Math 202A HW5

1. By the fact that
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2. We have

Amin(4) = min{z Az, ||z| = 1}
Amax(A) = max{z Az, ||z| = 1}

thus

tH(A+ B)x = 2 Az 4+ 2" Bz > M\pin(A) + Ain(B), for ||z]| = 1
(A + B)x = 2 Az + 2" Bx < Apax(A) + Max(B), for ||z]| = 1
The above equations holds for all ||z|| = 1, hence

Amin (4 + B) = min{xH(A + B)z, [|z|| = 1} > Min(A) + Amin(B)
Anmin(4 + B) = max{mH(A + B)z, ||zl = 1} < Amax(A) + Amax(B)

3. Since (2 Az) = 2" Az = 2 Az, 27 Az is real. Similarly 2/ B is
real. Suppose A = a + bi, a,b € R is an eigenvector of C' and v is the
corresponding eigenvector with v#v =1, Cv = Av. Then

a4+ bi = v ((a + bi)v) = v Cv = v (A + Bi)v = v Av + v Boi
= Re(\) =a=v"Av,Im(\) =b=2v"Bv



Since

Amin(4) = min{z Az, ||z| = 1}
Amax(4) = max{z Az, |z|| = 1}
We have
. Suppose Q = (uy,u, ..., up_k). Since QTQ = I,,_p, {u1,uz, ..., Up_p}
is an orthonormal set and we can construct a larger orthonormal set
{ur,ug, ... Up_py- - upt. Let Qo = (Up—ks1y---,Un), P = (u1,u9,...,u,) =
(Q,Qo). Then
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Since P is unitary, PT AP has same eigenvalues with A and hence we
have

Aisk(A) < M (QTAQ) < Ni(A) (2)

. Suppose o(A) = {A1,..., Ay} . As A is symmetric positive semidefi-
nite, all eigenvalues of A are non-negative and there is a real orthonor-
mal set {uq,...,u,} such that

A= Z )\Zuzu;f (3)
i=1
Thus we have

n
TAz =0 < Z Ni(ulz)?2 =0
i=1
& )\iu;fpx:O, Vi<i<n

= Az = Z N (ul'z) =0

i=1



