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ABSTRACT. Suppose f(z),g1(z),...,gm(z) are multivariate polynomials in
xr € R™ and their degrees are at most 2d. Consider the optimization prob-
lem

min  f(z) st. zeS={zeR": gi(z) >0,...,9m(z) > 0}.

Let fmin (resp., fmaez) be the minimum (resp., maximum) of f(z) on S, and
fsos be the lower bound of f,,;n given by Lasserre’s relaxation of order d.
This paper studies its approximation bound. Under a suitable condition on
g1, .-, 9m, we prove that

f'maz - fsos S Q : (f’maz - fmzn)

Here Q is a constant depending only on g1, ..., gm but not on f. In particular,
if S is the unit ball, @ = O(n?); if S = [-1,1]", Q = O(n??); if § = {£1}»
or {0,1}", Q@ = O(n?). In these special cases, assume canonical defining
polynomials g; for S are used.

1. INTRODUCTION

Consider the polynomial optimization problem

min T
(1.1) zER™ /@)
st. qi(x) >0,...,9m(z) >0.
Here f,q1,...,gm are all multivariate polynomials in x := (x1,...,x,). Generally

it is quite difficult to solve (1.1). For instance, when f(z) is a nonconvex quadratic
function and every g;(x) is linear, (1.1) becomes a nonconvex quadratic program-
ming (QP) which is NP-hard [6]. So problem (1.1) is NP-hard. Lasserre’s relaxation
[2] is a typical approach for solving (1.1) approximately by using semidefinite pro-
gramming and sum of squares techniques. We refer to [2, 3, 4, 5, 7, §].

When f,g1,...,9m have degrees no greater than 2d, Lasserre [2] proposed the
following sum of squares (SOS) program to find a lower bound for the minimum

fmin of (1.1):
max
s.t. f_7200+0191+"'+0mgma

deg(09), deg(0191), - - ., deg(omgm) < 2d,
00,01, -..,0, are SOS.

(1.2)
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Here a polynomial is said to be SOS if it is a sum of squares of polynomials. If a
polynomial is SOS, then it must be nonnegative everywhere, but the reverse might
not be true. We refer to [10] for a survey on SOS and nonnegative polynomials.
While it is quite difficult to check nonnegativity, checking SOS is much easier be-
cause it is equivalent to a semidefinite programming problem (cf. [7, 8]), which can
be solved efficiently. Thus, the SOS program (1.2) would be solved by SDP solvers.
The integer d in (1.2) is called the relaxation order.

Here we briefly review the convergence of Lasserre’s relaxation (1.2) as d increases
for a fixed f. For convenience, denote g = (g1, ,gm) and

S={zeR":g1(z) >0,...,9m(z) > 0}.
For each ~ feasible in (1.2), we have
f(x) =y =o00(z) +o1(x)g1(z) + -+ om(x)gm(z) >0 Vzes.

Thus, every y feasible in (1.2) satisfies f(x) >« for all z € S. If we denote by fses.q
the optimal value of (1.2), then fyin > fsos,a for all d. As d increases, the lower
bound fses,q is monotonically increasing. Based on Putinar’s Positivstellensatz [9],
Lasserre [2] proved fsos,a — fmin 88 d — 0o under a so-called archimedean condition

(AC), that is, there exist M > 0 and SOS polynomials sg, s1, ..., S, such that
M — HCL’H% = 50+5191+---+5mgm-

For AC to hold, S must be compact, but the reverse might not be true. However,
AC is not a very strong condition, because otherwise we can always add a redundant
constraint like M — ||x]|3 > 0 if S is compact. Nie and Schweighofer [5] analyzed
the convergence rate of (1.2). Under AC, they proved

(13) 0< fmzn - fsos,d < K- (logd)fc as d— o0,

where ¢ > 0 depends only on g and the constant K = K(f,g) depends on both
f and g. The above estimate is a kind of absolute error analysis, and is only
in asymptotic sense. Typically, the constants K and c are quite complicated to
estimate in practice.

Due to the computational cost of (1.2), people tend to choose small d in practical
applications. This is because (1.2) is very expensive to solve for big d (the size of
the resulting SDP grows exponentially in d). So, it is interesting to know how good
(1.2) approximates (1.1) for a fixed relaxation order d. Suppose deg(f) < 2d and
deg(g) < 2d. For convenience, just denote by fss the optimal value of (1.2) for
a given f. We have seen that fsos < fmin, but do not know how far away fs.s is
from fpin. Denote by fiqe the maximum of f(x) on S, which always exists when
S is compact. For fixed g, a constant @ = Q(g) is called an approximation bound
of (1.2) if for every f with deg(f) < 2d it holds that

fmax - fsos S Q : (fmaac - fmzn)

Does the above @ exist? What conditions make @ exist? How big is Q7 These
questions are the main topics of this paper.

