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Abstract A set is called semidefinite representable or semidefinite programming (SDP)
representable if it equals the projection of a higher dimensional set which is defined
by some Linear Matriz Inequality (LMI). This paper discusses the semidefinite repre-
sentability conditions for convex sets of the form Sp(f) = {x € D : f(z) > 0}. Here,
D={zeR":g1(x) >0, -+ ,gm(x) > 0} is a convex domain defined by some “nice”
concave polynomials g;(x) (they satisfy certain concavity certificates), and f(z) is a
polynomial or rational function. When f(z) is concave over D, we prove that Sp(f) has
some explicit semidefinite representations under certain conditions called preordering
concavity or g-module concavity, which are based on the Positivstellensatz certificates
for the first order concavity criteria:

Fw) + Vi) (x —u) = f(x) >0, Va,ueD.

When f(z) is a polynomial or rational function having singularities on the boundary
of Sp(f), a perspective transformation is introduced to find some explicit semidefinite
representations for Sp(f) under certain conditions. In the particular case n = 2, if
the Laurent expansion of f(x) around one singular point has only two consecutive
homogeneous parts, we show that Sp(f) always admits an explicitly constructible
semidefinite representation.
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1 Introduction

Semidefinite programming (SDP) [1,12,13,22] is an important convex optimization
problem. It has wide applications in combinatorial optimization, control theory and
nonconvex polynomial optimization as well as many other areas. There are efficient
numerical algorithms and standard packages for solving semidefinite programming.
Hence, a fundamental problem in optimization theory is what sets can be represented
by semidefinite programming. This paper discusses this problem.

A set S is said to be Linear Matriz Inequality (LMI) representable if

S={xcR":Ag+ Ayxy + -+ Apzpn = 0}

for some symmetric matrices A;. Here the notation X > 0 (> 0) means X is positive
semidefinite (definite). The above is then called an LMI representation for S. If S is
representable as the projection of

n N
§ =1 (w,u) e RN 49+ 5™ A + >~ Bjuy =05 c ROV,
i=1 =1

that is, S = {:c eR":JueR”, (z,u) € 5'}7 for some symmetric matrices A; and
Bj, then S is called semidefinite representable or semidefinite programming (SDP)
representable. The lifted LMI above is then called a semidefinite representation, SDP
representation or lifted LMI representation for S. Sometimes, we also say S = S if §
equals the projection of the lift S.

Nesterov and Nemirovski ([12]), Ben-Tal and Nemirovski ([1]), and Nemirovski
([13]) gave collections of examples of SDP representable sets. Thereby leading to the
fundamental question which sets are SDP representable? Obviously, to be SDP repre-
sentable, S must be convex and semialgebraic. Is this necessary condition also suffi-
cient? What are the sufficient conditions for S to be SDP representable? Note that not
every convex semialgebraic set is LMI representable (see Helton and Vinnikov [8]).

Prior work When S is a convex set of the form {x € R" : g1(z) > 0,--- ,gm(z) > 0}
defined by polynomials g;(x), there is recent work on the SDP representability of S.
Parrilo [15] gave a construction of lifted LMIs using moments and sum of squares
techniques, and proved the construction gives an SDP representation in the two di-
mensional case when the boundary of S is a single rational planar curve of genus zero.
Lasserre [11] showed the construction can give arbitrarily accurate approximations to
compact S, and the construction gives a lifted LMI for .S under some algebraic proper-
ties called S-BDR or PP-BDR, i.e., requiring almost all positive affine polynomials on .S
have certain SOS representations with uniformly bounded degrees. Helton and Nie [6]
proved that the convex sets of the form {x € R" : g1(x) > 0,--- , gm(z) > 0} are SDP
representable if every g; () is sos-concave (—V2g;(z) = G;(x)T G;(x) for some possibly
nonsquare matrix polynomial G;(z)), or every g;(x) is strictly quasi-concave on S, or
a mixture of the both. Later, based on the work [6], Helton and Nie [7] proved a very
general result that a compact convex semialgebraic set S is always SDP representable
if the boundary of S is nonsingular and has positive curvature. This sufficient condition
is not far away from being necessary: the boundary of a convex set has nonnegative
curvature when it is nonsingular. So the only unaddressed cases for SDP representabil-
ity are that the boundary of a convex set has zero curvature somewhere or has some
singularities.



Contributions The results in [6,7,11] are more on the theoretical existence of SDP
representations. The constructions given there might be too complicated to be use-
ful for computational purposes. These results sometimes need to check conditions of
Hessians of defining polynomials, which sometimes are difficult or inconvenient to ver-
ify in practice. However, in many applications, people often want explicit and simple
semidefinite representations. Thus some “simple” SDP representations and conditions
justifying them are favorable in practical applications. All these practical issues moti-
vate this paper. Our contributions come in the following three aspects.

First, there are some convex sets defined by polynomials that are not concave in the
whole space R"™ but concave over a convex domain D C R, For instance, for convex
set {z € R? : To — x? > 0,z1 > 0}, the defining polynomial xo — :c% is not concave
when z7 < 0, but is concave over the domain Ry x R. Moreover, this set allows an
SDP representation, e.g.,

{(:cl,xg): Ju, {xl u} >0, {1 1:1} EO}.
u To T1 U

For convex sets given in the form Sp(f) = {# € D : f(z) > 0}, where f(z) is a
polynomial concave over a convex domain D, we prove some sufficient conditions for
semidefinite representability of Sp(f) and give explicit SDP representations. This will
be discussed in Section 2.

Second, there are some convex sets defined by rational functions (also called rational
polynomials) which are concave over a convex domain D of R™. If we redefine them
by using polynomials, the concavity of rational functions might not be preserved. For
instance, the unbounded convex set

{xeRi; I 20}
T1x2

is defined by a rational function concave over ]Ri (R4 is the set of nonnegative real
numbers). This set can be equivalently defined by polynomials

{:CG]R2: 1:1:02—120730120733220}.

But 2122 — 1 is not concave anywhere. The prior results in [6,7] do not imply the SDP
representability of this set. However, this set is SDP representable, e.g., it equals

{xERQ: {xl 1} 50}.

1 xo
For convex sets given in the form Sp(f) = {# € D : f(z) > 0}, where f(z) is a
rational function concave over a convex domain D, we prove some sufficient conditions
for semidefinite representability of Sp(f) and give explicit SDP representations. This
will be discussed in Section 3.

Third, there are some convex sets that are defined by polynomials or rational
functions which are singular on the boundary. For instance, the set

{:EER2: x%—xi’—x%ZO,xle}



is convex, and the origin is on the boundary. The polynomial :c% - x? - :c% is singular

at the origin, i.e., its gradient vanishes at the origin. The earlier results in [6,7] do not
imply the SDP representability of this set. However, this set is the same as

2
x
{(1’1,1’2) ceRy xR: l’l—x%—x—z 20},
1
a convex set defined by a concave rational function over the domain R4 x R. By Schur’s
complement, we know it can be represented as

T X2 T1
(x1,22): |z2x1 0| =0
A 0 1

It is an LMI representation without projections. The technique of Schur’s complement
works only for very special concave rational functions, and is usually difficult to be
applied for general cases. For singular convex sets of the form Sp(f) = {z € D :
f(z) > 0}, where f(x) is a polynomial or rational function with singularities on the
boundary, we give some sufficient conditions for semidefinite representability of Sp(f)
and give explicit SDP representations. In the particular case n = 2, we show that
Sp(f) always admits an explicitly constructible SDP representation when the Laurent
expansion of f(x) around one singular point has only two consecutive homogeneous
parts. This will be discussed in Section 4.

In this paper, we always assume D = {z € R" : g1(z) > 0,-- ,gm(xz) > 0} is
a convex domain defined by some nice concave polynomials g;(x). Here “nice” means
that they satisfy certain concavity certificates. For instance, a very useful case is D
is a polyhedron. We do not require D or Sp(f) to be compact, as required by [6,7,
11]. When f(z) is concave over D, the sufficient conditions for SDP representability of
Sp(f) proven in this paper are based on some certificates for the first order concavity
criteria:

fw) + V)T (z —u) - f(z) >0, Va,ueD.

Some Positivstellensatz certificates like Putinar’s Positivstellensatz [17] or Schmiidgen’s
Positivstellensatz [20] for the above can be applied to justify some explicitly con-
structible SDP representations for Sp(f).

