DERANGEMENT PERMUTATION MATRICES AND ORBIT HARMONICS
YUPENG LI, JASPER LIU, AND BRENDON RHOADES

ABSTRACT. Let X,x,, be an n X n matrix of variables and let S = F[x,,x,]| be the polynomial ring
over these variables where F is a field of characteristic zero. Regard S as the coordinate ring of the
affine space F"*" of n x n F-matrices. Let D, € F"*" be the locus of derangement permutation
matrices. We study the orbit harmonics quotient ring R(D,,) = S/grI(D,,) where grI(D,,) is the
associated graded ideal of the vanishing ideal I('D,)) € S. We give an explicit generating set of
grI(D,), relate the Hilbert series of R(D,,) to the Foata transformation and the longest increasing
subsequence statistic on S,;, and give an alternating sum formula for the graded &,,-character of
R(D,,). Our proofs make heavy use of the mapping cone construction of homological algebra.

1. INTRODUCTION

Let S,, be the symmetric group on [n] := {1,...,n}. A permutation w € S, is a derangement if
w(i) #iforall 1 <i < n. We write D,, C S, for the set of derangements in S,,. In previous work,
the third author [16] analyzed the orbit harmonics ring R(S,,) corresponding to the locus &, of
n X n permutation matrices. In this paper we do the same for the orbit harmonics ring R(D,,) of the
locus of derangement permutation matrices.

Fix a field F of characteristic zero. Let X,x, = (X; j)1<i,j<n e an n X n matrix of variables and let
S := F[X,xn] be the polynomial ring over these variables with its standard grading deg(x; ;) = 1 for
all 1 <i,j < n. The product group S,, X S,, acts on the matrix X,x, by row and column permutation,
viz.

(W, V) - Xij = Xw(i)w()) (w,ve S, 1 <i,j<n).

This gives a graded action of S, X S, on §.

An increasing subsequence of w € S, is a sequence 1 < i} < --- < i} < n of indices such
that w(ij) < --- < w(iy). Write lis(w) for the length of the longest increasing subsequence of w.
The permutation statistic lis(w) is closely tied to the Schensted correspondence [18]] and plays an
important role in random matrix theory [[1]. The third author introduced the following ideal 7, € S
whose algebraic properties are tied to the combinatorics of increasing subsequences.

Definition 1.1. (Rhoades [16]) Let I, C S be the ideal generated by . . .

o all sums x; 1 + -+ x;, of variables in row i for 1 <i < n,

e all sums xyj +---+Xx,; of variables in column j for 1 < j <n,

e all products x; ; - x; j of variables in the same row for 1 <1, j, j’ < n, and
e all products x; ; - x;r j of variables in the same column for 1 <i,i’, j < n.

The ideal 7, C S is homogeneous so that S/1,, is a graded F-algebra. Furthermore, the generating
set of [, is stable under the action of S, X S, on S so that §/1, is a graded (S, X S,))-module.

The link between the quotient ring S/, and permutation combinatorics comes through a ubiquitous
technique in deformation theory called orbit harmonics. Let Xy = {x1, ..., xy} be a finite variable

set and regard the polynomial ring F[xy] := F[xy,...,xy] as the coordinate ring of polynomial
1
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functions F¥ — F. Given a finite locus Z C FV, we write I(Z) C F[xy] for its vanishing ideal
I(Z) :={f €F[xn] : f(z)=0forallz e Z}.
We write grI(Z) C F[xy] for the associated graded ideal of I(Z).
Definition 1.2. The (graded) orbit harmonics ring associated to Z C FV is
R(Z) :=Flxn]/grI(2).
The quotient R(Z) is a graded F-algebra. We have an isomorphism
(1.1) R(Z) = F[Z]

of F-vector spaces where R(Z) has the additional structure of a graded F-vector space. If the
locus Z is stable under the action of a finite subgroup G C G Ly (F), the homogeneous ideal
grI(Z) is stable under the induced action of G on F[xy]. In this case, we may regard (I.1)) as
an isomorphism of ungraded G-modules where R(Z) has the additional structure of a graded
G-module. In geometric terms, the transition Z ~» R(ZZ) corresponds to the flat deformation which
linearly deforms the locus Z to a subscheme of affine space of degree | Z| supported at the origin,

as shown conceptually below.

The orbit harmonics deformation dates back to Kostant [8] in the context of coinvariant rings.
It has seen application to Springer fibers [4], delta operators [6, 5], Donaldson—Thomas theory
[13], and Ehrhart theory [[14]. For artfully chosen ‘combinatorial’ loci Z, one expects algebraic
properties of R(Z) to be governed by combinatorial properties of Z.

In this paper we consider the affine space F*" of n X n matrices over F. The polynomial ring
S = F[X,xx] is the coordinate ring of F"*", We have the permutation matrix embedding S, C F>".
The permutation matrix locus S, is stable under the action of the product group S,, X S,, by row
and column permutation. The orbit harmonics ring R(S,,) may be described as follows. We write
V4 for the irreducible representation of &, associated to a partition A F n.

Theorem 1.3. (Rhoades [16]) We have I,, = gr1(S,) as ideals in S so that

S/, = R(S,).
The quotient R(S,,) has Hilbert series
(1.2) Hib(R(S,):q) = ) ¢" ™.
wes,

We have R(S,,) = F[S, ] as ungraded (S,, X S,)-modules and the degree d piece has isomorphism
type
R(G)i= (P viev

Arn
A1=n—d

Motivated by Theorem [I.3] various authors [9] (10, [L1, [12] 21] studied the orbit harmonics
rings R(ZZ) of other matrix loci Z. In this paper we study the locus D,, C &, of derangement
permutation matrices. The permutation matrix embedding D, C &, C F™" gives a homogeneous
ideal grI(®D,,) € S and an orbit harmonics quotient ring

R(®,) = §/grI(Dy).
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Ficure 1. A rook placement, a deletion, and a contraction.

