ALGEBRAIC DEGREE OF POLYNOMIAL OPTIMIZATION
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Abstract. Consider the polynomial optimization problem whose objective and constraints are
all described by multivariate polynomials. Under some genericity assumptions, we prove that the
optimality conditions always hold on optimizers, and the coordinates of optimizers are algebraic
functions of the coefficients of the input polynomials. We also give a general formula for the al-
gebraic degree of the optimal coordinates. The derivation of the algebraic degree is equivalent to
counting the number of all complex critical points. As special cases, we obtain the algebraic de-
grees of quadratically constrained quadratic programming (QCQP), second order cone programming
(SOCP) and p-th order cone programming (POCP), in analogy to the algebraic degree of semidefinite
programming [9].
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1. Introduction. Consider the optimization problem

min - fo(2)
s.t. filx) =0,i=1,...,m, (1.1)
filx) >0, i=mc+1,...,m

where the f; are multivariate polynomial functions in R[z] (the ring of polynomials
in z = (x1,...,2,) with real coefficients). The recent interest on solving polyno-
mial optimization problems [7, 8, 11, 12] by using semidefinite relaxations or other
algebraic methods motivates this study of the algebraic properties of the polynomial
optimization problem (1.1). A fundamental question regarding (1.1) is how the op-
timal solutions depend on the input polynomials f;. When the optimality condition
holds and the critical equations of (1.1) have finitely many complex solutions, the
optimal solutions are algebraic functions of the coefficients of the polynomials f;, in
particular, the coordinates of optimal solutions are roots of some univariate polyno-
mials whose coefficients are functions of the input data. An interesting and important
problem in optimization theory is to find the degrees of these algebraic functions as
functions of the degrees of the f;, which amounts to computing the number of complex
solutions to the critical equations of (1.1). We begin our discussion with some special
cases.

The simplest case of (1.1) is linear programming (LP), when all the polynomials
fi have degree one. In this case, the problem (1.1) has the form (after removing the
linear equality constraints)

T

min c'x
xeR? (12)
s.t. Ax >b

where ¢, A, b are matrices or vectors of appropriate dimensions. The feasible set of
(1.2) is now a polyhedron described by some linear inequalities. As is well-known, if
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the polyhedron has a vertex and (1.2) has an optimal solution, then an optimizer x*
of (1.2) occurs at a vertex. So z* can be determined by the linear system consisting
of the active constraints. When the objective ¢’ is changing, the optimal solution
might move from one vertex to another vertex. So the optimal solution is a piecewise
linear fractional function of the input data (¢, A,b). When the ¢, A, b are all rational,
an optimal solution must also be rational, and hence its algebraic degree is one.

A more general convex optimization which is a proper generalization of linear
programming is semidefinite programming (SDP). It has the standard form

min T
zeR™

i=1

3

(1.3)

where ¢ is a constant vector and the A; are constant symmetric matrices. The inequal-
ity X > 0 means the matrix X is positive semidefinite. Recently, Nie et al. [9] studied
the algebraic properties of semidefinite programming. When ¢ and A; are generic,
the optimal solution z* of (1.3) is shown in [9] to be a piecewise algebraic function of
c and A;. Of course, the constraint of (1.3) can be replaced by the nonnegativity of
all the principle minors of the constraint matrix, and hence (1.3) becomes a special
case of (1.1). However, the problem (1.3) has very special nice properties, e.g., it is a
convex program and the constraint matrix is linear with respect to x. Interestingly, if
c and A; are generic, the degree of each piece of this algebraic function only depends
on the rank of the constraint matrix at the optimal solution. A formula for this degree
is given in [13, Theorem 1.1].

Another optimization problem frequently used in statistics and biology is the
Maximum Likelihood Estimation (MLE) problem. It has the standard form

max p1(2)" pa ()" - o ()" (14)

where © is an open subset of R", the p; are polynomials such that >, p; = 1, and the
u; are given positive integers. The optimizer x* is an algebraic function of (u1, ..., uy).
This problem has recently been studied and a formula for the degree of this algebraic
function has been found (cf. [1, 6]).

In this paper we consider the general optimization problem (1.1) when the poly-
nomials fy, f1,..., fm define a complete intersection, i.e., their common set of zeros
has codimension m + 1 (see the appendix for the definition of complete intersection).
We show that an optimal solution is an algebraic function of the input data. We call
the degree of this algebraic function the algebraic degree of the polynomial optimiza-
tion problem (1.1). Equivalently, the algebraic degree equals the number of complex
solutions to the critical equations of (1.1) when this number is finite. Under some
genericity assumptions, we give in this paper a formula for the algebraic degree of
(1.1).

Throughout this paper, the words “generic” and “genericity” are frequently used.
We shall use them as conditions on the input data for some property to hold, and
they shall mean for all but a set of Lebesgue measure zero in the space of data.

The algebraic degree of polynomial optimization (1.1) addresses the computa-
tional complexity at a fundamental level. To solve (1.1) exactly essentially reduces to
solving some univariate polynomial equations whose degrees are the algebraic degree
of (1.1). As we will see, the algebraic degree grows rapidly with the degrees of the f;.

The paper is organized as follows: In Section 2 we derive a general formula for
the algebraic degree, and in Section 3 we give the formulae of the algebraic degrees
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for special cases like quadratically constrained quadratic programming, second order
cone programming, and p-th order cone programming. The paper concludes with an
appendix which introduces some basic concepts and facts in algebraic geometry that
are necessary for this paper.

