect, the sufficient conditions given in the next theorem require that f has positive
curvature along every feasible path in this set.

Theorem 5.2.6. (Sufficient Conditions with Zero Multipliers.) Let x∗ be a point such
that c(x∗) ≥ 0, with ca(x) = 0. Then x∗ is an isolated minimizer of NIP if there exists a
vector λ∗ such that

(a) g(x∗) = Ja(x∗)Tλ∗a with λ∗a ≥ 0; and

(b) for the λ∗a of part (a), the strict inequality pTHa(x∗, λ∗a)p > 0 holds for all vectors p
such that p ∈ T+(x∗).

The difficulty with this theorem is that the set T+(x) cannot be defined computation-
ally, which makes the result of only theoretical interest. However, it is possible to give
slightly weaker conditions that can be verified using a simple linear algebraic procedure.
Note that the set T+(x) is the intersection of the sets {p | J+(x)p = 0} and {p | J0(x)p ≥ 0},
which implies that T+(x) must be contained in each of them. By working with the set
{p | J+(x)p = 0} (which is larger and hence more restrictive than T+(x)), we can derive
conditions that are computationally verifyable.

Theorem 5.2.7. (Sufficient conditions for a solution of NIP.) A feasible point x∗ is an
isolated minimizer of NIP if there exists a vector λ∗ such that

(a) there exists a vector λ∗a such that g(x∗) = JT
a λ
∗
a with λ∗a ≥ 0; and

(b) for the λ∗a of part (a), the strict inequality pTHa(x∗, λ∗a)p > 0 holds for all nonzero
p such that J+(x∗)p = 0;

Condition (a) is equivalent to the condition that Z+(x∗)T g(x∗) = 0, where Z+(x∗)
denotes a basis for the null space of J+(x∗). Similarly, condition (b) is equivalent to
positive-definiteness of the reduced Hessian Z+(x∗)THa(x∗, λ∗a)Z+(x∗). Note that when
these sufficient conditions hold, x∗ is not only optimal, but is also locally unique, i.e.,
f(x∗) < f(x) for all feasible x in a neighborhood of x∗ (x 6= x∗).

5.2.4. Optimality conditions in complementary slackness form

In some circumstances, it is useful to define a Lagrange multiplier for every constraint,
with the convention that the multiplier corresponding to an inactive constraint is zero. Let
λ∗ denote the “extended” multiplier vector. The necessary condition (5.2.7) then becomes

g(x∗) = J(x∗)Tλ∗, λ∗ ≥ 0,

where

λ∗i ci(x∗) = 0, i = 1, 2, . . . ,m.

The conditions λ∗i ci(x∗) = 0, which force at least one of ci(x
∗) and λ∗i to be zero for every

i, is called a complementarity condition. Thus, whenever a given component of λ is positive
(“slack”), the corresponding component of c must be zero (and vice versa). This condition
can be written conveniently as Λ∗C(x∗) = 0, where Λ denotes the diagonal matrix with
entries (λ∗1, λ∗2, . . . , λ∗m) and C(x) = diag(c1(x), c2(x), . . . , cm(x)).
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We say that strict complementarity holds between two nonnegative m-vectors λ and c
if, for every i, either λi > 0 and ci = 0, or else λi = 0 and ci > 0. Strict complementarity
means that both λi and ci cannot be zero. Without strict complementarity, the condition
λi = ci = 0 is possible.

Let Z(x∗) denote a matrix whose columns form a basis for the null-space of Λ∗J(x∗).
If a suitable constraint qualification holds at x∗, the following conditions can be shown to
be necessary for the point x∗ to be a local solution of NIP:

C(x∗) ≥ 0; (5.2.15a)

g(x∗) = J(x∗)Tλ∗ for some λ∗; (5.2.15b)

Λ∗C(x∗) = 0, (5.2.15c)

Λ∗ ≥ 0, (5.2.15d)

Z(x∗)TH(x∗, λ∗)Z(x∗) positive semi-definite. (5.2.15e)

