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Abstract

This paper studies the problem of minimizing a homogeneous polynomial (form) f(x)
over the unit sphere S"~! = {z € R" : ||z||z = 1}. The problem is NP-hard when f(z) has
degree 3 or higher. Denote by fiin (resp., fmaz) the minimum (resp., maximum) value
of f(x) on S"~t. First, when f(z) is an even form of degree 2d, we study the standard
sum of squares (SOS) relaxation for finding a lower bound of the minimum f,,,5,:

max v st f(z)—7-|z|3is SOS.

Let fs0s be the above optimal value. Then we show that for all n > 2d

fma:r - fsos n
! S fmaa; - fnLin S C(d) (2d>

Here the constant C(d) is independent of n. Second, when f(z) is a multi-form and
S"~! becomes a multi-unit sphere, we generalize the above SOS relaxation and prove
a similar bound. Third, when f(z) is sparse, we prove an improved bound depending
on its sparsity pattern; when f(x) is odd, we formulate the problem equivalently as
minimizing a certain even form, and prove a similar bound. Last, for minimizing f(z)
over a hypersurface H(g) = {x € R" : g(x) = 1} defined by a positive definite form g(x),
we generalize the above SOS relaxation and prove a similar bound.

Key words approximation bound, form, hypersurface, L?-norm, G-norm, multi-form, poly-
nomial, semidefinite programming, sum of squares
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1 Introduction

Let f(z) be a multivariate homogeneous polynomial (form) in z € R™. Consider problem

min  f(z). (1.1)
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Here S"~! = {# € R" : ||z||2 = 1} is the n — 1 dimensional unit sphere. Denote by fmin
the minimum value of f(x) on S*~!. When f(z) = fTz is a linear form, fim = —|f|l2,
which can be found easily. When f(z) = 27 Fx is a quadratic form, f;, is the minimum
eigenvalue of the symmetric matrix %(F + FT), which can also be computed efficiently by
solving an eigenvalue problem. However, if deg(f) > 2, it is usually very difficult to compute
fmin- Nesterov [7] showed (1.1) is already NP-hard when f(z) is cubic. So in practical
applications, we are more interested in approximation algorithms. The sum of squares (SOS)
relaxation is a standard approximation method for solving (1.1).
When f(z) is an even form of degree 2d, the standard SOS relaxation for (1.1) is

max v

s.t. f(z) =~ |lz3 is SOS. (12)

Here a polynomial is said to be SOS if it is a sum of squares of some other polynomials.
Denote by fsos the optimal value of (1.2). Obviously, every 7 feasible in (1.2) is a lower
bound of the minimum f,,;,. This is because if f(z) — 7||z|2? is SOS, then f(z) — | z||3%
must be globally nonnegative and hence f(x) > « for all x € S* 1. So fis < fmin. The
original problem (1.1) is NP-hard, but SOS relaxation (1.2) is a convex program and can be
solved efficiently. In fact, (1.2) is equivalent to a semidefinite programming (SDP) problem.

Note that every form p(z) of degree 2d can be written as p(z) = [2%]T P[z?] for a sym-
metric matrix P. Here [2%] denotes the column vector of all monomials of degree d ordered
lexicographically, that is,

d]T = [x‘li x?ile e [Eililmn $%72x% ......... xd] .

[z
The length of vector [z9] is ("+j_1). The matrix P is called a Gram matrix of p(x) and it
is not unique if n > 2 and d > 1. For convenience, we index the columns and rows of P by
monomials of degree d, or equivalently by n dimensional nonnegative integer vectors whose
l-norm is d. It can be shown [9, 10] that p(x) is SOS if and only if it has a Gram matrix P
which is positive semidefinite. Define constant symmetric matrices A, such that

[z4[z4)T = Z Aqpx®,  where N(2d) = {a € N": |a] = 2d}. (1.3)
aeN(2d)
Here for a = (ai,...,ay), |o| = a1 + -+ + o, and 2@ = 27" --- 20", and N is the set of

nonnegative integers. If p(z) is given as

pl)= > par®,

aeN(2d)
then p(x) is SOS if and only if there exists a symmetric matrix X satisfying

Ao X = p, VaeN(2d),

X = 0.

In the above X > 0 (resp., X > 0) means that X is positive semidefinite (resp., positive
definite), and e denotes the standard Frobenius inner product in matrix spaces.



If we write f(z) and ||z||3? as

= Y fax® zl3t= ) Daz®,

a€eN(2d) a€eN(2d)

then SOS relaxation (1.2) is equivalent to the SDP problem

mz;(x v
’Y7
st. Aq® X 4+ Doy =fo YaeN(2d), (1.4)
X = 0.

Problem (1.4) can be solved efficiently by numerical methods like interior point algorithms.
SDP is a very nice convex optimization and has many attractive properties. There has been
much work on designing efficient solvers for SDP and applying SDP in various settings like
control and nonconvex optimization. We refer to [14] for more details about the theory,
algorithms and applications of semidefinite programming.