Contributions First, we analyze the approximation bound of Lasserre’s relax-
ation (1.2) when S is compact. Let foin (resp., fmaz) be the minimum (resp.,
maximum) value of f on S. Under a suitable condition on g1, ..., gm, we show that
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there exists a constant @ = Q(g1, - .., gm) such that for every f with deg(f) < 2d
it holds that

(14) 1 S (fmaw - fsos)/(fmaw - fmzn) S Q

The constant @ only depends on g1, ..., gm,n,d but not on f. This will be presented
in Section 3.

Second, we give explicit estimates for @ in (1.4) for special cases of S: when S is
a unit ball, Q = O(n); when S is a hypercube [~1,1]", Q = O(n??); when S is the
boolean set {£1}" or {0,1}", @ = O(n?); when S is a multi-unit ball, Q = O(n?).
(Here, we assume canonical defining polynomials g; for S are used.) This will be
shown in Section 4.

The proofs of these approximation bounds are based on estimating norms of
polynomials and using semidefinite programming properties. So, we will first in-
troduce some basics about semidefinite programming, sum of squares, norms of
polynomials and their relations. This will be presented in Section 2.

Here we make some remarks on the difference between the estimates (1.3) and
(1.4). The estimates for @) given in this paper depend on g. As d — oo, the ob-
tained bound @ typically goes to infinity, which does not imply the convergence
of (1.2). This is because the approximation bound and convergence are different
aspects of Lasserre’s relaxation. The bound @) estimates f,,s in the worst case that
(1.2) would behave when the relaxation order d is fized. The estimate (1.4) holds
for arbitrary polynomial f of degree 2d, and can be thought of as a relative error
analysis. The smaller @ is, the tighter (1.2) approximates (1.1); the bigger @ is,
the looser (1.2) approximates (1.1). This is the reason why we call @ an approxi-
mation bound. On the other hand, the convergence of (1.2) is the different issue of
whether fs,5,q4 approaches fy,i, as d = oo for a fized polynomial f. The estimate
(1.3) holds for a fized f, and can be thought of as an absolute error analysis. In
convergence analysis, the polynomial f in (1.1) is fized, but the relaxation order d
goes to infinity. This issue is important when we want to minimize a fixed f over
S as accurate as possible. In summary, the convergence concerns the behavior of
a sequence of Lasserre’s relaxations (d = 1,2, ...) for solving a fized single polyno-
mial optimization (1.1), while the approximation bound @ concerns the behavior
of a single Lasserre’s relaxation (the order d is fixed) for solving a class of polyno-
mial optimization(1.1) (f is arbitrary with degree 2d). So, (1.3) and (1.4) address
different aspects of Lasserre’s relaxation.

Notations. The symbol N (resp., R) denotes the set of nonnegative integers
(resp., real numbers). For any ¢t € R, [t] (resp., |t]) denotes the smallest integer not
smaller (resp., the largest integer not bigger) than¢. For 0 < k € N, [k] = {1,...,k}.
For € R™, x; denotes the i-th component of z, that is, = (z1,...,2,). The
symbol S"~! denotes the unit sphere {z € R" : 22 + --- + 22 = 1}. For a € N",
denote |a| = a3 + -+ + ay, and supp(a) = {1 < i < n: a; # 0}. The symbol
N7 denotes the multi-index set {& € N" : |a| < k}. For 2 € R” and a € N”, z®

denotes z{* - - - x&~. The symbol [x]; denotes the following vector of monomials
[1‘]5 = [1 X .. Tn x% XT1Lo e xLli xf71m2 ...... mz ]7

and [29] denotes the d-th homogeneous part of [x]4, that is,
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The symbol R[z] denotes the ring of real polynomials in (z1,...,2,); R[z]; denotes
the subspace of polynomials of degrees at most k; Sfr[z]; denotes the subspace of
square free polynomials of degrees at most k. For a polynomial p, supp(p) denotes
the support of p, i.e., the set of @ € N™ such that z® appears in p. For a finite
set S, |S| denotes its cardinality; for a general set S, int(S) denotes its interior.
For a matrix A, AT denotes its transpose. The symbol Iy denotes the N-by-N
identity matrix. For a symmetric matrix X, Apnaz(X) and Apin(X) denote the
maximum and minimum eigenvalues of X respectively, and X > 0 (resp., X = 0)
means Apin(X) > 0 (resp. Amin(X) > 0). For u € RV, |julls = VuTu denotes the
standard Euclidean norm. For any matrix A, recall the definition of ||Al|2 being
the standard operator 2-norm of A and ||A| s being the Frobenius norm of A4, i.e.,
|A||F = /Trace(AT A). Note that ||A]|2 and ||Al|2 < ||A||F. In matrix spaces, the
bullet o denotes the standard Frobenius inner product, i.e., A @ B = Trace(AT B).

2. SUM OF SQUARES AND NORMS OF POLYNOMIALS

This section presents some basics in sum of squares, semidefinite programming,
norms of polynomials and their relations.