Condition (5.2.15c), which forces at least one of ci(x
∗) and λ∗i to be zero for every i, is

another form of the complementarity condition discussed earlier. This condition implies
that if ci(x

∗) > 0, i.e., constraint i is inactive at x∗, then λ∗i must be zero.
Second-order sufficient conditions for x∗ to be an isolated local solution of NIP are: (i)

a suitable constraint qualification applies at x∗ (for example, the gradients of the active
constraints at x∗ are linearly independent); (ii) conditions (5.2.15) are satisfied; and (iii)
the following strengthened versions of (5.2.15d–5.2.15e) hold:

λ∗i > 0 if ci(x
∗) = 0; and Z(x∗)TH(x∗, λ∗)Z(x∗) positive definite. (5.2.16)

The strict inequality on λ∗i is called strict complementarity, and holds when all Lagrange
multipliers associated with active constraints are positive. The property of strict comple-
mentarity is often assumed for the theoretical analysis of algorithms.

Consider the nonlinear function F : R
n+m → R

n+m such that

F (x, λ) =

(
g(x)− J(x)Tλ

ΛC(x)e

)
,

where Λ = diag(λ1, λ2, . . . , λm), C(x) = diag(c1(x), c2(x), . . . , cm(x)) and e is the vector
of ones (1, 1,. . . ,1)T . Note (x∗, λ∗) is a zero of the nonlinear system

F (x, λ) = 0.

This system is analogous to the system ∇L(x, λ) = 0 in the equality constrained case.

Theorem 5.2.8. If the second-order sufficiency conditions (5.2.16) hold, and the active-
constraint gradients are linearly independent at x∗, then the Jacobian F ′(x, λ) is nonsin-
gular at (x∗, λ∗).

Proof. The Jacobian of F is given by

F ′(x, λ) =

(
H(x)−∑m

i=1 λiHi(x) −J(x)T

ΛJ(x) C(x)

)
.
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Hence we must show that if u ∈ R
n and v ∈ R

m, then (u, v) = 0 is the only solution of
the system (

H(x∗, λ∗) −J(x∗)T

Λ∗J(x∗) C(x∗)

)(
u

v

)
= 0. (5.2.17)

This system may be written as

H(x∗, λ∗)u− J(x∗)T v = 0 (5.2.18a)

Λ∗J(x∗)u+ C(x∗)v = 0. (5.2.18b)

Consider the ith equation of (5.2.18b). If i ∈ A(x∗), then strict complementarity implies
that ci(x

∗)vi = 0, and hence that λ∗i∇ci(x∗)Tu = 0. Since λ∗i > 0 for i ∈ A(x∗), we have

∇ci(x∗)Tu = 0, for i ∈ A(x∗). (5.2.19)

If i 6∈ A(x∗), then strict complementarity implies that λ∗i = 0, and again we have
ci(x
∗)vi = 0. In this case, however, we must have vi = 0 since ci(x

∗) > 0.
The arguments above imply that uTJ(x∗)Tv = 0, vTΛ∗J(x∗)u = 0, and vTC(x∗)v = 0.

Hence, pre-multiplying (5.2.18a) by uT gives

uTH(x∗, λ∗)u = uT(H(x∗)−
∑

i∈A

λ∗iHi(x
∗))u = 0.

The assumption that uTH(x∗, λ∗)u > 0 for all nonzero u such that ∇ci(x∗)T p = u,
i ∈ A(x∗), implies that u = 0, from (5.2.19).

It only remains to be shown that the elements of v corresponding to the active con-
straints are zero. From (5.2.18b), we have

J(x∗)T v =
∑

i∈A

∇ci(x∗)vi = 0.

The assumption that the active constraint gradients are linearly independent implies vi =
0, for i ∈ A(x∗).

5.2.5. Convex problems

Convex programming problems form an important class of optimization problem, of which
linear programming is the most obvious instance. As we shall see, many complications
that arise for general optimization problems disappear in the presence of convexity.

Definition 5.2.6. (Convex set.) The set S is convex if, for every x1 and x2 in S, and
for all θ satisfying 0 ≤ θ ≤ 1, the point z = (1− θ)x1 + θx2 is also in S.