Even though the lower bound fs,s given by (1.2) might match fy,;, in many situations,
as demonstrated by numerical results in [5, 9, 10], we usually can not expect fsos = fmin-
For example, this is the case when f(z) is the so-called Motzkin polynomial

4.2 2 4 2.2 2
Mot(z) := xia3 + 2325 + x5 — 3232322,

It is well known that Mot(z) is nonnegative everywhere but not SOS [13]. Thus (1.2) would
return a lower bound fss < fmin. Blekherman [1] proved a very surprising result: for
any fixed even degree bigger than two, there are significantly more nonnegative polynomials
than SOS polynomials. So generally we do not have fsos = fmin. Therefore, it is very
interesting to know how well fsos approximates fo,. In (1.2), if f(z) — v|z||3? is replaced
by ||z12Y (f(x) — 7||z||3%) for an integer N big enough, Faybusovich [2] gave an estimation on
fmin — fsos based on a result of Reznick [13] regarding degree bounds of uniform denominators
in Hilbert’s 17th problem. But there is no estimation of fi,in — fsos when N = 0. Generally,
how does SOS relaxation (1.2) perform? How large is fiuin — fsos in the worst case? To the
best knowledge of the author, there is very little work on this issue. The motivation of this
paper is to analyze the approximation performance of (1.2).

Contributions.  First, we discuss the performance of SOS relaxation (1.2). Suppose f(x)
is an even form of degree 2d. Let fae be the maximum value of f(x) on S"~!. Suppose
n > 2d. Then we will show that the lower bound fsos of fimin given by (1.2) satisfies

1< fmax - fsos

= e — o = €@ (;) (1.5)

The constant C(d) is independent of n and can be evaluated numerically. Note the first
inequality in (1.5) is obvious because fsos < fmin- The second inequality in (1.5) means that
fso0s is an O(n?)-approximation of f,;,. This will be shown in Section 2.

Second, we discuss how to minimize multi-forms (all their terms have fixed degrees in the
components of variables) over multi-unit spheres (cross products of lower dimensional unit
spheres). This problem is an extension of the bi-quadratic optimization discussed in [6] and



is also NP-hard. The SOS relaxation (1.2) can be generalized naturally. We will prove a
similar approximation bound like (1.5). This will be presented in Section 3.

Third, SOS relaxation (1.2) might have better performance when f(z) has special features.
If f(z) is a sparse form, we will prove an approximation bound better than (1.5), which
depends on the sparsity pattern of f(z). When f(z) is an odd form, we can formulate (1.1)
equivalently as minimizing a certain even form, and prove an approximation bound based on
(1.2). This will be shown in Section 4.

Last, we consider the more general problem of minimizing f(z) over a hypersurface H(g) =
{r € R": g(x) = 1}, where g(x) is a positive definite form. The SOS relaxation (1.2) can be
generalized naturally, and we will prove a similar approximation bound like (1.5). This will
be shown in Section 5. Some discussions about bounds will be made in Section 6.

Some notations. N (resp., R) denotes the set of nonnegative integers (resp., real numbers).
For any t € R, [t] (resp., |[t]) denotes the smallest integer not smaller (resp., the largest
integer not bigger) than ¢. For any k € N, [k] = {1,...,k}. The N(k) denotes the multi-
index set {a € N" : |a] = k}. For any x € R", z; denotes the i-th component of x, that
is, z = (z1,...,2,). For any o € N denote |a| = a1 + -+ + ap, and supp(a) = {i € [n] :
a; # 0}. For any x € R” and o € N, 2% denotes z{"* ---2%". The R[z] denotes the ring
of real multivariate polynomials in (x1,...,z,), and R[z]; denotes the subspace of forms of
degree k. For nonnegative integers ki, ..., k¢, denote R[z]g,  x, = R[z]g, + -+ R[z]g,. For
a polynomial p(z), supp(p) denotes the support of p(x), i.e., the set of & € N™ such that the
monomial x® appears in p(x). For a finite set S, |S| denotes its cardinality. For a matrix
A, AT denotes its transpose. For a symmetric matrix X, A\nez(X) and Apin(X) denote the
maximum and minimum eigenvalues of X respectively. For a symmetric matrix X, X = 0
(resp., X > 0) means A\pin(X) > 0 (resp., Apmin(X) > 0). For two matrices A and B, A® B
denotes the standard Kronecker product of A and B. For any vector u € RV, |luls = Vulu
denotes the standard Euclidean norm; For matrix A, ||A|2 denotes the maximum singular
value of A, and ||A||r denotes the Frobenius norm of A, i.e., ||Alls = \/Trace(AT A).

2 Minimizing general forms

This section analyzes the approximation performance of SOS relaxation (1.2). The basic
technique is to estimate the L?-norm and G-norm of forms. We begin with some definitions
of norms.

2.1. Norms of forms
For a form f(x) of degree k given as
fl@)=)_ far®,
aeN(k)

we define its G-norm as 1

If@le=| D vl f2] - (2.1)

a€eN(k)



Here p(«) denotes the partition number of the exponent «, that is,

p(a) = [{(B,m) € N(Tk/21) x N(k/2)) : B+n=a|. (2:2)

In view of (2.1), denote by fg the column vector of weighted coefficients of f(z)

fo = (p@) ™2 faia € NW))., (2.3)
and denote by [2¥]g the column vector of weighted monomials

] = (p(a)l/Qxa ae N(k:)) . (2.4)
The entries in fg and [2*]¢ are ordered lexicographically according to their indices. Thus
f(x) = fLa*)¢ and ||f(z)|lc = ||fcll2- The reason that we call this norm G-norm is the
close relationship between || - [|¢ and Gram matrices.