2. A general formula for the algebraic degree. In this section we will derive
a formula for the algebraic degree of the polynomial optimization problem (1.1) when
the polynomials define a complete intersection. Suppose the polynomial f; has degree
d;. Let «* be a local or global optimal solution of (1.1). At first, we assume that the
polynomials are general and all the inequality constraints are active, i.e., me = m.
When m = n, by Corollary A.2, the feasible set of (1.1) is finite and hence the algebraic
degree is equal to the product of the degrees of the polynomials, dids - - - d;,. So, from
now on, assume m < n. If the variety

V={axeC": fi(zx) == fm(z) =0}
is smooth at x*, i.e., the gradient vectors
Vf1(x*),V fa(z*),...,V fm(z¥)

are linearly independent, then the Karush-Kuhn-Tucker (KKT) condition holds at z*
(Chapter 12 in [10]). In fact,

Vih(a®)+ XV () =0 (2.1)
=0

fiE) = = ()

where A, ..., A, are Lagrange multipliers for the constraints fi(z) =0,..., fi(z) =
0. Thus the optimal solution z* and the Lagrange multipliers \* = (A},..., A¥)
are determined by the polynomial system (2.1). The set of complex solutions to
(2.1) forms the locus of complex critical points of (1.1). If the system (2.1) is zero-
dimensional, then, by elimination theory (cf. [2, Chapter 3]), the coordinates of z*
are algebraic functions of the coefficients of the polynomials f;. Each coordinate z;
can be determined by some univariate polynomial equation of the form

(@)% + a1 (@) e+ a7 +as, =0

where a; are rational functions of the coefficients of the f;. Interestingly, when
f1, fo,. .., fm are generic, the KKT condition always holds at any optimal solution,
and the degrees §; are equal to each other. This common degree counts the number
of complex solutions to (2.1), i.e., the cardinality of the complex critical locus of (1.1)
or, by definition, the algebraic degree of the polynomial optimization (1.1). We will
derive a general formula for this degree.

We turn to complex projective spaces, where the above question may be answered
as a problem in intersection theory. For this we translate the optimization problem
to a relevant intersection problem. Let P™ be the n-dimensional complex projective
space. A point & € P" has homogeneous coordinates [zg,z1,...,2,] unique up to
multiplication by a common nonzero scalar. A variety in P" is a set of points & that
satisfy a collection of homogeneous polynomial equations in [xg,x1,...,2,]. Let f;,
defined by f;(z) = ' f;(x1/x0, . . ., n /o), be the homogenization of f;. Define U to
be the projective variety

U={EeP": fi(i) = fo(d) =" = fm(®) =0}
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in P*. See the appendix for more about projective spaces and projective varieties.
Next, let

T
~ o~ 9 7 9 7

be the gradlent Vector with respect to the homogeneous coordinates. Notice that
(81 fi(®) =z az fi(z1/z0, ..., xn/x0)), so the homogenization of Vf; coincides
with the last n coordinates V fl in V ﬁ

In this homogeneous setting, the optimality condition for problem (1.1) with
m = me i8

2 o O - fO() Mxo —fl()_':m
{( ) € CTHE [ (o) + pae), (Fo(2))..

where p € R is the critical value. Let * € {xo # 0} be a critical point, i.e., a solution
0 (2.2). We may eliminate p by asking that the matrix

(2.2)

have rank at most m + 1. Since ¢ # 0, the first condition implies that
fm () =0}
Similarly, the rank of the second matrix equals m + 1 only if the submatrix

oz fo(@) a%fl(fs) oo o Im(@)

FeU={h@) =

D@ AfE) ()

Q)
Q

has rank m. Therefore we define W to be the projective variety in P"
W= {zeP": all the (m+ 1) x (m+ 1) minors of M vanish },

i.e., the locus of points where the rank of [V fo(%), ...,V fu(Z)] is less than or equal
to m.

PROPOSITION 2.1. Consider the polynomial optimization problem (1.1), and as-

sume that m = me, i.e., that all constraints are active. If the polynomials f1,..., fm
are generic, then we have:
(i) The affine variety V ={x € C": fi(z) =--- = fm(x) = 0} is smooth;

(i) The KKT condition holds at any optimal solution x*;
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(iii) If fo is also generic, the affine variety
K = {x eV 3N, ..., A\ such that V fo(x) + Z)\ini(:v) = 0} (2.3)

defined by the KKT system (2.1) is finite.

Proof. (i) When the polynomials fi,..., f,, are generic, then their homoge-
nizations fi,..., fm are generic, so by Corollary A.2, they define a smooth com-
plete intersection variety U of codimension m. In particular the affine subvariety
V =UnN{xp # 0} is smooth. Therefore the Jacobian matrix

2R Eh@) o ol
BAE) EBE) @)
D@ A fE) S fuld)

has full rank at . Furthermore, the tangent space of V at z is, of course, not
contained in the hyperplane zo = 0 at infinity, so the column [1 0 ... O]T is not

in the column space of the matrix at . Thus already the submatrix

o 1(®)

f( ) o e fm(@)

°"|
Q

%fl(i') %fé@) %fm(i.)
has full rank, i.e., the gradients

VAE), ..., V(@)

are linearly independent at = € V.
(ii) An optimizer z* must belong to V', and by (i), the gradients

Vii(x"), Vfa(z"), ...,V in(z")

are linearly independent. Hence the KKT condition holds at z* (cf. [10, Chapter 12]).