Definition 5.2.7. (Convex and concave functions.) The function f(x), defined for x in
a nonempty open convex set S, is convex if, for every two points x1 and x2 in S and every
θ satisfying 0 ≤ θ ≤ 1,

f ((1− θ)x1 + θx2) ≤ (1− θ)f(x1) + θf(x2). (5.2.20)

(If the set S is not specified, it is assumed to be R
n.) The function f is concave if −f

is convex. The function f is strictly convex if the inequality in (5.2.20) is strict when
x1 6= x2 and 0 < θ < 1.
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Several useful results associated with convexity are:

1. The intersection of a finite number of convex sets is convex;

2. All level sets of a convex function are convex;

3. Given a set of convex functions {ϕi(x)}, i = 1, . . . , m, the set of points satisfying
ϕi(x) ≤ 0 is convex;

4. The smooth function f(x), defined for x in an open convex set S, is convex if its
Hessian matrix H(x) is positive semi-definite for all x ∈ S, and strictly convex if
H(x) is positive definite for all x ∈ S.

Convex programs are constrained optimization problems with important special prop-
erties. It should be stressed that the only equality constraints permitted in a convex
program are linear constraints.

Definition 5.2.8. (Convex program.) The problem of minimizing f(x) subject to the
linear equality constraints Ax = b and the inequality constraints ci(x) ≥ 0, i = 1, . . . , m,
is a convex program if f(x) is convex and −ci(x) is convex for i = 1, . . . , m.

A slight complication is that our generic form for inequality constraints involves a
“greater than” relation (ci(x) ≥ 0) for expositional convenience. Unfortunately, an opti-
mization problem with constraints in this form is a convex program only if each negative
constraint function −ci(x) is convex, i.e., if ci(x) itself is concave. Hence minus signs
appear throughout our discussion of the constraints in convex programs.

Using these definitions, it is easy to see that a linear function is convex (and also
concave), and that a linear programming problem is a convex program. Two properties
that are important in interior methods for linear programming are stated formally in the
following theorems; see Fiacco and McCormick (1968) or Fletcher (1987) for details.

Theorem 5.2.9. If x∗ is a local constrained minimizer of a convex programming problem,
it is also a global constrained minimizer. Further, the set of minimizers of a convex program
is convex.

Theorem 5.2.10. If the optimization problem NIP is a convex program, and if x∗ satisfies
the feasibility and first-order necessary conditions of Theorem 5.2.2, then x∗ is a global
minimizer of NIP.

5.3. General Nonlinear Constraints

We now consider methods for problems with nonlinear constraints:

NIP minimize
x∈Rn

f(x)

subject to c(x) ≥ 0,

where c(x) has m components ci(x), and f and {ci(x)} are smooth functions. The matrix
J(x) will denote the Jacobian of the constraint vector c(x). Unless stated otherwise,
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we assume throughout that a Karush-Kuhn-Tucker (KKT) point (x∗, λ∗) exists for NIP,
satisfying the first-order optimality conditions:

c(x∗) ≥ 0, λ∗ ≥ 0, c(x∗)Tλ∗ = 0, J(x∗)Tλ∗ = g(x∗). (5.3.1)

Let vi(x) denote the magnitude of the violation of the ith constraint at the point x,
i.e.,

vi(x) = max{−ci(x), 0} = −min{ci(x), 0}.
Then the vector v(x) with components vi(x) is known as the vector of violations at x. By
definition, v(x) = 0 for all x ∈ F. The vector-valued function v(x) is continuous, but it is
not differentiable at any point such that ci(x) = 0 (this is why it is not possible to derive
the optimality conditions for inequality constraints by treating the equality constraint
problem min f(x) subject to v(x) = 0).

Many methods for inequality constraints may be motivated by considering a form of
NIP in which the nonlinear inequality constraints are converted to equalities using a set
of nonnegative slack variables. A slack variable si can be used to convert the inequality
constraint ci(x) ≥ 0 to an equality constraint by means of the transformation:

ci(x) ≥ 0 if and only if ci(x)− si = 0, si ≥ 0.

