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ABSTRACT. Let X be a process defined on an optional random set. The paper develops two
different conditions on X guaranteeing that it is the restriction of a uniformly integrable mar-
tingale. In each case, it is supposed that X is the restriction to A of some special semimartingale
Z with canonical decomposition Z = M + A. The first condition, which is both necessary and
sufficient, is an absolute continuity condition on A. Under additional hypotheses, the existence
of a martingale extension can be characterized by a strong martingale property of X on A.
Uniqueness of the extension is also considered.

0. Introduction

Let A be an optional random set and let X;(w) be defined for (¢,w) € A. We consider
the following and some of its extensions.

(0.1) Problem. Find necessary and sufficient conditions on X guaranteeing that it is the
restriction to A of a globally defined, right continuous uniformly integrable martingale.

For an example where this formulation may be natural, consider a process (Y;);>¢ with
values in a manifold. Given a coordinate patch V, let A := {(t,w) : Yi(w) € V} and
let X;(w) denote a real component of Y;(w) for (t,w) € A. A second natural example is
provided by X = foW, where W is a Markov process in a state space E and f is a function
defined on a subset S of E, A denoting in this case {(¢t,w) : Wi(w) € S}.

The solution is obvious if there is an increasing sequence of stopping times 7}, which are
complete sections of A (i.e., [T}, ] C A and P{T},, < oo} = 1) such that A C U,[0,T},]. A
number of other cases may now be found in the literature. The case of an optional right-
open interval of the form [0, ([ was discussed first by Maisonneuve [Ma77] for continuous
martingales, and by Sharpe [Sh92] in the general case. See also [Ya82], [Zh82].

In sections 2 and 3, we give a complete solution for the discrete parameter problem under
mild conditions on X. The continuous parameter case, treated in sections 4 and 5, involves
considerable additional complication. Roughly speaking, in the discrete parameter case the
condition is that X have a “strong martingale property” on A (defined in (3.4)), but in the
continuous parameter context, an example is given in section 5 to show that this condition
is not sufficient. Theorem (4.1), one of the main results of the paper, assumes X is the
restriction of a special semimartingale Z = M + A (with A predictable and of integrable
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total variation) and gives a necessary and sufficient condition in terms of absolute continuity
of A with respect to C, the predictable compensator of unit mass at the part of the end
of A not contained in A. Theorems (5.3) and (5.10) gives some conditions under which the
strong martingale property is sufficient to imply existence of a martingale extension. The
proofs are based on a reduction to the special case treated in [Sh92], which is discussed
along with a number of extensions in section 1.

In view of the obvious case discussed in the first paragraph, it should be kept in mind
that these results are primarily of interest in cases where A is “sectionally challenged.”

1. Setup

Throughout this paper, we suppose given a probability space (€2, F,P) and a filtration (F;)
with ¢ either a positive integer index or a positive real index. In the latter case, (F3) is
assumed to satisfy the usual right continuity and completeness hypotheses. Expectation of
a random variable X with respect to P is denoted by PX rather than FX.

The optional (resp., predictable) o-algebra O (resp, P) with respect to (F;) is that
generated by the right (resp., left) continuous processes adapted to (F;). We assume given
a random set A € O and a process X defined on A (i.e., X;(w) is defined only for (t,w) € A)
satisfying at minimum:

(1.1) X is the restriction to A of some (right continuous) special semimartingale.

Recall that a semimartingale Z is special in case it admits a decomposition Z = Zg+ M + A
with My = Ag = 0, M a local martingale and A predictable and of locally finite variation,
or equivalently, Z; := sup,., |Zs| is locally integrable. See [DM80, VII.23]. The special
semimartingale in (1.1ii) is of course not unique, but we reserve the notation Z = M + A
for the canonical decomposition of a suitably chosen special semimartingale Z extending
X, with M a martingale and A predictable, Ag = 0 and of locally integrable variation. We
denote by S'(F) the class of special semimartingales Z = M + A over the filtration (F;)
such that M is a uniformly integrable martingale and A is of integrable total variation.
The reader is referred to [DM75] and [DMS80] for a detailed discussion of the definitions
and results used below, but a brief review and clarification of notation may be in order.

e Given a random time ¢, let e/ denote the random measure putting unit mass at ¢
on {¢ < oo}.

e Given a random measure v on R* and a positive measurable process W, W x v
denotes the random measure having density W with respect to v.

e The left limit X(_ is defined to be 0 in all cases, even if X is not defined at 0.

e We use the term predictable compensator instead of dual predictable projection.
The predictable compensator BP of an process B of integrable total variation is
the unique predictable process BP such that P [ H;dB; = P [ H;dBY for every
bounded predictable process H. If B is adapted, this is to say that B — BP is a
martingale.

e By the optional projection °W of a positive measurable process W we mean the
unique optional process satisfying P °Wrliroo) = P Wrlirooy for all stopping
times T

The fundamental martingale extension result, to which all other cases will be reduced,
is the following extension of [Sh92, (4.8)].

(1.2) Proposition. Let ( denote a stopping time over (F;) and suppose A € O satisfies
10,¢[ € A C [0,¢]. Let Qp = {w : ((w) ¢ A(w),0 < ((w) < o0} so we may write
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A=10,¢[ U{(w,((w)) : w ¢ Qo}. Let C denote the predictable compensator of 1o, * .
Let X be defined on A and suppose X satisfies (1.1). Define the process Z by

Xi(w) for (t,w) € A,
Zi(w) = Xe(w) fort > (¢ on Qq,

0 fort >0 on A§,

X¢(w) fort > ¢ on Q.

Suppose Z is a semimartingale in S*(F), having canonical decomposition Z = M + A.
Then X is the restriction to A of a uniformly integrable martingale if and only if A < C.
In this case, let H denote a predictable version of dA/dC, and set

F = (XQ_ — HC)lQO =+ Xﬁlﬁgl{(<oo}1Ao-

Then X = X1p + Flje is a uniformly integrable martingale extending X. Note that

Proof. The case proved in [Sh92] assumed the stronger hypotheses (i) ¢ > 0 a.s. and A =
10,¢[[; and (ii) Psup, |M;| < oco. We first show how to relax condition (ii) to the get
the same result under the weaker condition (ii’) M is uniformly integrable. (We continue
to assume (i) for the moment, so that we have the simplifications Qy = {0 < ¢ < oo},
Ly = th{t<<} + X<_1{4<OO} and F = (XC— — HC)l{C<oo} = (Zg_ — Hc)1{<<oo}.) Let
T, := inf{t : |[M;| > n} so that the stopping times T}, T oo a.s. Since Psup, |M/"| <
n+ P|Mr,| <n+ P|M.|, each of the stopped processes MT" is a martingale of class H!.
Let X™ denote the restriction of Z" := ZT» to A, let M"™ := M™» and A" := AT». Note
the following points.