Although the locus D, is not closed under the row and column permuting action of the full
product group S, X &, it is closed under the action of the diagonal subgroup &, C S, X S,
viaw-v :=wvw ! forw € S, and v € D,. The ideal grI(D,) C S is therefore stable under the
S,-action on § given by

W Xij 1= Xw(i)w()) (we,, L<i,j<n)

and the quotient R(D,,) is a graded S,,-module.

The study of R(D,) will be inductively facilitated by a larger family of quotient rings. Let /
and J be finite sets and consider the board B = I X J. A subset R C B is a (nonattacking) rook
placement if

/

i=i & j=] for all (i, j), (i, j') € R.

Elements of R are called rooks. An example rook placement R = {(2,2), (3, 1), (5,4)} is shown in
Cartesian coordinates on the board 8 = [5] X [5] on the left of Figure

Let 8 = I x J be a board, let R C B be a rook placement, and let (i, jo) € R be a rook. The
deletion R \ (ig, jo) is the rook placement on the same board 8B obtained by removing the rook
(i0, jo). The contraction R/ (ig, jo) is the rook placement on the smaller board B = (I\ ig) X (J \ jo)
obtained by removing the rook (iy, jo) together with its row and column. If R C [5] X [5] is the
rook placement on the left of Figure|] the middle and right of Figure[I|show the deletion R \ (io, jo)
and contraction R/ (iy, jo) for (ig, jo) = (3,1).

Given a rook placement R C [n] X [n], we write

(1.3) Su(R) ={we S, : (i,w(i)) ¢ Rforall 1 <i < n}
for the set of permutations in &,, whose graphs avoid R. For example, we have
(14) 6H(R) = bl’l fOI'R = {(1’ 1)’ (272)7’(’7’7”)}

The orbit harmonics quotient rings R(S,,(R)) therefore give a generalization of R(D,,).
The cardinalities |S,,(R)| satisfy a deletion-contraction recursion. Suppose R C [n] X [n] is a
rook placement and let (i, jo) € R be a rook. We have

(L.5) 1S, (R (i, jo))| = [Sn(R)] + [Sp-1(R/ (i, jo))|

where we identify R/ (ig, jo) with its order-isomorphic rook placement on [n — 1] X [n — 1] to
define S,_1(R/(io, jo)). In Theorem .2 we give an algebraic lift of Equation via a short exact
sequence.

The combinatorics of R(D,,) is tied to the Foata transformation ¥ : S,, —5 &,,. Givenw € G,,,
the permutation W (w) is obtained as follows.
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(1) Write w in canonical cycle form. That is, write each cycle of w starting with its smallest
element, and write the cycles of w from left to right in decreasing order of smallest elementsﬂ
(2) Erase the parentheses and interpret the result as the one-line notation of ¥(w) € &,,.
For example, if w = (4,7,5)(2,3,8)(1,6) € Sg we have ¥(w) = [4,7,5,2,3,8,1,6] € Sg. This
procedure is reversible and ¥ : S, — S, is a bijection. The map ¥ was introduced by Foata [3] in
his study of permutation statistics. Deferring various definitions to Section [2] our main results are
as follows.

(1) In Theorem we give an explicit generating set of the defining ideal grI(S,(R)) of
R(S,(R)) for any rook placement R C [n] X [n]. We have

(1.6) grl(S,(R)) =1, + (x;; : (i,j) €R) forall n > 2.
(2) We show in Theorem [4.3]that the Hilbert series of R(D,) is given by
(1.7) Hilb(R(D,);q) = ) ¢" "™,
weD,

(3) We calculate the graded &,-module structure of R(D,,) in Theorem[5.8] In particular, if = is
the Kronecker product on symmetric functions we have

n—1
(1.8)  grFrob(R(Da);q) = (~1)" - ¢" - ent+ > (=q) e | D a7 (52 52)
k=0 Arn—k
where s, is a Schur function and e, = s(j+) is an elementary symmetric function. The
authors do not know a combinatorial proof that this expression is Schur-positive.

A standard inclusion-exclusion argument shows that derangements are counted by
n n |
- E ‘ k.
(1.9) | D] = kzo( 1) ik

The alternating expression (I.8)) is an S,-equivariant g-analog of (I.9). Taking the Hall inner
product of (T.8) with e7 extracts graded dimension, and applying (1.7) gives the polynomial identity

n—1
a3 S 5 e () o]
k=0

weD, Arn—k

where f4 is the number of standard Young tableaux of shape 1. Equation (T.10) is a g-analog of
Equation (1.9).

In many orbit harmonics papers, the algebraic structure of R(Z) is analyzed using Grobner theory.
By contrast, our proofs use ideas from homological algebra. The Hilbert series Hilb(R(®D,); ¢) and
our presentation of R(D,,) are established via a short exact sequence in Theorem The formula
(L.8) for graded S, -character of R(D,) arises from an exact sequence

0>V, »V,.i—>-->Vy—>R(D,) —0

of graded S,,-modules where Vj is built out of copies of R(S,,_¢). This exact sequence comes from
the mapping cone construction of homological algebra.

Our paper is not the first to study derangements algebraically. Désarménien—Wachs introduced
[2]] and Reiner—Webb studied [15]] a character y;,, of S,, of dimension |D,,| which is related to the bar

't is more standard to write the largest elements of cycles first, and order cycles by increasing order of largest
elements. Our convention is chosen for coherence with the increasing (not decreasing) subsequence results in [16].
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resolution in homological algebra. The ungraded S,-module F[D,| coming from the conjugation
action of &, on D,, does not have character y,; see the remarks following Proposition It may
be interesting to find a ‘naturally occurring’ graded refinement of y,,, but (see after Proposition[5.7)
such a refinement cannot come from an &,,-stable polynomial ring quotient.

