
Math 202A HW5
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2. We have

λmin(A) = min{xHAx, ‖x‖ = 1}

λmax(A) = max{xHAx, ‖x‖ = 1}

thus

xH(A+B)x = xHAx+ xHBx ≥ λmin(A) + λmin(B), for ‖x‖ = 1

xH(A+B)x = xHAx+ xHBx ≤ λmax(A) + λmax(B), for ‖x‖ = 1

The above equations holds for all ‖x‖ = 1, hence

λmin(A+B) = min{xH(A+B)x, ‖x‖ = 1} ≥ λmin(A) + λmin(B)

λmin(A+B) = max{xH(A+B)x, ‖x‖ = 1} ≤ λmax(A) + λmax(B)

3. Since (xHAx)H = xHAHx = xHAx, xHAx is real. Similarly xHBx is
real. Suppose λ = a + bi, a, b ∈ R is an eigenvector of C and v is the
corresponding eigenvector with vHv = 1, Cv = λv. Then

a+ bi = vH((a+ bi)v) = vHCv = vH(A+Bi)v = vHAv + vHBvi

⇒ Re(λ) = a = vHAv, Im(λ) = b = vHBv
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Since

λmin(A) = min{xHAx, ‖x‖ = 1}

λmax(A) = max{xHAx, ‖x‖ = 1}

We have

λmin(A) ≤ Re(λ) ≤ λmax(A)

λmin(B) ≤ Im(λ) ≤ λmax(B)

4. SupposeQ = (u1, u2, . . . , un−k). SinceQ
HQ = In−m, {u1, u2, . . . , un−k}

is an orthonormal set and we can construct a larger orthonormal set
{u1, u2, . . . , un−k, . . . , un}. LetQ0 = (un−k+1, . . . , un), P = (u1, u2, . . . , un) =
(Q,Q0). Then
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Since P is unitary, P TAP has same eigenvalues with A and hence we
have

λi+k(A) ≤ λi(Q
HAQ) ≤ λi(A) (2)

5. Suppose σ(A) = {λ1, . . . , λn} . As A is symmetric positive semidefi-
nite, all eigenvalues of A are non-negative and there is a real orthonor-
mal set {u1, . . . , un} such that

A =
n∑

i=1

λiuiu
T

i (3)

Thus we have

xTAx = 0 ⇔
n∑

i=1
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T

i x)
2 = 0

⇔ λiu
T

i x = 0, ∀1 ≤ i ≤ n

⇒ Ax =
n∑

i=1

λiui(u
T

i x) = 0
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