(a) Z"™ = Zy+ M™ + A™ is a semimartingale of class H';

f) in view of the preceding observations, |Z' | < |Zr, |+ |Z¢-| for all n on {¢ > 0}.

The theorem applied to X™ (as the restriction of Z ™) shows that X" extends to the mar-
tingale X™ of class H! determined by X7 := 27— H!'l{¢<co}, H™ denoting a predictable
version of dA™/dC. Let p, denote the P-measure generated by A — A™ and A the P-
measure generated by C (i.e., A(Y) := P [Y;dC; for Y bounded, predictable). Then
H™ — H = dpy,/d\, which implies |H"™ — H| = d|py,|/dX. Clearly, |pi| > |u2| > ..., and
lun|(1) = P [7°|dA, — A7| — 0. It follows that [H™ — H| — 0 a.e. (A) and in L'()).
Consequently, P|H1{o<c<oo} — Heljocc<ooy| = P fo |HP — Hy|dCy = [ |H™ — H|dX — 0.
That is, H'l{o<¢<co} = Hcl{o<c<oo}y In L'(P). As we observed above in (e), 28— Ze-
a.s. on {0 < ¢ < oo}, and in fact by (f), the Z_119<¢<o0} are dominated by the uniformly
integrable family (|27, | + |Z¢—|)1{o<¢<oo}- It follows that Z7' 1io<¢<oo} = Ze—1{o<c<oo}
in L'(P). We may therefore choose a sequence nj tending to infinity so rapidly that
F, = (Z8_ — H{)l{o<¢c<ooy converges a.s. and in LY(P) to F := (Z¢— — He)ljocccoo)
as n — oo along (ng), and in particular, F,,, is a uniformly integrable family. It fol-
lows immediately that the uniformly integrable martingale X with final value F' satisfies
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X; = limy, Xt”’“ a.s. and in L' and so X extends X. This shows that the condition M € H!
in [Sh92, Theorem (4.8)] may be replaced by the weaker condition (ii’) on M.

We now reduce the rest of the problem by a simple artifice to the known case where
A =1[0,¢[[, ¢ > 0 a.s., and M is uniformly integrable. We first extend A if necessary so
that (0,w) € A for all w, defining Xo(w) := 0 on the extension. In this way, we may assume
{¢ = 0} C Qf while not affecting the definitions of Z and F. Define the stopping time ¢’

. ® ¢
L @) 1w O
W)= { C(w) if w e Q.

Note that since {¢ = 0} C QF, ¢’ > 0 everywhere. Extend X on A to X’ on A’ := [[0,{’[
by setting X' := X1z + Xclana. Clearly Z = X’ on A, and Z} = X[, for t > (.
Let C' denote the predictable compensator of e¢ = lq, * ¢ + log * £¢41, so that C" =
C + D, where D is carried by the predictable set [(,o00[. Since Z stops at (, so do M
and A and so the condition A < C is equivalent to A <« C’. Moreover, in this case,
dA/dC = dA/dC" on [0,(]]. Suppose now that A < C and let H := dA/dC = dA/dC’
with H € P vanishing on [(,oc0[[. The conditions of [Sh92, (4.8)] are now satisfied by the
data A’, X', Z, A, C', and we may conclude that X’ has a martingale extension given by
X :=X"In + (X{_ — He )¢ oo - Since H =0 on [[¢, 00, it follows that

Xt for t < C,
Xt = XC* — HC for ¢ > C on Qo,
X¢ for ¢ > ¢ on Qf,

is the desired extension of X. Conversely, if X has a martingale extension, then so does
X', and an application of the converse direction of [Sh92, (4.8)] shows that A < C’, which
is as we showed above equivalent to A < C. O

(1.3) Remark. In the statement and proof of Proposition (1.2), we took the simplest path
to extending A and X so that Ag C A, by giving X the value 0 on the part of [0] not in A.
In fact, we could have chosen any integrable Fy-measurable random variable J by making
simple changes to the definitions of F' and Z. We allow for such a modification in (1.4)
below.

It was shown in [Sh92] that under the hypotheses ¢ > 0 a.s., A = 0,¢[ and Z € H!,
the extension X of X is unique among extensions which stop at ¢ and satisfy XC € Fe—.
We adapt the proof of this result to get a uniqueness result under the broader conditions
of the preceding theorem as modified by (1.3).

(1.4) Proposition. Let ¢, A, Qo, X be as in (1.2) and fix J € L1 (Fy) extending Xo on
Ao as in (1.3). Then the process X constructed in (1.2) is the unique uniformly integrable
martingale extending X and satisfying
(i) Xoo € F¢;
(i) Xo(w) = J(w) for w ¢ Ao;
(iii) Xoolg, is measurable with respect to the trace of F¢— on .

Proof. By taking differences, we may assume X = 0 on AU[[0], with uniqueness equivalent
to showing Xo, = 0. We may assume by (ii) that Ag = 2. Hypothesis (i) implies of course
that X stops at (. As X¢ = 0 on Qf N {¢ < oo}, this proves X; = 0 for all £ > ¢ on
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Q6 N {¢ < oo}, hence that Xoo =0o0n Q5. It follows that X, is a step process with a single
jump of size X, at ¢ provided 0 < ¢ < co and ¢ ¢ A. By (iii), there exists a predictable
process Y such that X = Y1g, *e¢. As P|X| < oo, we have P|Y¢|1g, < co. Let C denote
the predictable compensator of 1, *&¢. Then P [ |Y;|dC; < co. As X is a martingale, the
predictable compensator of Y'1g, * ¢ vanishes, so Y « C' = 0. Write Y = YT — Y~ to see
that this implies YT *C =Y~ %, hence Y™ =Y~ a.e. with respect to the P-measure on
P given by U — P [ Uy dCy, hence Y|+ C = 0, hence |Y|1lg, * e, = 0. The latter condition
is equivalent to | X, | = 0, completing the proof. [

The stopping argument employed in the first paragraph of the proof of (1.2) can be
modified to give the following local version of (1.2).

(1.5) Proposition. Assume the same general hypotheses as (1.2), but relazed so that the
canonical decomposition of the special semimartingale Z = Zg + M + A has the properties
(a) M is a local martingale; (b) there is an increasing sequence T, of stopping times such
that for each n, M™ is a uniformly integrable martingale, P fOT" |dAs| < 0o and AT < C.
Then X extends to a local martingale X, and the stopping times T, reduce X to a uniformly
integrable martingale.