The rest of the paper is organized as follows. In Section [2] we give background on combinatorics,
representation theory, orbit harmonics, and homological algebra. The technical Section [3] uses
filtrations to establish a certain monomorphism of quotient rings. In Section {4 we give our
presentation of R(D,) and describe its Hilbert series. Section[5|calculates the graded &,-module
structure of R(®D,). We conclude in Section [6] with a conjectural basis of R(D,) related to the
patience sorting algorithm.

2. BACKGROUND

2.1. Combinatorics. Let n be a nonnegative integer. A partition of n is a weakly decreasing
sequence A = (] > --- > Ay) of positive integers with 4| + - - - + 4y = n. We write A  n to indicate
that A is a partition of n.

A subset R C [n] X [n] is a (nonattacking) rook placement if for any (i, j), (i’, j') € R we have
i =1 if and only if j = j’. Elements of R are sometimes called rooks and the set [n] X [n] is
sometimes called a board.

Let R C [n] X [n] be arook placement and let (g, jo) € R be arook. The deleted rook placement
R\ (ip, jo) on the board [n] X [n] is given by removing the rook (ig, jo). The contracted rook
placement is the subset of the smaller board

R/ (io, jo) € {1,....i0,...,n} x{1,...,jo,...,n}

(where the hats denote omission) obtained by removing the rook (ig, jo) and the row and column
containing that rook.

We write A = @nzo A, for the graded ring of symmetric functions in an infinite variable set
X = (x1,x2,...) over the ground field Q(g). The algebra A is freely generated by the elementary
symmetric functions {e,, : n > 1} where

(21) €n = Z xi] .. ._xl.n

1<iy<--<ip

is the sum of squarefree monomials of degree n. Vector space bases of A, are indexed by partitions
A+ n. We mostly use the Schur basis {s, : A+ n}; see e.g. [17] for its definition.

2.2. S,-representation theory. Letn > 0. Irreducible representations of &, over the characteristic
zero field FF are indexed by partitions of n. If 1 F n is a partition, we write V* for the associated S,,-
irreducible. For example, V™ is the trivial representation trivg, and V(") is the sign representation
signg, -

Let V be a finite-dimensional &,-module. There exist unique multiplicities c; > 0 so that
V=P wnCa- V*. The Frobenius characteristic of V is the symmetric function

(2.2) Frob(V) := Z cav sy € Ay
Arn

obtained by replacing each irreducible V4 appearing in V with the corresponding Schur function
sa. For example, we have Frob(trivg,) = s(,) and Frob(signg ) = s(1n) = e,. More generally, if
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V= @izo V; is a graded S,,-module, the graded Frobenius characteristic is
(2.3) grFrob(V; q) := Z Frob(V;) - ¢'.
i~0

Let V| be an &, -module and V, be a ©,,,-module with n = nj + ny. The product group S,, X S,

acts on the tensor product V| ® V; by the rule
(Wi, w2) - (vi ®v2) := (w1 - v1) ® (w2 - v2)
forall wy € ©,,,wa € S,,,v1 € V1, and vy € Va. The induction product V o V, of V1 and V> is the
S,,-module given by
_ CH

2.4) VioV,:= Indenlxen2 (Vi@ V).
The Frobenius image of Vj o V; is related to those of V| and V; by
(2.5) Frob(V} o V,) = Frob(V;) - Frob(V>).

Now let V| and V; be two &,,-modules. The tensor product V| ® V; carries an S,,-module structure
given by

w-(vi®vy):=w-v))®(w-vy) (we S, vieVy,veW.

The Kronecker product on A, is the bilinear operation * : A, X A, — A, characterized by
(2.6) Frob(V; ® V;) = Frob(V}) * Frob(V;)
for all S,,-modules V; and V5.

2.3. Orbit harmonics. In this section we let xy := {xi,...,xy} be a finite set of variables and
let S := F[xy] be the polynomial ring over these variables equipped with its standard grading
induced by deg(x;) = 1 for 1 <i < N. The F-algebra S carries a graded action of G Ly (F) by linear
substitutions.

Let / C S be a homogeneous ideal. The quotient ring S/I = €, (S/1); is a graded F-vector
space with each graded piece (S/1); finite-dimensional. The Hilbert series of S/I is the formal
power series

2.7) Hilb(S/I; q) := Z dimg(S/1); - ¢'
i>0
where ¢ is a formal variable.

Let f € S be a nonzero polynomial. We write 7( f) for the top-degree homogeneous component
of f. Thatis, if f = f;+--- + f1 + fo where f; is homogeneous of degree i and f; # 0 we have
7(f) = fg. If I C S'is an ideal, the associated graded ideal is
(2.8) grl:=(t(f) : fel, f+0).

Observe that gr / C § is automatically a homogeneous ideal, even when / is not homogeneous.
We identify S = F[xy] with the coordinate ring of the affine space F". Given a finite locus
Z C FV, as in the introduction we write

(2.9) I(Z):={feS: f(zy=0forallz e Z}
for the vanishing ideal of Z and let
(2.10) R(Z) :=8§/grl(2)
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be the (graded) orbit harmonics ring associated to Z. If Z is stable under the action of a finite
matrix group G € GLy(F), the ideal grI(Z) C S is stable under the induced graded action of G
on S, so that R(Z) is a graded G-module.

Theorem 2.1. (Fundamental Theorem of Orbit Harmonics) We have an isomorphism of E-vector
spaces

(2.11) F[Z] = R(Z)

where R(ZZ) has the additional structure of a graded F-vector space. If Z is stable under the action
of a finite matrix group G € GLy(F), we may regard 2.11)) as an isomorphism of G-modules
where R(Z) has the additional structure of a graded G-module.