(iii) We claim that the intersection of the complete intersection U/ and the variety
W where the Jacobian matrix M has rank at most m is finite. Since our critical
points V N form a subset of U N W, (iii) would follow. The codimension of U is m,
and this complete intersection variety is smooth, so the matrix M has, by (i), rank
at least m at each point of &. The variety U N {fo(Z) = 0} is, by Bertini’s Theorem
A.1, also smooth. So as above, the matrix M has full rank at the points in the affine
part V N {fo(x) = 0}. On the other hand, M is the Jacobian matrix of the variety
U N {fo(Z) = 0}. This variety is again smooth and has codimension m + 1 in the
hyperplane {zo = 0}, so M must have full rank m + 1 on U N {fo(Z) = 0}. Therefore
the variety W, where M has rank at most m, cannot intersect U N { fo(#) = 0}. But
Bézout’s Theorem A.3 says that if the sum of the codimensions of two varieties in P”
does not exceed n, then they must intersect. In particular, any curve in U/ intersects
the hypersurface {fo(Z) = 0}. Since U N {fo(Z) = 0} has codimension m + 1, we
deduce that VW must have codimension at least n — m. Furthermore, since any curve
in U NW would intersect { fo(Z) = 0}, the intersection & N must be empty or finite.
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On the other hand, the variety of n x (m + 1)-matrices having rank no more than m,
whose entries are homogeneous polynomials in the coordinates of points in a projective
space, has codimension at most n — m, by Proposition A.5. So the codimension of
W equals n — m. Hence U and W have complementary dimensions. Therefore the
intersection & N W is non-empty and (iii) follows. O

By Proposition 2.1, for generic polynomials fi,..., f,,, the optimal solutions of
(1.1) can be characterized by the KKT system (2.1), and for generic objective function
fo the KKT variety K is finite. Geometrically, the algebraic degree of the optimization
problem (1.1), under the genericity assumption, is equal to the number of distinct
complex solutions of KKT, i.e., the cardinality of the variety K. We showed above
that K coincides with V N W. The variety U N W above clearly contains K. On the
other hand, &/ N W is finite and does not intersect the hyperplane {xy = 0} when the
polynomials f; are generic. Since U\V =UN{xo =0} and U NWN{zg =0} =0, we
may conclude that K = U N W. Therefore the cardinality of K must coincide with
the degree of the variety U N .

Let S, be the r-th complete symmetric function on k letters (ni,na, ..., ng):

Sr(ny,ng,...,nE) = Z nit.onik. (2.4)
iy tintotip=r

THEOREM 2.2. Consider the polynomial optimization problem (1.1), and assume
m = Me, i.e., all contraints are active. If the polynomials fo, f1,..., fm are generic,
then the algebraic degree of (1.1) is equal to

dids - dmSp—m(do — 1,d1 — 1,... dp — 1).

Furthermore, if the polynomials fo, f1,..., fm are not generic, but the system (2.1)
is still zero-dimensional, then the above formula is an upper bound for the algebraic
degree of (1.1).

Proof. When f1, fa,..., fm are generic, U is a smooth complete intersection of
codimension m. Its degree deg(U) = dyds - - - d,, by Corollary A.4. When fy is also
generic, YW has codimension n —m and intersects I/ in a finite set of points according
to Proposition 2.1. If the intersection &/ NV is transverse (i.e., smooth) and hence
consists of a collection of simple points, then the degree deg (L{ ﬂW) counts the number
of intersection points of /NW, and hence the cardinality of the KKT variety K, which
is also the number of complex solutions to the KKT system (2.1) for problem (1.1).

To show that this intersection is transversal, we consider the subvariety X in
P" x P defined by the m equations f1(Z) = fa(Z) = --- = fm(Z) = 0 and the n
equations

M-(Xo,..., dm)T =0,

where the \; are homogeneous coordinate functions in the second factor. The image
under the projection of the variety X defined by these m+mn polynomials into the first
factor coincides with the finite set &/ NWV. Since M has rank at least m at every point
of U, there is a unique A = (Xos .-y Am) € P™ for each point & € U N W such that
(z, 5\) lies in X. Therefore the variety X is a complete intersection in P x P™. When
the coefficients of fy vary, it is easy to check that this complete intersection does not
have any fixed point. This is because when the coefficients of fy vary, the common
zeros of the n equations M - (A, ..., \pm)? = 0 vary without fixed points. So Bertini’s
Theorem A.1 applies to conclude that for generic fy this complete intersection is
transversal, which implies that the intersection & NV in P" is also transversal.
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Since the intersection & N W is finite, i.e., it has codimension in P™ equal to the
sum of the codimensions of U and W, Bézout’s Theorem A.3 applies to compute the
degree

deg(U N W) = deg(U) - deg(W).

To complete the computation, we therefore need to find deg(W). Since the codimen-
sion of W equals the codimension of the variety defined by the (m + 1) x (m + 1)
minors of a general n x (m+ 1) matrix with polynomial entries, the formula in Propo-
sition A.6 applies to compute this degree: The degree of W equals the degree of
the determinantal variety of n x (m + 1) matrices of rank at most m in the space
of matrices whose entries in the i-th column are generic forms of degree d; — 1, i.e.,
Sn—m(do —1,d1 — 1,...,d,, — 1). Therefore the degree formula for the critical locus
U N'W and hence the algebraic degree of (1.1) is proved.

Assume that the polynomials f; are not generic, while the system (2.1) is still
zero-dimensional. Then a perturbation argument can be applied. Let z* be one fixed
optimal solution of optimization problem (1.1). Apply a generic perturbation A, f;
to each f; so that (f; + Acf;)(x) is a generic polynomial and the coefficients of A f;
tends to zero as € — 0. Then one optimal solution z*(¢) of the perturbed optimization
problem (1.1) tends to z*. By genericity of (f; + Acfi)(z), we know

ao(€)(@; (€))° + ar(e)(27(€))° ™" + -+ + as-1(e)z} (€) + as(e) = 0.

Here 6 = dida -+ - dpSn—m(do — 1,d1 — 1,...,d,, — 1) and a;(e) are rational functions
of the coefficients of f; and A.f;. Without loss of generality, we may normalize a;(e)
such that

max - aj(e)| = 1.