Proof. By the same artifice employed in the proof of (1.2), we may reduce the problem to
the case Qy = Q. Let X denote the restriction to A of Z™ = Zy + M™» + A" a special
semimartingale in S1(F), hence satisfying the conditions of (1.2) with respect to X™ on A.
Let H™ be a predictable version of dAT» /dC, which may be assumed to vanish outside the
predictable interval ]0,7,]. By (1.2), X2 := X0 — HPl{¢<ooy determines a uniformly
integrable martingale extending X™. By construction, H* = 0 on {T,, < ¢}, so we may
write X" = ng — Hgl{gng,g<oo}~ Recall that X™ stops at ¢ for all n, and ng € Fe—.

Now compare X"*! and X™. For finite ¢,

X_th_{ Xf"ri 1 for t < ¢
X —HET for t > ¢
XinT, i1 for all ¢ on {T,,+1 < (}
=< X, fort < on {Tp41 >}

Xeo — ngrl fort > ¢ on {T),41 > (}

The corresponding expansion of X', together with the observation that Ht"+1 = H on
10,7, 1 yields for t < T,
(i) on {To1 < ¢} X = Xoam s = Xonr,, X7 = Xoar, s
(i) on {T,, < ¢ < Tpyr ), XpH = Xy, X' = Xy
(iil) on {Ty, > ¢}, for t < ¢, X7 = Xy, X' = Xy;
(iv) on {T,, > ¢}, for t > ¢ (and t < T,,), XM = Xeo — HMM X = X — HP.

Thus, in all cases, Xf“ = Xp for ¢ <T),. This consistency condition means there is a local
martingale X such that X7» = X", as claimed. [
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2. A special discrete parameter case

We begin with a special case—essentially the discrete parameter version of (1.2) but with
features of (1.5).
Fix a filtration (F,),>0 and let A be a discrete parameter random set satisfying

(2.1i) for every n > 0, A,, (the section of A at time n) is in F;
(2111) AoDAID....

Let G(w) :=sup{n : w € A, } (with sup() := 0) and L(w)
Though G is not in general a stopping time over (F,,), {L
stopping time over (F,).

Suppose given a process X defined on A such that for every n, X,, is integrable on its
domain of definition. Let J € L'(Fy). We shall first extend A so that Ay = (, setting
Xo(w) := J(w) for w € A§. Thus we shall always assume throughout this section that
(2.2) Ao =9
In particular, under (2.2), G is truly the end of A. We define the o-algebra of events
prior to G by its collection of measurable functions: Fg := {Kgl{g<oo} + Plig=cc} : (Kn)
adapted to (F,,), ® € F}, so that F¢ may be identified with the usual (discrete parameter)
definition of Fz_ by its random variables: {Y71{1 <00} +®Pl{1—o0} : Y predictable, ® € Foo}.

Define processes Z, A, C and D by

=inf{n:wé¢ A,} =Gw)+1.
< n} = A¢ shows that L is a

(2.3) Zn = Xong (02 0);
AO = CO = 0,
An - Anfl = P{Zn — Zn-1 ’ anl} = P{Xn/\G - X(n—l)/\G | fnfl}; (n > 1)
Cn - Cn—l = P{n > L ’ fn—l} = 1{n>L} + 1{n§L}P{n =L | j:n—l}; (n > 1)

Dy =10y (n20).

That is, Z extends X by stopping at the end of A. Writing Z,, = X, 1{g>ny + Xalia<ny
shows that Z,, € F,,. Clearly |Z,| < maxg<pac | Xi|, so P|Z,| < >, ., P|Xk| < oco. (The
expectations in the preceding expression are taken only over the domains of definition of the
X}.) The conditional expectation defining A is therefore meaningful, and A is the unique
predictable (i.e., A,, € F,,_1 for n > 1) process with Ay = 0 such that Z— A is a martingale.
The adapted process D starts at 0 and jumps up by 1 at L(> 1), and C' is its predictable
compensator, so that D — C' is a martingale.
Note that since Z and D both stop at the stopping time L, so do A and C.

(2.4) Theorem. Under (2.1), (2.2) and the notation established above, suppose A < C'—
i.e., for every k > 1, Ay = Ax—1 on {Cx = Cx_1}. Letting 0/0 := 0, one may define a
predictable process H unambiguously by

Hy = (Ay — A1)/ (Ck — Cp—1),  k=>1
Then

(2.5) Xn=2Zn —Hrlir<ny

defines a martingale extension of X. It is the unique martingale extending X, stopping at
L, and with Xy, € Fg.

Proof. We reduce this to (1.2) by making the obvious extension to continuous time, replacing
the integer index m with the interval [n,n + 1[. More specifically, define F, := F,, for



MARTINGALES ON RANDOM SETS AND THE STRONG MARTINGALE PROPERTY 7

ten,n+1[, A :=Uy,n,n+1[xA,, X/(w) = X,(w) in case (t,w) € A’ with ¢t € [n,n+1[.
Similarly extend Z, D, A and B to give step processes Z’, D', A’ and B’. The stopping
times T}, := n reduce Z, M and A in the sense of (1.5). Then (1.2) and (1.5) applied to
the primed processes shows at once that X is a martingale and the extension is unique by
(1.4) because F¢ may be identified with Fr,_. O

(2.6) Remark. Proposition (1.2) implies that the condition A < C' in also necessary in
order that X have a martingale extension. Thus, any conditions equivalent to X having a
martingale extension are equivalent to the condition A <« C.

(2.7) Remark. If we had imposed a stronger hypothesis on X, requiring that Z € S*(F)
(i.e., M is uniformly integrable and A has integrable variation), then the triple of conditions
X is uniformly integrable, X; € Fg, X stops at L is equivalent to the pair of conditions
X is uniformly integrable, X., € Fg, for under the latter pair, X, € F7, so X necessarily
stops at L.

(2.8) Remark. The extension of X defined by (2.5) actually stops at G in a number
of important cases. Let L, denote the predictable part of L, defined in [Sh92, §2] as the
largest predictable stopping with graph contained in [L]. It is easy to see, for example,
that L, =1 on {L = 1} = {G = 0}. The details are given in greater generality in (4.8) and
the surrounding discussion.

3. The general discrete parameter case

Let A denote an arbitrary optional random set. That is, A C {0,1,...} x Q satisfies (2.1i)
but not necessarily (2.1ii). We suppose also that X is defined on A and optional in the
sense that for each n, X,, is measurable with respect to the trace of F,, on A,,.

For m < n, let

Wi i==P{A, | Fnn}, Lo = {Wpn =1}

It is easy to see that I'y, ,, is the largest (modulo null sets) F,,-measurable subset of A,,.
Note that m — 1 — W, ,, is a positive martingale, and therefore

Lo CT1p C-o- CLy = Ay

(3.1) Definition. X has the simple martingale property on A provided, for every pair
m < n,
P{X, | Fun}=Xmn onA,NTy,.