This gives the following problem, which is equivalent to NIP:

NIP′ minimize
x∈Rn,s∈Rm

f(x)

subject to c(x)− s = 0, s ≥ 0.

If (x∗, s∗) denotes an optimal solution of NIP′, then the optimality conditions are

c(x∗)− s∗ = 0, λ∗ ≥ 0, s∗)Tλ∗ = 0, J(x∗)Tλ∗ = g(x∗). (5.3.2)

These conditions imply that a nonlinear constraint ci(x) ≥ 0 being active for NIP is
equivalent to its associated bound constraint being active in NIP′.

Note that problem NIP′ has two types of constraint: the nonlinear equality constraints
c(x)− s = 0 and the nonnegativity constraints s ≥ 0. It will be shown that the equalities
may be treated using methods already discussed for equality constraints.

Problems of the form NIP′ are especially convenient when the x-variables are already
subject to upper and lower bounds, which is a very common situation in practice. In
this case, it is best to treat the bounds specially and not include them in the general
inequalities c(x) ≥ 0.

The introduction of slack variables allows the use of a smooth variant of the vector of
violations. Consider the vector-valued function v(x, s) such that

v(x, s) = c(x)− s.
Then v(x∗, s∗) = 0 and v(x, s) has the same degree of differentiability as c(x). In particular

v′(x, s) =
(
J(x) − I

)
and ∇2vi(x, s) =

(
∇2ci(x) 0

0 0

)
. (5.3.3)

In many cases the slack variable transformation can be done implicitly. Many algo-
rithms are derived by considering problem NIP′, yet no explicit values of the slack variables
are computed.
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5.4. Penalty-Function Methods

In applying a penalty-function approach to problem NIP, the motivation is identical to
that in the equality-constrained case, namely to add a weighted penalty for infeasibility.
Thus, the quadratic or `1 penalty function may be used as in §4.6.6 and §4.6.1, but only
the violated constraints are included in the penalty term.

The quadratic and `1 penalty functions for NIP may be written as

P2(x, ρ) = f(x) + 1
2ρ‖v(x)‖

2
2 and P1(x, ρ) = f(x) + ρ‖v(x)‖1,

where v(x) is the vector of constraint violations at x. Note that, unlike the equality-
constraint case, P2(x, ρ) has a discontinuous second derivative at any point such that
ci(x) = 0.

The convergence of the quadratic and `1 penalty function methods applied to NIP can
be proved as for the equality-constrained problem. (See §4.6.1 and §4.6.6.) For P2(x, ρ),
the existence of a trajectory x(ρ), with a multiplier function λ(ρ), can be demonstrated as
in the equality constraint case, subject to the assumption of strict complementarity (see
§4.6.1 and §5.2). An important property of penalty-function methods can be derived from
the behavior of the Lagrange multiplier estimates obtainable at x(ρ). (See (4.6.7).) Since

−ρci
(
x(ρ)

)
→ λ∗i and λ∗i ≥ 0,

it is clear that a constraint active at x∗ with a positive multiplier will be strictly violated at
x(ρ) for sufficiently large ρ. It follows that for increasing ρ, the quadratic penalty function
method converges to x∗ with ci(x(ρ)) < 0.

This property has two implications in practice. First, the set of violated constraints can
be used as a prediction of the active set at x∗. Second, the discontinuity in the Hessian is
unlikely to affect the unconstrained minimizations. In practice, however, a small tolerance
is usually included in the definition of a “violated” constraint to avoid difficulties when
strict complementarity does not hold. For example, we may define

vi(x) = −min{ci(x), ε}.

where ε is some small positive tolerance.
The discontinuity in the derivatives can be removed altogether if the penalty subprob-

lem is changed to be

minimize
x∈Rn,s∈Rm

f(x) + 1
2ρ‖v(x, s)‖

2
2 subject to s ≥ 0.

The price that must be paid for smoothness is an increase in the complication of the
subproblem. However, as we have already remarked, this increase is marginal if there are
already upper and lower bounds on the x variables.