Lemma 2.1. If a form f(x) has degree 2d, there exists a symmetric W such that
f@) =W, [Wr = f(@)lle-

Proof. For any matrix W satisfying f(z) = [T W[z9], the following holds

Jo = > Ws, VaeN(2d).
(8,m)EN(d) xN(d):84+n=c
Now we choose W as follows

W(B,n) =p(a) fa ¥(8,m) €N(d) xN(d): +n=a

The above W is a symmetric matrix. Its Frobenius norm is

WiE= > Yoo k@)= ) (@) fa)*p(e) = (@)
a€eN(2d) (8,n)€N(d)xN(d) aeN(2d)
Btn=a
So the lemma is proved. O

Useful in our approximation analysis are the L? type norms. Define

wmmm=<éngufwuoue (25)

Here 1 is the uniform probability measure on S*~!. We also need to define a so-called marginal
L2-norm. Throughout out this section, assume n > k. Given a subset A C {1,...,n} with
|A| = k < n, denote by za the subvector of = whose indices are in A, that is,

xa = (z; 1 € A).

For f(x) € R[z]i, denote by fa(xa) the restriction of f(z) to xa, that is,

i ifie A,
fa(za) = f(z), where &; = v Hreas
0 otherwise.



So fa(za) is a polynomial only in za. Denote the set
Q. ={A C [n]:|A| = k}. (2.6)
Clearly, its cardinality [Q| = (}). The marginal L?-norm of f(x) is then defined as

1/2

I @)l2mg= | D Ifalzallife | (2.7)

AEQk

The name “marginal” comes from the observation that the & — 1 dimensional unit sphere
{xA : ||zall2 = 1} is a sub-sphere of S*~! when we restrict z; = 0 for all i ¢ A.
For our purpose of approximation analysis, we need to define the constant matrix

O, — /” | whlolrhlLdua(za), A €Oy (2.8)
A |l2=1

Here pia(z) is the uniform probability measure on S¥~!. For instance,

@, = (2.9)

_ o W

1
8

oo
W =

Note that @, is independent of the choice of A € €, because the monomials of [$Z]G

k 2 4 6 8
dr | 0.5000 | 0.0559 | 0.0039 | 0.0002

Table 1: A list of the constants d.

are ordered lexicographically and the integrals are independent of A. The matrix @y is
positive definite, because the monomials of [ZL'Z]G are linearly independent. Define the positive

constant
O = \/)\mm(@k) > 0. (2.10)

Note that Jj is independent of n. A list of typical values of j for even k (we are only
interested in even k later) is in Table 1. The constant dj, relates the marginal L2-norm and
G-norm as follows.

Lemma 2.2. If f(z) € Rlz], then || f(2)||12mg = 0kllf(2)lc-

Proof. By definitions of L?-norm and d,, we know

Ifa(@a)lze = X cOrfac = Gill falza)lZ.

Here fa ¢ denotes the vector of weighted coefficients of polynomial fa(xza) (see (2.3)). By
definition of the marginal L?-norm, it holds

@) 2 mg = D falea)lie =67 D Ifalea)lle = &1/ @)

AEQy, AEQy

Taking the square root of the above results in the lemma. O



The marginal L?-norm of forms can be estimated as follows.

Lemma 2.3. Suppose f(z) € Rlz]y and k <n. If |f(x)| < 1 for all z € S*7L, then

£ @)1 12 m < (Z>

Proof. For every A € U, the condition that |f(x)| < 1 for all x € S*~! implies |fa(za)| < 1
for all za € S¥=1. By definition of the marginal L?-norm, we get

n
1F (@) 72 ng = / fa(za)’dua(za) < Y pa(SF1 <k>’
Ay, Ay,

where the last step is because pa is the uniform probability measure on S¥~1. O

2.2. Bound analysis

Now we analyze the performance of SOS relaxation (1.2). The basic technique is to
estimate the marginal L? and G norms by applying Lemmas 2.2 and 2.3.

Theorem 2.4. Let f(x) be a form of degree 2d, and fpin (7€Sp., fmaz) be its minimum
(resp., mazimum,) value on the unit sphere S*~1. Suppose n > 2d. If fsos is the lower bound
given by SOS relaxation (1.2), then it holds

1< fmax_fsos Si <n>7
fmax fmzn 52d 2d
where o4 is defined in (2.10).

Proof. Let fumed = & (fmin + fmaz) and f(z) = f(2) — fmea - [|2]|3%. Then we have

<1 VeSSt

f(x)

’fmed - fmzn

By Lemma 2.3, we know

(2.11)

H fmed fmzn

L2 mg

Y :fmed (fmed fmzn ' M (212)
< d94.

Now fix a constant

Then the inequality (2.11) implies

e

L2 mg



By Lemma 2.2, the above then implies

_ 1 o
< 0y mf(iﬁ)

G

f(x) <1. (2.13)

L2,mg

I
fmed - 7*
Thus, by Lemma 2.1, there exists a symmetric matrix W such that

mf(l‘) = NTWzY, |W|rF <1

Let D be the diagonal matrix such that ||z||2? = [z9]7 D[z¢]. Note Apin(D) > 1 and

1

7 2d _ AT 21
mf(x)"‘”x“z = [2°]" (W + D)[z“]

Since ||W/l2 < ||[W||r < 1, we know W + D > 0. Hence the form

1 -
—f(x) + |3
a—— (@) + [zl

must be SOS, or equivalently, the form f(z) —~*||z||3? is SOS. Since fsos is the optimal value
of (1.2), we have fs,s > 7*. By the choice of v* in (2.12), the following holds

1§ fmed_fsos Si <n>
fmed - fmin 52d 2d

Since fimin < fmed < fmaz, the above immediately implies the theorem. O

3 Minimizing multi-forms over multi-spheres

This section studies the problem of optimizing multi-forms over multi-unit spheres. We first
generalize SOS relaxation (1.2) and then analyze its approximation performance.