Note that the conditional expectation in the line above makes sense, for as we pointed
out above, A,,, NI’y , C Ay, the domain of definition of X,,.

A stronger version of (3.1) will be required. Given stopping times S < T, define Ag :=
{w: (S(w),w) € A} and I'gp := {P{Ar | Fs} = 1}. Then Ag NT'sy determines the
part of the graph of S which is in A and on which is is almost certain that 7' is in A.
The set I's 7 may also be described as the largest Fs-measurable set contained in Ar.
These definitions apply equally in discrete and continuous parameter cases. The following
is phrased in continuous parameter terms for later use.

(3.2) Lemma. Let T be a stopping time and let YT be a right continuous version of the
martingale P{AS | F} and (r := inf{t : Y;© = 0}. Then for every stopping time S < T,
P{Ar | Fs} =1 if and only if S > (r, and hence T'sqp ={S=T e A} U{{r < S <T}.

Proof. Since YT is a right continuous, positive martingale, Y = 0 if and only if S > (. O
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(3.3) Lemma. For S <T stopping times, As NT'sp C Arp.
Proof. By definition of I's 7, P(As NTsr NAS) = P(P{A} | Fs}; AsNTsr)=0. O

(3.4) Definition. X has the strong martingale property on A provided, for every pair
S < T of stopping times,

(3.5) P{XT | fs} = Xg on Ag N FS,T'

Note that the conditional expectation in (3.5) makes sense because of (3.3). Unlike
ordinary uniformly integrable martingales, where the simple and strong martingale prop-
erties are equivalent (optional sampling theorem) the same is not the case for general A.
For example, in a coin tossing model, define A by Ag := €, A; := heads on first toss,
Ao := tails on first toss. It is easy to check that the sets I', , = () for m < n, and conse-
quently an arbitrary adapted X defined on A has the simple martingale property. However,
if we define stopping times Dy := 0, D1 (w) := inf{n : (n,w) € A} (which takes values either
1 or 2) then the strong martingale property is plainly not valid for every adapted X on
A—eg, X1 = X5 =1, Xg = 0. The following result indicates an important special case
where the simple and strong martingale properties are equivalent.

(3.6) Theorem. Let A be an optional random set satisfying (2.1ii) (ie, Ao D Ay D ...,)
let X be defined on A, adapted and with X,, integrable on A, for everyn. Let Z, A and C
be defined as in (2.3). Then the following are equivalent.

(i) X is the restriction to A of a martingale;

(i) A< C;

(iii) for everyn >1, A, = Ay—1 on {C,, = Cp—1,n < L};
(iv) for everyn > 1, P{(Zn — Zn-1)1{1>n} | Fa1} =0 on {P{L =n | F,_1} = 0};
(v) for everyn > 1, P{(X;, = Xn-1)l{zsn) | Fn-1} =0 on {P{L =n | F,_1} = 0};
(vi) X satisfies (3.1) for pairs of the form n — 1,n;
(vii) X has the simple martingale property on A.
If, in addition, Z € S'(F.) (or equivalently, X is the restriction to A of a uniformly
integrable martingale), then each of the conditions above is equivalent to

(viii) X has the strong martingale property on A.

Proof. Properties (i) and (ii) are equivalent by (2.4), and (ii) is clearly equivalent to (iii)
since A and C stop at L. The equivalence of (iii) and (iv) then follows by definition of Z,
A and C and the fact that {L > n} € F,_;. For equivalence of (iv) and (v), note that
Zy = Zyp—1 on {L =n}. It is clear that (i) = (vii)) == (vi), so the proof of the first
assertion will be complete once we prove (vi) = (v). Assume (vi) holds and let n > 1.
Then

P{(Xn — Xo-1)Ir, 1.0,y | Fro1} =0.
But, under (2.1ii), Ay, = {L > k}, and so

Fn—l,n NA,_1 = {P{L >n | Fn—l} = 1} N {L > n}
={(Mzzny —P{L =n} | Fpa}) =1} N{L = n}
—(P{L=n|Fn 1} =0} {L > n}.
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On this latter set (¢ F,—1), L > n as., from which (v) follows. Finally, is X is the
restriction of a uniformly integrable martingale, it suffices to observe that (i) = (viii)
= (vii). O

We turn now to the case of a general optional (discrete parameter) random set A. The
idea here is to reduce the problem to (3.6) by a time change argument. For n > 0, let
D,, :=inf{k > n : k € A}. Then D,, is an increasing sequence of stopping times tending
to infinity, and the graph [ D,, ] of D,, is a subset of A. As in the special case, let G(w) :=
sup{n : (n,w) € A} denote the end of A, and L := G + 1.

We assume given a process X defined on A. We shall generally be assuming X is the
restriction of a semimartingale Z € S*(F). Define Fp:=F p,, and define the random set
A= {(n,w) : Dy(w) < o0} = {(n, w) :n < L(w)}. Clearly Ais optional with respect to
(F»). Note that Ag D A1 D ..., so A satisfies (2.1ii) with respect to (). Observe to that
G is still the end of A. Next deﬁne a process X,, adapted to (F,) on the random set A by

(3.7) X (w) = Xp, () (W), (n,w) € A.
(3.8) Proposition. Let X be defined on A and satisfy:

(i) X is the restriction to A of a semimartingale Z € S'(F);

(ii) X has the strong martingale property on A.
Then X is the restriction to A of a semimartingale Z € Sl(]:",), and X has the strong
martingale property on A.
Proof. Write as usual Z = M + A, with M a uniformly integrable martingale over (F.) and
A predictable with P} |AA,| < oo. Let Zyn = Z(D,) (even on {D,, = oo}.) We have then
Z = M + A, and clearly M is a uniformly 1ntegrable martingale over (.7:) Though A is
not in general predictable over (.F ), it is adapted and clearly has integrable total variation.
Therefore Z € S*(F.). Then X is the restriction of Z € S'(F) to A, and in particular X,
is integrable on A, = {n < L}. By (3.6), to complete the proof, it will suffice to prove
that for each fixed n > 1, P{Xn | ]:n 1} = X,,—1 on {P{An | Fo 1} =1} N A,_1. Let
N :={P{L =n| fn 1t = 0} € Fn_1. Note also that on {D,_; = k} with k > n — 1,
D,, = D,,_1 and so X Xn 1. Thus for arbitrary Ue ]:n 1

P{(Xn — Xo-1)l{zomlglpt = P{(Xn — Xn-)lzon g lplip, 1=n-1}}
= P{(AXD7L — Xn—l)l{L>n}1N1(]1An_1}~

The set V:i= NNUNA,_1 € F_q, and {L > n} = {G >n} = {D, < o} so VN{L >
n} € F,—_1 is contained in A,_; NT',_1 p,. The strong martingale property of X then
shows that the last displayed term vanishes. [

(3.9) Corollary. Let X and A satisfy the hypotheses of (3.8). Then X extends to a
uniformly integrable martingale X .