*

When e — 0, by continuity, =} is a root of some univariate polynomial whose degree

is at most 0 and coefficients are rational functions of the coefficients of polynomials
fos f1y--os fm- O

REMARK 2.3. The genericity assumption in Theorem 2.2 is used to conclude that
the critical locus U NW is a smooth zero-dimensional variety, i.e., a set of points, by
appealing to Bertini’s Theorem A.1, while Bézout’s Theorem A.3 counts its degree,
i.e., the number of points. So both theorems are needed to get the sharp degree bound.
A sufficient condition for Bertini’s Theorem to apply can be expressed in terms of the
sets U; of polynomials in which the polynomials fo, f1,..., fm can be freely chosen.
First, assume that the generic polynomial in each U; is reduced, and that U; intersects
every Zariski open set of a complex affine space V;. Second, assume that the set of
common zeros of all the polynomials in U™,V is empty. Then Bertini’s Theorem
applies. In fact, the polynomials f; for which the conclusion of Bertini’s Theorem
fails are contained in a complex subvariety of V;.

If some of the polynomials f; are reducible, then we may replace f; by the factor of
least degree that contains the optimizer. The original problem (1.1), is then modified
to one with a smaller algebraic degree. This is relevant in the above context, if the
generic polynomaial in U; is reducible.

EXAMPLE 2.4. Consider the following special case of problem (1.1)

fo(z) = 2123 — 92z123 — T0x5w3 — 9527 — ATx 2h + Slasxs + A7) + Szixs + 3323,
f1(z) = 88z 4 64w wa — 22z 25 — 3Ta3 + 68x1x5ws — 8425 + 80x5ws + 23x525 — 202015 — Trs,

fo(z) = 31 — 4bx1 22 + 2421203 — 75:c§ + 1623‘;’ — 44:0%:03 — 70:01233 — 23112023 — 67:0%233 — 97232:0%.



8 Jiawang Nie and Kristian Ranestad

Here m = m, = 2. By Theorem 2.2, the algebraic degree of the optimal solution is
bounded by

4-3-51(4,3,2) =12 (4+3+2) = 108.

A symbolic computation over the finite field Z/17Z, using Singular [5], shows the
optimal coordinate x1 is a Toot of a univariate polynomial of degree 108. In this case
the degree bound 108 is sharp. We were not able to find the exact coefficients of this
univariate polynomial in the rational field Q, since Singular could not complete the
computation over Q.

Now we consider the more general case when m > m,, i.e., there are inequality
constraints. Then a similar degree formula as in Theorem 2.2 can be obtained, as
soon as the active set is identified.

COROLLARY 2.5. Consider the polynomial optimization problem (1.1). Let x* be
an optimizer and let j1,...,Jk C {me +1,...,m} be the indices of the active set of
inequality constraints. If every active f; is generic, then the algebraic degree of x* is

dy - dpdj, o dj Sn—me—k(do — 1,dy = 1, ... dy, — 1,dj, — 1,...,d;, —1).

If at least one of polynomials f; is not generic and the system (2.1) is zero-dimensional,
then the above formula is an upper bound for the algebraic degree.

Proof. Note that z* is also an optimal solution of the polynomial optimization
problem

Hence the conclusion follows from Theorem 2.2. O

3. Some special cases. In this section we derive the algebraic degrees of some
special polynomial optimization problems. The simplest special case is that all the
polynomials f; in (1.1) have degree one, i.e., (1.1) becomes a linear programming
problem of the form (1.2). If the objective ¢ is generic, precisely n constraints will be
active. So the algebraic degree is Sy(0,0,...,0) = 1. This is consistent with what we
observed in the introduction. Now let us look at other special cases.

3.1. Unconstrained optimization. We consider the special case that the prob-
lem (1.1) has no constraints. It becomes an unconstrained optimization. The gradient
of the objective vanishes at any optimal solution. By Theorem 2.2, the algebraic de-
gree is bounded by S, (dg — 1) = (do — 1)™, which is exactly Bézout’s number for the
gradient polynomial system

Vfo(x) =0.

Since fy can be chosen freely among all polynomials of degree dy, Remark 2.3 applies

to show that the degree bound above is sharp.
EXAMPLE 3.1. Consider the minimization of fo(x) given by

fo= 91:411 + 1:3 + xé + xi + x‘;’ + xg + xg + xi — 131:% —30z122 — 92123 + Dr1T4 + 11233

— 3x312 — 3x§ — 20x314 — 132214 — 9xi +x1 — 222 + 1223 — 1324.
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For the above polynomial, the algebraic degree of the optimal solution is 3* = 81.
A symbolic computation over the rational field Q, using Singular [5], shows that the
optimal coordinate x1 of x* is a root of a univariate polynomial of degree 81:

967140655691703339764940825" 4 195845982777569926302400512250 + - - -
+38068577951137724978419521685033466020527544236947408128x
—2957438647420262596596093352763852215662185651072180992.

The degree bound 81 is sharp for this problem.

3.2. Quadratically constrained quadratic programming. Consider the spe-
cial case that all the polynomials fo, f1,..., fm are quadratic. Then (1.1) becomes
a quadratically constrained quadratic programming (QCQP) problem which has the
standard form

min 27 Agx + bOTJ: + co
zER™

st. xl A +blae+e;>0,i=1,...,0
Here A;, b;, ¢; are matrices or vectors of appropriate dimensions. The objective and

all the constraints are all quadratic polynomials. At an optimal solution, suppose
m < { constraints are active. By Corollary 2.5, the algebraic degree is bounded by