Suppose z = (zy,,. .., 2, ) is partitioned such that every component z, is nj-dimensional
and ny + -+ + ny, = n. A form f(z) is said to be a multi-form if all its terms have fixed
degrees in each component x7,. We say f(x) is a (n1,...,nm) X (r1,...,ry)-form if

flz) = > for (@r)® - (zr,)m. (3.1)

a=(a1,...,0m ) EN™L X . X N
‘(Xll:""l ----- |am‘:7’m

Here every (z7, ) is defined as before. Consider the optimization problem

min f(z)
T=(T1y sy, ) (32)
st |enlla == [z, ll2 =1,
where f(x)is a (ny,...,nm) X (r1,...,r,)-form. When m = 1, (3.2) reduces to (1.1); when

m = 2 and 1 = 19 = 2, (3.2) reduces to the so-called bi-quadratic optimization which was
studied by Ling, Nie, Qi and Ye [6]. It was shown in [6] that the bi-quadratic optimization is



already NP-hard. Thus, the more general problem (3.2) is also NP-hard. If every r, = 2dj
is even, a natural generalization of SOS relaxation (1.2) is

max -y

. 3.3
st f(@)— - lan 2o, |3 s SOS. (3:3)

Like (1.2), the relaxation (3.3) is equivalent to an SDP problem.
Define the index set

NP Leoltm — {a =(a1,...,qp) EN" x . X N" : |ag| =711, ..., |am| = rm}.

T1yeesT'm

For every o € Nyl denote 2 = (z7,)* - - - (x1,,)*™. Define the multi-unit sphere

“wT'm 9

Sn171,...,nm71 —_ Snlfl Yoo X S?’mel
Thus (zg,,...,2r,) € S~ L-mm=Lif and only if every 7, € S" 1. Let

Frbemm — L f(z) is a multi-form given by (3.1) }

T15--sTm
be a space of multi-forms. For convenience, fi,in (resp., fmaz) still denotes the minimum
(resp., maximum) value of f(x) on S"~L-"m=1 and f,,, denotes the optimal value of (3.3).
3.1. Norms of multi-forms

For a multi-form f(z) € F5' ™ given by (3.1), we define its G-norm as

s'm

1/2
1f(@)lle = DD 1) R o I (3.4)
aeN L
In the above, for every a = (a,...,q;,) € Nplm™ the partition number p(«) is defined

to be p(aq) - - - p(aum), where each individual p(ay) is defined by (2.2). Note p(«) is precisely
the cardinality of the set

N1y MN1,y--sMm . —
{(7% V) €N g2l XN o) ey SV = 0‘} :

For f(z) € FAlum, denote

fo = ((p() ™2 s a e Nt ), (3.5)
[T o = ( pla)z® :a € N?fﬁ:f) (3.6)

The components of fg and [z "] are ordered lexicographically according to their indices.
So f(z) = f&la™]a and || f(@)lle = [lfal2-

Lemma 3.1. If f(x) € fgjl”ggm, then there exists a symmetric matric W such that

f(z) = [a Pt [PW g dn] W = | f (@)l



Lemma 3.1 is a natural generalization of Lemma 2.1, and can be proved in almost the same
way. So its proof is omitted here.
Similar to general forms, the L?-norm of f (z) € ]:,Tll{fjj;;&m is defined as

e = ([ [ R i) 1)

Here every pu(-) is the uniform probability measure on S™~!. Throughout this section, we
always assume n; > r; for every 4. Then the marginal L?-norm of f(z) can be defined in a
similar way as in Section 2. For this purpose, denote

gt = LA, Ap) €[] o X [ < Al =r1, Al = 7w} (38)
Clearly, [Qp] = (1)
restriction of f(z) to

("™). For A = (Aq,...,Ap) € Q0 fa(za) denotes the

Tm

A = ((xll)A17 L) (xlm)Am)'

The L?-norm of fa(xa) is defined similarly as in (3.7) by replacing every ng by ri. Like
general forms, the marginal L2-norm of f(z) € F/%"™ is then defined as

1/2
1 f(@) | £2,mg = > llfalza)lis : (3.9)
AeQ o
Denote the monomial vector
T1,.,Tm _ a., = (ala ‘. am) € N77}117 ﬁ;ﬂ
lwar e = ( P upp(a) € A(r), .. supp(am) C A(r) )0 10

where Ay, . = (A(r1),...,A(ry)) and every A(rg) = [rg]. Then define the matrix

ML m —/ST1 1 /ST 1:702;1’ JeleR ™ Veduai) (@A) - Aia () (EaE))-

Here every pia(r,)() is the uniform probability measure on S™~1. Since the monomials of
[z ™™ ] are linearly independent, M is positive definite. Define the constant

Tlyeens Tm

6r1,...,rm = \/Amin(Mrl""’Tm) > 0. (311)