5.5. Barrier-Function Methods

Suppose that we wish to minimize f(x) subject to a set of inequality constraints ci(x) ≥ 0,
i = 1, . . . , m. If the constraints affect the solution, either an unconstrained minimizer
of f(x) is infeasible (for example, when minimizing x2 subject to x ≥ 1), or else f(x) is
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unbounded below when the constraints are removed (for example, when minimizing x3

subject to x ≥ 1). Consequently, if an optimization method tries to achieve a “large”
reduction in the objective function from its value at a feasible point, the iterates tend
to move outside the feasible region. In fact, many popular algorithms for nonlinearly
constrained optimization typically produce infeasible iterates that approach feasibility only
in the limit.

When feasibility at intermediate points is essential—for example, in practical problems
where the objective function is meaningless unless the constraints are satisfied—it seems
desirable for iterates to approach the constrained solution from the interior of the feasible
region. Barrier methods constitute a well known class of methods with this property.

For the feasible region F associated with our generic optimization problem, the subset
of points in F for which all the constraint functions are strictly positive is denoted by
Sint(F) and defined as

Sint(F) = {x | ci(x) > 0, i = 1, . . . ,m}. (5.5.1)

A point x in Sint(F) is said to be strictly feasible.
Although the sets Sint(F) and int(F) are identical in many instances, they can be

different. For example, consider the single constraint x2
1+x2

2 ≥ 0 in R
2. The corresponding

feasible region F includes all of R
2; consequently, every point in R

2 is an interior point,
and int(F) = R

2. In contrast, the set Sint(F) includes all points in R
2 except the origin.

Barrier methods may be applied only to inequality constraints for which strictly feasible
points exist. This property does not hold for all inequality constraints, even if the feasible
region is nonempty; for example, consider the constraints x1 + x2 ≥ 0 and −x1 − x2 ≥ 0,
for which the feasible region consists of the line {x1 + x2 = 0}.

Given an initial strictly feasible point and mild assumptions about the feasible region,
strict feasibility can be retained by minimizing a composite function consisting of the
original objective f(x) plus a positive multiple of an infinite “barrier” at the boundary
of Sint(F). The most effective methods for unconstrained optimization (such as Newton’s
method) require differentiability. A suitable barrier term is therefore composed of func-
tions that are smooth at strictly feasible points, but contain a positive singularity if any
constraint is zero. Under these conditions, a minimizer of the composite function must
occur at a strictly feasible point.

When the barrier term is heavily weighted, a minimizer of the composite function will
lie, informally speaking, “far away” from the boundary. If the coefficient of the barrier term
is reduced, the singularity becomes less influential, except at points near the boundary;
minimizers of the composite function can then move closer (but not “too close”) to the
boundary. The weight on the barrier term thus tends to regulate the distance from the
iterates to the boundary. In the parlance of modern interior methods, the barrier term
forces the iterates to remain centered in the strictly feasible region.

As the factor multiplying the barrier term decreases to zero, intuition suggests that
minimizers of the composite function will converge to a constrained solution x∗ that lies
on the boundary of Sint(F). We shall see later that this intuition can be verified rigorously
under reasonably mild conditions.

We stress that there is ample room for many formulations of a “barrier function”, as
indicated by the range of definitions in Fiacco and McCormick (1968) and in Nesterov
and Nemirovsky (1989). Other varieties of composite functions—called “potential” and
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“centering” functions—have also been proposed for use in interior methods; see, for ex-
ample, Sonnevend (1986) and Gonzaga (1992). Karmarkar’s original (1984) LP algorithm
included a logarithmic potential function. The method of centers of Huard (1967) im-
poses an additional constraint at each iteration based on the current value of the objective
function; see Renegar (1988) for an LP method based on this idea.

In all cases, the composite functions display a common motivation of simultaneously
reflecting the objective function (thereby encouraging its reduction) as well as forcing
iterates to stay “nicely centered” in the feasible region. They differ, however, in the
balance of these sometimes conflicting aims.