2 S (1, 1,...,1) =2 3 1:2’”-(2). (3.1)

EH’;; ig+it1 izt tim=n—m
The polynomials fo, f1,..., fm can be chosen freely in the space of quadratic polyno-

mials, so Remark 2.3 applies to show that the degree bound above is sharp.
EXAMPLE 3.2. Consider the polynomials

fo = —20 — 2723 + 89z @2 + 80z 123 — 452124 + 197125 + 4221 — 1323 + 3lwaws — T9T2Ts
+ Tdzozs — 9o + 5622 — TTxsws — 22325 + 3573 + 4027 — 132425 + 6074 + 5822 — 845,
f1 =33+ 5527 — 41z wo + 33z123 — 6lz12s + 963175 + 1271 + T4w3 — 903273 — 5TT2T4
— 52x2w5 + 5lxa + 1525 + 8lzswy + 87x3x5 + Thws — 1023 + 58zaxs + 33x4 + 83z2 — 23ws,
fo=8— 9xf + 56x12x2 — 242123 + 8lw1x4 + 85T1205 — 9921 — 7713 — T5x2x3 + xox4 + 382215
+ 23z — 9723 — 1dwsws — T3x375 + 6523 + 375 — 142475 + 1624 + 922 — 1025,
fa =9+ 901:% — 9421209 — 220123 — 2411204 + 721 + 321:3 — 48xox3 — 61224 + 0275 — 18212
— 6322 + 66z374 — 133375 + 8823 — 4513 — 923475 — 6974 — 4372 + 3225,

For the above polynomials, the QCQP problem is nonconvex. We consider those local
optimal solutions for which all the three inequalities are active. By Corollary 2.5, the
algebraic degree of this problem is bounded by 2™ (:;) = 80. A symbolic computation
over the finite field Z/177, using Singular [5], shows that the optimal coordinate xq
is a root of a univariate polynomial of degree 80. The algebraic degree of this problem
is 80 and the bound given by the formula (3.1) is sharp. For this example, we were
also mot able to find the exact coefficients of this univariate polynomial in the rational

field Q, since Singular could not complete the computation over Q.
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3.3. Second order cone programming. The second order cone programming
(SOCP) problem has the standard form

min T

zER™ - _ (32)
s.t. a;x+b;— ||Ciz+di||2>0,i=1,...,¢
where ¢, a;, b;, C;,d; are matrices or vectors of appropriate dimensions. Let z* be
an optimizer. Since SOCP is a convex program, the z* must also be a global solu-
tion. By removing the square root in the constraint, SOCP becomes the polynomial
optimization problem

min  Lx
rzER™

st. (alz+b)* = (Cix+d)T(Cix +di) >0,i=1,...,L.

Without loss of generality, assume that the constraints with indices 1,2,...,m are
active at £*. The objective is linear but the constraints are all quadratic. As we can
see, the Hessian of the constraints have the special form aiaiT — CiT C;. Let r; be the
number of rows of C;. When r; = 1, the constraint a] x + b; — ||Ciz + d;|2 > 0 is
equivalent to two linear constraints

—(alz 4+ b)) < Cyx +d; < alz + b,

Thus, when every r; = 1, the problem reduces to a linear programming problem and
hence has algebraic degree one, because in this situation the polynomial (al'z +b;)? —
(Cix + di)2 is reducible. When r; > 2 and a;, b;, C;, d; are generic, the polynomial
(al'z +b;)? — (Ciz + d;)T (Ciw + d;) is quadratic of rank r; + 1 and hence irreducible.
Without loss of generality, assume 1 =r; =rg = -+ =715 < 7p41 < -+ < 1. Then
the problem (3.2) is reduced to

min  ’x
xeR™

s.t. aiTx—i-bi—l—ai(Cix—i-di)ZO,izl,...,k
(afx +b;)? — (Cox +d)" (Ciz+di) >0, i=k+1,...,m

where the scalar o; is chosen such that a;frx* +b;+0,(Ciz*+d;) = 0. By Corollary 2.5,
the algebraic degree of SOCP in this modified form is bounded by

o o m— n—k—1
2"k Sy m(0,...,0, 1,...,1 )=2m"". Z 1:27Lk'<m_k—1>'

f i1 tigtot tim=n—m
m—k times

(3.3)
When k = m, we have already seen that the algebraic degree is one.
For the sharpness of degree bound (3.3), we apply Bertini’s Theorem A.1 following
Remark 2.3. For every i = k + 1,...,m, define the set U; of polynomials as

U, = (a?$+bi)2 — Z Oé?(Cl,T—f—dl)? DA, .., Oy eR

1<j<r:

Next, define complex affine spaces V; as follows:

Vi=S (a]z+b)* = > Bi(Cix+di)i: Br,.... B €Chi=k+1,...,m.

1<j<r;
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Then every set U; intersects any Zariski open subset of the affine space V;. On the
other hand the set of common zeros of the linear polynomials

and all the polynomials in the union [J;, 41 Vi is contained in the set

Z_k n. T - ~ n.aiTa:—l—bi:O
= ﬂ{xER : aix—i-bi—i—ai(cix—i-di)—O}‘m {LL‘ER : CZZZ?—I—dZ—O}
i=1 i=k+1

(3.4)
Therefore, for generic choices a;, b;, C;, d;, if 141 + -+ + 7y +m > n, the set Z is
empty. Hence Remark 2.3 applies to show that, for generic choices of ¢, a;, b;, C;, d;
with 7411 + -+ + rm 4+ m > n, the algebraic degree bound 2™ ~F . (:1:]1:11) is sharp.

ExaMpPLE 3.3. Consider the SOCP defined by the polynomials

fo=—x1 4+ 622 + 1323 + 1124 + 825,
fi = (=11z1 — 1820 — 4x3 + 2w — 1225 + 7)° — (—4x1 — 1022 + 2023 — 424 — 925 + 3)°
— (=5x1 — 11z2 + 8x3 — 18z4 + 11a5 + 15)° — (21x1 + 1822 — 1223 — 1024 — 85 + 4)?,
f2 = (—=5x1 — bxg — Txs — 624 + das + 41)% — (1 — 222 + 1023 — 2124 — 11)°
— (=121 4 32 + 1623 + 44 + x5 + 9)° — (1421 + 2022 — 1323 — Toa + 4as + 2)°,
f3 = (x1 — 8xo + 11x3 — x5 + 22)° — (221 — 22 + 3x3 — T4 — 2505 — 8)°
— (—2x1 — 17x3 + 1dxy + 4a5 — 7)2 — (1 + 1222 + 1dx3 — 624 — 425 — 10)2.