Throughout this paper, R (resp. N) denotes the set of real numbers (resp. nonnega-
tive integers). For o € N" and « € R", denote |a| = a1+ - -+an and 2% = z{" - ap".
B(u,r) denotes the ball {z € R" : || — ul|2 < r}. A vector > 0 means all its entries
are nonnegative. A polynomial p(z) is said to be a sum of squares or sos if there exist
finitely many polynomials ¢;(z) such that p(z) = 3 ¢;(2)?. A matrix polynomial is a
matrix whose every entry is a polynomial. A matrix polynomial H(z) is called a sum
of squares or sos if there is a matrix polynomial G(x) such that H(z) = G(z)T G(z).

2 Convex sets defined by polynomials concave over domains

In this section, consider the convex set Sp(f) = {x € D : f(z) > 0} defined by a
polynomial f(z). Here D = {z € R" : g1(z) > 0,--- ,gm(x) > 0} is a convex domain.
When f(x) is concave on D, it must hold that

—Ry(w,u) = f(u) —I—Vf(u)T(:c —u)— f(x) >0 Vz,ueD.



The difference R¢(z,u) is the first order Lagrange remainder.
2.1. g-module convexity and preordering convexity

Now we introduce some types of definitions about convexity/concavity. Define
go(x) = 1. We say f(x) is g-module convexr over D if it holds the identity

Rf(:c,u) = Z gi(x) Z gj(w)ogj(x,u)
i=0 =0

for some sos polynomials o;;(x, u). Then define f(x) to be g-module concave over D if
—f(z) is g¢-module convex over D. We say f(x) is preordering convezx over D if it holds
the identity

Ri(z,u)= 3 gi'@) g @) | D oW gh (Wovu(z,u)

ve{0,1}m pef{0,1}m

for some sos polynomials oy, (2, w). Similarly, f(x) is called preordering concave over
D if — f(x) is preordering convex over D. The g-module convexity is based on Putinar’s
Positivstellensatz [17], while the preordering convexity is based on Schmiidgen’s Pos-
itivstellensatz [20]. Obviously, the g-module convexity implies preordering convexity,
which then implies the convexity, but the converse might not be true.

We remark that the defining polynomials g;(z) are not unique for the domain
D. When we say f(x) is g-module or preordering convex/concave over D, we usually
assume certain set of defining polynomials g; (x) which should be clear from the context.

In the special case D = R", the definitions of g-module convexity and preordering
convexity coincide and they are called first order sos convexity. The first order sos
concavity is defined in a similar way. Recall that a polynomial f(z) is sos-convez if its
Hessian V2 f(z) is sos (see [6]). An interesting fact is if f(z) is sos-convex then it must
also be first order sos convex. This is due to the fact that

1 t
fl@) = fw) = Vi) (@ —u) = (z —uw)T (/ / V2 f(u+ s(z—u))ds dt) (z —u).
JO JO

If f(z) is sos-convex, then V2 f(z) = F(x)” F(z) for some matrix polynomial F(z) and
@) = f(w) = V()" (@ —u)
=(@—u)T e u+ s(z—u) Flu+ s(z —u))ds T—u
— (@ —u) (/O/OF<+< DT F(u+ s( ))ddt)( )

must be an sos polynomial (see Lemma 7 of [6]). Interestingly, if f(z) is first order
sos convex, f(z) must also be sos convex, that is, these two kinds of convexity are
equivalent. This fact was pointed out to the author by Amir Ali Ahmadi and Pablo
Parrilo. They kindly give the following proof. For all z,y € R™ and ¢ # 0 it holds

5 (S +ty) = 1) = 0V @) y) = "2 @y + 5 olPlyl)).

If f(x) is first order sos convex, the left hand side in the above must be sos in (z,y). As
t — 0, it has a bounded degree and converges to y V2 f(x)y, since zlgo(tQHyH%)) — 0.

So yT' V2 f(z)y must also be sos in (x,y), which means f(z) is sos convex.



Example 2.1 The bivariate polynomial f(z) = x3 4 232 + z123 + 23 is convex over
the nonnegative orthant R%—- It is also g-module convex with respect to R%—- This is
due to the identity

1 1
Ry(z,u) = (5101 + 6171) (4(901 —u1)® +2(z1 + 22 —ug — U2)2>+

1 1
<§U2 + 6%2) <4(:E2 — U2)2 + 2(%1 +x92 —up — U2)2> .

2.2. SDP representations

Throughout this subsection, we assume the polynomials f(z) and g;(x) are either
all g-module concave or all preordering concave over D. For any h(x) from the set
{f(z),g1(x), -, gm(x)}, we thus have either

—Rp(z,u) =Y gi(z) | Y gj(w)ols(z,w)
i=0 j=0

for some sos polynomials O'Zhj (z,u), or

“Ru(u)= > g @) gm@) | Y gt W) gh (wol (e, w)
ve{0,1}m pef{0,1}m

for some sos polynomials Jﬁyu (z,u). Let d; = [% deg(g;)], dv = [% deg,, (g7 -+~ gm™)]
and

P _ 1 dee (a0l

qmod he{f,lgi?x 79m} OSIB?}S{m |—2 €8x (g'LUzJ ).|
P) _ (2.1)
pre —

1 vy VUm _h
X max = de - o
he{f,g1, - gm} ve{0,1}m ue{0,1}m [ degy (91" - gmi"ow.p)]

L g P
where deg,(-) denotes the degree of a polynomial in . Then define d = dt(zm)od (resp.
d= d](glse)) when f(x) and all g;(x) are g-module (resp. preordering) concave over D.
Define matrices G((;) and Gg"/) such that

gi@mi_g,(@)ma_g, ()T = ¥ GYa"
aeN":|a|<2d
" . . ) o (2.2)
91" (@) gn" (®)mg—q, (T)Mmg—q,(z)" = > Gyl
aeN":|a|<2d

Here my(x) is the vector of all monomials with degrees < k. Let y be a vector multi-
indexed by integer vectors in N”*. Then define

Ny = > Py, i=01,...,m,
aeN":|a|<2d

N = Y. GV, ve{o, 1}
aeN":|a|<2d

Suppose the polynomial f(z) is given in the form

f(.’.l)): Z faxa7

aeN™: |a|<2d



then define vector f such that
T
f Yy = Z fa Yo -
aeN": |a|<2d

Define two sets
Lqmod(f) = {y € RaeN",\a|§2d tyo =1, ny >0, Ni(y) =0v0<i< m} (2.3)

Lhe(f) = {Z/ € Roenn ja|<2d4 1 %0 =1, 'y >0, Nu(y) = 0 Vv e {0, 1}m} (2.4)

via their LMI representations. Then Sp(f) is contained in the image of both ['qmod(f)
and L;?Te(f) of the projection map: p( ) = (¥10...05 ¥010...05 ---5 Y00.. 01) because for
any x € Sp(f) we can choose yo = x such that y € Eqmod(f) andy € EpTe(f). We say

Sp(f) equals ‘Cqmod(f) (resp. Epre(f)) if Sp(f) equals the image of ‘Cqmod(f) (resp.
Ege(f)) under this projection. Similarly, we say x € Eqmod(f) (resp. x € Epre () if
there exists y € Eqmod(f) (resp. y € Epre(f)) such that z = p(y).

Lemma 2.2 Assume Sp(f) has nonempty interior. Let {z € R" : aTz = b} be a
supporting hyperplane of Sp(f) such that alz > bfor all z € Sp (f) and alu =1b for
some point u € Sp(f).

(i) If f(x) and every g;(z) are g-module concave over D, then it holds
afz—b— f(z Z gi(z

. . P
for some A > 0 and sos polynomials o;(z) with deg(g;o;) < 2d((1m)0d

(ii) If f(x) and every g;(z) are preordering concave over D, then it holds

aT:c—b—)\f(:c) = Z g1 (@) - gny (z)ow ()

ve{0,1}™
for some A > 0 and sos polynomials oy, (z) with deg(gy* - gni"ov) < ng:g.

