Math 202A HW6

1. Since A is symmetric positive semidefinite matrix, there exists orthog-
onal matrix U and diagonal matrix V' = diag(A1,...,\,) such that
\i > 0and A=UTVU. Then we have,

traceAB = trace(UTVUBUTU) = trace(V(UBUT)) (1)
Since U is orthogonal, B’ = UBU? is similar with B and is also

positive semidefinite. Assume B’ = (b;;), then b;; > 0 and hence

trace(AB) = trace(VB') = Z Aibii >0 (2)
i=1

2. Since B is positive definite and hence B =3 exists and is also symmetric
positive definite, we have,

A-B+0=B3AB:—1>0 (3)

B 2AB 7 isalsoa symmetric positive definite matrix, thus there exist
a orthogonal matrix U and a diagonal matrix V = diag(A1,...,\,)
such that \; > 0 and B"2AB~2 = UTVU.

UTVU-T=B 2AB 2 —I+0=V —1+0 (4)
Thus A\; > 1 and /\% < 1. Hence
I-V71-0
= I-U'v'u~o0
— T-B2A'B3 %0
= B l_A1ls0
3. For Kronecker product, we have (A; ® B1)(A2 ® Bs) = (A142) ®
(B1Bz3). Since A, B are symmetric semidefinite, there exists orthogonal

matrices Uy, Uy and diagonal matrices S, So with non-negative entries
such that A = UlTSlUl, B= U2TSQU2. Then

A® B = (Ul @ UL)(S1 ® S)(U; ® Uy) (5)



Obviously U{‘F®U2T =(h ®U2)T and (U1 ® UQ)T(Ul ®@Usy) = U{‘FUl &
ULU; = I,,® I, = Lyy,. Thus we only have to show S; ® Sy is positive
semidefinite. As Sp, S5 are both diagonal matrices with positive en-
tries, S1 ® Sy is also a diagonal matrix with non-negative entries and
hence positive semidefinite.

. Suppose the singular value decomposition of A is A = USV. Then
AAH = USSHUH AHA = VSHSVH Since S is a diagonal matrix,
SSH = SHS. Therefore A”A is similar to AAH.

Since A” A is similar to AAH | they have same eigenvalues. AA and
A" A are both normal matrices and hence their singular values are
simply the absolute value of eigenvalues. Their singular values are
also the same.

. Suppose the singular value decomposition of A is A = USV# where
S = diag(o1,09,...,00).

At =vsiygf (6)

S = diag(al_l, 02_1, ...,o; ). Hence we have, singular values of A~1
are

ot >0l > >0 >0 (7)