There are no linear constraints. For this SOCP, all the three inequalities are active
at the optimizer. All the matrices C; have three rows. By formula (3.3), the algebraic
degree of this problem is bounded by 23 (gj) = 48. A symbolic computation over the
finite field Z/17Z, using Singular [5], shows that the optimal coordinate x1 is a root
of a univariate polynomial of degree 48. The algebraic degree of this problem is 48, so
the upper bound is sharp in this case. The exvact integer coefficients of this polynomial
are huge, e.g., the coefficient of 1% returned by Singular is

2099375102740465860059815913466313028033389427217933637192605381170459911
3664919113955945081518362866289941284683755559037514999015805213743887244
0868003318410425145082276365726847061266590451302699523335919731587145180
8453244977937102564917173654129343733244846958387649410769452695126458577
1066157333966857752253305920226530568083266479375648347403229514209064223
54871538449138079371730302676659572182280037694111467584821502831737932897
44529268950487580181141913600

3.4. p-th order cone programming. The p-th order cone programming (POCP)
problem has the standard form

mingecgn cTx (3.5)

st. afz+b, — |Cix+di|, >0,i=1,...,¢ '
where ¢, a;, b;, C;, d; are matrices or vectors of appropriate dimensions. This is also
a convex optimization problem. Let x* be an optimizer, and assume the constraints
with indices 1,...,m are active at x*. Suppose C; has r; rows. When some r; = 1,
the constraint al'z + b; — ||C;x + d;||, > 0 is equivalent to two linear constraints

—(aTz+b;) < Cw + d; < alz + b,
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Like the SOCP case, assume 1 = 1] = -+ = 1 < 1g1 < -+ < 7. Then the
problem (3.5) is equivalent to

min 'z
reRn
s.t. aiTx—i-bi—l—ai(C'ix—i-di) >0,i1=1,...,k
(a?w—i—bi)p—Z(Cm—i—di)sz,i:k—i—l,...,m

j=1

where the scalar o; is chosen such that alz* + b; 4+ 0;(C;z* + d;) = 0. Then we have

i i n—m n—k—1
Sp—m(0,...,0,p—1,...,p—1) = > (p—1)tk+1tFim — (1) (m . 1).
k-

f i1+ Fim=n—m
m—% times + "

By Corollary 2.5, the algebraic degree of 2* is therefore bounded by

o= (P77 (3:6)

When k = m, problem (3.5) is reducible to a linear programming problem and hence
its algebraic degree is one.

Now we discuss the sharpness of degree bound (3.6). Similarly to the SOCP case,
for every i = k4 1,...,m, define the set of polynomials U; as

Us; =< (alx +b;)P — Z af(Cix—i—di)f:al,...,ar.ER

K
1<j<r:

Then define complex affine spaces V; as follows:

Vi={@le+b)P = > Bi(Ciw+di)P: By, B, €Coi=k+1,...,m.

1<j<ri

Then every set U; intersects any Zariski open subset of the affine space V;. On the
other hand, the set of common zeros of the linear polynomials

aiT:C—l—bi—I—oi(Ci:v—i—di),izl,...,k

and all the polynomials in the union J;", 41 Vi is contained in the set Z defined by
(3.4). Therefore, for generic choices of a;,b;,C;, d; with 741 + -+ + 1 +m > n,
the set Z is empty, and hence Remark 2.3 implies that the degree bound given by
formula (3.6) is sharp.

ExamMpLE 3.4. Consider the case p = 4 and the polynomials

fo =921 — bag + 323 + 224

fi=(1—6x; — 629 + 4wz — 924)* — (7 — 631 + 2209 — 23 + 24)"
— (11 + 2, — 2o — 823+ 3x4)* — (=134 T2y + 1622 — T3 + 924)*
— (3 = 11zy + 142 — 83 + 54)? — (8 + 921 — 1025 + 223 + 224)™.
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For the above polynomials, the inequality constraint must be active since the objective
is linear. By the formula (3.6), the algebraic degree of the optimal solution is bounded
by pm(p — )™ (:;11) = 108. A symbolic computation over the finite field Z/17Z,
using Singular [5], shows that the optimal coordinate x1 is a root of a univariate
polynomial of degree 108. So the algebraic degree of this problem is 108, and the
bound given by the formula (3.6) is sharp. For this example, we were also not able to
find the exact coefficients of this univariate polynomial in the rational field Q, since

Singular could not complete the computation over Q.

3.5. Semidefinite programming. In the introduction, we observed that the
SDP problem of the form (1.3) can also be represented as a polynomial optimization
problem of the form (1.1). Concretely, let gr(x) be the principle minor of the matrix
in (1.3) withrows I C {1,2,..., N} (N is the length of the matrix). Then the problem
(1.3) is equivalent to

min L
z€R" (3.7)
st.  gr(x) >0, VYIC{1,2,...,N}L

If the active constraints are known in the above, then Corollary 2.5 can be applied
to get an upper bound for the algebraic degree of problem (1.3). Unfortunately, the
upper bound obtained by Corollary 2.5 is usually not sharp, and often larger than the
degree formula given in [13, Theorem 1.1]. This is because the polynomials g;(z) do
not define a complete intersection: The codimension of V), is less than the number of
minors, i.e., the number of generators of the ideal of V,. . To see this point, suppose
r is the rank of the optimal matrix in (1.3). Then all g;(z) with card(I) > r must
vanish at the optimal solution z*. Let V, be the variety defined by the g;(z):
Ve ={xeR": gi(x) =0, VI:card(l)>r}

The ideal 1(V,) of V, has (T]J\r’l) generators. Since V), contains the variety of matrices
of rank at most r, which has codimension (N72T H), the codimension of V), is smaller

than the number of generators of its ideal for almost all values of N and r. So the
variety V, is almost never a complete intersection.