Proof. The process X constructed in (3.8) satisfies the conditions of (3. 6) relative to A and
the filtration (F,). Let X, € L' denote its final value. Then we have P{X, | Fp, } = Xp,
on {D,, < oo} for every n. Let X, := P{X,, | F.}. Once we show that X,, = X,, on A,,, X
will be the desired extension of X. But, on A,, X, = Xp =P{X. | Fp,}, so for every
set S € F, C Fp, with S C A,,, P{X,, 15} = P{Xmls}. As S € F,, is an arbitrary subset
of A,, and X,, is F,,-measurable on A,,, this proves X,, = X,, on A,,. O
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(3.10) Corollary. Under the hypotheses of (3.8) and (3.9), if Y is a uniformly integrable
martingale extending X and if Yoo € Fg, then Y = X, as constructed in (3.9).

Proof. With notation as in the proof of (3.8), Yp, is a uniformly integrable martingale
over (F,) defined for all n (not just n < L), and as Y € Fg = Fg, (2.4) shows that
Yoo = Xoo. O

4. Continuous parameter case

Fix an optional set A C R* x © and suppose X is defined on A and satisfies (1.1). The
main result of this section is the following.

(4.1) Theorem. Let L := sup A (with sup® := 0) denote the end of A, Qp := {w : 0 <
L(w) < 00, L(w) ¢ A(w)}, and let C' denote the predictable compensator of 1o, *er. Suppose
there exists a semimartingale Z = M + A in SY(F) estending X, such that A < C and
Zoo =Z1,—(=X1-) on Qo, Zoo = Z1,(= X1) on Q5 N{L < oo} NAL. Then X extends to
a unique uniformly integrable martingale X such that X € Fr, Xoolq, is measurable with
respect to the trace of Fr_ on Qo, and X; =0 for allt >0 on {L =0} NAE.

Before beginning the proof of (4.1), we make some preliminary reductions that will
simplify the proof.
Reduction 1. A may be assumed right closed. Indeed, if A is not right closed and we let
A’ denote its closure from the right, then A’ is also optional, and if we define X’ on A’ as
(say) the lim sup of X values from the right, then we have Z = X’ on A’, and as the end
of A’ is L, the condition A <« C has the same force whether we deal with X’ on A’ or X on
A. From now until the end of the proof, A will be assumed right closed.
Reduction 2. We may assume L(w) = 0 if and only if A(w) = 0. Extend the original
A to be a subset of [—1,00[x€, adjoining {(t,w) : —1 < t < 0,w € Ap} to the original
A. Let F, := Fy for t € [-1,0], and define X on the extended A by X;(w) = Xo(w) for
(t,w) € AN —1,0[. The existence of a martingale extension of the original X is clearly
not affected by this extension. In addition, if we extend M and A back to time -1 by setting
Ay =0 and M; := My for —t <t < 0, then the new X continues to be the restriction to
the new A of the new Z. The new random measure C is carried by [0, o[, as is the new
A. Thus we affect neither the hypotheses nor the conclusions of the theorem by changing
the time domain in this way. However, in the proofs, it is awkward to have a time index
starting at -1, so we relabel the time axis to start at 0. Shifting time by 1 does not affect
affect the hypotheses nor the conclusions. The net effect is that A may be assumed to
satisfy L(w) = 0 if and only if A(w) = 0.

We follow the development as in discrete case as far as possible. Let

D;:=inf{s >t:s e A}; gs :=sup{t < s:te A}
Because A is right closed, D; € A for every t > 0 for every t < L. The process t — Dy
is right continuous, and its left continuous inverse is given by s — g¢s. Each D, is a
stopping time over (F;). Let Fo=F D,, and note that L is a stopping time over (.7:}), for
{L >t} ={Dy < 0} € F;. Define the random set A := [0, L[ U (IL] nA), so that A is
optional relative to F;. Define X on A by
X(Dy) fort < L,
X, ={ X._ for t > L on §y,
XL for t > L on Q5N {L > 0}.
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The following result is evident.

(4.2) Lemma. With A modified in accordance with reductions 1 and 2, the range of the
map t — Dy (in [0,00]) is A\ A", where A :={t € A:t > 0,t = g¢ < D¢} —i.e., the points
in A which are accumulation points of A from the left but not from the right.

In outline the proof will involve showing first that X; extends to a martingale with final
value Xo,. We will then let X be a right continuous version of the martingale X, :=
P{X, | .7-}}, and show that the hypotheses imply that X extends X. In preparation for
these arguments we need some results which use ideas surrounding the change of variable
formula in the form given, say, in [Sh88, p379].

(4.3) Lemma. Let T be a stopping time over (F). Then {T < gs} € Fs.

Proof. First of all, note that D; < s if and only if ¢ < gs. It is also clear that gs € F;.
Therefore

{T < gt} = UT<t,T rational{j_‘ <r< gs}v

and for every fixed r < t, we have {T < r < g,} = {T <r}n{r<g,} ={T <r}n{D, <
s} € Fgsince {T' <r} e Fp,. O

(4.4) Lemma. Let H be predictable over (F,) with Hy = 0. Then H(g,) is predictable
over (Fs).

Proof. 1t suffices to check this in case H = 1]1T oo with 7" a stopping time over (.7:"t), as
such processes generate the predictable processes over (]:}) vanishing at 0. For H of this
form, Hogs = 134 1 (g95) = Lidcgys and the latter is left continuous in s and adapted to
(Fs) by the preceding lemma. O

Proof of Theorem (4.1). We work with reductions 1 and 2 in force. Let Z, := Z(D,),
M, := M(Dy), A; == A(Dt) all of which make sense for 0 < ¢ < oo, and let AP denote the
predictable (relative to (F;)) compensator of A;. We show first that A? is absolutely contin-
uous with respect to C, the predictable (relative to (.7-})) compensator of 1o« <o, LgA}*EL-

Let H be bounded and predictable over (F;) with Hy = 0. Then H(g) is predictable over
(Fs) by (4.4), and by the change of variable formula,

(4.5) P/ H,dA, = P/ H(9s)1{0<g, <oo} dAs.
10,00[ 10,00]

