Solutions to Math202A HW#1

1. Firstly we prove that H + K is a subspace. Let wy = h+ k,ws = h’ + k'
where wy,ws € H+ K, and h,h' € H, and k, k' € K. Then for any scalars
A1, A2. We have

AWy + Aowy = ()\1h + /\Qh/) + ()\1]€ + /\Qk/) (1)

As H, K are both subspaces, A1h + Aoh' € H and A1k + X2k’ € K. Thus
AMwi + Aows € H + K meaning that H + K is a subspace.

Now we prove the inequality dim(H + K) < dim(H) + dim(K) holds. If
one of the dimensions of H and K is infinite, then the dimension of H + K
is also infinite and the inequality hold. If the dimensions of H and K are
both finite, we assumme a basis of H is {hy, ha,...,hy} and a basis of K
is {k1,ka, ..., k,} where m,n are dimension of H and K. So each element
in H + K can be expressed as > \ih;+ . nik;. Thus the dimension
of space H + K is not greater than m + n which proves the inequality
dim(H + K) < dim(H) + dim(K).

2. By the property of inner product, we have (x — ty,z — ty) > 0, for any
scalar t. If y = 0, the inequality obiviously holds. If y # 0, we choose

t= @ Then we have
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It follows that |{z,y)|*> < (z,2){y,y).

3. ||Q$Z||2 (sz)Tsz = (xz)TQTsz = (xz)TIz =1.
(Qrj, Qui) = (Qui)" Quj = ()" QT Quj = (w:)Twj = 0,0 # j.

Thus {Qx1,...,Qx,} is also an orthonormal set.

4. Let U = {u1,...,u,} and let V.= {vy,...,v,}. We are given a linear
transformation 7" : C" — C™ and told that A is the representing matrix
of T" with respect to the basis U.

A is the representing matrix of T with respect to the basis U means

[T(2)lv = Alz]u



for all x € C™. Here [z]y is the representation of the vector x in the basis

U. In otherwords
xy

[2]y =

Tn

where the x; € C" are complex numbers such that
T =2T1U1 + Ta2Ug + -+ + TpUnp.
Our goal is to find a matrix M € C™*" such that

[T(z)lv = Mz]v (3)

Similar to before, the notation [z]y means

where the z; € C™ are complex numbers such that

T = T1V1 + TV + -+ + TpUn. (4)

It is given that v; = Y. | Siju;. Substituting in for the v; in equation (4)
gives
v o= 21Xy Suwi) + o+ 2 (300 Sinwi)
= Y= SiuTjug

— (Z;—Ll Slj:ij> up 4+ (Z?:l Snj) Un.

It follows that z; = (Z?Zl Sij:EJ) for all i = 1,...,n. Equivalently we

have
[z]u = Slzlv (5)
for all vectors x € C".
Plugging equation 5 into equation (3) we find
ST (2)]o = MS™ [z]y (6)
for all x € C™. Equivalently,
[T(2)]y = SMS™ [z]u (7)

for all z € C™.
It follows that A = SMS~! and M = S~1AS



5. As the dimension of V' is finite, we can let Sy, Ty be the representing matrix
of S, T respectively and n = dim(V'). The representing matrix of ST is
SoTp. Since ST is one-to-one, we know that Null(Sy7p) = {0}. Using the
rank-nullity theorem it follows that rank(SeTp) = n.

Furthermore we have
n > max{rank(Sy), rank(7p)} > min{rank(Sy), rank(7p)} > rank(SpTp) = n

It follows that
rank(Sy) = rank(7p) = n

A second use of the rank-nullity theorem gives Null(Sp) = Null(Tp) = {0}.
Therefore, S, T are both one-to-one.