When Z = 2 is the empty locus, we have R(Z) = R(@) = 0. If Z = {*} consists of a single
point, then R(Z) = R(x) = Fis the ground field. We allow for our affine space F" to satisfy N = 0,
in which case S = F and R(Z) = 0 or F according to whether Z C F® = {x} is empty or the
singleton {=}. In particular, we have

(2.12) R(Sp) =R(S)) =F, R(DPg)=F, and R(D;) =0

where F = §/(S>0). This small n behavior leads to various boundary conditions in our arguments.
We record a simple property of orbit harmonics quotients for later use.

Lemma 2.2. Let Z CFN bea finite locus, let a € F, and consider the locus Z X a C FN x F. Write
F[xy] ® F[y] for the coordinate ring of BN X F. As ideals in F[xy] ® F[y] we have

grl(Z xa) = (grl(Z) ® Fy]) + (Fxn] ® ()
and consequently we have an isomorphism
R(Z) — R(Z xa)
induced by the map F[xy]| — F[xy]| ® F[y] given by f — f ® 1.

Proof. For any f € I(Z) we have f = f® 1 € I(Z X a) so that 7(f) € grI(Z X a) and
erI(Z) @ F[y] C grl(Z xa). Wehave y —a € I(Z xXa) sothat 7(y —a) = y € grl(Z X a) and
F[xy] ® (y) € grI(Z X a). We conclude that

(2.13) grl(Z xa) 2 (grI(Z) ® Fly]) + (F[xy] ® (y)) asideals in F[xy] ® F[y].

On the other hand, let 8 C F[xy] be an arbitrary set of polynomials which descends to a basis of
R(Z) = F[xy]/grI(Z); we have |B| = dimg R(Z) = |Z|. Then B descends to a spanning set of

Flxy] ® Fy]
(erl(Z) ® Fly]) + (F[xn] ® (y))

so that
Flxy] ® F[y]
<|B|=
(ng(Z) ® F[y]) + (IF[XN] ® (y)) < | | |~Z|
where the first inequality follows from (2.13)) since R(Z x a) = (F[xy] @ F[y])/grI(Z x a). We

conclude that the containment (2.13)) of ideals is an equality and proves the first part of the lemma.
The second part of the lemma follows from the first. O

|Z| = 1Z % a| = dimp R(Z x a) < dimg
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2.4. Filtrations. Let A be an F-algebra. A filtration F,A of A is an increasing chain of F-linear
subspaces

(2.14) FPACFACRAC:--

such that

(2.15) | JFaA=A and FA-FjAC FyjAforalli,j.
d=0

We set F;A = 0 whenever d < 0. An algebra equipped with a filtration is called a filtered algebra.
Let A be a filtered F-algebra with filtration F, A. The associated graded algebra is the direct sum
of F-vector spaces

(2.16) grA = @(grA)d where (grA)y := FgA/F_1A.
d=0
Multiplication is defined by the rule

(f+Fi-1A) - (g + Fj—1A) == (f - g) + Fiyj-1A

forall f € F;A and g € F;A.
Let A and B be filtered algebras with filtrations F,A and F,B. Letd > 0,let ¢ : A — B be an
F-linear map, and assume

(2.17) ¢(F;A) C Fipq4B for all i.
Then ¢ induces an F-linear map gr¢ : gr A — gr B defined by
(2.18) gro: f+Fi1A— o(f)+ Firqg-1B forall f € F;A.

The map gr ¢ is homogeneous of degree d. Certain nice properties of ¢ can be lost upon passage to
its associated graded map gr ¢. For example, even if ¢ is injective, it is not necessarily true that ¢ is
injective. This phenomenon is the source of most of the technical difficulties in Section 3]

Let S = F[xy] be the polynomial ring over Xy = {x1,...,xy}. The filtered algebras considered
in this paper will have the form R = S/I where I C S is a (usually inhomogeneous) ideal. The
subspace F;R C R is given by

(2.19) F4R = image of S<;in R
where S<4 C S is the subspace of polynomials of degree < d. In particular, this gives a filtered

algebra structure on the ungraded orbit harmonics rings S/I(Z) for finite loci Z € FN. We include
the following standard result on the associated graded rings of these algebras.

Lemma 2.3. Let S = F[xy] and let I C S be an ideal and let R = S/1 be filtered as above. There is
a canonical ring isomorphism

(2.20) w:S/grl = grR.

Proof. For alld > 0, let S; C S be the vector space of homogeneous polynomials of degree d. We
have a natural F-linear map

(221) @4 - Sd 4 FdR/Fd_1R

given by ¢ (f) := (f + 1) + F4_1R. The map ¢y is surjective since for any g € S<; we have
(g+ 1)+ Fs—1R = 0 unless deg(g) = d, in which case ¢, : 7(g) — g + F4_1R. The maps ¢4
assemble to give a linear surjection

(2.22) p:S— g R
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with ¢ = P 4>0 Pa- One checks that ¢ commutes with multiplication and is an F-algebra
epimorphism.
It suffices to show that ker(¢) = gr /. We have

(2.23) ker(¢) = P ker(¢a).

d>0

Letd > 0, let f € S; be a nonzero homogeneous polynomial, and assume f € ker(¢;). Then
f+1 € Fj_1R, so there exists some h € Scy_1 sothat f+h e I. But f = 7(f +h) € grl so
that f € ker(¢y). We conclude that ker(¢) C grl. For the other containment, assume f € Sy
is homogeneous and nonzero and that f € gr/. There exists g € I so that f = 7(g). We have
(f—g) e Scy_1sothat (f —g)+ 1€ F;_1R. We have

o(f)=(f+D+FsR=(g+1)+F;-1R=0
so that f € ker(gp). 0

2.5. Homological algebra. The mapping cone construction of homological algebra will play a
crucial role in our analysis of R(D,). We review this construction here and refer the reader to
[20] for a textbook treatment. For simplicity, we work in the category of F-vector spaces, but the
constructions and results given here hold in any abelian category.