5.5.1. The logarithmic barrier function

For simplicity, we discuss only the simplest barrier function based on a logarithmic singu-
larity, which was not only the most popular in the 1960s, but also has received substantial
attention since 1984. The logarithmic barrier function was first defined by Frisch in 1955,
and was extensively studied and analyzed during the 1960s. Detailed theoretical discus-
sions of classical barrier methods, along with historical background, are given in Fiacco
and McCormick (1968) and Fiacco (1979).

The logarithmic barrier function associated with minimizing f(x) subject to c(x) ≥ 0
is

B(x, µ) = f(x)− µ
m∑

i=1

ln ci(x), (5.5.2)

where the barrier parameter µ is strictly positive. (When the meaning is clear, we may
write B with a single argument µ or without arguments.) Since the logarithm is undefined
for nonpositive arguments, the logarithmic barrier function is defined only in Sint(F).

The intuitive motivation for a barrier method is that we seek unconstrained minimizers
of B(x, µ) for values of µ decreasing to zero. If the solution x∗ of the constrained problem
lies on the boundary and exact arithmetic is used, a barrier method can never produce the
exact solution. Barrier methods consequently terminate when the current iterate satisfies
some approximation to the desired optimality conditions. “Classical” barrier algorithms
as well as many recent interior methods have the following form:

Algorithm 5.5.1. Classical Barrier Algorithm.
Choose x0 so that c(x0) > 0; Choose µ (µ > 0);γ (0 ≤ γ ≤ 1);
Set k = 0;
while not converged do

Compute an unconstrained minimizer x(µk) of B(x, µk);
xk+1 ← x(µk);
µ← γ µ;
k ← k + 1;

end do

In practice, the calculation of x(µk) is carried out approximately, and only a few it-
erations of an unconstrained method may be performed before the barrier parameter is
updated. In the theoretical results given here, we assume that x(µk) is an exact uncon-
strained minimizer.
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The next two sections provide a rigorous foundation for the generic approach, including
the assumptions necessary to make it succeed in converging to a solution x∗ of the original
constrained problem. After establishing local convergence properties, we return in §5.5.2
to a more detailed analysis of the sequence of barrier minimizers.

5.5.2. The barrier trajectory

In this section, we describe conditions under which a sequence x(µ) of barrier minimizers
not only converges to x∗, but also defines a smooth path (the “barrier trajectory”) that is
nontangential to the active constraint gradients.

Discussions of the logarithmic barrier function involve special diagonal matrices related
to vectors, for which the following notation has become popular. When a lower-case
letter refers to a vector, its upper-case version means the diagonal matrix of comparable
dimension whose (i, i) element is the ith component of the vector. For example, C(x)
denotes the m×m diagonal matrix of constraint values {ci(x)}:

C(x) = diag(ci(x)) =




c1(x)

c2(x)
. . .

cm(x)



,

and C(x)−1 is the diagonal matrix whose ith element is 1/ci(x). Using this convention,
we have the general relation C(x)e = c(x), where e denotes the vector of appropriate
dimension whose components are all equal to one, e = (1, 1, . . . , 1)T .

The gradient of B(x, µ) with respect to x is

∇B(x, µ) = g(x)−
m∑

i=1

µ

ci(x)
∇ci(x) = g(x)− µJ(x)TC(x)−1e, (5.5.3)

where ∇ci(x) is the gradient of ci(x) and J(x) is the Jacobian of c(x). (Recall that the
constraint gradients are the transposed rows of J(x) and hence the columns of J(x)T .)
The Hessian of B(x, µ) is

∇2B(x, µ) = H(x)−
m∑

i=1

µ

ci(x)
Hi(x) +

m∑

i=1

µ

ci(x)2
∇ci(x)∇ci(x)T

= H(x)−
m∑

i=1

µ

ci(x)
Hi(x) + µJ(x)TC(x)−2J(x).