Now suppose in addition that P fooo ]ﬁt\ dCy = 0, or equivalently, P ‘ﬁL|1{O<L<oo,L¢A} =0.
Then ¢ — |H(g;)| also vanishes a.s. at t = L on {0 < L < oo, L ¢ A} since, on that set,
gr = L. That is, P [ [H(gs)|1{0<g. <00} dCs = 0. The condition A < C then implies that
the right side of (4.5) vanishes, and consequently, P f]]o L] H, dAt =P f]}o Ll H,dA, = 0.
This proves that AP < C. Observe now that Z = M, + A, is a semlmartlngale over (]:t)
and it is in S'(F) because M is a uniformly integrable martingale over (F;) and A, is
optional over (J”:}) and of integrable total variation. The canonical decomposition of Z
is then (Mt + A, — Af) + flf Observe too that Z; = Z., for t > L, and that on €,
D; < L for all t < L so that ZL, = limy11r, Zt = Z;_ = Z by hypothesis. Therefore
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Zy = X forall t > L on Qq. Clearly X, = X(D;) for t < L, and on Q5N {0 < L < oo},
XL = ZL = Z~ = X, by the hypotheses on Z. We have now shown that X is the restriction
to A of Z, and that the conditions of (1.2) with respect to the process X on A are satisfied.
Therefore, by (1.2), X extends to a uniformly integrable martingale (with respect to (F;))
whose final value we shall denote by X.,. In fact, by (1.2), if we let H € P be a version of
dA?/dC then we may take

(4.6) Xeo = Zoo — ﬁLIQoﬂ{O<L<oo}~

Let X; be a right continuous version of P{X., | F}. Clearly Xp, = Xp, a.s on {t < L}
for every t > 0. It follows that Xy = X, for all s € A in the range of the map t — D, so
by (4.2), X = X on A\ A% Let A := {X # X} C A% Clearly A is optional, though A’ need
not be. As A has countable sections, we may express A = U,[T,], where the stopping
times T, have disjoint graphs. In order to prove A is evanescent (which implies that X
extends X)) it suffices to show T}, = oo a.s. for every n. Fix n and let T" denote T,,, so that
T is a stopping time with [7] C A’. In particular, since L = Dy € A is not possible on
Qo, Dr < Lon {T < L} N Q. Let K; := 1y7,p,7(t)Y;, where Y is an arbitrary bounded
predictable process. Then P [ |K;|dC, = P|K|lg, = 0 since P{T' < L < Dy} Ny = 0.
In view of the hypothesis A < C, we have P [ K;dA; = 0, and as Y € bP is arbitrary,
this shows that dA does not charge the interval [T, Dr ], so A(Dr) = Ap. It follows that
Zp = P{Z(Dr) | Fr}. Putting this together with (4.6) and the fact that X is a uniformly
integrable martingale, we find

Xr =P{X(Dr) | Fr} =P{Z(Dr) — Hilo,n{pr=sc} | Fr}
=Zr — P{f{Llﬁoﬁ{DT:oo} | Fr}
= XT — P{ﬁLIQOH{DTzoo} ’ fT} on {T < OO}

However, on €, if T < oo then T' < L and so Dy < oo, and consequently X7 = X7 a.s.
on {T < oo}. This proves T = oo a.s., finishing the existence part of the theorem.

For uniqueness, suppose Y is a another uniformly integrable martingale extending X
and satisfying (a) Yoo € Fr; (b) Yoolenfo<L<oo} is measurable with respect to the trace
of F,_ on Qp; (¢) Yoo = 0 on {L = 0}. Subtracting ¥ from X, we see that uniqueness is
equivalent to showing that X = 0if X = 0 on A. Let X; := X (D). Then X, is a uniformly
integrable martingale over (]:" ) extending 0 on A, stopping at L, and satisfying X € Fp,
X 1QOQ{0<L<OO} measurable with respect to the trace of Fr_ on Q¢ N {0 < L < oo}.

The condition Xoo € Fr 1mphes X € fL, for L is a stopplng time over F and so
the test is Xoo i<y € F, for every t > 0. By definition of F;, this is the same as
Xool{LSt}n{Dt<s} € Fs for all t, s > 0. However, on {L < t}, D; = 00, so Xoo € Fr. The
o-algebra .7-",; is generated by events of the form W N{L > t} with W € F, and t > 0.
As F; C ]—"t, this proves Fr_ C Fr_. Now apply the uniqueness result (1.4) to X to see

Xoo=0. O

The extension of X defined by (4.1) takes a simpler form some particular cases which we
now describe. We work under the hypotheses of (4.1), together with reductions 1 and 2 and
the notation developed in its proof. The end L of A is a stopping time over (F;). Decompose
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[L] =[LoJU[Ly], where [Lo] := [L] N [0,00[ NA® and [L1] := [L]\ [Lol. Tt
is clear that Ly and L; are stopping times over (]:}) It is also clear by definition of €
that Qp = {Lo < oo}. Let L, denote the predictable part of Lg, defined in [Sh92, §2] as
the largest predictable stopping time (over (F;)) with graph contained in [ Lo]. Choose
stopping times 7, announcing L,, and observe that for every bounded left continuous

predictable (with respect to (]:})) process Y, making use of the fact that AP is carried by
10, L] in the third equality,

P Vi, He, <ot = P [ Vit (0 dCo

—P [ Fiig o) dAf
=PV (A%, - A] )

= liTILnPYTn (Ar, — A%, )
= n;FPYTn(ZOO —Zr.)

=PYr, (Zoo — Z1,-).

Now write the last term as P }A/Lp (Zoo —ZLP_)lgS lir,<cc} +P YLP (2m - ZLP_)lgO LiL, <o}
and note that on {L, < oo} C o, Zoo = ZAL, = ZALP,, so the second term vanishes. On
the other hand Q§ N {L, < oo} = 0, so the first term also vanishes and so we are led to the
identity, for every Y € bP,

(4.7) PYy, Hy,1(1, <00y = 0.

This proves H L, = 0 on {L, < oo}. This may be restated as follows.

(4.8) Corollary. Under the hypotheses of Theorem (4.1), Xoo = X1~ on {L, < oo}.

In the special case A = [0,¢[ with ¢ > 0 a.s., if we denote by (, the predictable part

of ¢ (i.e., [¢,] is the largest predictable subset of [(]) then (4.8) shows X, = X¢,— on
{¢p < o0}
(4.9) Remark. Theorem (4.1) is utterly worthless if A contains its end L, for in this case
C = 0, and the condition A <« C' implies A = 0, so the theorem amounts to “X has an
extension to a uniformly integrable martingale if it is the restriction to A of a uniformly
integrable martingale.”

5. The strong martingale property, continuous parameter case

Given a stopping times S < T, define A7 and I's 7 as in section 3, and define the strong
martingale property of X on A as in (3.4). Under the hypotheses of Theorem (4.1), X may
be regarded as the restriction to A of a uniformly integrable martingale, and consequently
X has the strong martingale property on A.