Proof Since Sp(f) has nonempty interior and the polynomials f(z),g1(z), - , gm(x)
are all concave, the first order optimality condition holds at u for the convex optimiza-
tion problem (u is a minimizer)

min o’z subject to f(x) >0, gi(x)>0,i=1,...,m

x

Hence there exist Lagrange multipliers A > 0, A1 > 0, ..., Ayy > 0 such that
a=AVf(u +Z)\ Vgi(u Af(uw) =XAgi(u) =+ = Amgm(u) =0.
Thus the Lagrange function a2 — b — Af(z) — >, Aigi(z) has representation
Afw) + V" @ =) f(@)) +ZA (95w + Vgi(w) (@ = w) = gi(@)).

Therefore, the claims (i) and (ii) can be implied immediately from the definition of
g-module concavity or preordering concavity and plugging in the value of . O



Theorem 2.3 Assume D and Sp(f) are both convex and have nonempty interior.

(i) If f(x) and every g;(z) are g-module concave over D, then Sp(f) = Equod(f).
(ii) If f(x) and every g;(x) are preordering concave over D, then Sp(f) = [:Z?Te (f)-

D
gmod

Sp(f) 2 [,quod(f) . For a contradiction, suppose there exists some ¢y € [,quod(f) such
that & = p(9) ¢ Sp(f). By the convexity of Sp(f), it holds

Proof (i) Since Sp(f) is contained in the projection of £ (f), we only need to prove

Sp(f) = ﬂ {:CG]R": aT:CZb}.
{aTz=b} is a
supporting hyperplane

If 2 ¢ Sp(f), then there exists one hyperplane {a’ z = b} of Sp(f) such that o’z < b.
By Lemma 2.2, we have representation

a'z—b=Xf(z)+ Y gi(x)oi(x) (2.5)
i=0

for some A > 0 and sos polynomials o;(z) with deg(g;o;) < ngl;)od = 2d. Write
oi(x) = mg_g,(x) Wimg_g,(2), i =0,1,...,m
for some symmetric matrices W; = 0. Then the identity (2.5) becomes (noting (2.2))

m

a’z —b=Af(z)+ > (gi(@)mg_g, (z)mg_q, @)")oW;
i=0

m
:)\f(x)—b-z Z Ggf)xa o ;.
=0 \aeN":|a|<2d
In the above identity, if we replace each % by 7, then get the contradiction
m
a"i—b=XfTg+Y Ni(5) e Wi > 0.
=0

(ii) The proof is almost the same as for (i). The only difference is that

a'r—b=X@)+ Y. (@) g (@)ou(z)
ve{0,1}m™

for some sos polynomials o (x) with deg(gy" -+ - gn"ov) < 2d§71:2 = 2d. Write
ou(x) =mg_q, ()" Wimg_q, (z), Wy = 0.

Then a similar contradiction argument can be applied to prove the claim. O

2.3. Some special cases

Now we turn to some special cases about g-module or preordering convexity /concavity.



2.3.1 The g-module or preordering convexity certificate using Hessian

The g-module or preordering convexity of f(x) over the domain D can be verified by
solving some semidefinite programming problems. See [14,10] about the sos polyno-
mials and semidefinite programming. However, in some special cases like D = R},
a certificate for semidefiniteness of the Hessian V2f(1:) can be applied to prove the
g-module or preordering convexity of f(z).

First, consider the case that gj(z) are concave over R". By concavity, it holds

gr(sz + (1 = s)u) > sg(@) + (1 = s)gx(u), Vs€[0,1], z,u € R™
Now we assume the following certificate for the above criteria

gr(sz + (1 = s)u) — sgp(z) — (1 = s)gp(u) =

2.
U((Jk)(x, u, s) + salk)(x, u,s)+ (1 — s)aék)(:c, u,s)+s(1 — s)aék)(:c, U, s) (2.6)

(k) (k) (k)

where oy (2,u, 5),0," (2,u, 5), Jék)(aa u,s),05 " (x,u,s) are sos polynomials in (x,u, s).
Note (2.6) is always true when D is a polyhedron, i.e., every deg(gy) = 1.

Theorem 2.4 Suppose for every k the identity (2.6) holds. If V2 f(z) belongs to the
quadratic module (resp. preordering) generated by g1(x),--- , gm(z), i.e.,

V2f(1:) = Z gi(x)H;(z) | resp. sz(:c) = Z g1 () -+ g (z) Hy ()
=0

ve{0,1}m

for some sos matrices H;(z) (resp. Hy(z)), then f(x) is g-module convex (resp. pre-
ordering convex) over the domain D.

Proof First, if V2f(x) = Yo gi(x)H;(z) for some sos matrices H;(x), then

fl@) — flu) = V)" (z—u)

1 ,t
:(:c—u)T (/0 ./0 V2f(u—|—s(1:—u)) dsdt) (z —u)

=(z — u)T i e gr(sz+ (1 — s)u)H;(sx + (1 — s)u)dsdt | (x — u).
0 JO
k=1

Iy

By identity (2.6), we have
1t
Iy, :/ / <0(k)(:c,u, s$)H;(w)dsdt + gi(z)sH;(w)dsdt + gp(u)(1 — s)Hi(w)>dsdt
0 JO
( here o®) = U(()k) + ng) +(1—- s)aék) +s(1— s)a'ék)7 w=sx+ (1— s)u)
=Hy" (x,u) + g (2) H{ (2, u) + g1, (u) Hy ()

for some sos matrices H(Sk)(ar,yu)7H£k)(aL’7u)7 2(k)(1,yu) (see Lemma 7 in [6]). So f(z)
is g-module convex over D.
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Second, if V2 f(z) is in the preordering generated by g1(z),--- , gm(x), i.e.,
2 m
V@) = > (@) g (2)Ho(x)
ve{0,1}m
for sos matrices Hy,(z), we can similarly prove f(z) is preordering convex over D. 0O

Second, consider the special case that D =R’} and the polynomial f(z) is cubic.

Theorem 2.5 Let R} = {z: 21 >0,---,zn > 0} be the domain. If f(x) is a cubic
R’Vl

polynomial concave over R"}, then SRi (f) = Cq;wd(f).

Proof By Theorem 2.3, it suffices to prove f(z) is q-module concave over R’} . Since

f(x) is cubic, we have

—V2f(x) = AQ + :171A1 + .t axnAn

for some symmetric matrices A;. When f(x) is concave over R, —V2f(z) > 0 for all
x > 0. Hence all A; must be positive semidefinite. This means that —V2f(:c) belongs
to the quadratic module generated by z1,- - ,zn. By Theorem 2.4, f(z) is g-module
concave over R’} O

Example 2.6 The convex set SR2+ (f) with f(z) =1 — (23 + 2220 + 2122 + 23) equals

=2
Lqmod(f):
1> y30 + y21 + Y12 + Yo3
1 @1 2 y20 Y11 Yo2 T1 Y20 Y11
1 Y20 Y11 Y30 Y21 Y12 Y20 Y30 Y21 | = 0
(z1,22) : Jyij, 5t | T2 Y11 Yo2 Y21 Y12 Y03 o 0. L¥11 Y21 Y12
Y20 Y30 Y21 Y40 Y31 Y22 | [ @2 w11 yo2
Y11 Y21 Y12 Y31 Y22 Y13 Y11 Y21 y12| =0
Yo2 Y12 Yo3 Y22 Y13 Yo4 Y02 Y12 Y03
This is because f(z) is ¢-module concave over R%_ (see Example 2.1). O

Third, consider the special case of univariate polynomials. When D = R, a uni-
variate polynomial is convex if and only if it is sos-convex, which holds if and only if
it is first order sos convex. When D = [ is an interval, we will see that a univariate
polynomial is convex over [ if and only if it is g-module convex over I.

Proposition 2.7 Let f(z) be a univariate polynomial and I be an interval like [a, b],
(—00,b] or [a,00). Then f(z) is convex on I if and only if it is g-module convex on I.

Proof First suppose I = [a, b] is finite. f(x) is convex over [a, b] if and only if f”(z) > 0
for all z € [a, b], which is true if and only if

f'(z) = o0(2) + (& — a)or(z) + (b — z)o2(2)

for some sos polynomials oq, 01,02 with degrees at most 2[deg(f)/2] (see Powers and
Reznick [16]). In other words, f(x) is convex over [a, b] if and only if its Hessian belongs
to the quadratic module generated by polynomials x — a,b — . Then the conclusion
follows from Theorem 2.4.