The point x(µ) is an unconstrained minimizer of B(x, µ) only if the gradient vanishes
at x(µ). Substituting from (5.5.3), the following relation must hold at x(µ):

g(µ) =

m∑

i=1

∇ci(µ)
µ

ci(µ)
, (5.5.4)

where the argument µ denotes evaluation at x(µ). Since µ > 0 and ci(µ) > 0, it follows
that the gradient of f at x(µ) is a positive linear combination of the gradients of all the
constraints.
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From §5.2.4 the first-order optimality conditions for nonlinear constraints are

g(x∗) = J(x∗)Tλ∗ =
m∑

i=1

∇ci(x∗)λ∗i , (5.5.5)

where λ∗i ≥ 0 and λ∗i ci(x∗) = 0, i = 1, . . . , m. At x∗, the gradient of f is thus a
nonnegative linear combination of all the constraint gradients, where inactive constraints
have zero multipliers.

The similar forms of (5.5.4) and (5.5.5) reveal that the ith coefficient µ/ci(µ) in the
linear combination (5.5.4) is directly analogous to the ith Lagrange multiplier λ∗i . When
standard sufficient optimality conditions hold at x∗ and the gradients of the active con-
straints are linearly independent, the multiplier estimates µ/ci(µ) do indeed converge
to λ∗i . In fact, under these conditions a differentiable curve x(µ) of barrier minimizers,
parametrized by µ, exists near µ = 0 and converges to x∗. This curve of minimizers is
called the barrier trajectory ; in linear programming, it is usually known as the central
path. Its existence and properties define the broad class of “path-following” algorithms
that attempt to follow the trajectory to the solution.

Theorem 5.5.1. Consider the problem of minimizing f(x) subject to ci(x) ≥ 0, i = 1,
. . . , m, where m ≥ 1. Let F denote the feasible region, and assume that Sint(F) is
nonempty. Assume further that x∗ is a local constrained minimizer at which

(a) g(x∗) = J(x∗)Tλ∗, with λ∗i ci(x∗) = 0;

(b) λ∗i > 0 if ci(x
∗) = 0;

(c) there exists α > 0 such that pTH(x∗, λ∗)p ≥ α‖p‖2 for all p satisfying Ja(x∗)p = 0,
where Ja(x∗) denotes the Jacobian of the active constraints at x∗ and H(x, λ) is the
Hessian of the Lagrangian function (see (4.2.10));

(d) the gradients of the active constraints at x∗ are linearly independent.

Consider a logarithmic barrier method in which B(x, µk) is minimized for a sequence of
positive values {µk} converging monotonically to zero as k →∞. Then

(i) there is at least one subsequence of unconstrained minimizers of the barrier function
B(x, µk) converging to x∗;

(ii) For such a convergent subsequence {xk},

lim
k→∞

µk/ci(xk) = λ∗i ;

(iii) for sufficiently large k, the Hessian matrix ∇2B(xk, µk) is positive definite;

(iv) a unique, continuously differentiable vector function x(µ) of unconstrained minimiz-
ers of B(x, µ) exists in a neighborhood of µ = 0;

(v) lim
µ→0

x(µ) = x∗.
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We have now verified the existence of both the barrier trajectory x(µ) and the associ-
ated multiplier estimate λ(µ). A remaining question involves existence and differentiability
of the trajectory at x∗ itself. For sufficiently small µ, the following n + m equations are
satisfied identically at every pair (x(µ), λ(µ)) on the trajectory:

g(x)− J(x)Tλ = 0; (5.5.6a)

λici(x) = µ, i = 1, . . . ,m. (5.5.6b)

If we treat the multipliers λ(µ) as separate variables, (5.5.6) can be viewed as a system of
nonlinear equations in the n +m variables (x, λ). The Jacobian matrix of this system is
given by

K =

(
H(µ)−∑λi(µ)Hi(µ) −J(µ)T

Λ(µ)J(µ) C(µ)

)
, (5.5.7)

where Λ and C are diagonal matrices corresponding to λ and c.
We can again apply the implicit function theorem to deduce the existence of a differ-

entiable trajectory (x(µ), λ(µ)) at (x∗, λ∗) if the matrix (5.5.7) is nonsingular at µ = 0.
Let k∗ denote the limiting version of (5.5.7):

k∗ =

(
H(x∗, λ∗) −J(x∗)T

Λ∗J(x∗) C(x∗)

)
.