Acknowledgement. The authors are grateful to Gabor Pataki, Richard Rimanyi
and Bernd Sturmfels for motivating this paper, and wish to thank two referees for
fruitful suggestions.

Appendix A. Some elements of algebraic geometry.

This section presents some basic definitions and theorems in algebraic geometry.
Most of them can be found in Harris’ book [4].

Let C[x1,...,2,] be the ring of polynomials in 21, ..., z,. An additive subgroup
I of Clz1,...,2,] is called an ideal if for every f € I, the product f-g € I for any
g € Clxy,...,x,]. Given an ideal I of C[zy,...,z,], the polynomials fi,..., fx are
called generators of I if for every f € I there exist g1,...,g9x € Clz1,...,z,] such
that f = fig1 + ...+ frgr. We also say that the ideal I is generated by f1,..., fx
and denote I = (f1,..., fx)-

Let C™ be the n-dimensional complex affine space. A point z € C" is a complex
vector (z1,...,2,). A set V in C" is called an affine algebraic variety if there are
polynomials g1, ..., g, such that

V=A{(z1,...,2,) €C": g1(x1,...,20) =+ = gr(x1,...,2,) =0} .
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In the Zariski topology on C™ the closed sets are precisely the affine algebraic varieties.
A variety is irreducible if it is not the union of two proper closed subvarieties. Any
variety is a finite union of distinct irreducible varieties. Given an affine variety V', the
ideal of V is defined to be the set of polynomials

IV)={feClx1,...,xn]: f(1,...,20) =0,V (x1,...,2,) € V}.

Let P™ be the n-dimensional complex projective space of lines through the origin

in C"*! . A point & € P" has homogeneous coordinates [z, z1,...,Zy,], unique up
to multiplication by a common nonzero scalar. A set U in P" is called a projective alge-
braic variety if there are homogeneous polynomials hy (zg, 21, ..., Zp), ..., ht(xo, 21, . ..
such that
U={(xo,z1,...,2n) €EP": hi(zo,21,...,2n) =+ = he(xo,21,...,2,) =0}.

In the Zariski topology on P, the closed sets are precisely the projective algebraic
varieties. As a special case, if h € C[zg,...,z,] is a homogeneous polynomial, then
the set

H={zeP": h(z)=0} CP"

is a projective variety called a hypersurface. If furthermore h has degree one, H is
called a hyperplane.

A subset I of Clxg,...,x,] is called a homogeneous ideal if I is an ideal of
Clzo, ..., 2] and generated by homogeneous polynomials in the ring Clzg, ..., z,].
Given a projective variety U, the ideal

IU) ={f € Clxo,x1,..., 2] : f(Z)=0,YVE = (20, 21,...,2,) EU}

is homogeneous. It is called the ideal of U. A Zariski open subset Q of a projective
variety U is called a quast-projective variety, or equivalently, a quasi-projective variety
is a locally closed subset of P™ in the Zariski topology.

The dimension of an affine (resp. projective) variety V is the length k of the
longest chain of irreducible affine (resp. projective) subvarieties, V.=V D Vi D -+ D
Vi. For a projective variety the dimension may be equivalently defined as the largest
integer k such that any set of £ hyperplanes have a common intersection point on V. A
variety has pure dimension if all its irreducible components have the same dimension.
Let U be a projective variety in P™ of pure dimension k. We say that U is a complete
intersection if its homogeneous ideal is generated by n — k homogeneous polynomials,
that is, there exists homogeneous polynomials f1,..., fn—x € Clxg,x1,...,x,] such
that T(U) = (f1,.--, fa—k)-

Let U be an irreducible projective variety in P" of dimension k& and I(U) =
(fi,..., fr). The singular locus Ugng is defined to be the projective algebraic variety

Using ={T €U : J(f1,..., fr) has rank less thann — katz},

where J(f1,..., fr) denotes the Jacobian matrix of f1,..., f;.

The following is a fundamental theorem that we formulate in a version particularly
applicable to our situation. We consider subvarieties in products of projective spaces.
They are defined, as above, by ideals of polynomials that are homogeneous in two sets
of variables, one set for each factor.
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THEOREM A.l (Bertini’s Theorem). If X C P™ x P"2 is a quasi-projective k-
dimensional complex variety, and P™ a projective space parameterizing hypersurfaces
in P™ x P*2. Let Z = Nyepm™ be the common points of these hypersurfaces. Let
Y =HNX for a general member H € P™. Then Y is a variety of dimension k —1
and

ysing - (Xsing N y) UZ.

Proof. Let f3; be a polynomial that defines H. The polynomials {f : H € P™}
generate a vector space V of dimension m + 1 of polynomials. Let fo,..., fm be a
basis for this vector space. Then

€T +— [fo(w), .. 7fm(x)]

defines a regular map
X\ Z— P

The conclusion now follows from [4, Theorems 17.16 and 17.24]. O

An immediate corollary is:

COROLLARY A.2. Let f1,...,fx € Clzo, ..., Tny,Y0,---,Yn,] be generic polyno-
mials and k < n. Then the projective variety V(f1,..., fr) defined by

{(j’g) = ([x()vxlv"'axnl]v [y()v"'vynz]) eP™ x P fl(j,ﬂ) == fk(j’g) = 0}

is a smooth complete intersection of dimension (ny + na — k).  The degree of an
equidimensional projective variety X of dimension k in P" is the number of points
in the intersection of X with n — k general hyperplanes. Therefore if X and ) are
subvarieties of P™ of the same dimension without common components, then

deg(X UY) = deg(X) + deg(V).

