Solutions to Math202A HW#2

1. We know that ) is the eigenvalue of ab® + I,,, iff
det(ab® +I,, — \I,,) = 0. (1)
Since
det(ab™ + I, — \I,,) = det(ab™ + (A — 1)I,,) (2)
it follows that A is an eigenvalue of ab® + I,,, iff A — 1 is an eigenvalue of

ab™. Therefore, we can first find the eigenvalues of ab®.

If a =0 or b = 0, then ab® = 0, and o(ab? + I,) = {1}. In this case,
every vector v € C" is an eigenvector of ab + I, = I,,.

Now assume a # 0 and b # 0 and let v € C™. Then

abv =2 = (b v)a (3)
It follows that if v is an eigenvector of ab® then at least one of

v € span({a}) (4)
. v € Null(b) (5)

must hold. Furthermore, equation (3) shows that if v is a nonzero vector in
span({a}) or Null(b”) then v is an eigenvector of ab™. If 0 # v € Null(b)
then abv = 0. If v = a then aba = (a, b)a.

We then have two cases. If a ¢ Null(b”) then the eigenvalues of I,, + ab’
are 1 and (a, b) with eigenspaces a ¢ Null(b*) and span({a}), respectively.

If @ € Null(b') then the only eigenvalue of I + ab” is 1 which has al-
gebraic multiplicity n and geometric multiplicity n — 1. As before, the
corresponding eigenspace is Null(b?).

2. We have the following
)\jyfaci = yJHA:vZ- = )\ly]Hxl

Therfore

Since A; # A; it follows that yf:z:l =0.



3. Assume ()\,v) is an eigenpair of A, then Av = \v. Since A¥ =0 we have
0=AFy =AFTAp = 4F1o=... = Ny
It follows that A = 0.

4. Since the eigenvalues of A are distinct we know that the eigenvectors of
A form a basis for C". Let {uy,...,u,} be the set of right eigenvectors
such that w; corresponds to \; and let U be the matrix (uq,...,u,), then
rank(U) = n and U~ LAU = diag(\1,..., ) Let (y1,¥2,-..,yn) be the
matrix U~!. Due to the equality U1 A = diag(\1,..., \,)U !, we have
yH A = Nyl . Tt follows that {yi,...,y,} are left eigenvectors and satisfy

A=Udiag(A1,..., \)U " = Nimiy/! (6)
i=1
5. Let h; be the ¢ th column of matrix H, then H = (hy,...,h,). We can
prove {hi,...,hy_1} is linear independent by induction.
When ¢ = 1,{h;} is linear independent.
Now, for i = k < n — 2, assume {hq,...,hs} is linear independent. If

{h1, ..., hg, hiy1} is linear dependent, then there exist {\;}¥_; < C such
that hgyy = Sor_y Ahi. Tt follows that hgiogyr = Y00y Aihgi2. How-
ever, hy+2,i = 0for all i < k41 so we must have hyyo p+1 = 0. This con-
tradicts the assumption that H is unreduced. Therefore {h1, ..., hg, hr41}
is linear independent.

By induction, {h1,...,hp—2,h,—1} is linear independent = rank(H) >
n—1.

If X is an eigenvalue of H, each vector that satisfies (H — Al,)v = 0 is
an eigenvector of H corresponding to A\. The matrix H — A, is still an
unreduced upper Hessenberg, thus rank(H — AI,,) = n — 1. It follows that
the geometric multiplicity of A is 1. If X is a repeated eigenvalue, then the
albraic multiplicity of A is strictly greater than 1. Therefore H is defective.