The proof is similar for the case (—o0,b] or [a, o). O
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2.3.2 Epigraph of polynomial functions

For a given convex domain D C R", f(xz) is convex over D if and only if its epigraph

epi(f) = {(a,t) € D x R: f(z) <t}

is convex. Note that epi(f) is defined by the inequality ¢ — f(x) > 0. If we consider
t — f(z) as a polynomial in x with coefficients in ¢, then ['qmod(t f) and L;?Te(t -
are both linear in (z,t). Therefore, if f(z) is g-module (resp. preordering) convex over
D, ‘Cqmod( f) (resp. ﬁz?re (t — f)) presents an SDP representation for epi(f).

By Proposition 2.7, when f(z) is a univariate polynomial convex over an interval
I, we know its epigraph epi(f) is SDP representable and £ f) is one SDP
representation.

qmod(

3 Convex sets defined by rational functions

In this section, we discuss the SDP representation of convex set Sp(f) when f(x) is a
rational function while the domain D = {z € R" : g1(x) > 0,--- ,gm(z) > 0} is still
defined by polynomials g;. Let f(z) be a rational function of the form

fla) = — S et

fden(:c) aEN": |a|<2d

Here fgen(x) is the denominator of f(z). We assume that f(z) is concave over the
domain D. So f(z) can not have poles in the interior int(D) of D. Without loss of
generality, assume fge, () is positive over int(D). Note that f(x) is not defined on
the boundary 0D where fg.,(x) vanishes. If this happens, we think of Sp(f) as the
closure of {z € int(D) : f(x) > 0}.

3.1. The g-module or preordering convexity of rational functions

We now introduce some definitions about convexity/concavity for rational func-
tions. Let p(z),q(z) be two given polynomials which are positive in int(D). We say
f(x) is g¢-module convex over D with respect to (p,q) if the identity

p(x)q(u) - Ry(x,u) Zgl Zgj u)og;(x, u) (3.1)

holds for some sos polynomials ¢;;(x,u). Then define f(x) to be g-module concave over
D with respect to (p,q) if —f(x) is g-module convex over D with respect to (p,q). We
say f(x) is preordering convex over D with respect to (p,q) if the identity

p@)q(w)-Re(z,u) = Y g (@)-gmr@) | Y g (W) ght (Wowu(z,w)
ve{0,1}™ nef{0,1}m
(3.2)
holds for some sos polynomials oy, (x,u). Similarly, f(z) is called preordering concave
over D with respect to (p,q) if —f(x) is preordering convex over D with respect to
(p, q). We point out the definition of g-module or preordering convexity/concavity over
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D for rational functions assumes a certain set of defining polynomials g;(x) for D is
clear in the context.

In identities (3.1) or (3.2), there is no information on how to find polynomials p, q.
However, since Ry(x,u) has denominator fgep (:c)fgen (u), a possible choice for (p,q) is

p(x) = fden(x)v q(u) = fgen(u) (33)

If the choice (p,q) in (3.3) makes the identity (3.1) (resp. (3.2)) hold, we say f(x) is
g-module (resp. preordering) convex over D with respect to p(x), or just simply say
f(x) is g-module (resp. preordering) convex over D if the denominator fge,(x) is clear
in the context.

In the special case D = R", the definitions of g-module and preordering convexity
over D coincide and they are called first order sos convexity when (p,q) is given by
(3.3), as consistent with the definition of first order sos convexity in Section 2. First
order sos concavity is defined similarly.

2
Example 3.1 (i) The rational function z—f is convex over Ry x R. It is also g-module
convex over R4 x R with respect to x1, which is due to the fact that

2 2 2

5 uj us 2ug

— - —=—|——=5(r1—u —(r2 —u =
P ( 5 (z1 1)+U1(2 2))

" U2 (:L’17.L2 — $2U1)2.
147

4 2_ 2 4
rit+xrixrs+xTs . ..
e R 121_,’_;2 2 is convex over R2. This is because
1 2

R BB B+ S
(23 + 23) (u? + u3)?

(ii) The rational function f(z) =

f(@) = flu) = Vi) (@ —u)

where the polynomials f; are given as below

fi= —ulugmg — ulugcc% + ulugxg + u%ugxh fe = —u%:c% + ug:cg — u%:c% + u?:ch

fo = —ulugmg + ulugcc% + ulugxg — u%ugxh fr = —2ujusxi9 + ulugccl + u%ug:tcg7
fz= —u%xlxg + u%:cl — u%:clmg + u?x% fs = u%:c% — u%:c%

fa= u%xlxg — u%:cl — u%:clmg + u%x% fo= —ulu%:cl + u%uzxg.

2,.2 3 2,2 3
f5 = uzxy —uyxre —ujx] + ujx,
So the f(z) given above is first order sos convex. O

Obviously, the g-module convexity implies preordering convexity, which then im-

plies the convexity, but the converse might not be true. For instance, is convex

1
1T
over ]R%_, but it is neither g-module nor preordering convex over R?,_ with respect to
the denominator #1zo. Note that for f(z) = — > it holds

xr1x

2 2 2 2 2 2
ujuzz1ro Ry (x, u) = ujus + xiz2us + 125U — 3T1T2UI UD.
There are no sos polynomials oy, (x,u) such that

u%u%:clcchf(:mu) = Z o o2 ul ub? oy (T, u).

ve{0,1}?,1€{0,1}?
Otherwise, if they exist, we replace (z1,z2,u1,u2) by (:c%,:c%, 1,1) and then get the

dehomogenized Motzkin’s polynomial 1+x%x%+m%x%—3x%x% is sos, which is impossible
(see Reznick [18]).
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Proposition 3.2 Let CQyp,q(D) (resp. CPp,q(D)) be the set of all g-module (resp.
preordering) convex rational functions over D with respect to (p,q). Then they have
the properties:

(i) Both CQp,q(D) and CPp ¢(D) are convex cones.

(ii) If f(z) € CQp,q(D) (resp. f(z) € CPpq(D)), then f(Az +b) € CQp (D) (resp.
f(Az+b) € CP;4(D)), where D = {z: Az+b € D} and p(z) = p(Az+b),{(2) =
q(Az+D). That is, the g-module convexity and preordering convexity are preserved
under linear transformations.

Proof The item (i) can be verified explicitly, and item (ii) can be obtained by substi-
tuting Az + b for = and noting the chain rule of derivatives. O

3.2. SDP representations

Now we turn to the construction of SDP representations for Sp(f). Recall that
go(x) = 1. Throughout this subsection, we assumef(z) and g;(x) are either all g-
module concave or all preordering concave over D with respect to (p,¢). Thus for any
h(z) from {f(x),g1(z), -, gm(x)}, we have either

m m
h
—p(@)q(w) Ry (,u) =Y gi(z) | D gj(w)oij(z,u)
i—0 =0
for some sos polynomials O'lhj (z,u), or

—p@)q)Rp(z,u) = Y g @)@ | gt W) g (ol w)
ve{0,1}m pe{0,1}m

for some sos polynomials U[}_#(gr:7 u). Let

(R) _ ! iy
= max max 5 de i)
gmod he{f,g1, ,gm} 0<i,j<m ’—2 o (gz N ).l (3 4)

d(R) — max L de Vi gkmgh 3T, '
P e gy ve(on oy |2 4B g o]

Then set d = df;fn)od (resp. d = déﬁg) when f(z) and g;(x) are all g-module (resp.

preordering) concave over D with respect to (p, q).
Define matrices Pg)7 P(gu)7 ((;)7 8’) such that

g g, (2)myq, (@) = QL ae
aeNn:|a\+|LE(p)|§2d
+ Y PYEL 0<i<m
" BeN":<LE(p) (3 5)
D Blmy g, (2)mg_a, (@) = > Q)"
aeN":|a|+|LE(p)|<2d )
+ x RVEs vefoy
BeEN™:B<LE(p)
Here the monomials are ordered in the lexicographical ordering (z1 > z2 > -+ > xp)
and LE(p) denotes the exponent of the leading monomial of p(z). Note the union
{1: ‘aeN 7|oz|+|LE(p)|§2d}U B EN A< LER)
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is a set of polynomials and rational functions that are linearly independent.
Let y be a vector indexed by o € N™ such that |a| + |[LE(p)| < 2d, and z be a
vector indexed by 3 € N" such that 8 < LE(p). Then define

Qily,2) = > QVya+ X PPz 0<i<m
a€eN":|a|+|LE(p)|<2d BeEN™:B<LE(p) . ( 6)

Qu(y,2) = > QVyat > PVzgvefonm
aeN":|a|+|LE(p)|<2d BeN™:B<LE(p)

Suppose the rational function f(x) is given in the form
(1) _a (2) 2
R ST R v

aeN":|a|+|LE(p)|<2d BeN™:B<LE(p)
then define vectors f(l), f(2) such that

(P y+ ()T = > D DI /a2

aeN":|a|+|LE(p)|<2d BeN™:B<LE(p)

Define two SDP representable sets

Y

120 Q=0 vo<ismy, (37)

. ]y
quod(f) = (y,2):y0=1, I:f(g):| {

<
v

0, Qu(y,z) =0,VYr € {0,1}™ 5 .(3.8)

|
|

We say Sp(f) equals RE . (f) (vesp. Rge(f)) if Sp(f) equals the image of RE _.(f)

> £ r
Rpre(f) = (y,z) fyo =1, |:f(2):| {

¥4

gmod gmod
(resp. Rpyve(f)) of the projection p(y,2) = (¥10...0, ¥010..0, ---» Yo0o...01)- Similarly,
we say T € Rquod(f) (resp. = € Rge(f)) if there exists (y,z) € Rquod(f) (resp.