2.1. Sum of squares and semidefinite programming. For a polynomial f of
degree 2d, there exists a symmetric matrix F' such that

fa) = [2]§ Flzla.
The length of the monomial vector [z]4 is ("gd), and the dimension of F is (”;rd) X
("jird). The matrix F' is called a Gram matrix of f and is not unique if d > 1. For
convenience, we index the columns and rows of F' by monomials of degrees < d, or
equivalently by vectors in N7.
A polynomial f is said to be a sum of squares (SOS) if there exist polynomials
fi,---, fx such that f = fZ 4+ -+ f2. As shown in [7, 8], f is SOS if and only if

it has a Gram matrix F’ which is positive semidefinite, that is,
fisSOS <= f(x) = [#]} Flz]s, for some matrix F > 0.
Define constant symmetric matrices A, satisfying
(2.1) [2lal2]}) = D Aaz™.
QENZ,
If f(z) = ZaeNgd fax®, then f is SOS if and only if
Ao X =f, VYaeNj, for some matrix X > 0.

So, checking whether f is SOS can be done by solving a semidefinite programming
problem.
The standard form of a semidefinite programming is

min CeX
(2.2) st. Ao X =b,i=1,...,m,
X 0.
Here C and Aj,..., A, are constant symmetric matrices. Lasserre [2] showed

that the SOS program (1.2) is equivalent to an SDP problem like (2.2). So (1.2)
can be solved efficiently. SDP is a very nice convex optimization and has many
attractive properties. There is a large amount of work on the theory, algorithms
and applications of semidefinite programming. We refer to [11].
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2.2. Norms of polynomials. For a polynomial f(z) = 3 Sfax® of degree

a€NZ,
2d, define its 2-norm and G-norm as

1/2 1/2

(2.3) IFlz={ > 2] o Wle=| D pl@)'f2

a€ENg, a€eNZ,
Here p(«) denotes the partition number of «, that is,
(2.4) p(a) = [{(B,v) eN x NG : B+v=al}|.

Let J be the matrix of all ones, then

p(a) = A, eJ < (supp(da)ler) < (I3d>.

d
Clearly, the norms || - |2 and || - ||¢ are equivalent and satisfy the relation
—1/2
25) (N 111 < 1906 < 171
In view of (2.3), for convenience we denote the coefficient vectors
(2.6) F=(faraeNy), fo = (p@) 2 faiaeNg,),
and denote by [z]g 24 the column vector of scaled monomials
(2.7) [*]g2a = (p(a)l/Qmo‘ T € N§d> .

The entries of f, f¢ and [z]g 24 are in graded alphabetical ordering by their indices.
Thus, f(z) = f1[z]oa = f&[2]G,24 and || f|l¢ = | fall2- The G-norm || f||¢ is closely
related to Gram matrices of f.

Lemma 2.1. If f € R[x]aq, there exists a symmetric matric W such that
fl@) = [@lgWizla, [Wle = [Iflle-
Proof. For any matrix W satisfying f(z) = [2]Z W[z]4, it must hold that
fo = > Ws, VYaeNi,.
(B,v)ENy XN B+rv=a
Choose a particular W satisfying the above as follows
Wsy =p(@) ' fo Y(B,v)eENIXNI:B+v=a.

Then W is symmetric and satisfies

wiE= > > (p() ™" fa)? = Y (p(a) " fa)*p(@) = [ f]2:
a€Ng, (B,v)ENG xNj €Ny
Btr=a

This completes the proof. [

Another useful norm of polynomials is the L?-norm. Assume S is compact.
Define

(2.8) 1fllz2(s) == (/S f(x)Qdu(I))l/Q-
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Here 1 is the uniform probability measure on S. The || f||z2(g) defined in (2.8) is a
norm in R[z] when S has nonempty interior. This is because if || f||z2(s) = 0 then
f(x) vanishes in an open set, and it must be identically zero.

When n > 2d, we can also define the following notion of marginal L?*-norm.
Given a subset A C {1,...,n} with |A| = 2d, za denotes the subvector

xA:(l'il,...,l'iQd) lfA:{’Ll,,’LQd}

The restriction fa(za) of f(z) to xa is defined as

i ifie A,
(2.9) fa(za) = f(Z), where ;= Ti HM1E .
0 otherwise.

So fa(za) is a polynomial in za. Denote the set
(2.10) Q2q = {A C [n] : |A| = 2d}.

Clearly, the cardinality |Qa4] = (2”(’1). We also denote by g; A(za) the restriction of
gia(z) to za. Define Sa similarly as

(2.11) Sa ={za :91.a(xa) 20,...,9m,a(xa) > 0}.
Observe that
Sa ={za:(0,...,0,2;,0,...,0,2;,,,0,...) € S} if A={iy,... 24}

If 0 € int(S), then every Sa has nonempty interior and 0 € int(Sa). If int(Sa) # 0,
the L2(Sa)-norm of fa(xa) can be similarly defined as

1/2
1 allsesny = ( / fA<xA>2duA<xA>) ,

where pa(+) is the uniform probability measure on Sa. When every int(Sa) # 0,
the marginal L?(S)-norm of f is defined as

1/2
I fllL2(s),mg = <Z |fA||%2(sA)> :

A€oy

Define two matrices

(2.12) On24(5) = /S [£a)G 2alwalé 2adpa(za),
A

(213) ©24(5) = [ el ulelf audula)

and two constants associated to S

(2.14) K24(S) = ,ouin {Ilpllz2sy : lplle = 1} -

(2.15) m2a(S) =/ i Anin (©4,24(5))-

If we write p(z) = pL[z]g 24, then
(2.16) Ipll72(s5) = PEO2a(S)pe-

S0, k24(S) = v/ Amin(©@24(5)). These constants depend only on S, and there are
explicit formulae for them when S is special, like a ball or hypercube.
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Lemma 2.2. If int(Sa) # 0 for every A € Qaq, then n2q4(S) > 0. In particular, if
0 € int(S), then 124(S) > 0 and kaq(S) > 0.