Lemma 3.2. If f(x) € Fr2in0 s then [|f(2)l|2,mg 2 6. |1 (2) -

Proof. By definition of L?-norm, we know for every A € Q1= im

Ifa(za)ll7z = fAcBafac

where Ba is the following symmetric matrix
Ba = /S o ‘/S el Gduay (way) - dpa (2ay).
1 Tm —

10



Note that BAo = M"™"m_ So we have

I fa(@a)lFe = fAGM™ ™ fa o > 62 | falza)l|E

Here fa  denotes the vector of weighted coefficients of fa(za) (see (3.5)). Therefore, by
definition of the marginal L?-norm (3.9), the following holds

@ emg = D, Iaaliz26 b, Yo IMfa@alld 267 @)

AeQlim AeQulim
So the lemma is proved. O

Lemma 3.3. If f(x) € Frloim and |f(x)| < 1 for all v € SM—Lemm=1 thep

1f (@)l 22,mg < \/(:i) (Z:)

Proof. For every A € Q17 we have |fa(xa)| < 1 for all zp € S L+"m=L Then, by
definition of the marginal L?-norm in (3.9), the following holds

@l = 3 [ [ s (en)a) - dinn (@n))

Aerl

AAAAA Tm
Z n n
S - ( 1) o ( m> .
1 T
Aeqrlnm "
The lemma is proved. O

3.2. Bound analysis

Now we analyze the performance of SOS relaxation (3.3). An approximation bound can
be obtained by generalizing the techniques used in the proof of Theorem 2.4.

Theorem 3.4. Let f(z) € f;jl”g’;m be a multi-form, and fuin (1€SP-, fmaxz) be its minimum

(resp., mazimum) value on the multi-unit sphere ST =L-nm=1 " Quppose n; > 2d; for every
i. If fsos is the optimal value of SOS relazation (3.3), then

lgfma:c_fsos < 1 (nl).”<nm>,
fmax - fmzn (52d1,...,2dm 2dl 2dm

is defined by (3.11).

where 624, ... 24

m

Proof. The proof is very similar to what we have done in proving Theorem 2.4. Set

fmed = %(fmm + fmaz)a .]E(x) = f(m) - fmed : Hxh H%dl e HxImHgdm'

Then the following holds

1

7f x)| < 1 Vzxe Snlfl,”.,nmfl'
fmed - fmm ( )

11



By Lemma 3.3, we know

f(z)

< ni Nm,
L2.mg - 2d; 2d,, '

o oy L f(m (1,
T —fmed (fmed fmm) 52d1,...,2dm\/<2d1) <2dm> (3.12)

The above then implies

7
fmed - fmm

Fix a constant

1 -
— /(= < 02dy,.... 240 -
Hfmed - T7* ( ) L2mg !

By Lemma 3.2, we get

1 = 1 1 ~

| i < : <1
fmed - T G 52d1,...,2dm fmed - T L2mg
By Lemma 3.1, there exists a symmetric matrix W such that
1 -
Smed — ~f@) = [T tm [T [gTostm] | W | e < 1

me

Let D be the diagonal matrix satisfying

g 32 g, 30 = [atdm]? Dl

Then we get

1 .
Wf(x) + 3" - e, 57 = [T (W 4 D)fafdn].
me
Since Apin(D) > 1 and ||Wls < [|[W||r < 1, we know W + D > 0. Hence
1

fmed —T*

must be SOS, or equivalently, the multi-form

7 2d 2dm
f@) e 2™ - el

2d 2d
f@) =7 znll™ - e, ™

is SOS. Since fsos is the optimal value of (3.3), fsos > 7", and then (3.12) implies

1§fmed_fsos < 1 <n1><nm)
fmed - fmm 52d1,...72dm le 2dm

Since frin < fmed < fmaz, the theorem follows. ]

12



The constant 024, ... 24,, is independent of (nq,...,ny). Now we estimate it. Note that

m
21 2dy,... 2dm _
M= = @9g; ® Ogg, @ -+ @ Ogq,,,.

Here ® denotes the standard Kronecker product, and each @4, is defined by (2.8). Since
the eigenvalues of A1 ® A ® --- ® A,, are products of the eigenvalues of A;, we have

02d, 2ds,... 2dm = 02d;02dy * * * 02d,, -

In the special case of bi-quadratic optimization, that is, m = 2 and d; = do = 1, the
constant dag, .. 24,, can be found explicitly. This leads to the following corollary.

Corollary 3.5. Let m = 2 and dy = ds = 1. Suppose nqy > 2 and ny > 2. If f(z) € .7:;25’"2
is a bi-quadratic form, then the optimal value fsos of (3.3) satisfies

1< fmax - fsos <4 <n1> <n2>
fma:c - fmm 2 2
Proof. When m =2 and d; = dy = 1, M?? = @3 ® ©®3 where @ is given in (2.9). Since O
has eigenvalues %, %, %, we get 090 = %. Then the corollary follows Theorem 3.4. O

4 Sparse and odd forms

The previous sections analyze the approximation performance of SOS relaxations (1.2) and
(3.3). When the forms to be optimized have special features, do they have better perfor-
mance? This section discusses this issue.

4.1. Sparse forms

In many applications, the forms to be optimized are often sparse. For computational
efficiency, it is important to exploit their sparsity patterns. There has been much work in
this area, and we refer to [4, 8, 11]. For sparse forms, we can certainly apply (1.2) to get
a lower bound, and its quality is estimated by Theorem 2.4. However, the approximation
bound in Theorem 2.4 would be improved when f(x) is sparse.