(y,2) € Rppre(f)) such that = = p(y, 2).

Lemma 3.3 Assume D and Sp(f) are both convex and have nonempty interior. Let
{z € R" : aT2 = b} be a supporting hyperplane of Sp(f) such that o’z > b for all
z € Sp(f) and a’u = b for some point u € Sp(f) such that g(u) > 0, and either
fw) > 0or fgen(u) > 0.

(i) If f(x) and every g;(z) are g-module concave over D with respect to (p,q), then

p@) - (a"z—b—Af(2)) =Y gi(x)oi(x)
1=0

. . R
for some A > 0 and sos polynomials o;(z) with deg(g;o;) < 2d((1m)0d.

(ii) If f(z) and every g;(z) are preordering concave over D with respect to (p, q), then

p@)-(a"z—b=Af(2)= > g'(@) g (@)ou(z)

ve{0,1}m

for some A > 0 and sos polynomials o;(z) with deg(g;* -+ gm"ow) < 2d;(012.
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Proof Since Sp(f) has nonempty interior, the first order optimality condition holds at
u for the convex optimization problem (u is one minimizer)

min o’z subject to  f(z) >0, gi(z) >0,i=1,...,m.
xr

If f(u) > 0, the constraint f(z) > 0 is inactive. If fge,, (u) > 0, f(z) is differential at u.
Hence, in either case, there exist Lagrange multipliers A > 0, A1 > 0,..., A\ > 0 such
that

a=AVf(u)+ Y AVgi(w), A(u)=Xgi(u) = = Amgm (u) = 0.
i=1

Hence, we get the identity

m

a'z—b= ()= Ngi(w) =
i=1

m

AF@) + Vi@ @ =w) = @) + > Xi(0:w) + Vo) (@ - u) - g,(a) )
=1

Therefore, the claims (i) and (ii) can be implied immediately by the definition of q-
module concavity or preordering concavity of f and g;, and plugging the value of u. O

Theorem 3.4 Assume D and Sp(f) are both convex and have nonempty interior. Let
(p,q) be given in (3.1) or (3.2). Suppose dim(Z(f) N Z(fgen) N OSp(f)) < n—1 and
dim(Z(q) N9Sp(f)) <n—1.

(i) If f(z) and every g;(x) are g-module concave over D with respect to (p,q), then
SD(f) = Rquod(f)‘

(ii) If f(z) and every g;(z) are preordering concave over D with respect to (p, q), then
Sp(f) = Rpre(f).

D

Proof (i) Since Sp(f) is contained in the projection of R (f), we only need to prove

gqmod
Sp(f) 2 Rquod(f)- For a contradiction, suppose there exists some (g, 2) € Rquod(f)
such that z = p(9) ¢ Sp(f). By the convexity of Sp(f), it holds
Sp(f) = ﬂ {:CG]Rn: aT:CZb}.

{aTz=b} is a
supporting hyperplane

If & ¢ Sp(f), then there exists a supporting hyperplane {aT:c = b} of Sp(f) with
tangent point u € ASp(f) such that a” & < b. Since dim (Z(/)INZ(p)NdSp(f)) <n—1
and dim(Z(q) N dSp(f)) < n — 1, by continuity, we can choose {az = b} such that
either f(u) > 0 or p(u) > 0, and ¢(u) > 0. By Lemma 3.3, we have

o -b=Af@)+Y 9:@) () (3.9)

for some A > 0 and sos polynomials o;(x) such that deg(g;o;) < 2d((1§1)0d. Note that

d= dt(zfm)od' Then write o;(z) as

oi(x) = mg_g,(x) Wimg_g,(2), i =0,1,...,m
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0.8

0.6

04r

0.2

1

Fig. 1 The convex set defined by x% + x% > :r:‘l1 + x%x% + x%.

for some symmetric matrices W; = 0. Then identity (3.9) becomes (noting (3.5))

(z)

i
p(z)

aFTr—b= A(x) + Z ( my_g, (w)md_di(x)T> o W,
i=0

m ) N B
= Af(x) + QVe+ Y PY —JEI) o W;.
=0 \aeN":|a|+|LE(p)|<2d BeEN:B<LE(p) p
In the above identity, if we replace each 2% by §o and % by Zg, then we get the

contradiction
a"s—b=x-((F) 5+ () 2) + 3 Qi 2) e Wi 2 0.
1=0

(i1) The proof is almost the same as for (i). The only difference is that

V]‘ . .. Vm
Troy=2f@ Y Ao )
ve{0,1}m P
for some sos polynomials o, (z) such that deg(g;o;) < 2d§,§2. Note that d = dz(,fg A
similar contradiction argument like in (i) can be applied to prove the claim. O

Example 3.5 The convex set {z € R?: m% + m% > x% + x%m% + x%} can be defined as
4 2,2 4
Sgrz(f) with rational function f(z) =1 — DATTIT  The set Sgr2(f) is the shaded

mf-‘rm%
area bounded by a thick curve in Figure 1. We have already seen that f(x) is first order
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sos concave. So Sp2(f) = RE’ (f), and by construction (3.7) it equals

qmod

(371,1’2) cRxR: 3 Yij, Zijs ST 1 > y20 + 204,

00 0 1 0 0 200 210 201 —202 211 202
010 z1 z2 0 210 —202 211 —Z12 —203 212

00 0 x2 0 0 201 211 202 T03 Z12 203 | .
1 x1 22 y20 — Y02 Y11 Y02 —202 —Z12 —203 204 —Z213 —204|
0z2 0 y11 Yoz O 211 —203 212 —Z13 —204 213

00 0 Y02 0 0 202 212 203 —Z204 213 204

The plot of the projection of the above coincides with the shaded area in Figure 1. O

3.3. Some special cases

3.8.1 Epigraph of rational functions

A function f(z) is convex over a convex domain D if and only if its epigraph
epi(f) :={(z,t) e DxR: f(z) <t}

is convex. The LMI Rquod(t — f) and Rz?m (t — f) can be constructed by thinking

of t — f(z) as a polynomial in = with coefficients in ¢. So, if f(z) is g-module (resp.
preordering) convex over D, Rquod (t—f) (resp. RETG (t—f)) is an SDP representation
for epi(f).

Consider the special case that f(z) = Z(—i) is a univariate rational function which
is convex on an interval I = [a,b] and p(x) is positive in (a,b). Note I = {z € R :
x—a>0,b—x >0} (x—a > 0is not required if a = —oo, and similarly for b—z > 0).

Theorem 3.6 Let f(x) = % be a univariate rational function and p(z) be a poly-
nomial nonnegative on an interval I. If f(x) is convex on I, then epi(f) = Rémod(f).

[%b(])d(f) is linear in ¢, it suffices to show

Proof First assume I = [a, b] is finite. Since R,

for any fixed ¢
{»’v €la,b]: Jy,z,5.t., x =y1,(y,2,t) € R,[;:,’Ib(],d(f)} ={z €[a,b]: f(z) < t}.