Proof. It suffices to prove that every @a 24(5) is positive definite. Otherwise sup-
pose there exists u # 0 such that uZ @A 24(S)u = 0 for some A € Q4. Then

WTO 5 sa(S)u = /S (T [2a)6.90)2dpia (@a) = O

implies u”[zA]G,24 = 0 for every @ € Sa. Since int(Sa) # 0, uT[ra]G 24 must be
identically zero and u = 0, which is a contradiction.

If 0 € int(S), then 0 € int(Sa) for every A. Thus 124(S) > 0 follows the above.
The proof of kg4(S5) > 0 is also the same. O

The norms || - [ z2(s),mg and || - || are related by the following lemma.
Lemma 2.3. Suppose n > 2d. If f € R[x]aq, then
[fllz2(s)mg = m2a(S)Ifllc
Proof. By definitions of L?(Sa)-norm and 724(S), we know

1fallz(sa) = FA,GOA24(5) fa.c = 124(S)? || fallE-
Here, fa ¢ denotes the vector of scaled coefficients of fa (see (2.6)). So

1122 (5ymg = D Ifallfzss) = m2a(S$)* D [IfallE > m2a(S)IIF1I-
AEQay AEQog
Thus the lemma follows. (I

3. SOME GENERAL BOUNDS FOR LASSERRE’S RELAXATION

This section estimates the approximation bound of Lasserre’s relaxation (1.2).
As mentioned in Introduction, to make Lasserre’s relaxations converge, one needs
to assume the archimedean condition (AC). However, even if AC holds, it is still
possible that (1.2) is infeasible (i.e., fsos = —00) for a given d, though an arbi-
trarily good lower bound could be obtained if we increase the relaxation order. To
guarantee the feasibility of (1.2), we need the following assumption.

Assumption 3.1. There exist a symmetric positive definite matric E and SOS
polynomials o1, ..., such that deg(o;g;) < 2d for every i and
o191+ + Omgm = 1 — []j Elz]a.

Note that Assumption 3.1 is equivalent to that the constant polynomial 1 lies in
the interior of the truncated quadratic module defined as

m
Moy(g1,---59m) = 0o+ Zajgj : each g; is SOS and deg(o,g;) < 2d
j=1
Assumption 3.1 is sufficient and necessary for (1.2) to have a finite optimal value
for every f € R[z]ag.

Proposition 3.2. Suppose S is nonempty. Then the following statements are
equivalent:

(i) Assumption 3.1 holds;
(ii) The relazation (1.2) is feasible for every f € R[x]aq;
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(iii) The relazation (1.2) is feasible for f = —[x]%[x]q4.

Proof. First we prove (i) = (i7). Every f € R[z]oq can be written as f(x) =
[2]] F[z]4 for some symmetric matrix F. By Assumption 3.1, the matrix E is
positive definite, so we can choose A > 0 big enough such that the polynomial

ao(x) = f(x) + Alz]g Elala = [z]q (F + AE)[z]a
is SOS. Then choose v = —\, and we get the identity
f—v=00+Ao1g1+ -+ Aomgm.

Therefore, (1.2) is feasible and its optimal value fgos > 7.

The direction (i) = (4i7) is obvious. Now we prove (iii) = (7). Let f(x) =
—[@]7[x]4. Since (1.2) is feasible for this f, there exist 4 and SOS polynomials
60,01, ...,0m such that deg(6,9;) < 2d for every i and

—[@li[xla—4 = 604061914+ Fmgm-
Evaluating at u € S, we obtain that —4 > [u]}[u]s > 1 and

1 /. . 1 .
= (0191 +t Umgm) =1- = ([} [2]a + 60) -
Hence, Assumption 3.1 holds. O

In Assumption 3.1, the choice of SOS polynomials o7, ..., 0, and positive defi-
nite matrix E might not be unique. In our bound analysis, the bigger A, (E) is,
the better the obtained bound would be. So we want A, (E) to be as large as
possible. Interestingly, the best one could be found by solving the SOS program:

max Amin(E)

O15ee0m, B
01,y...,0m are SOS,

deg(algl)v cee ,deg(amgm) S 2d.
Assume (o7,...,0,, E*) is optimal for (3.1). Assumption 3.1 holds if and only if

Amin (E*) > 0, so it is checkable by solving the SOS program (3.1).
Let d = max{[deg(f)/2], [deg(g)/2]}, and F be a subspace of R[z]a4 containing
f- Define a constant associated with F and S as