A (Zsp-indexed) chain complex (A, d) is a sequence (A,),>o of F-vector spaces equipped with
linear maps

dn+ n d”—
(2.24) o At = A A 2 A S 4g 0
such that
(2.25) dy-10d, =0 foralln > 1.

The vector spaces A, are called chain groups. Given two chain complexes (A, d*) and (B., d?), a
chain map f, : Ae — B, is a family of linear maps f, : A, — B, such that the diagram

dA
An . An—l
fn fn—l
B, df By

commutes for all n > 1.
Let (A,,d”) and (B., d®) be chain complexes and let f, : A, — B, be a chain map. The mapping
cone Cone( f,) is a new complex whose chain groups are given by

(2.26) Cone(fe), := B, ® Ay

for n > 0. (Here we interpret A_; := 0.) The differential d,, : Cone( f,), — Cone( f,),—1 is given
by the formula

(2.27) du(b,a) = (d5(b) + fu-1(a),—d2 | (a))

forall b € B, and a € A,,_;. It can be shown that d,,_; o d, = 0 for all n > 1 so that Cone( f,) is in
fact a chain complex.
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We will use mapping cones to inductively construct resolutions of objects in short exact sequences.
Let
(2.28) 05A—>B5C—0
be a short exact sequence of F-vector spaces. Suppose we have exact sequences

g oA g 4P df

229 - > Py P Py A—-0 and ---—> 0O 01 Qo B—0
of F-vector spaces. The situation of (2.29)) is expressed as P, being a resolution of A (and Q. being
a resolution of B)E| Suppose we have a chain map f, : P — Q. with the additional condition that
the diagram

dP
Py 0 A
Jo L
Qo B
o
dg

commutes. The Cone( f,) construction gives a resolution of C as follows.

Theorem 2.4. In the above situation, we have an exact sequence of E-vector spaces given by

(2.30) -+ — Cone( fs)2 2, Cone( fo)1 4, Cone(fo)o > C — 0
where the map from Cone( fs)o = Qo ® P-1 = Qo to C is the composition

d? x
(2.31) Cone(f,)o = Qy — B — C.

3. EXTENSION, AVERAGING, AND FILTRATIONS

Let R C [n] X [n] be a rook placement and let (io, jo) € R be a rook. The goal of this section
is to establish an injection R(S,-1(R/(io, jo))) — R(S,(R)) induced by multiplication by x;,_j,.
This is done in Lemma|3.10{ The arguments involved are technical and perhaps should be skipped
on a first reading. We begin by considering arbitrary ‘forbidden’ boards.

3.1. Inhomogeneous ideals for arbitrary boards. Let 8 C [n] X [n] be an arbitrary board. We
write
(3.1) S, (8B) := {permutation matrices of w € S,, : w(j) # i forall (i, j) € B}

for the set of permutation matrices in &, which avoid 8. The following result gives an explicit
generating set of the vanishing ideal of the locus S,(%8). In the next proof and throughout, we write

(3.2) Xg = ]_[ Xi
(i,))eR
for any rook placement R C [n] X [n]. We also say that a permutation w € S, extends Rif w(j) =i
for all (i, j) € R.
Lemma 3.1. The vanishing ideal 1(S,,(B)) C S is generated by . . .
(1) differences x;1 +---+xip—landx;j+---+x,;—1for1 <i,j <n,

2For more general abelian categories, we would require that the P,, and Q,, be projective objects.
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2) differences x>. — x; ;j for 1 <i,j <n,
1] 5] .]

(3) products x; j - x; j» and x; j - x;» j where i # i’ and j # j', and
(4) variables x; ; for (i, j) € B.

Proof. Let I C S be the ideal generated by polynomials of the form (1) — (4). It is not difficult to
check that each of these polynomials vanishes on &,(%) so that

(3.3) I CI(5,(8B)) asidealsinS.
To prove that the containment (3.3)) is an equality, it suffices to establish the dimension bound
(3.4) dimp S/ < 16,(8)| = dimp F[S,(8B)] = dimp S/1(S,(B)).

For w € S,(8) we write

(3.5) ew = | [xwi.-
j=1

A direct calculation in the quotient ring S/I gives

(3.6) 1:ﬁ1:ﬁ(xi,1+---+x,-,n): > e
i=1 i=1

wesS, (8B)

since the only surviving terms in the expansion of [}, (x;1 + - - - + x;») in F[S,(8)] correspond
to permutations avoiding 8.
The quotient ring S/1 is spanned over F by the rook placement monomials

(3.7) {xg : R C [n] X [n] arook placement}.
Working in S/1, if R is a rook placement we have

(3.8) XR =xR -1 =xg - Z e, = Z ey

weS, (B) weS, (B)

w extends R
and we conclude that {e,, : w € S,(8B)} spans S/I over F. The dimension inequality (3.4) follows
and the proof is complete. O

The elements {e,, : w € S,(8B)} in F[&,(B)] appearing in the above proof satisfy e2, = e,, for
allw € S,(8) and ¢, - ¢, = 0 when w # v. Since Zwegn(g) ey = 1, the e,, are a complete set of
orthogonal idempotents in F[S,(8)].

There is a natural filtration F, on F[S,(8)] = S/1(5,,(8B)) given by

F F[S,(8)] = image of S<; in F[S,,(B)].

