Math 202A HW7

1. By definition, we have

|2]« = max y"x = max z1y; + T2y2 + 23Y3 (1)
||y||<1 llylI<1

We can define,
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It is obvious that ||y| <1< |lyoll1 <1
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|lzll« = maxy'z= max z1y1 + z2y2 + T3y3
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. We have
IPAQz|3 = (27 QT AT PT)(PAQx) = (+7 QT AT)(AQx) = || AQu ]
By the definiton of 2-norm together with the above equation, 2
IPAQl2 = hax IPAQ||2 = ax [AQ||2
= ol 1Ayl
where y = Qz. Since ||Q7y|2 =1 < |ly|l2 = 1, we have
IPAQlz = max [lAylz = max [lAyll2 = [|All2 (3)

Q7 yll2=1 lyll2=

For Frobenius norm,

IPAQ|F = trace[(PAQ)"(PAQ)] = trace(Q" AT AQ)
= trace(ATA) = ||A||%



3. For part i) we have

IATAllz = 01(AT A) = 01(A)? = 01(AT)o1(A) = AT [|2]|All2 (4)

For part ii), we know that ||A||?2 = A (A7 A) which is the largest
eigenvalue. Let 2 be the eignevector associated with Aj(A7A) i.e.
AH Ax = \jz. We may assume ||z = 1. Then

MATA) = Mzl = AT Azl
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which means that || Al|2 < ||A]l1]] A«
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4. We may assume B = (by,...,b,). Then
AB = (Aby, ..., Aby,)

= [|ABIF = 1413 < Y lAl316:(13 = I AI311BIE
i=1 =1

Similarly we have |AB||% < || B|j3||A||%, thus

|AB||r < minf[|All2[|B|[7, [ Bll2[ Al 7} (5)

5. Suppose = € C¥. By Cauchy’s inequality,

k
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kY a2 = V|| (6)
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We also have,
z]lr > [lz]l2 (7)

Thus, since Az € C™, we have

|All1 = max ||Az|; < vm max ||Az]
llz[1<1 lz)l1<1
< Vm max ||Azllz = vm| A2
lzfl2<1

Therefore, we can choose ¢ = \/—%, we still need to prove c; is the

largest. We can choose A = (a;j)1<i<m,1<j<n € C™*" such that a;; =
1,1 <7 < m and otherwise a;; = 0.
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Then ||All; = m = /my/m = /m||A||2 which means that ¢; =
largest.

\/—% is
For the right inequality, we have

[zlle 1= [lzflee <1

lz]l2 < VE|2]|so
where z € C*. Thus
|Al: = max [|[Az|2 < max [|A]]2
flzll2<1 2]l o<1
< Vm max ||Az|
llz]lco <1

We also choose A defined in 8. Then ||A|ls = vm = /m||A]|loo. Thus
¢y = y/m is smallest.

In conclusion,

1
ﬁllAlll < I Allz < vVm|| Al (9)