(3.2) \(F,5) = max {llplle : p(@)| €1 Ve 5},
When int(S) # 0, x(F,S) < co because k24(S) > 0 (cf. Lemma 2.2) and

Ipllz2cs) > K2a(S) - llpalle-

When int(S) = 0, x(F,S) might be infinite for some F. For instance, if S is the
unit sphere S"~1, then y(R[z]24,S" 1) = oo because for py = k(1 — ||z[|3) it holds
that

llpkllc — 00 as k — oo while |pp(2)| <1 VeSS

When S has empty interior, in order to ensure x(F,.S) < oo, it suffices to choose
F lying in the orthogonal complement of the subspace space

V(S) = {p € R[x]oq : p(z) =0 Vze S}.
Obviously, if int(S) # 0, V(S) = {0} is a singleton.
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Theorem 3.3. Suppose F is a subspace of R[z|aq containing 1, x(F,S) < oo,
and the tuple (o1, ...,0m, E) satisfies Assumption 3.1. Let f € F, and fmin (resp.
fmaz) be its minimum (resp. mazimum) on S. If fsos is the optimal value of (1.2),

then
1 S fmaz_fsos S X(./T",S) ]
fmam - fmzn )\min (E)
The above bound is best if the optimal solution (o7F,..., 0%, E*) of (8.1) is used.

Y m>o

Proof. Let med(f) = %(fmm + fmaz) € [fmin, fmaz)- First, we consider the case
that fiin < med(f) < fmaz. Let

; f(x) = med(f)

fx) = e F

med(f) - fmin .
Then |f(x)| <1 for all z € S and HfHG < x(F,S) by definition (3.2). Now set

(3.3) 0* = )% >0, v = med(f) — 6" (med(f) — fmin)-
Then, we have

0" |la

By Lemma 2.1, there exists a symmetric matrix W satisfying

' ~(a:) = [x]gW[x]d, IWlr < Amin(E),

1 -
7o/ @) + 210 Blala = [2]3 (W + E)[a]a.
Since ||[Wll2 < [[Wlr < Amin(E), we know W + E > 0. Hence, the polynomial
. W1z
60(2) i= (med(f) = frnin)0" (551 () + [a]§ Elala)
must be SOS. Let 6; = (med(f) — finin)0*0; for every i, which are all SOS. Then
we can verify that

o191+ -+ OmGm = (med(f) - fmin)e*(l - [x]dTE[’I]d),
f=7"=060+6191 + + OmGm-

So, (60,61, ---,0m, ") is feasible for (1.2) and its optimal value fs,s > 7*. By the

choice of v* in (3.3), it holds that
med(f) — fsos < X(]:7 S)
med(f) = fmin = Amin(E)

Since med(f) € [fmins fmaz] a0d fsos < fmin, the theorem is true.

Second, we consider the case that fin = finawz, then f — fiin is constantly zero

on S. Since x(F,S) < 00, f — fmin must be the identically zero polynomial, i.e., f
is the constant fi,in. S0, fsos = fmin and the theorem is clearly true. [l

To get a concrete bound by applying Theorem 3.3, we need estimate x(F,S)
and /\min (E)

Theorem 3.4. Suppose 0 € int(S) and (o1, ...,0m, E) satisfies Assumption 3.1.
Let f € Rlx)od, fmin (T€Sp- fmae) be its minimum (resp. mazimum) on S, and
fsos be the optimal value of Lasserre’s relazation (1.2).
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(i) It holds that

fmam - fsos 1
1< < .
- fmaw fmzn o "i2d(S))‘mzn(E>

(ii) If n > 2d, then

| < Jmaz = foos 1 (n)
T fmaz = fmin T 124(S)Amin(E) | \2
The above bounds are best if the optimal solution (o7,... 0%, E*) of (3.1) is used.
Proof. (i) Since int(S) # 0, Lemma 2.2 implies r2q(S) > 0. Let F = R[z]aq. If

p € F satisfies |p(x)| < 1 for all x € S, then [|p|r2(s) < 1 and (2.14) implies
1> koq(9)|Iplle and x(F,S) < ( y- Then, Theorem 3.3 implies the result.

(ii) Since 0 € mt(S), every SA has nonempty interior, and Lemma 2.2 implies
N24(S) > 0. If p € Rlz]eq and [p(z)| < 1 for all x € S, the restriction pa(za) of
p(z) must also satisfy [pa(za)] < 1 for every za € Sa. Thus we have

(3.4) ID132(5)mg = D / pa(ea)’dpalea) < ) 1:<2nd)-

AEQog A€oy

Therefore, Lemma 2.3 and the above imply

1 n 1 n
< — and R[x]2q,5) < .
Il < —esi/ (o) (Bl 5) < — (1)
The result is then implied by Theorem 3.3. ]

Generally, it is hard to tell which one of mdl( 5 and mdl( 5) (2 d) is superior in

Theorem 3.4, depending on S. However, typically 724(S5) is relatively easier to
estimate than k94(S) does. For instance, when S is a unit ball or hypercube, the
constant 1,4(5) is independent of n and easy to estimate, while ko4(S) is quite
difficult to estimate in terms of n,d. This will be shown in Section 4.

