
Math 202A HW7

1. By definition, we have

‖x‖∗ = max
‖y‖≤1

yTx = max
‖y‖≤1

x1y1 + x2y2 + x3y3 (1)

We can define,

x0 = (
x1

3
,
x2

5
,
x3

7
)

y0 = (3y1, 5y2, 7y3)

It is obvious that ‖y‖ ≤ 1 ⇔ ‖y0‖1 ≤ 1

‖x‖∗ = max
‖y‖≤1

yTx = max
‖y‖≤1

x1y1 + x2y2 + x3y3

= max
‖y0‖1≤1

yT0 x0 = ‖x0‖∞ =

= max{|x1
3
|, |x2

5
|, |x3

7
|}

2. We have

‖PAQx‖22 = (xTQTATP T )(PAQx) = (xTQTAT )(AQx) = ‖AQx‖22
(2)

By the definiton of 2-norm together with the above equation,

‖PAQ‖2 = max
‖x‖2=1

‖PAQx‖2 = max
‖x‖2=1

‖AQx‖2

= max
‖QHy‖2=1

‖Ay‖2

where y = Qx. Since ‖QHy‖2 = 1 ⇔ ‖y‖2 = 1, we have

‖PAQ‖2 = max
‖QHy‖2=1

‖Ay‖2 = max
‖y‖2=1

‖Ay‖2 = ‖A‖2 (3)

For Frobenius norm,

‖PAQ‖2F = trace[(PAQ)H(PAQ)] = trace(QHAHAQ)

= trace(AHA) = ‖A‖2F
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3. For part i) we have

‖AHA‖2 = σ1(A
HA) = σ1(A)

2 = σ1(A
H)σ1(A) = ‖AH‖2‖A‖2 (4)

For part ii), we know that ‖A‖2
2
= λ1(A

HA) which is the largest
eigenvalue. Let x be the eignevector associated with λ1(A

HA) i.e.
AHAx = λ1x. We may assume ‖x‖∞ = 1. Then

λ1(A
HA) = ‖λ1x‖∞ = ‖AHAx‖∞

≤ ‖AH‖∞‖Ax‖∞
≤ ‖AH‖∞‖A‖∞‖x‖∞
= ‖A‖1‖A‖∞

which means that ‖A‖2
2
≤ ‖A‖1‖A‖∞

4. We may assume B = (b1, . . . , bn). Then

AB = (Ab1, . . . , Abn)

⇒ ‖AB‖2F =

n
∑

i=1

‖Abi‖22 ≤
n
∑

i=1

‖A‖2
2
‖bi‖22 = ‖A‖2

2
‖B‖2F

Similarly we have ‖AB‖2F ≤ ‖B‖2
2
‖A‖2F , thus

‖AB‖F ≤ min{‖A‖2‖B‖F , ‖B‖2‖A‖F } (5)

5. Suppose x ∈ C
k. By Cauchy’s inequality,

‖x‖1 =
k

∑

i=1

|xi| ≤

√

√

√

√k

k
∑

i=1

x2i =
√
k‖x‖2 (6)

We also have,
‖x‖1 ≥ ‖x‖2 (7)

Thus, since Ax ∈ C
m, we have

‖A‖1 = max
‖x‖1≤1

‖Ax‖1 ≤
√
m max

‖x‖1≤1

‖Ax‖2

≤
√
m max

‖x‖2≤1

‖Ax‖2 =
√
m‖A‖2

Therefore, we can choose c1 = 1√
m
, we still need to prove c1 is the

largest. We can choose A = (aij)1≤i≤m,1≤j≤n ∈ C
m×n such that ai1 =

1, 1 ≤ i ≤ m and otherwise aij = 0.

A =











1 0 · · · 0
1 0 · · · 0
...

...
. . .

...
1 0 · · · 0











(8)
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Then ‖A‖1 = m =
√
m
√
m =

√
m‖A‖2 which means that c1 = 1√

m
is

largest.

For the right inequality, we have

‖x‖2 ≤ 1 ⇒ ‖x‖∞ ≤ 1

‖x‖2 ≤
√
k‖x‖∞

where x ∈ C
k. Thus

‖A‖2 = max
‖x‖2≤1

‖Ax‖2 ≤ max
‖x‖∞≤1

‖A‖2

≤
√
m max

‖x‖∞≤1

‖Ax‖∞

We also choose A defined in 8. Then ‖A‖2 =
√
m =

√
m‖A‖∞. Thus

c2 =
√
m is smallest.

In conclusion,
1√
m
‖A‖1 ≤ ‖A‖2 ≤

√
m‖A‖∞ (9)

3