Denote R[z]or = Rlz]o + Rlz]x. For p(z) € Rlz]ox, we can write p(z) = a + ¢(x) with
a € R and ¢(z) € R[z]x. Then the G-norm of p(x) is naturally defined as

lple = /a® + llallZ:-

Since a nonzero p(z) € R[z]ox might vanish on the unit sphere, we define its L?-norm as

Here v is now the uniform probability measure on the unit ball B(0,1) = {x : ||z||2 < 1}.
For p(z) € Rz]p and ® C Qy, we say ® is a cover of p(z) if for every v € supp(p), there
is a A € ® such that supp(a) € A. Denote by (p) the smallest cover of p(z):

Qp) = argmin{]@\ : ® is a cover of p(x)} (4.1)
Pey
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The cardinality |Q(p)| is called the length of p(x). Let pa(za) be the restriction of p(x) to
xA. We similarly define

1/2
za) |2 = zA)2dva(z .
Ipa(za)llzs (/anqu( A)“dva( A))

The above va denotes the uniform probability measure on the sub-unit ball BA(0,1) = {zA :
|z]l2 < 1}. For p(x) € Rz]o, its sparse marginal L2-norm is naturally defined as

1/2

Ip@)llz2.00 = | D IIPA(wA)IliaB
AeQ(p)

As before, we denote by pimas (resp., Pmin) the maximum (resp., minimum) value of p(x) on
S"~1. Then we define matrix

8= [ ik ] st 2

Note that By, is independent of the choice A € Q. and By = 0. Set

Gk = V Amin(Bg) > 0. (4.2)

The relation between the sparse marginal L?-norm and G-norm is summarized as follows.

Lemma 4.1. Let p(z) € R[z]o; and Q(p) be its smallest cover.
(i) If [p(2)] <1 for all @ € S™71, then [lp(x)| 12, o) < V/I2(p)].
(i) It always holds that HP(LU)HLQB,Q(;;) > Crllp(@) |G-

Proof. (i) For every A € Q, we have |[pa(za)| < 1 for all zao € S*71, hence

Ipatealldy = [ pales)dustes) < 1
B lzall2<1

By definition of the sparse marginal L%-norm, we get

IP@)ig,0m =] 2. lpat@a)lis < VIO
AeQ(p)

(ii) For every A € Q, pa(za) = a+ q(za) with a € R and ¢(za) € R[zalx. Then

T
Ioatea)lty = || B[] = e + laol) = s tan) -

By definition of the sparse marginal L?-norm, we have

HP(»’U)H%%,Q(p): > HpA(xA)HiQBZCE > paza)lly = Gllp()IE-
AeQ(p) AeQ(p)

So item (ii) follows. O
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For minimizing sparse forms, Theorem 2.4 can be improved as follows.

Theorem 4.2. Let f(x) € Rlz]|2q, and foin (1€Sp., fmaz) be its minimum (resp., mazimum)
value on S"L. If feos 15 the lower bound given by (1.2), then the following holds

1§ fmax_fsos Si
fmaa:_fmin C2d

Here (oq is defined in (4.2), and Q(f) is defined in (4.1).

()]

Proof. We follow the same approach for proving Theorem 2.4. Let feq = %( Jmin + fmaz)
and f(z) = f(z) — fimed, then

f(x)

<1 VezeSt i

‘ 1
fmed - fmzn

By Lemma 4.1, we know

1 -
Hf—f-f(m) < VIR
med min LQB,mg
Fixing a constant
. 2
v= fmed - (fmed - fmm) o ’Q(f)’7 (4'3)
God
we obtain that )
H*ﬂw) < G
Frmed = L2(g),mg
Lemma 4.1 and the above imply that
2 ~ 1 2 -
— = f@)|| < —|———f(z < 1.
Hfmed_'y* ( ) G C2d fmecl_'y>k ( ) L2B7mg

Let a € R and p(z) € R[z]24 be such that

2 ~

F—wf@)=atp), @+ <1 (4.4)

2 -
2
=|l——7
)HG Hfmed_fy*
By Lemma 2.1, there exists a symmetric matrix P satisfying
p(z) = [T Ple?], ||Pllr = llp(z)|c-
Let D be the diagonal matrix such that |z||2? = [z4]7 D[z9]. Then Apin(D) > 1 and

2

ﬁf(a:) + (L4 2[5 = 1+ a + [29]7 (P + D).
med — 7Y

Since || P|l2 < ||P]lr = |lp(2)||c, (4.4) implies 1 4+ a > 0 and the form

o1(z) = [z (P + D)[a]
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is SOS. By definition of f(z), it holds the identity

fmed - 7*
2

_ fmed - ’7*

1 2d
(1+ lal3t) = Lmed

f(@) = frnea + (1+a+oi(x)).

In the above, replacing x by ﬁ and multiplying both sides by ||z[|3¢, we get

f(@) =7 |zl3? = o(x)

=0
where the form o(z) = M (1 + a)||lz[|3* + o1(x)) is SOS. By the optimality of fsos, we
have fs0s > v*. Then the theorem follows (4.3). O

Example 4.3. Consider sparse forms like

n—1
f(z) = Z JijTiTip 125541
,7=1

Clearly, |Q2(f)] = ("51) Therefore, by Theorem 4.2, to minimize f(x) over S*~!, the SOS

relaxation (1.2) gives an O(n)-approximation. O

4.2. Odd forms

A quite general problem is to minimize odd forms over unit spheres. For instance, the
stability number of a graph can be expressed in terms of the optimal value of a particular
cubic form over the unit sphere, as shown by Nesterov [7]. He actually [7] showed that (1.1)
is NP-hard when deg(f) = 3. However, SOS relaxation (1.2) can not be applied directly
when f(z) is odd. Fortunately, we can formulate the problem equivalently as minimizing a
certain even form in a higher dimensional space.