We investigate in this section conditions under which the strong martingale property
implies the existence of a martingale extension of X on A. We give first an example to show
that in general there can be no equivalence between the absolute continuity condition A < C'
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of (4.1) and a strong martingale property such as holds in the discrete parameter case, (3.6).
Consider the following example from [Sh92]. Let B denote linear Brownian motion, let ¢ be
an exponential time with parameter 1 independent of B, and let A := [[0,([[. Let S < T be
stopping times over (F;), the natural filtration (suitably completed) for (B;)i<¢. We show
AsNTgr = {5 =T < (}. Since ( is independent of B and has exponential distribution,
P{S<({(<T|Fs}>0o0n{S <T,S < (}, and consequently P{S < T < (| Fs} < 1
a.s. on {S < T < (}. By definition of I'gp, it follows that Ag NTspr C {S =T < (}.
Because of this, the strong martingale property holds trivially for every X on A satisfying
obvious integrability conditions. However, as shown in [Sh92], Bfl{t<c} has a martingale
extension, while |B;|1{;<¢; does not. In other words, the strong martingale property need
not by itself imply the existence of a martingale extension.

Before beginning a discussion of sufficiency of the strong martingale property, here is a
preliminary result which reduces the work needed to verify it. Recall the notation of (3.3)
and (3.4), where for a given stopping time T, Y, denotes a right continuous version of
P{A% | 7} and (r := inf{t: VI = 0}.

(5.1) Proposition. X has the strong martingale property on A provided (3.5) holds for
all pairs of stopping times S < T such that [T] C A and [S] C [ (7, T[] NA.

Proof. We must verify (3.5) for an arbitrary pair S < T of stopping times. Define the
stopping time 7" by [T"] = [T NA, sothat T > S and [T"]] C A. Clearly Ar = A7/, so
I'sr =Tg . It follows that (3.5) holds for the pair S, T if and only if it holds for the pair
S, T, and it therefore suffices to verify (3.5) assuming [7']] C A. Define the stopping time
S" by [S] =[SIN[{r, TINA and let S” := S’ AT. Then the stopping time S” < T
and [S”] C A. By hypothesis, (3.5) holds for the pair S”,T. This property is equivalent
to the equality, for every bounded right continuous adapted process W,

(5.2) P{XTWSH; Agr N FS”,T} = P{XSHWSH; Agr N FSH’T}.

For w € Agr NTgrv p, either w € {S > (r} and S(w) = S”(w) and w € AgNTgp, or
we{S <} and §”(w) = T(w) and by (3.2), w ¢ AgNT'g . Thus we have

AsvNTgnp=Asn NTgnp N{S > Cr}UAs NTgrp N{S < (r}
=AsNTsrN{S>Cr}UArNTrrN{S <(rr}
= AsNTsrN{S>CrtUArN{S < Capl.
Considering (5.2) separately on the sets {S > (r}, {S < {r} (both in Fg» since S < S”)
gives
P{XrWgr;As» NTsnr,S > (r} =P{XsWgr;Asv NTsr 7, S > (r}
P{X7Wsr;As» NUgn o, S < (r} =P{XsWgr;Agn NTgr 7, S < (1}

Making the reductions from the previous display makes the second equation a triviality,
and the first becomes

P{XtWs;AsNTs7,5 > (r} =P{XsWs;AsNls1,S > (r}
By (3.2), the term S > (y may now be omitted, giving
P{XTWS; As N FS,T} = P{X5WS; Ag N FS,T}'
This proves that the pair S, T satisfies (3.5). O

For sufficiency of the strong martingale property, we begin with the case [[0,{[ C A C
10,¢], asin (1.2).
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(5.3) Theorem. Let X be defined on A, [0,¢[ € A C [[0,(], and suppose [\ A is con-
tained in a predictable set K with countable sections, and having no finite limit points other
than (. Assume also that X is the restriction to A of a semimartingale Z € S*(F.). Then
X extends to a uniformly integrable martingale if and only if X has the strong martingale
property on A.

Proof. Assume X has the strong martingale property on A. Let Qg := {w : ((w) ¢ A(w)},
and let C' denote the predictable compensator of 1o, * €¢, as usual. With the conditions
imposed on K, the predicable compensator of 1q, * e¢ is carried by K. Let T, denote the
time of the n*" jump of C so that the predictable stopping times 7}, have disjoint graphs and
increase with n to a limit T, > (. Denote by K; := U, [T}, | € P the (discrete) support of
C,s0 K; € K C [0,(]. Define di(w) := inf{s >t : s € K;(w)}, so that for every t > 0,
d; > t, and d; € Ky if di < oco. For every stopping time S < (, dg being the debut of
the predictable set K1 N ]S, 00[ (which contains its debut) is a predictable stopping time
with graph in K;. Fix a stopping time S < ¢ and let 7, be a sequence of stopping times
announcing dg. We may assume 7, > S. Fix k and let 7" := 7 A (. Then, by construction,
15, T N K; is evanescent, and therefore

(54) 0=P / 1ys77(t)dC, = P / 115.77(8) Loy (Dec(dt) = P({S < ¢ < THN Q).

Then
FS,T NAg = {P{AT ’ fs} = 1} NAg = {P{A% | fs} = 0} NAg.

Write AS = (A5 N Qo) U (AT N QF) and note that (A7 N Q) NAs ={S < <T}NQ is
null by (5.4). In addition, (A5 NQ§) NAs = {S < ¢ < T} N is also null since T < ¢,
and so 's7 N Ag = Ag. We modify Z if necessary so that Z stops at ¢, and Z; = Z_
for t > ¢ on . This does not change the condition Z € S'(F)). Let Z = M + A denote
the canonical decomposition of Z. By the strong martingale property of X for the pair
S, T, we find P{(Zr — Zs)1ar, | Fs} =0, hence that P{(Ar — Ag)lag | Fs} = 0. Now let
k — 00, so that T = 71, A ( increases to dg A (, strictly from below if dg < (. It follows that
P{(Z(ds—) - ZS)lAs | fs} = 0. Thus

(5.5) P{(A(ds—) — As)l{as<¢y + (A¢c — As)lias>¢y | Fstlag =0,

We shall prove that (5.5) implies that A is carried by K7, which will show (by Theorem
(4.1)) that X extends to a uniformly integrable martingale. Let T := 0 and fix n > 1.
Given a stopping time S with [S] C [T,-1,T,[, note that dsrc = 15, on {S < T,}.
Substituting in (5.5) yields

P{(A(Tn—) = Asnc)lir, <oy + (Ac = Asnc) LT, =oc} | FsnctHlasn =0
It is clear that A+SAC=AgU(AcN{S > (}). The set {S > (} € Fgnc, and on {S > (},
T, = oo and as A stops at (, the integrand vanishes. Thus we may replace 154, in the

last display with 154. As the trace of Fgac on Ag is clearly the same as the trace of Fg on
Ag, and considering that Ag C {S < (}, the formula may be rewritten more simply as

(5.6) P{A(Tn—) - AS ‘ fs} =0 on As.
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Define a predictable process V; of integrable variation by

0 fort < T,_1
Vii=q Ay — A(T—1) for T, <t<T,
AT, —) — A(T)-1) for t > T,.