The vector space F;F[ S, (8)] has a nice spanning set.
Lemma 3.2. The following collection of squarefree monomials descends to a spanning set of
FyF[S,(8)]:

{xg : R C [n] X [n] a rook placement and |R| < d}.
Proof. The vector space FyF[S,(8B)] is spanned by cosets m + I(S,,(8)) where m € S is a
monomial of degree < d. Write m = []},_, xla‘J’ where a;; > 0and Y, ; a;; < d. By Lemma
we have m + 1(S,,(8B)) = m + 1(S,,(B)) where m € S is the squarefree monomial

& a: 1 a;,:;>0
3.9 n= - d; = R
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Lemma 3.1]also implies that m € I(S,(8)) unless /m = xg for some rook placement S C [n] X [n]
with |S|:Zi,jdi’jgzi’jai,de. O
3.2. Extension and averaging. Throughout this technical subsection, we use the following

Notation. Fix an integer n > 2 and a subset T C {2,...,n}. Let R C [n] X [n] be
the rook placement

R:={(i,i) : i eT}.
We have the set S,(R) c F™" of permutation matrices avoiding R. Write
S, (R) € S,(R) for the subset

S,(R) := {w € Gu(R) : w(l) = 1}.

In the definition of S, (R), we identify permutations with their permutation matrices. Regarding
S,_1 as permutations of {2, ..., n} gives a natural identification G,(R) — &,_;(R) induced by
deleting the first row and column.

We have nested vanishing ideals I(S,,(R)) C I(S,(R)) C S and ungraded quotient rings

(3.10) F[S,(R)] = S/I(G4(R)) and F[G,(R)] = S/L(Su(R)).

Both of these F-algebras have a filtration induced from the standard filtration on §, i.e.
F F[S,,(R)] = image of S<; in F[S,(R)] and
FdIF[m] = image of S<4 in P[W].

We think of F[S,(R)] both as the quotient ring S/I(S,(R)) and the F-algebra of functions
f: S, (R) — F with pointwise operations, and similarly for F[ S, (R)]. This subsection introduces
‘extension’ and ‘averaging’ maps

(3.11) & :F[S,(R)] = F[S,(R)] and A :F[S,(R)] — F[G,(R)]

which will help prove a deletion-contraction short exact sequence. The extension maps are defined
using quotient rings as follows.

Lemma 3.3. Multiplication by x1 induces a well-defined S-module homomorphism

& F[&R)] 2, Bls,(R))].

For any integer d we have
E(FF[S,(R)]) € FanF[S,(R)].

Proof. To check that & is well-defined, we need to prove

(3.12) x11-1(S,(R) CI(S,(R)) inS.

Lemma [3.1] gives a generating set for the ideal I( S, (R)). We claim that

(3.13) I(S,(R) = I(S,(R)) + (x1.1 — 1) + (xi1,x1, : 2<i,j <n) asidealsin$.
Since x1; — I and x; 1, x; 1 vanish onmfor i,j > 1 we have

(3.14) I(S,(R) 2I(S,(R)) + (x1,1 = 1) + (xi1,x1,; 1 2<4i,j <n).
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Using the notation of the proof of Lemma[3.1] the set {e,, : w € &,(R)} descends to an F-basis of
S/I(S,(R)). The containment (3.14]) implies that

(3.15) {ey : w e S,(R)} descends to a spanning set of the quotient ring
S
I(S,(R)) + (x1,1 = 1) + (xi,1,x1,; : 2<i,j <n)

Combining (3.14) and (3.13)), we conclude the desired ideal equality (3.13). The desired containment
(3.12) 1s reduced to checking that

x,1 - (x1,1 = 1) € I(S,(R))
and that
X1,1° Xi,1, X1,1 - X1,j el(G,(R)) forall2<i,j<n.

Both of these memberships follow from Lemma [3.1] This establishes (3.12)), and & is well-defined.
It is clear that & carries F;F[S,(R)] into F;.1F[S,(R)]. O

The term ‘extension’ is justified by the action of & on functions f : S, (R) — F. We have

fw) ifw(l) =1,

0 otherwise,

(3.16) E(N)w) = {

for all functions f : S,(R) — F and all w € S,(R). The m8 is therefore extension by

zero so that & : F[S,(R)] — F[S,,(R)] is an injection. Lemma [2.3|and Lemma furnish an
homogeneous degree 1 map

3.17) o R(E,®R) 2, R(6,(R)

between graded orbit harmonics quotient rings which is induced by multiplication by xj ;. The
injectivity of & does not by itself establish the injectivity of gr&. The rest of this subsection is
devoted to proving that that gr & is injective (Lemma [3.9).

The injectivity of gr & will be proven using an ‘averaging operator’ A : F[S,(R)] — F[S,(R)].
To define A, we need some notation. For a permutation matrix w € S, and 2 < b < n, define

(3.18) W), ;= permutation matrix obtained by swapping rows 1 and b of w.

Since R ={(i,i) : i€ T}and T C {2,...,n} we have the following observation.

Observation 3.4. Let w € S,(R) and let2 < b < n. We have wy, € S,(R U (1,1)).

As an example of Observation , suppose n =4, R = {(2,2),(3,3)},and let w € S, (R) be
the permutation matrix

SO O~
— O KX O
oONX — O
o - O O
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where the ® occupy the ‘forbidden’ positions of R. The condition w € S, (R) corresponds to the 1
in the (1, 1)-position. We have

0010 00 0 1 0100
1 ® 0 0 0= 1 0 0m 10
"2=1g 0 m 1" "3=|1 0 = ol ™ Wi=lg o & 1]
0100 0100 1000

Each of w;, ws, wy avoid the ® positions of R as well as the position (1, 1).
The averaging map A : F[S,(R)] — F[S,(R)] is defined using functions. For a function

f:S,(R) > Fandw € S,(R) we set

(3.19) AL W) = Y F(ws).
b=2

Observation implies that this gives a well-defined function A(f) : S,(R) — F.
The map A : F[S,(R)] — F[S,(R)] is F-linear. Its purpose is to prove that gr & is injective.
The next three lemmas establish important properties of A.

Lemma 3.5. We have A o & = 0 as an operator on F[S,,(R)].

