
Math 202A HW3

1. As A,B are simultaneously diagonalizable, there exists S such that
A′ = S−1AS,B′ = S−1BS are both diagonal. Thus

AB = (SA′S−1)(SB′S−1) = SA′B′S−1 (1)

= SB′A′S−1 = (SB′S−1)(SA′S−1) = BA (2)

The equality A′B′ = B′A′ holds because A′, B′ are both diagonal.

2. Suppose A′ = S−1AS is a diagonal matrix. Then

A′ = S−1AS = R−1QHAQR ⇒ QHAQ = RA′R−1 (3)

R is upper triangular ⇒ R−1 is also upper triangular. Thus T =
RA′R−1 must be upper triangular because the product of upper tri-
angular matrices is still upper triangular.

3. ’⇒’:A is normal ⇔ there exists unitary matrix Q and diagonal ma-
trix D = diag{λ1, . . . , λn} such that A = QHDQ. Thus AAH =
QHDDHQ ⇒ trace(AAH) = trace(DDH). DDH = diag{|λ1|2, . . . , |λn|2} ⇒
trace(AAH) = trace(DDH) =

∑n
i=1

|λi|2.
’⇐’: Let C = QHAQ be a Schur decompostion of A where Q is a
unitary matrix and C is upper triangular.Thus we have,

AAH = QCCHQH (4)

AHA = QCHCQH (5)

Therefore A is normal iff C is normal. We may write C as,











λ1 c12 · · · c1n
0 λ2 · · · c2n
...

. . .
...

0 0 · · · λn











Then we have (CCH)kk =
∑n

i=k |cki|2 and (CHC)kk =
∑k

i=1
|cik|2

where ckk = λk for k = 1, . . . , n. Additionally, CCH = QHAAHQ
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is similar to AAH which means that trace(CCH) = trace(AAH) =
∑n

i=1
|λi|2 Then we have,

trace(CCH) =

n
∑

k=1

(CCH)kk =

n
∑

k=1

n
∑

i=k

|cki|2

=

n
∑

k=1

|λk|2 +
n−1
∑

k=1

n
∑

i=k+1

|cki|2 =
n
∑

k=1

|λk|2

⇒ cki = 0, i 6= k

Thus C is a diagonal matrix and therefore normal. By the conclusion
that C is normal ⇒ A is normal, we have A is normal.

4. A has n distinct eigenvalues ⇒ there exists nonsigular matrix S such
that A′ = S−1AS is a diagonal matirx with diagonal entries being
{λ1, . . . , λn} which is the set of eigenvalues of A.

SA′S−1B = AB = BA = BSA′S−1

⇔ A′(S−1BS) = (S−1BS)A′

Thus it is equal to prove B′ = S−1BS is diagonalizable. Let B′ =
(bij)1≤i,j≤n. (A′B′)ij = λibij and (B′A′)ij = λjbij. A′B′ = B′A′ ⇒
(λi − λj)bij = 0,∀1 ≤ i, j ≤ n. And λi 6= λj when i 6= j ⇒ bij = 0, if
i 6= j. Thus B′ is diagonal and B is diagonalizalbe.

5. If u, v are linear dependent, we may assume u = αv, α ∈ R and v 6= 0.
Then u+

√
−1v = (α+

√
−1)v.

(α+
√
−1)Av = A(u+

√
−1v)

= λ(u+
√
−1v) = λ(α+

√
−1)v

⇒ Av = λv = av +
√
−1bv

But Im(Av) = 0 6= bv = Im(λv) = Im(Av) which is a contradiction.
Therefore u, v are linear independent.
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