Suppose f(z) is an odd form of degree 2d — 1. Then we must have f00 + finin = 0 and
Fmin <0< fmae. Let f(z,t) = f(z)t be a new even form in (z,t) and denote

fmin=_min  f(2)t, fmae = max  f(z)t.

)3 +£2=1 lle]3+t2=1
Note the following relations
min  min __ f(x)t= min t min  f(x) =
0t |g]|p=v/1—¢2 0SISL lz)la=v1-¢2
in (t(1 = *)""V%) fonin = . b -y - (1= L)Y
min — in = fmin M — =—(1—— s
0<ic1 mi min OStSXI 5d — 1 2 min
min min __ f(z)t= min ¢ max f(z) =
~1EZ0 gy =y T 22 OIS |g],=y 122

min (¢(1 — t2)¥7V?) friae = frmae min (6(1 — t2)471/2) =

L (1Y I
_1<t<0 _1<t<0 Vod —1 2d e

Thus we have

—d —d
fmin: \/2d_1<1_21d> fminv fmax: V2d_1<1_21d> fmax-
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Therefore, minimizing f(x) over S"~! is equivalent to

min  f(z)t. (4.5)
ll[|3+t=1

Since the form f(as t) = f(x)t is even, SOS relaxation (1.2) can be applied to get a lower
bound fsoS for fmm Then

— 1\ %,
fsos: 2d_1<1_2d) fsos

is also a lower bound of f,;,. Observe that

2h =1 < (4" )

So Theorem 4.2 immediately implies the following.

Theorem 4.4. Let f(x) € R[x]og—1, and fmin (resp., fmaz) be its minimum (resp., maxi-
mum) value on SV, If feos is obtained as above through solving (4.5), then

Jmaz = fsos _ 2
L= fmam - fmm = G <2d |Q(f)’

d—1/2)

In particular, if f(z) is dense, then fsos is an O(n -approzimation of fmin.

4.3. Odd multi-forms

Let f(z) € f;jlilnm 24, —1 Pe an odd multi-form, i.e., every term of f(z) has a fixed odd
degree in each component zy,. We want to find a lower bound of its minimum value fpn
over the multi-unit sphere S™~1"m=1 Suppose f(x) is given as

flz) = ST falen)® - (an,)o

Introduce new variables t = (t1,...,tn), and let f(z,t) = f(z)t1...tm. Then f(z,t) has
even degrees in every component Zj, = (xy,,t;). Consider the even multi-form optimization

min  f(z,t)
z,t

(4.6)
st. xpl3+2=1,i=1,....,m

Denote the minimum (resp., maximum) objective value in the above by Fimin (resp., fmw)
As in the preceding subsection, we can similarly prove that

— r o a vV de -1 ~
fmin — (H 1/2d ) fmina fmaa: — <];le (1—1/2dz)d1> fmax.

The techniques in the preceding two subsections can be generalized in a natural way to get

an approximation bound O(4/|Q(f)|) for SOS relaxation (3.3) applied to (4.6). When f(z)

(n’ di—1/2 ”nglm—l/Z)

is dense, the approximation bound is O . We would like to leave this as

an exercise for interested readers.

17



5 Optimization over hypersurfaces

A more general problem is to optimize homogeneous polynomials over hypersurfaces. For
instance, we might minimize a form over the 2d-sphere {z € R" : 224 + ... 4+ 2¢ = 1}. This
section will propose an SOS relaxation similar to (1.2), and then analyze its approximation
performance. Generalizing the techniques we have used earlier, an approximation bound like
in Theorem 2.4 can be obtained.

Let f(x),g(x) be two even forms of degree 2d. Consider optimization problem

min  f(z)
s]%%t. g(z) = 1. (51

The feasible set H(g) = {x € R : g(z) = 1} is a hypersurface. When g(z) = ||z[|3%, (5.1)
reduces to (1.1). So problem (5.1) is also NP-hard. A natural SOS relaxation for (5.1) is

max vy

s.t. f(x) —~-g(x) is SOS. (52)

For convenience, we still denote by fin (resp., fmaz) the minimum (resp., maximum) value
of f(z) on H(g), and denote by fsos the maximum objective value of (5.2). It is obvious that
fsos < fmin- We are interested in estimating how far away fsos is from finin.