The following is another fundamental theorem, which we also formulate in a version
particularly applicable to our situation.

THEOREM A.3 (Bézout’s Theorem). If X, C P are projective complex vari-
eties of pure dimensions k and £ with k+¢ > n, then X NY # () and each irreducible
component of the intersection has dimension at least k + £ —n.

If X and Y intersect transversely, i.e., that each irreducible component of X N'Y
has dimension k+ £ —mn and has a nonempty smooth open subset outside the singular
loci of X and ), then

deg(X NY) = deg(X) - deg(Y).

In particular, if k+¢ =n and X NY is transverse, then it consists of deg(X) - deg())
points.

Proof. The first part is a secial case of [4, Theorem 17.24], except for the statement
that the intersection X N') # (), while the second part is [4, Theorem 18.3]. To show
that the intersection X N'Y # () we pass to the affine cones CX and CY in C"*! of
the projective varieties in X and ) respectively. They, of course, both contain 0, so
their intersection in C"*! is non-empty. The cones CX and CY have dimensions k -+ 1
and £+ 1, respectively. Therefore, by [4, Theorem 17.24], their intersection must have
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components of dimension at least (k + 1) + ({+ 1) —n+ 1 > 1. The intersection
CXNCY is clearly an affine cone over the intersection X' N, so since it has dimension
at least one, the intersection X N Y is not empty. O

COROLLARY A.4. A complete intersection of hypersurfaces has degree equal to
the product of the degrees of the hypersurfaces.

Bertini’s Theorem and Bézout’s Theorem may be generalized to projective alge-
braic varieties whose ideal is given by all minors of a given size of a matrix whose
entries are homogeneous polynomials. The generalization of Bertini’s Theorem that
we need is given by the following:

PROPOSITION A.5. Let a; < --- < ay be a finite sequence of positive integers,
and let M be an e X f-matriz whose entries m;; are homogeneous polynomials in
Clzo, ..., xn] of degree a;. Consider the projective variety

X, ={2 €P": M has rank at most r atZ} .

Every irreducible component of X, has dimension > (n—(f—r)(e—r)). In particular,
ifn—(f—r)(e—r) >0, then X, # 0. Furthermore, if the entries in M are generic,
then every irreducible component of X, has dimension n — (m —r)(k —r), and X, _4
is the singular locus of X,.

Proof. The bound on the codimension follows from [4, Proposition 17.25]. For
the smoothness we consider first the case when the entries are independant variables
Y0,---,Yef—1. A local parameterization of X, then shows that X, has codimension
(e—r)(f—r), is smooth outside X, and singular along X,_1, (cf. [4, Example 20.5]).
Substituting the variables with polynomials in xq,...,x,, we may apply Bertini’s
Theorem A.1 to conclude. O To find the degree of X,., we apply Bezout’s Theorem
in a slight variation of an argument in [4, Example 19.10] to get the special case
r =min{e — 1, f — 1} that we need. For general r the formula is given by the Thom-
Porteous Formula, whose proof is more involved (cf. [3, Example 14.4.11]).

PROPOSITION A.6. Let ay < --- < ay be a finite sequence of positive inte-
gers, and let M be an e x f-matriz whose entries m;; are general homogeneous
polynomials in Clxzo, ..., z,] of degree aj. Consider the projective variety Xe—1 =

{Z € P": M has rank less than e atZ}.
(1) Assume that e < f and let Eq,...,E; be the elementary symmetric polyno-
maals in the a;, i.e.,

(I+art)---(14apt)=1+Eyt+---+ Est!.
Ifn—f+4+e—12>0, then
degXe 1 =FEf c11.

(2) Assume that e > f and let Sy,...,Sk,... be the complete symmetric polyno-
maals in the a;, i.e.,
1
(1 —a1t)(1 —agt) - (1 —ayst)

(I+ait+ait®+--- ) (I+apt+ajt® +-) =1+ St +--+ St +- -
Ifn—e+ f—12>0, then

degXy1 = Se—f1.
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Proof. The first part we prove by specializing the matrix to one where the entries
of each column in M are proportional, while any f — e + 1 polynomials from distinct
columns define a complete intersection. Clearly then X._1 is simply the union of these
complete intersections; M has rank less than e precisely when at least f —e+1 of the
columns vanish. The degree of each of these complete intersections is the product of
degrees of the corresponding polynomials, and their union have a degree equal to the
sum Ey_oq1.

We prove the second formula by induction. Assume that n > 1 and that the
formulas hold when e < n, the case e = 1 being trivial. Assume that e =n > f, and
let M; be the submatrix of M consisting of the first e — ¢ rows, and N; the submatrix
of M consisting of the rows e — f,e— f+1,...,e—j. Let X; be the variety of points
where M; has rank less than f, while Yj is the variety of points where N; has rank
less than f —j. By induction deg X; = Se—;— 41, while degY; = ;4 by the previous
argument. Notice that X C X; NY, and that

XrNYy4C---CXsnNY;g C---CXiNY.
Furthermore
X=(XNY\ (XoNYi\ (XsNYp- -\ (XpNYpq))--).
So by induction
degX = Se_yE1 — Sef_1Bs+ -+ (1) 1S oy 1 Ey.
Computing the coefficient of t*~f*1 in the identity

1+ alt) e (1 + aft)

L= 0Tan(xa

=(1+Eit 44 EpthH) (1 = Syt + -4 (=1)*Sth 4 --),

we get
Se B — Se—j1Bs+ -+ (=1) 718, op 1 Ep = Se_pi1.

So the second part of the proposition also holds. O
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