This matrix is nonsingular (see Theorem 5.2.8) and the implicit function theorem applied
to (5.5.6) thus implies that the trajectory x(µ) exists and is differentiable at x∗.

The approach of the trajectory x(µ) to x∗ can be analyzed as follows. Let ẋ denote
dx(µ)/dµ, with a similar meaning for λ̇. Differentiating (5.5.6) with respect to µ, we see
that, for sufficiently small µ, x(µ) and λ(µ) satisfy the system of differential equations

(
H −∑λiHi −JT

ΛJ C

)(
ẋ

λ̇

)
=

(
0

e

)
, (5.5.8)

with initial conditions x(0) = x∗ and λ(0) = λ∗.
Let y denote the vector ẋ evaluated at µ = 0, i.e., y is the tangent to the barrier

trajectory at x∗. For an active constraint i, the second set of equations in (5.5.8) reveals
that

λ∗i∇ci(x∗)Ty = 1, so that ∇ci(x∗)Ty =
1

λ∗i
and Jay = (Λ̂∗)−1e. (5.5.9)

The assumption of strict complementarity means that λ∗i 6= 0 for any active constraint.
Hence relation (5.5.9) shows that the barrier trajectory approaches x∗ nontangentially with
respect to the active constraints, i.e., the iterates do not converge “along” the boundary.

Assume that constraint i is active, and let θi denote the angle between y and the
normal to constraint i at x∗. It follows from (5.5.9) that

cos θi ∼
1

‖∇ci(x∗)‖λ∗i
. (5.5.10)
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If all active constraint gradients are approximately equal in norm, relation (5.5.10) shows
that the approach of barrier trajectory to x∗ is “closer to tangential” for active constraints
with larger multipliers.

The nontangential property fails to hold without strict complementarity, even if the
active constraint gradients are linearly independent. A complete analysis of this case is
given in Jittorntrum (1978).

5.5.3. Properties of the barrier Hessian

The Hessian matrices Hb of the barrier function display a special structure as µ→ 0. The
barrier Hessian is given by

Hb(µ) = H −
m∑

i=1

µ

ci
Hi + µJTC−2J.

As x(µ) converges to x∗, the first two terms of the Hessian approach the Hessian of
the Lagrangian function at x∗; the third matrix is given by

µJTC−2J = JTD2J, where D2 = µC−2 = ΛC−1 =
1

µ
Λ2. (5.5.11)

We have already shown that the elements of D corresponding to inactive constraints are
converging to zero, and the elements corresponding to active constraints are becoming
unbounded.

Let ma denote the number of active constraints whose gradients are linearly indepen-
dent. The Hessian of the barrier function can be characterized in three ways, depending
on ma.

If no constraints are active at x∗, then the Hessian of the barrier function converges
(as we would expect) to the Hessian of f itself.

At the other extreme, suppose that ma = n, so that the Jacobian of the active con-
straints has rank n. If λ̂∗ > 0, the barrier Hessian along the trajectory approaches a large
multiple of the nonsingular matrix JT

a (Λ̂∗)2Ja. In this case, the condition of the limiting

Hessian depends on the condition of Ja and the condition of Λ̂∗, but is not necessarily large.
(This situation holds for linear programs in which there are no zero Lagrange multipliers.)

Finally, assume that 0 < ma < n. The limiting matrixD2 then containsma unbounded
elements and n −ma zero elements, which means that asymptotically JTD2J of (5.5.11)
becomes not only unbounded, but also rank-deficient. Murray (1971) showed that Hb(µ)
has ma unbounded eigenvalues, corresponding to eigenvectors in the range space of JT

a ,
and n −ma bounded eigenvalues, corresponding to eigenvectors in the null space of Ja.
The barrier Hessian accordingly becomes increasingly ill-conditioned for “small” µ, and is
singular in the limit. This property is one of the reasons that barrier function methods fell
into disfavor in the 1970s, since standard unconstrained methods (such as Newton-based
or quasi-Newton methods) tend to experience numerical difficulties when the Hessian is
ill-conditioned. Various linear algebraic approaches have been proposed for dealing with
this inherent ill-conditioning of the Hessian.