In the above the right hand side is contained in the left hand side. Now we prove
the reverse containment. For a contradiction, suppose there exists a tuple (g, 2,t) €

Rgiﬁd(f) such that g1 does not belong to the convex set {z € [a,b] : f(z) < t}. Then

there exists an affine function cg + ¢j2 such that
co+cz <0, co+czx>0, Vzelabl: flz) <t
Since f(x) is convex over [a,b], by optimality condition, there exists A > 0 such that

(co + crx — Mt)p(x) + Aq(z)
p(z)

co+cix— At — f(x)) = >0, Vzé€la,bl.

Then we can see that (co+c1z— At)p(x) + Ag(x) is a univariate polynomial nonnegative
n [a,b]. So there exist sos polynomials sg(z), s1(z), s2(x) of degrees at most 2d, 2d —
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2, 2d — 2 respectively (assume deg(p) +1,deg(q) < 2d and see Powers and Reznick [16])
such that

(co+ 17 — M)p(@) + Aq(x) = s0(x) + (& — a)s1(x) + (b— a)sa(a)
and hence

co+ e = At = f(z)) +

Write so(z), s1(x), s2(z) as
si(x) = mg_g,(x) Wimg_g,(z), i =0,1,2,do = 0,dy =dp = 1

for some symmetric Wy, Wy, Wa = 0. Then it holds

2
co+erm=At—f@)+> (%((;)) md_di(x)md_di(x)T) oW; (dy=0,dy=dp=1)
=0
2 ) ) :CB
=AMt = f@)+ > AR DR =t KL
1=0 \aeN:|a|+|LE(p)|<2d BEN:B<LE(p) p

where go(z) =1,91(x) =z — a,g2(x) = b — z and (3.5) is used. In the above identity,
2
z_

. a N
if we replace each % by 7o and @)

by Zg, then we get the contradiction
2
cot+erd =2 (t=(F) 5= (F)2) + 3 Qi@ 2) e Wi 2 0.
=0

Therefore epi(f) = Rt[li,lbb(])d(f)'

When I is an infinite interval of the form [a,00) = {z : x —a > 0}, (—o00,b] = {z :
b—x > 0} or (—oo,00) = {x : 1 > 0}, a similar argument can be applied to prove
epi(f) = Rémod(f)' o

3.8.2 Convex sets defined by structured rational functions
For the convenience of discussion, we define some basic convex sets (r < s)
Krs={(w,v) R} xRy : wy---wp >0°} (3.10)

which are all SDP representable (see §3.3 in [1]).
First, consider epigraphs of rational functions of the form

P ()5
f(.'.l)) _ Zi:l(ql( ))

- pi(z) - pr(x) (31

where g;(x), pj(x) are polynomials nonnegative over D and the integer s; > r+ 1. Then

P
epi(f) = {(xyt) EDXR: Y (q:(@)* <pi(a)- ~pr(x)t} :

=1
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The epigraph epi(f) can be equivalently presented as

P S;
epi(f) = {(:mt) € D x R: Ju;,w,, ZL <t,qi(x) <ujyw; < pi(x),i = 17.‘.,P}.
T

= wy W
Note that

¢i(z) <up = (v,u;) €epi(g;),  w; <pi(z) = (z,—w;) € epi(—p;),
P us
Z ﬁ S t <— El'l)l,' L, Up 2 07 vt '+'UP S t7 (w17' o ,wr,'l)i,Ui) S K’r‘+175i'
: 1 Wr
1=1

Hence we obtain that

P
epi(f) = {(:mt) €D xR : Ju;, w;, v, Zvi <t (wi, e we, v, i) € Kpgt s,
i=1

(2, u5) € epi(gy), (@, —w;) € epi(—py),i = 1,..., P}.
When g¢;(z) are g-module (resp. preordering) convex over D, we know epi(gq;) =
Lqpmod(ui — qi) (resp. epi(g;) = [,Z?Te(ui — ¢i)), and similarly for —p;(x). Thus, we
get the theorem:

Theorem 3.7 Suppose f(z) is given in the form (3.11) and all g;(x),p;(x) there are
nonnegative over D.

(i) If all ¢;(x), —p;(x) are q-module convex over D, then

P
epi(f) = (1}7t) D Jug, wi,vp, T € (ﬂ Lquod(ui - QZ)> ﬂ ﬂ ‘Cqmod ) s

i=1
P
Zvi <t, (wl7' o 7wr7vi7ui) S Kr-i—l,si} .

(ii) If all g;(x), —p;j(x) are preordering convex over D, then

epi(f) = ( ) Humwmvmm S (ﬂ Lpre i QZ)> ﬂ ﬂ Cpre ) 5

i=1
P
Z v; <t, (w17 s, Wr, vm”i) S Kr-i—l,si} .
Example 3.8 (i) Consider the epigraph

212
{($17$27t)€R+xRxR;t2%}‘
1

The rational function here is in the form (3.11). By Theorem 3.7, it equals

{(:chac%t): Ju, {t U} =0, I:U—1$2:| 50}.
U ] o 1
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(ii) Consider the epigraph

{(x7t)€B(071)XR; > (Zix?)nJrl )}

(1—a?)---(1—2%

The rational function here is given in the form (3.11). By Theorem 3.7, it equals

n
1_ . .
{(1}71;) : 3u7vi7wi7 ER Zvi <t |: wi xl:| =0,

i 1
i=1 i
uwaz’
=0, (u,wi, ..., wn,u) € Kpi1nt1 - ad
x In

Second, consider epigraphs of rational functions of the form

L
h(x) =3 (i)™ (3.12)
k=1

where fj,(x) are rational functions given in form (3.11) and by > 1. Then the epigraph
epi(h) = {(z,t) € D x R: h(x) <t} can be presented as

L
epi(h) = {(l’yt) I Ty Y T St (k) € ePi(fi), (Thymk) € K, 1 < k< L} :
k=1

Once SDP representations for all epi(fy) are available, an SDP representation for
epi(h) can be obtained consequently from the above.

Example 3.9 Consider the epigraph

2\ 2
{(9517172,75)6R+ xRy xR:t> (1+12) }

z]
From the above discussion, we know it equals

T 0 1
(z1,22,t) : Ju, Eﬂ =0, |0z 220 =0, . o
1 29 u

Third, consider the convex sets given in the form

J
T = {:ceDza(:c) > th(:c)} (3.13)
k=1
where a(z) is a polynomial and every hy(z) is given in the form (3.12). Then

J
. ,0r) € epi(h
T= {JZI 3757917 o 70J7t > kz_:lalw (:C7_t) € epl(—a(cc))7 (x k): 1?131(7;(:0)) } '

When a(z) is g-module or preordering concave over D, epi(—a(x)) is representable by
[,quod(a x)—t) or [,Z?Te(a(:c) —t). Once the SDP representations for epi(—a(x)) and all
epi(hy(z)) are available, an SDP representation for 7' can be obtained consequently.
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Example 3.10 (i) Consider the convex set

2\2
{(xl,l’z)ERerR; 1—31*%2 M}
z]

It is given in the form (3.13) with D = R4 x R. From the discussion above, it equals

{(.’1?1,1}2) : Eluywy |:1 - xi2:| t 07 |:w_ ! m2:| t 07 ('U,,Llil,w) S KQ,Q} .
) o 1

3

U w
Note that (u,z1,w) € K22 is equivalent to L} . } >~ 0.
1

(ii) Consider the convex set

1+ 23)?
{(xhxg)GR.,. xR: 1—5032%}.

It is given in the form (3.13) with D = R4 x R. From the discussion above, it equals

1+U . 1’10 1
(1:17332):311,{ 2 1%=0, 102 22] =0%. O
xo 1—u
1 22 u

4 Convex sets with singularities

Let Sp(f) = {x € D: f(x) > 0} be a convex set defined by a polynomial or rational
function f(z). Here D = {z € R" : g1(xz) > 0,--- , gm(z) > 0} is still a convex domain
defined by polynomials. Suppose the origin belongs to the boundary 9Sp(f) and is a
singular point of the hypersurface Z(f) = {z € C" : f(z) =0}, i.e,

£(0,0) =0, V£(0,0) = 0.

We are interested in finding SDP representability conditions for Sp(f).

As we have seen in Introduction, one natural approach to getting an SDP repre-
sentation for Sp(f) is to find a “nicer” defining function (possibly a concave rational
function). Let p(z) be a polynomial or rational function positive in int(D). Then we
can see Sp(f) is the closure of the set

{xeint(D) : % 20}.