Remark 3.5. The optimal value Ay,in (E*) of (3.1) is closely related to the “radius”
of S. Let R = maxes ||x]|2. Observe that

3" = (23 + - = D P <R Y 2P = |

aeNZ aeNZ,

2k
2

[l
|

d
lelally = 1+ 13 + i1 + -+ 1eE = >0 55

Since 1 > [z]L E*[z]4 > Apin (E*)||[2]al|3 for all x € S, the above implies

1 4. R

_ > —_
)\Tmn(E*) - o k!
On the other hand, from

= Y s 3 et =G bl = el
N

aeN? aeNl
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we know the polynomial r(z) :=1— (1 + R* 4 --- + R??) - [z]7 [%]4 is nonnegative
on S. If there exist SOS polynomials sg, $1, . - ., $m such that every deg(s;g;) < 2d
and

(3.5) r =50+ 5191+ + SmGm,

then we can find a positive definite matrix E satisfying

[Qf]gE[]}]d =1- (3191 + - +87ngm) =S50 + (1 +R2 + - +R2d)_

Since sg is SOS, we know

1 1 d 4 Rk
< — < RF<aty .

So, if (3.5) holds, then

If (3.5) fails but R is known in advance, we can add to (1.1) the redundant constraint
r(x) > 0. Hence, ﬁ can be estimated by ZZ:O %, which is tight within a
factor of dl. O

4. BOUNDS FOR SOME SPECIAL OPTIMIZATION PROBLEMS

Theorems 3.3 and 3.4 give some general bounds for Lasserre’s relaxation (1.2)
in terms of some constants related to the feasible set S. For special S like a unit
ball or hypercube, estimating 794(S) is typically easy, while estimating x24(5) in
terms of n, d is typically quite difficult. So, generally we apply Theorem 3.4 (ii) by
estimating 724(S). In this section, we assume deg(f) = 2d and deg(g;) = 2.

4.1. Optimizing polynomials over a unit ball. Consider the case that S is the
unit ball B := {z € R" : ||z||2 < 1}. Then m =1 and g;(z) = 1 — ||z|3. To get a
bound, we estimate ngd(B) and A\ (E*) in (3.1).

By definition (2.15), we have 124 (B) = \/)\mm (@A’Qd (B)) for every A € Qqy
because of the symmetry of B. Let A = {1,...,2d}, then

©4,24(B) /I | <1[xA}G,zd[CﬂA]g,zddﬂA(wA)
TAfl2>

1 / T
= [zAlc2d[TAlG 2qdTA,
Vol([lzallz < 1) Jjzaja<t G2d

where dz is the standard Lebesgue measure. Observe that

1
/ X dra = Area(S*1) / xxdva(za) / plol2d=1 gy
lzalla<1 lzall2=1 0

In the above, Area(S?¢~1) is area of the unit sphere S??~1, and v (+) is the uniform

probability measure on S??~!. Note the formulae
27 7
A S¥-hy = l <1l)==——-—.
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When o =26 =2(84, ..., 2q) is an even vector, it holds that (cf. Lemma 8 of [1])

/ 2% dva(wa) = DOTLE DB +1/2)
lzall2=1 atiala (18] + d) ’

/ 2% dua(en) = DA+ DI T8 +1/2)
loaas1 S TAVA (|8 + d)L (]3] + d)

Here, T'(+) is the standard Gamma function. If at least one entry of « is odd, the
integral f||CEAH2:1 zXdva(za) = 0. A list of typical values of 724(B) is in Table 1.

2d 2 4 6 8
"2d (B) 0.19204 | 0.01670 | 0.00161 | 0.00004
TABLE 1. A list of 124 (B) for 2d = 2,4,6,8.

Lemma 4.1. When S is the unit ball B, we have ngd(B) is independent of n,
Assumption 3.1 holds, and the optimal E* of (3.1) satisfies Apin(E*) >

1
d+i-
Proof. In the above we have already seen that 724 (B) is independent of n. Now
we estimate A, (E*) in (3.1). For any integer k£ > 1, it holds that

(A4t +tHA—t) =11~
Let s4(t) = 747 Sy Sio 7, then

1

4.1 Hl—t)=1——— (1+t+--+1t%).
(1) S (L= 1) =1 = s (L o+ 11)
Plugging t by ||z||3, we get
1

sallleB)(1 = 12l =1 = — =

(T3 + -+ [l=]3) -

Since sq(||z]|3) is SOS and has degree 2d — 2, there exists a symmetric E satisfying

1 1
a1 L+ llz3 4+ l|2l37) = [2]F Elela,  Amin(E) 2 i 1
So, Assumption 3.1 holds and the optimal value of (3.1) is at least ﬁ. O

Clearly, Theorem 3.4 (ii) and Lemma 4.1 imply the following.