Proof. For f : S,(R) — F, the function &(f) : S,(R) — F vanishes off of S,(R) C S,(R).
Since

Sn(R) = Gu(R) \ (R U (1, 1)),
we are done by Observation [3.4] and the definition of A. o

We want to understand how A : F[S,(R)] — F[S,(R)] interacts with filtrations. To this end,
we study how A acts on functions S, (R) — F of the form x5 = []; j)es Xi,; where S C [n] X [n]
is a rook placement. The function A(xg) depends on how S interacts with the first row and column
of [n] X [n].

Lemma 3.6. Let S C [n] X [n] be a rook placement and consider the squarefree monomial xs as a
function S, (R) — F so that A(xgs) is a function S,(R) — F. As elements of F[S,(R)] we have
the following identifications.

(1) If § does not occupy the first row or first column we have
Alxs) = (n=1-18]) -xs  inF[Gx(R)].
(2) If (1,1) € S then
Alxs) =0 inF[S,(R)].

(3) If (1,¢) € S where ¢ # 1 and does not involve the first column we have

A(xs) = xs where 8" = S\ {(1,¢)} inF[G,(R)].
(4) If (r,1) € S where r # 1 and does not involve the first row we have

A(xs) = xg where S’ = S\ {(r, 1)} inF[S,(R)].
(5) If (1,¢),(r,1) € S where c,r # 1 we have

A(xs) = xs0(rc) Where 8" = S\ {(1,¢), (r, 1)} inF[S,(R)].
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Proof. Each of the identities (1) — (5) is proven by showing that both sides coincide as functions
Su(R) —» F.

(1) Let w € S, (R). Suppose first that w contains S so that xg(w) = 1. Then w), contains S if
and only if S does not have a rook in row b. We compute

n

(3:20) A(xg)(w) = Y xs(wp) = > I=n=1-|8| = (n=1-|S)-xs ().

b=2 2<bs<n )
S does not contain rooks in row b

On the other hand, if w does not contain S, then w;, does not contain S for 2 < b < n and

n

(3.21) Axs)w) = ) xs(wp) = ) 0=0=(n=1-S]) -xs(w).
b=2

b=2

(2) Letw € G, (R). Since (1,1) € S, by Observationthe permutation matrix wj, does not
contain S for2 < b < n and

n

(3.22) Alxsg)(w) = sz(wb) = ZO =0.
b=2

b=2

(3) Let w € S,(R). Let 2 < by < n be the unique index with w(c) = bg. Since (1,¢) € S we
have
n

(3.23) Alxs)(w) = Y xs5(wp) = x5(Why) = X5 (W)
b=2

where the final equality uses wj,(c) = 1. Since (1,¢) € S and 2 < by < n, we see that (bo,c) € S
and
wp, contains S < w contains S’.
Thus A(xs)(w) = x5/ (Wpy) = x5/ (W).
(4) Let w € S,(R). Since (r,1) € S and w(1) = 1 we have

n

(3.24) Alxs)(w) = Y xs(wp) = xs(wy) = x5 (w,).
b=2

As in the previous case, one checks that

w, contains S’ & w contains S’

so that A(xg)(w) = xs (w,) = x5 (w).
(5) Let w € G, (R). Since (r, 1) € S we have

n

(3.25) Alxs)(w) = Y xs(wp) = x5(wy) = x5\((r.1)) ()
b=2

Since (1,¢) € S and w(1) = 1 one checks that
w, contains S\ {(r, 1)} & wecontains S’ = (S\ {(r,1),(1,¢)}) U{(r,c)}.
Therefore A(xs)(w) = x5 (w). O
Lemma implies that A : F[S,(R)] — F[m] behaves well with respect to filtrations.
Lemma 3.7. For any integer d, we have A(F,F[S,(R)]) C F,F[S,(R)].
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Proof. When d < 0 this reads A(0) € 0, so assume d > 0. By Lemma[3.2] the F-vector space
F F[S,(R)] = image of S<; in S/I(S,(R))

is spanned by (the images of) the squarefree rook placement monomials

(3.26) {xs : 8 C [n] x [n] is arook placement and |S| < d}.

Lemmaimplies that A(xs) € FisF[S,(R)] for any rook placement S C [n] X [n] and the
proof is complete. O

The reader may be tempted to prove Lemma [3.7]by appealing to the graded action of S, X &, on
S by row and column permutation, thus avoiding the use of Lemma[3.6] This argument does not
work because the permutation matrix sets S,(R) and S,,(R) and hence their vanishing ideals are
not closed under the action of S, X S,,.

The following result is another application of the averaging map A and Lemma [3.6] It will be

play a crucial role in establishing the injectivity of gr & : R(S,(R)) ﬂ) R(G,(R)).

Lemma 3.8. For any integer d, we have
E(FIF[S,(R)]) = E(F[S,(R)]) N Fu F[Sn(R)]
as subspaces of F[ S,,(R)].
Proof. Our argument breaks into cases depending on the value of d. We handle these in ascending
order of difficulty.

Casel: d < —-1.
The desired equality reads

&(0) = E(F[Ga(R)]) NO,
which is correct.
Case2: d = —1.
The left-hand side of the desired equality is
E(FF[G,(R)]) = E(FLIF[S4(R)]) = €(0) = 0.
We have
Fi1F[S,(R)] = FoF[ S, (R)] = {all constant functions S, (R) — F}.