1r L&)

; ; f(x)
(@) has nice properties, e.g., »

@) has special structures discussed in Section 3, or
it is g-module or preordering concave over D, then an explicit SDP representation for
Sp(f) can be obtained. For instance, consider the convex set

2 3 2 2 2\2
{(z1,22) € R} : —x§ + 3z125 — (] + 25)° > 0}.
The origin is a singular point on its boundary. If we choose p(x) = :c%, then it equals
zi

4
x
{(:cl,:cg) GR?,_: 3z > 2:c%+x§+ — —|——é}
T x
2 2
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Then this set can be represented as
2
{(9617962) € Ry : Juy,u,u3,uq, s.t., 3r1 > 2uy + ug +uz + ug, (u1,z1) € K1 2,
(ug,w2) € K2, (u3, 22, 22,71) € K33, (ug,z2,22,21) € K3,4}-

However, there is no general rule to find such a nice function p(z). In convex
analysis, there is a technique called perspective transformation which might be very
useful here. Generally, we can assume

Sp(f) CRy xR int(Sp(f)) # 0.
Define the perspective transformation p as
p(z1, @2, an) = (w1, 22/21, -+ 20 /21).
The image of Sp(f) of the perspective transformation p is
{ (1/z1,22/71, + ,an/21): T € sD(f)} CRy xR,

which is also convex (see §2.3 in [2]). Define new coordinates

N 1 - T2 - Tn
r] = —, xro = —, ey Tn = —.
T T T
Denote & = (&3, ,&p). Suppose f(z) has Laurent expansion around the origin
f@) = folz) = forr(x) = = fa(z)
where every fi(x) is a homogeneous part of degree k. Let
F r e fl 3:7 fd*b(‘%)
f@) = o) - A8 e
r1 Tq

where f; (i) := :cll’HfbH (Z). Define a new domain D as
9i(x)

where §;(Z) = —347 . Note that D is convex if and only if D is convex (see §2.3 in
T k2

1
[2]). Therefore, under p, the set Sp(f) can be equivalently defined as
Sp(f) ={& € D: f(¥) > 0},
Proposition 4.1 If Sp(f) is convex and the origiri is a singular point on its boundary

dSp(f), then fo(z) > 0 for any & = (#1,2) € Si(f)-

Proof Fix © = (z1, -+ ,xn) € Sp(f) and T = (Z1,---,Tn) € Sﬁ(f) such that £ =
p(x1,x2, - ,zn). By the convexity of Sp(f), the line segment {tx : 0 <t < 1} belongs
to Sp(f). Thus its image

1. .
p(t:c17tm27 e 7tx7l) = (;1117.7027 e 71:77,)

belongs to Sﬁ(f) and f(%:ﬁ17f:27-~~ ,@n) > 0. Let t — 0, then we get fo(Z) >0. O
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4.1. The case of structured f;(z)

In this subsection, we assume fj, (%) have special structures. Then the methods in
Subsection 3.3.2 can be applied to construct SDP representations for Sz (f).

Theorem 4.2 Suppose every fi(Z) (k=1,---,d — b) is given in the form

B ~ Rk Qk] ~ k
fel@) = Z@m b Y (X (@)
i=1 j=1 ‘=1

for some polynomials k. S (T, Dk, j.0 ¢+(Z) which are nonnegative over D and integers Thi >
E+1, 855022 (pg; (T Z) can be any affine polynomial when s, j,¢ is even). Then Sz (f)
can be represented as

k
— Tk,i Rk Qk,j

. s V"
. Huyu]cymvk’jyb Z Z U]gz + Z Z %

k=1 = 1 =1 \4=1

(#,~u) € epi(—fo), (,un) € ePi(ars)s (F,01.0) € ePi(pr,j) |-

Furthermore, if —fo(a:c) and all gy ; (i:é),pkd"[(‘%) are g-module or preordering convex
over D, then Sﬁ(f) is SDP representable.

Proof The first conclusion is obvious by introducing new variables u, uy, ;, vy, ; ¢. Note

e )')

Sk,j,b

HM“

SRS R

is equivalent to

d—b Ly Ry,
> Z (an,z + ng)7 (jh ce LT, nk,i7uk,i) € Kk+1,rk,i7
k=1 j=1

(ks Ch) € K1 ks (Crs T15V,5,0) € Kasy ;4

When fo(:) is g-module (resp. preqrdering) convex over D, (%, —u) € epi(—fo) is rep-
resentable by ‘Cqmod( u—fo) (vesp. Eppm(u—fo)). Similar results hold for gy, ; (5%)7pk7j1£(‘%).
Once the SDP representations for epigraphs of — fo(Z), qk,j (%) and pkﬁjyg(a:c) are all

available, we can get an SDP representation for Sjz(f) consequently. |
Now we show some examples on how to apply Theorem 4.2.

Example 4.3 (a) Consider convex set S = {(z1,22) € Ry x R: z? — 23 — 23 > 0}.
Its boundary is a cubic curve and the origin is a singular node. This convex set is
the shaded area bounded by a thick curve in Figure 2(a). The thin curves are other
branches of this cubic curve. The perspective transformation p gives

S = {(:chmg)GR.,.X]R 1—503—%20}.
1
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(c): #3 — 3z123 — (23 +23)2 > 0,1 > 0 (d): 22 — 22 — (22 +23)2 > 0,21 > 0

Fig. 2 Four singular convex sets discussed in Example 4.3

From the lifted LMI of S and S = p*l(g)7 we get

S = {(xl,zg): Ju, s.t., {ml—u I2} > 0, {u I1:| EO}.

xr9 :L’11 T T

The plot of the above coincides with the shaded area in Figure 2(a).

(b) Consider convex set S = {(z1,22) € Ry x R : 27 — 23 — 23 > 0}. The origin is
a singular tacnode on the boundary. This convex set is the shaded area bounded by
a thick curve in Figure 2(b). The thin curve is the other branch of the singular curve

23 — 23 — 23 = 0. The perspective transformation p gives

S:{(fl,i2)€R+XRZ 1>

From the lifted LMI of S and S = p_l(g)7 we get

S =< (x1,22): Juy,ug, s.t., Lo 2 =0, v =0, U2 2 =0p.
u2 Tl + up 1 1 xo 1

The plot of the above coincides with the shaded area in Figure 2(b).
(c) Consider convex set S = {(z1,22) € Ry x R: z3 — 32123 — (27 + 23)? > 0}. The
origin is a singular triple point on the boundary. This convex set is the shaded area
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bounded by a thick curve in Figure 2(c). The thin curves are other branches of the
singular curve :czl)’ — 3:01503 — (:c% + x%)2 = 0. The perspective transformation p gives

~2\2
S:{(lejg)eRer]R: 1—3@%—M20}.
From the lifted LMI of S and S = p~1(S), we get

S = {(:C17$2): Ju,w, s.t., {:cl—u fvz} =0, {u w} =0, {w—xl :172} 50}.
T2 3Tl w 1 T2 T

The plot of the above coincides with the shaded area in Figure 2(c).

(d) Consider convex set S = {(z1,22) € Ry x R : 3 — 23 — (27 4+ 23)* > 0}. The
origin is a singular node on the boundary which is one branch of the lemniscate curve
:c% —:c% — (:c% —|—:c§)2 = 0. This convex set is the shaded area bounded a thick lemniscate
curve in Figure 2(d). The thin curve is the other branch of the lemniscate curve. The
perspective transformation p gives

9\ 2
SZ{(i’Liz)GRerR: (1—%3) > (1‘“0%) }

From the lifted LMI of S and S = p_l(g)7 we get

ity u T1 T2
S = (xl,:cg):flu,s.t.{l 2 }50, z1 1 0] >0
xr9 ] —Uu
o 0 1
The plot of the above coincides with the shaded area in Figure 2(d). ad

4.2. The case of two consecutive homogeneous parts

In this subsection, we consider the special case that f(z) = fi(x) — fy41(z) having
two consecutive homogeneous parts. Then, after perspective transformation, we get

S=(f) = {x eD: fo(z) - flj(:”) > 0}.
1

By Proposition 4.1, for any Z € D, we have fo(f:) > 0. Let D' be the intersection of
{Z: fo(&) > 0} and the projection of D € Ry x R" ! into R" ™!, which is also convex.
Then we get

Sp(f)={(@,71) €D xRy : 31 > h(2)}, h(Z):= fl(f).