Corollary 4.2. Assume n > 2d. Let f € R[x]aq, and fumin (TeSp., fmaz) be its
minimum (resp., mazimum) on the unit ball B. If fs,s is the optimal value of (1.2),

then
1§ fmam_fsos S d+]- (’ﬂ)
fmaw - fmzn 2d (B) 2d

S0, fsos i an O(n)-approzimation of frin asn — oc.
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4.2. Optimizing polynomials over a hypercube. Consider the case that S is
the hypercube C := [—1,1]". Then m = n and

gl(x) =1- 1'1, R gn(x) = 1_‘T121'

To get a bound by Theorem 3.4 (ii), we need to estimate 1724(C) and Ay (E*) in
(3.1).

By definition (2.15), we know 724(C) = /Amin(Oa 24(C)) for every A € Qo
since C is symmetric. Let A = {1,...,2d}, then

©22i0) = [ [ealasdloalfudnaas)
1,12

If at least one «y is odd, the integral f[71 124 xXdua(xza) vanishes. If o = 2(By, . .., B24)
is even, then

1
radpa(za) = .
/[1,1}“ Adualwa) (1+281) (1 +2B24)
A list of typical values of 724(C) is in Table 2.

2d 2 4 6 8
124(C) | 0.2678 | 0.0671 | 0.0329 | 0.0096
TABLE 2. A list of 194(C) for 2d = 2, 4,6, 8.

Lemma 4.3. When S is the hypercube C = [—1,1]™, we have 124 (C) is independent
of n, Assumption 3.1 holds, and the optimal E* of (58.1) satisfies Apin(E*) >

d+1n

Proof. We already observed that 794 (C) is independent of n. Now we estimate

Amin(E*). For sy4(t) = d+1 Zk 1 Z] 0 ! ¢ it holds that sq(t)(1—t) = 1— d+1 (1 +t+---
In (4.1), replacing ¢ by L||z[|3, we get that

1 T, ) [ 1 1, o 1
—s4| = > (- =1-—{14+- — :
5 <n||w|2> <i_1( ; )) ir1 < + ol 44 3lll13 )

Hence, there exists a symmetric matrix F such that

1 1
1+ — — T'p n(E) > ——n~¢
g (1 2lel o lel) =Wl Blels, Anin(B) 2 g
The polynomial %sd (%HxHQ) is SOS. So, Assumption 3.1 holds and the optimal E*
in (3.1) satisfies Apin (E*) > diln d, O

Clearly, Theorem 3.4 (ii) and Lemma 4.3 imply the following corollary.

Corollary 4.4. Let f € Rlx]aq, and fomin (7€SP., fmaz) be its minimum (resp.,
mazimum) on the hypercube C = [—1,1]". If fsos is the optimal value of (1.2), then

fmaz_fsos < (d+ 1)nd (n)
- fmaac fmzn - 7]2d(c) 2d )’

S0, fsos 1S an O(nQd)-appromimation of fmin as m — 00.
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4.3. Optimizing square free polynomials over a hypercube. Consider the
case that S is the hypercube C = [—1,1]™ and f(x) is square free, that is,

f@)= S . where  S£r(N) =N, {0,1)"
yestr(NZ,)

Recall that Sfr[x]y is the space of square free polynomials of degrees at most k.
Lemma 4.5. It holds that

1
XSEra],C) < VBT, Amin(EY) > g

Proof. Let p € Sfr[x]; be such that |p(z)| < 1 for all x € C. If we write p(z) =
> yesex(np) Py@”, then a simple integration shows

1 2 _ 2 _ [v] k 2
1227Cp(a?)dx— > pwfn/ Ydw = Y p23TIl > 37F|p|l3.

yESEr(Ny) yESEr(Ny)

Therefore, we have ||p||l¢ < |lp(z)]]2 < \/§ . By definition (3.2), the first inequality
follows immediately. The second one is a consequence of Lemma 4.3. g

Lemma 4.5 implies x(Sfr[z]2q,C) < 3%. Hence, Theorem 3.3 implies the follow-
ing.

Corollary 4.6. Let f € Sfr[z]aq, and fmin (r€Sp., fmaz) be its minimum (resp.,
mazimum) on [—1,1]". If fsos is the optimal value of (1.2), then it holds that

fmaa: - fsos S (d+ 1) : (3n)d(fma;ﬂ - fmzn)

4.4. Optimizing polynomials over boolean sets. Consider the case that S is
the boolean set {£1}". Then m = 2n and

gi(r) = 1—22 >0, gpri(z) = —1+22>0,i=1,...,n
The approximation bound of (1.2) for this case is given as below.

Corollary 4.7. Let f € Rlz]aq, and fimin (1€Sp-., fmaz) be its minimum (resp.,
mazimum) on {£1}". If fs0s is the optimal value of (1.2), then it holds that

fmaa: - fsos S (d+ ]-)nd(fmaz - fmzn)
Proof. From the proof of Lemma 4.3, we can find an SOS polynomial s(x) satisfying
1 _
s@)(g1 (@) + -+ 90(@) = 1= PIT Elalas Awin(B) 2 5™
So the optimal E* in (3.1) for the set {£1}™ must satisfy Apin(E™*)
First, assume f € Sfr[x]aq is square free. We claim that
(4.2) x(8frlz]oq, {£1}") < 1.