That is, V = 1y7, , 7,1 * A. Then V has potential U; := P{V, — V; | F:}. Since V is
carried by [0,C[, U = 0 on [({,00]. For any stopping time S with [S] C [T,,_1,Tn[,
Us = P{A(T,,—) — As | Fs} which vanishes on Ag D {S < (}, by (5.6). This proves U =0
on [T,_1,T,[. Because V is predictable and is carried by [T,,—1, T, [, we may conclude
that V' = 0—that is, A does not charge [T,,_1,T,[, and as n is arbitrary, this shows that
A is carried by K7, as claimed. [

(5.7) Remark. The strong martingale property was used only for pairs S < T with

graphs contained in [T,,_1,T,[ N[0,(]. In addition, the proof showed that for such a pair

of stopping times, As NI'sr = Ag.

(5.8) Hypotheses and Notation. The following will remain in force for the rest of the

section. We are given a process X on an optional random set A. Suppose:

(5.81) A is right closed;

(5.8ii) L denotes the end of A, [Lo] :=[L]NA°N [0,00[ and Qg := {Ly < oo};

(5.8iii) X is the restriction to A of a special semimartingale Z = M + A € S*(F.) such
that Zoo = Z1— on Qg and Zo, = Zr, on Q5N {L < co};

(5.8iv) D;:=inf{s>t:s€ A};

(5.8v) Fy:=F;, A:=[0,LIU([ILINA), Z; := Z(D;), X denotes the restriction of Z to
A;

(5.8vi) A denotes the points in A that are isolated to the right but not to the left.

(5.9) Lemma. Let T be a stopping time over (F;). Then D is a stopping time over (Fy)
and Fp, = Fip.

Proof. We show first that D, is a stopping time over (F;). By standard approximation
arguments for stopping times, It suffices to give a proof for T taking discrete values. Such
T may be constructed as a countable infimum of times of the form T taking just two values,
to (on aset B € Fy,) and oo (on B¢.) It suffices to prove D is a stopping time over (F;)
for such 7. We have in this case

7=

D _{Dto on B € Fy, = Fp,,

o0 on B°.

As Dy, is a stopping time over (F;), D+ must also be a stopping time over (F3), as it is the
debut of the (F;)-optional set [ Dy,, o0 N B. We turn now to proving Fp_ = ]:"T Assume
first that 7' takes just two values, as above. Then ]:"T ={FeF,:FnNnBe¢ ﬁto}, while
Fp, ={F € Fu : FNB € F Dfo}’ which is clearly equal to J”:'T The general case now
follows by a straightforward argument from the following pair of observations. (a) Let St,
Sy be stopping times. Then Fg, rs, = Fs, N Fs,. [The inclusion Fg a5, C Fs, N Fg, is
clear. For the other direction, suppose B € Fg, NFs,. Then BN{S1ASy <t} = ((BN{S; <
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Soh)yN{S1 <tHu((BN{Sy < S1})N{Se <t}), which is obviously in F;.] (b) Let S, be a
decreasing sequence of stopping times with limit S. Then Fg =N, Fg,. O

The conditions in the following theorem are unfortunately very strong. Note that hy-
pothesis (iii) in particular is satisfied if A° is right closed.

(5.10) Theorem. Let X and A satisfy the conditions (5.8), and suppose in addition
(i) [ Lol is contained in a predictable set K C A with countable sections having no
limit point before L;
(i) for allt € K, Dy =t;
(iii) A\ A" contains the graph on no stopping time.
Then X extends to a uniformly integrable martingale if and only if X has the strong mar-
tingale property on A.

Proof. Only one direction requires proof. Assume X has the strong martingale property
on A. We make the same minor modifications to X and A as in (4.1), so that we may
assume L(w) = 0 if and only if A(w) = 0. The given condition on K implies, as in the
proof of (5.3), that C, the predictable compensator of 1, *x e, = €, is a sum of jumps at
predmtable stopping times T}, have disjoint graphs and increasing with n to a limit T, > L.

Let C' denote the predictable (relative to (F;)) compensator of er,. As any predictable
stopping time over (F3) is also a predictable stopping time over (.7:",5), P C P—the pre-
dictable processes over (.7:'25) For each n > 1, C' does not charge the predictable interval
1T0-1, T, 0, so P{T,,_1 < Lo < T,,} = 0, and consequently C' does not charge [T,,_1,T,[.
Note however that since [T, ] C K, D(T,) = T, by the hypotheses on K, and therefore
Fr, = Fr, by Lemma (5.9). It follows that C = C, for AC(T},) = P{L =T, < oo, L ¢
A| Fp}=P{L =T, <oco,L ¢ A|Fr,} =AC(T,). This proves that the times T}, are
identical whether computed relative to (F;) or to (F;). To finish the proof, it will suffice
to check that X has the strong martingale property. In view of the remark (5.7), it suffices
to check the strong martingale property for pairs of stopping times S < T with graphs in
[[Tn 1 T[N [[() L] for some n > 1. As remarked in (5.7), for such stopping times one has
A N FS 7= A By (5.9), D¢ < Dy is a pair of stopping times over (F;). Because of the
hypothesis D, =T, T<T, implies D < Dr, =T}, and consequently D¢ and D} have
graphs contained in [T,_1,T,[ N[0, L]. The strong martingale property of X on A gives
P{X(D;) | Fpy} = X(Dg) on Ap, NT'pg) p(y- Lemma (5.9) then shows that on the
same set, P{X | ]:"S} = XS But f\s ={S<L}= {Dg € A}, and so by (5.9), ASmeT =
Ag N {P{AD(T) ’ fg} = 1} = ADé N {P{AD(T) | fD(S‘)} = 1} = AD3 N FD(S‘),D(T)‘ This
proves that X has the strong martingale property on [[0,L[. By (5.3), the restriction of
X to [0, L[ has an extension to a uniformly integrable martingale whose final value we
denote by X,. Let X be a right continuous version of the martingale P{X, | F;}, so that
we have XDt = Xp, for all t < L. It follows that X; = X, for all ¢ in the range of the map
t — Dy, hence for all t € A except possibly for ¢t € A*. However, in view of hypothesis (iii),
{X # X} N A" must be evanescent, hence X = X on A. [
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