When ¢(z) is a positive definite form, the hypersurface H(g) is compact, and we can

define a norm of p(x) as
1/2
Ip(2) |l L2(g) = </ p(ﬁf)gdﬂg(x)> :
g(z)=1

Here pg4(-) is the uniform probability measure on H(g). Suppose n > 2d. When p(z) has
degree 2d, we can similarly define its marginal L?-norm as

1/2

@) |2 (gymg = | D lpa(@a)lizg,,
AEQQd

Here pa and ga are the restrictions of p(x) and g(z) to xa respectively, and

1/2
Ipa(za)llrzga) = (/ pA(xA)Qd:U'QA(xA)> :
ga(za)=1

The above pig, () is the uniform probability measure on H(ga) = {za : ga(za) = 1}.
Similarly, for each A € 94, define matrix

Oa(g) = / @2 2 D g (2.
ga(za)=1

If g(x) is positive definite, then every ga(za) is also positive definite, and @ (g) > 0, because
the monomials of [z ]q are linearly independent. Define a positive constant

0(g) = A1r1615i213d Amin(©@a(g)) > 0. (5.3)

Note 0(g) is depending only on g. Like Lemmas 2.3 and 2.2, we can similarly prove
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Lemma 5.1. Let g(x) € Rlx]aq be a positive definite form.

(i) If p(x)| <1 for all w € H(g), then ||p(x)l|2(g)mg < 1/ (50)-
(ii) If p(z) € Rlz]aq, then [|p(x)]| 12(g).mg = 6(9)Ip(2) G-

The performance of SOS relaxation (5.2) is summarized in the following theorem.

Theorem 5.2. Assume g(z) = [T E[z%] and E is a symmetric positive definite matriz.
Let f(z) € Rlx]oq, and foin (Tesp., fmaz) be its minimum (resp., mazimum) value on the
hypersurface H(g). Then the optimal value fqo5 of (5.2) satisfies

fmax - fsos 1 n
L= fmax - fmm = 5(9))\mm(E) <2d>

Proof. We follow the same approach of proving Theorem 2.4, and only list the distinct parts.
Set fmed = %(fmzn + fma:c) and f(x) = f(.T) - fmed . g(SL‘) Then

1 ~
— f(x Ve € H(g).
‘fmed_fmin ( ) ( )
By Lemma 5.1, we know
1 B n
— = '
H Jmed — fmmf( ) L2(g),mg - (2d)
Fixing a constant
v= fmed (fmed fmm) 5(9))‘mm(E) <2d>’
we can get
1 -
Pt < 8(0)Amin ).
fmed - L2(g),mg

By Lemma 5.1, the above implies

1 ~
Foea =71

f@)| <é(g)™

G

L%(g),mg

I
fmed -7
By Lemma 2.1, there exists a symmetric matrix W satisfying
1 ~
———f@) = W, [Wlr < Anin(B).
fmed -7
From [[W/l2 < [[W]lFr < Apmin(E), we know W + E > 0 and
1 -
———f(@) + g(x) = 2T (W + E)[2]
fmed -7

is SOS, or equivalently, the form f(x) — y*g(z) is SOS. By the optimality of fsss, we know
fsos = 7*. Thus the theorem follows the choice of v*. O
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Now we finish this section with an example.

Example 5.3. For g(z) = 22?7 + ... + 22?1 H(g) is a compact hypersurface of degree 2d. We
show that there exists a symmetric matrix £ > 0 such that

34422 = B, (5.4)

Recall the arithmetic-geometric inequality (AGI)

1
oy < oo+ yB) (W pea) € R
Hurwitz [3] (also see Reznick [12]) proved a very nice result that the form

1
?d(y%d+-'-+y§§)—y1---y2d

is SOS. For every a € N(d), it holds
1
2201 g2em < ﬁ(Zalx%d + 4 205,22,

Then Hurwitz’s result implies there exists an sos polynomial s, (z) such that
1 n
2 Z 2d
T 0% + Sa(aj) = g 2 O[Z.TZ .

Observing the equalities

(65] (67%%
Z — == Z — =
a€eN(d)

a€eN(d) eN(d

SN

Z At tap) _ 1/n+d-1
d n d ’
a€eN(d)

we get the identity

2 : (I2a+8a($)> _ 1<n+d—1) x?d’
n d —
aeN(d) =1

or equivalently
n -1
n+d—-1
et =a(" ) (sato) + ).
i=1
Here sq(z) = - en(a) Sa() is also an SOS form. So there exists a symmetric matrix S = 0
such that sq(z) = [z S[z). Letting

—1
E:n<”+j_1> (S+1),

we know (5.4) holds with
1\t

By (5.3), 0(g) is a constant independent of n. So Theorem 5.2 shows that SOS relaxation

(5.2) gives an O(n??~1)-approximation for (5.1) when g(x) = 234 4 - .. + 224, O
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6 Some discussions

For minimizing forms of an even degree 2d over the unit sphere S"~!, we basically prove
that the SOS relaxation (1.2) has an approximation bound O(n¢) for any fixed d. A very
interesting question is whether this bound is tight or not. To the best knowledge of the
author, this question is open. The main difficulty is how to construct a nonnegative but non-
SOS form that maximizes the ratio % Actually, it is very tricky to explicitly find a
nonnegative form that is not SOS. It took about eighty years to construct such an explicit
example (Motzkin polynomial) after Hilbert showed the existence of nonnegative forms that
are not SOS. Thus it would be very difficult to tell the tightness of an approximation bound
for SOS relaxation.

We would like to remark that there is no finite approximation bound when we apply SOS
relaxation to find a lower bound for the minimum of a polynomial in the whole space R".
For example, for f(z) = x{23 + 2323 + 25 — 3232323 (Motzkin polynomial), its minimum
fmin = 0, but the standard SOS relaxation (see [5, 9, 10])

max vy s.t.  f(z)—~ is SOS

is not feasible and fs,s = —00. So there is no guaranteed upper bound for fiin — fsos-
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