To see this, suppose p € Sfr[z]ag and |p(z)| < 1 for all z € {£1}". If we write
p(z) = Z’yGSfr(Ng’d)p’Yx’y7 then
1 1
12g 2 = 3 P 3 wt= ) A=l
ue{£1}m y€Str(Ng,) ue{£1}m yeSstr(NZ,)

Hence, ||pll¢ < |Ipll2 < 1, and (4.2) is true by definition (3.2). So Theorem 3.3
implies the corollary when f is square free.

SH

1
> And
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Second, if f is not square free, there exists f € Sfr[z]aq such that

flz) = f(z) Vae {1

By the previous argument, the corollary is also true. (I

After a linear coordinate transformation, the approximation bound in Corol-
lary 4.7 is also true for (1.2) when S = {0,1}". So we get

Corollary 4.8. Let f € Rlz]aq, and fimin (1€Sp-, fmaz) be its minimum (resp.,
mazimum) on {0,1}™. If fss is the optimal value of (1.2), then

fmaa: - fsos S (d+ 1)nd(fmaz - fmzn)

4.5. Optimizing polynomials over quadratically constrained sets. Consider
the case that every g;(z) = [z]TQi[z]; is quadratic. If Assumption 3.1 holds,
Theorem 3.4 can be applied to get a bound. The optimal value Ay, (E*) of (3.1)
can be estimated by using Q;. If we set d =1, (3.1) reduces to

max Amin(A)
A=(A1,eAm), A
(43) s.t. [x]?(A + )\1Q1 +--+ >\QO) [x]l = ]-7
Myee A > 0.

Let (A*, A*) be an optimal solution of (4.3).

Lemma 4.9. Suppose every g;(x) is quadratic and Apmin(A*) > 0 in (4.3). Then
Assumption 3.1 holds, and Apin(E*) > é()\mm(A*))d for (3.1).

Proof. Let s(t) = % ZZ=1 Zf;é 7, then s(t)(1—t) =1—% (t+--- +t) . Plugging
t by [2]T A*[x]1, we get the identity
1

s(falT A" [e)1) (1 = [l A7 (o)) = 1= 2 (T A*fal + -+ + (I A" [2)?).

From (4.3), we know 1 > [z]1 A*[z]1 > Apmin(A*)(1 + ||2]]3) for all x € S. So there
exists a symmetric matrix E satisfying

1

p ([ Al + -+ (2T A ) ?) = )T Elale, Amin(B) > = (Amin(A9)".

Let o;(z) = Afs([z]] A*[z]1) for every i, which are all SOS, then we get

ISR

o1+ +omgm = 1— [Z’]Z;E[Z']d

Hence, Assumption 3.1 holds, and the optimal value of (3.1) is at least 5 (/\mm(A*))d.
(]

Clearly, Theorem 3.4 and Lemma 4.9 imply the following corollary.

Corollary 4.10. Assume every g; is quadratic and an optimal A* in (4.3) is pos-
itive definite. Let f € Rlzlaq, and foin (1€Sp., fmaz) be the minimum (resp.,
mazimum) of f(x) on S. If fss is the optimal value of (1.2), then it holds that

1< fmam_fsos < min 1 1 (n) d
o .fmcwc - fmin o HZd(Sy 772d(S) 2d (/\mm(A*))d
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Remark 4.11. If every g;(z) = [z]T Q;[z]1 is concave, we can get A,in(A*) exactly.
Let R = max,cs ||z|]2 be the radius of S. Then 1 > [z]TA*[x]1 > A\pin(A*)(1 +
|z||3) for all z € S, and hence A\,in(A*) < (1 + R?)~!. The quadratic function
1— (1+ R?)~z|T[z]; is concave and nonnegative on S. If int(S) # 0, there exist

(ALs-- oy Am) > 0 satisfying
(4.4) 1= (14 RN+ [|2)3) = M2l Qifah + -+ + Aw[a]] Qi
Thus, (A, -+, Ams 1JF%I,LH) is feasible for (4.3) and Apin(A*) > (14 R?)~1. So
Amin(A*) = (1+R*)~1
If some g;(x) = [2]T Q;[x]; is not concave, it would be quite difficult to estimate
Amin(A*) in (4.3) because (4.4) might not hold. However, if R is known in advance,

the redundant constraint 1 — (1 + R?)~1[z]T[z]; > 0 could be added, and we still
have A\pin(A*) = (1 + R?)~L. O

Example 4.12 (Multi-unit ball). Suppose z = (z(), ... 2(™)) where each z(¥) is
an n;-dimensional vector, g;(x) = 1 —||z?||3, n; > 2d, and ny + - - - +n,, = n. Such
a set S is called a multi-unit ball. Observe that

_ 1 2 TIn+1
(gt gn) = e m = [2l3) = 1 - ol T e

So the optimal A* of (4.3) satisfies Aypin (A*) > ﬁ Obviously 724(S) > 0 depends

only on d. Corollary 4.10 implies an approximation bound O((mn)?) holds for
(1.2). O
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