Jo()
Then S5 (f) is the epigraph epi(h) of the rational function h(Z) over the convex domain
D'. Note that h(Z) is convex over D’ if and only if Sh (f) is convex, which then holds
if and only if Sp(f) is convex. So, if h(a:c) is g-module or preordering convex over D',
then Ran,wd(:El — h) or Rge(il — h) is an SDP representation for epi(h), and then
one can be obtained for Sp(h) after the inverse perspective transformation.
A very interesting case is n = 2. Then D’ must be an interval I of the real line.

Theorem 4.4 Let n = 2 and D' = I be an interval as above. If Sp(f) is convex, then

Sp(f) = Rémod(:h — h), and hence Sp(f) = p_l(Rémod(fl —h)).
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Proof When n = 2, f(Z) is a univariate rational function. When Sp(f) is convex, S5 )

is also convex. Since Sp (f) is the epigraph of f(), f(Z) must be a univariate rational
function convex over the interval I. By Theorem 3.6, its epigraph is representable by

Rémod (1 — h). Thus Sﬁ(f) = Rémod (Z1 — h). After the inverse perspective transfor-
mation, we can get an SDP representation for Sp(f). |

Now we see some examples on how to find SDP representations for singular convex
sets by applying Theorem 4.4.
Example 4.5 (i) We revisit the singular convex set (a) in Example 4.3. After the
perspective transformation p, we get S = {(:Eh o) ERx[-1,1]: &1 > #} . From
- - 2
the lifted LMI of S and S = p~1(S), we know S equals

T1— Y2 T2 — Y3
31/273/371/472:072:17 1 2207 {772—:1/3 y2_y4:| t07
(1,22) 0 [21 T2 Y2 20 z1 —z1+ 20
z2 Y2 y3| = 0, z1 —x1+20 —w2+ 21 =0
Y2 Y3 Y4 —x1+20 —T2+ 21 —Y2 — 1+ 20

The plot of the above coincides with the shaded area in Figure 2(a).
(ii) Revisit the singular convex set (c) in Example 4.3. After the perspective transfor-

mation S =3 (i1,% Rx [ ~~>—z—§—z 16
p, we get S = {(Z1,Z2) € R X \/5[ Lil:&1>—-—g+ =323 J - From
the lifted LMI of S and S = p*l(g)7 we know S equals

—3y2 z2 — 3y3
3 1> Lyy 1 16, "1 =0
Y2,Y3,Y4, 20,71, L = 3Y2 92171+ 9 <05 $2—3y3 y2_3y4 — Y
(z1,22) : [21 T2 Y2 20 21 3(20 — 71)
w2 y2 y3| = 0, 21 (20 — 1) 5(21 — x2) =0
Y2 Y3 Y4 (20 — 1) 5(21 — 22) —3y2 + (20 — 21)
The plot of the above also coincides with the shaded area in Figure 2(c). ad

Now let us conclude this subsection with an example such that Theorem 4.4 can
be applied to get an SDP representation for Sp(f) while Theorem 4.2 can not.

Example 4.6 Consider the convex set S = {(x1,z2) € R? : z1 (2 +23) — 2] — 2323 —
:c% > 0}. The origin is a singular point on the boundary 85 which is a quartic bean
curve. The picture of this convex set is the shaded area bounded by the thick bean curve
in Figure 3. This example was from Henrion [9], where an SDP representation based on
a rational parametrization of the bean curve is given. After the perspective transfor-
mation p, we get S = {(571,572) eR?: &y > f(@2) =25 + H—ljg} . The function f(Z2)
does not have structures required by Theorem 4.2. Obviously D’ = (—o0,c0). We can

check that f(Z2) is convex over (—oo, o0), so its epigraph epi(f) = Ré;l(zoéoo)(f:l - -

From S = p_l(g)7 we know S equals
20 21 1 — 20
(z1,22) : Y2, 20,21, 1 > Y2 + 20, 21 w1 —20 T2—21 =0
T1— 20 T2 — 21 Y2 — 1+ 20

In the above, y2 + 29 can be placed by one parameter. The plot of the above is the
shaded area in Figure 3. O
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0 02 0.4 0.6 0.8 1 12
Xl

Fig. 3 The singular convex set defined by xl(q:% + x%) — :r:‘l1 — x%x% - x% >0.

4.3. General case

For the general case, we have the following result by applying Theorem 3.4.

Theorem 4.7 Assume D and S5 (f) are both convex and have nonempty interior,
and dim ({51 =0}nN 8Sﬁ(f)> <n-—1.

- B -
Sﬁ( )= quod(f)-
f f(Z) and every g;(Z) are preordering concave over D with respect to :i*’li_b, then

Sp(f) = RE(F).

After a perspective transformation p, the origin, if it is a singular point on the
boundary 9Sp(f), is mapped to one point at infinity of Sﬁ(f), ie., S@(f) itself does
not have a point which is the image p(0). The mapping p is smooth when z; > 0.
At any point z € Sp(f) with 1 > 0, the mapping p will preserve the singularity or
nonsingularity at z. In this sense, the perspective transformation p will remove one
or more singular points. Of course, the new convex set Sp( f) might have singularity
somewhere else. In this case, we can apply some coordinate transformation to shift one
singular point to the origin and then apply the perspective transformation again. So
a sequence of perspective transformations might be applied. If there are finitely many
singular points on the boundary, a finite number of perspective transformations can be
applied to remove all the singularities. However, this approach might not work if there
are infinitely many singular points, i.e., the singular locus is positively dimensional.

For instance, the convex set
{zeR®: (1 (z1-1)° —23)® — 23 >0},

has a singular locus of dimension one. In this case, a finite number of perspective
transformations is usually not able to remove all the singularies.
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5 Some discussions

We conclude this paper with some discussions and open questions.

More general convex sets It is very natural to consider general convex sets of the form

Sp(fi,---, fx) ={z€D: fi(z) >0,---, frp(z) > 0},

where fi(x),..., fr(z) are given polynomials or rational functions concave over the
convex domain D = {z € R" : g1(z) > 0, ,gm(xz) > 0} defined by polynomials
g1(x), -+, gm(z). Note that

Sp(f1, -+, fx) = Sp(f1)Nn---NSp(fi).

So it suffices to consider each individual Sp(f;) separately.

One interesting but unaddressed case is that the defining polynomials f; are con-
cave in some neighborhood of Sp(fi,---, fx) but neither g-module nor preporder-
ing concave over D. In this situation, is it always possible to find another domain
D' > Sp(f1, -+, fi) such that the f; is q-module or prepordering concave over D’
with respect to some other (p’,q’)? Or is it always possible to find a different set of
defining polynomials for D = {z € R™ : gi1(z) > 0,---, §yr(x) > 0} such that f; is
g-module or prepordering concave over D using new defining polynomials with respect
to some different (p, ¢)? This is an interesting future research topic.

The separability in Positivestellensatz The rational function f(x) is concave over D if
and only if
) + Vi) (@ —u) = f(2) >0, Va,u € D.

By Positivestellensatz of Stengle [21], the above is true if and only if
0 u) + faen (@) fien () - (F(u) + V()" (@ = u) = f(2)) =

Yo W @ogm@ | Y e W) (Wovp(@u)

ve{o,1}m pe{0,1}m

for some sos polynomials n(z, u), op,u(x, u). Here fge, is the denominator of f(z) which
is nonnegative over D. When n(z,u) = n1(x)n2(u) is separable, we can choose p(z) =
M (x) fgen(z) and ¢ = ng(u)fdQen (u), and then get an SDP representation for Sp(f) by
following the approach in Section 3. However, in general case, is it always possible to
find a factor n(xz,u) that is separable? Or what conditions make the factor n(z,u) to
be separable? This is an interesting future research topic.

Resolution of singularities In algebraic geometry [5], a well known result is that any
singular algebraic variety (over a ground field with characteristic zero) is birational to
a nonsingular algebraic variety. But the convexity might not be preserved by this bira-
tional transformation. Given a convex semialgebraic set in R" with singular boundary,
is it birational to a convex semialgebraic set with nonsingular boundary? Or is every
convex semialgebraic set in R™ equal to the projection of some higher dimensional
convex semialgebraic set with nonsingular boundary? To the best knowledge of the
author, all such questions are open. An interesting future work is to discuss how to
remove the singular locus of convex semilagebraic sets while preserving the convexity.
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