Since by assumption n > 2 and R = {(i,i) : i € T} for some subset T C {2, ...,n}, there is at least
one w € S,(R) for which w(1) # 1 and &,(R) is a proper subset of S,(R). Since & acts on
functions by extension by zero, there are no nonzero constant functions in &(F[ S, (R)]) and

E(F[S,(R)]) N FoF[S,(R)] =0

so that E(F F[S,(R)]) = E(F[S,(R)]) N Fy:1F[S,(R)] as subspaces of F[S,,(R)] in this case.
Case3: d >n-2.
Since S,(R) € ©,, we have a graded surjection of quotient rings R(S,) -» R(S,(R)).
Theorem implies that the top degree of R(S,,) is n — 1, so the top degree of R(S,(R)) is at
mostn — 1. Sinced >n -2, Lemmaimplies

(3.27) Fa1F[S,(R)] = F[S,(R)]
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Since matrices in S, (R) have identical first rows and columns, Lemmayields a graded surjection

R(S,-1) » R(S,(R)) so that R(S,(R)) has top degree at most n — 2 by Theorem Since
d > n—2 we have

(3.28) FaF[Gn(R)] = F[Ga(R)].
Thanks to and (3.28)), the desired equality reads
(3.29) E(F[S,(R)] = E(F[S,(R)] NF[S,(R)] as subspaces of F[S,(R)]

which is certainly true.
Case4: 0<d<n-3.
This case uses the averaging operator A. Lemma [3.3] gives the containment

(3.30) E(FF[G,(R)]) € EF[Cu(R)]) N Far1F[S,(R)].

so it suffices to prove the containment 2. Let f : S,(R) — F be a function such that

e we have f € F;11F[S,(R)], and
o f = &(g) for some function g : S,(R) — F.
The function g is the restriction of f to S,,(R). We want to show g € F;F[S,(R)].

The function f : S,(R) — F is represented by a polynomial in S of degree < d + 1. By
Lemma [3.2) we may write

f=fan+fat+-+ i+ fo
where for 0 <i < d + 1 there exist scalars ys € F so that
(3.31) fi= > vs-xs asfunctions &,(R) >F  (0<i<d+]1)
|S|=i

where the sum ranges over rook placements S C [n] X [n] with i rooks. The expansions (3.31)) are
not unique.
We have f — fz41 € FgF[S,(R)]. Lemma[3.7)implies

(3.32) A(f = Jar1) € FaF[G,(R)].
Since f = &(g), Lemma[3.5]yields

(3.33) A(f) = A(E(g)) =0.
Since A is linear, (3.32)) and (3.33) imply

(3.34) A(far1) € F4F[S,(R)].

Consider the expansion (3.31) when i = d + 1. We group the rook placements S C [n] X [n]
appearing on the right-hand side of (3.31)) according to the five cases of Lemma 3.6 In particular,
set

T := {rook placements S C [n] X [n] : S has d + 1 rooks}.

We have a disjoint union decomposition

T=TuT, UTzUT4UT;5
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where

T, :={S €T : S does not meet the first row or column},

T, :={S €T : Scontains (1, 1)},

T; :={S €T : S meets the first row but not the first column},

Ty :={S € T : S meets the first column but not the first row},

Ts := {S € T : S meets both the first row and the first column but does not contain (1, 1)}.
We have

(3.35) fa+1 = h1 + ho + h3 + hg + hs  as functions S,(R) —» F
where for 1 <i < 5, the function &; : S,,(R) — F is given by
(3.36) hi = Z ys - Xs
SeT;
Lemma 3.6 implies
(3.37) A(h))=(n-2-d)-h; asfunctions S,(R) — F
and
(3.38) A(hy + h3 + hg + hs) = A(hy) + A(hz) + A(hs) + A(hs) € FF[S,(R)].

Combining (3.34) and (3.38) implies A(h;) € F;F[S,(R)]. Since 0 < d < n — 3, we have
n—2—d # 0and (3.37) implies

(3.39) hy € FjF[S,(R)].

The functions h3, hy, hs : S, (R) — F are linear combinations of x s for rook placements S involving

rooks in the first row and column # (1, 1). The functions &3, h4, hs therefore vanish upon restriction
to S, (R). We have the identity

(3.40) g=(f—fi+r1) + fan1 as functions G, (R) — F

(3.41) = (f = fas1) + h1 + ho + h3 + ha + hs as functions G, (R) — F

(3.42) = (f = far1) + h1 + ho as functions G,(R) — F

of functions m — F. Since x1 ; 1s the constant function 1 on % we have

(3.43) hy = Z VS XS = Z ¥s - Xs\(1,1) as functions m - F
|S|=d+1 |S|=d+1

(LDeS (1,DeS

so hy € F4F[S,(R)]. Since f — far1 € F4F[S,(R)], the membership (3.39) implies that
g € FyF[S,(R)] and the proof is complete. O

The assumption that F has characteristic zero was used for the first time in the above proof to
yieldn —2—d # 0 for 0 < d < n— 3. We use Lemma 3.8|to prove that the associated graded of
the extension map & : F[S,(R)] — F[S,(R)] is injective. The injection gr & the first part of our
deletion-contraction short exact sequence.

Lemma 3.9. The S-module homomorphism gr& : R(S,(R)) XI—I(_—)» R(S,,(R)) induced by
multiplication by x1 1 is injective.
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Proof. Lemma [2.3]and Lemma [3.3]identify gr & with the morphism
(3.44) gr& : grF[S,(R)] — grF[S,(R)]
where the filtrations on F[S,,(R)] and F[S,,(R)] are those of Lemma Recalling that gr & is
homogeneous of degree 1, we have
(3.45) ker(gr&) = @ ker(gr&)y
d=0
where
(3.46)  ker(gr&)a =A{f + Fa-1F[Su(R)] : f € F4F[G,(R)] and E(f) € F4F[S,(R)]}.

Given f € F;F[S,(R)] so that f + F;_1F[S,(R)] € ker(gr&)y, by Lemmathere exists
g € Fy1F[S,(R)] sothat E(f) = E(g). But & : F[S,(R)] — F[S,(R)] is injective, so we have
f =gand

[+ FiF[S,(R)] =g+ Fi1F[S,(R)] =0 ingrF[S,(R)].
We conclude that ker(gr &) = 0 and that gr & is injective. O

The last result of this section phrases Lemma[3.9)in a more convenient form. Let

(3.47) S:=Flx;; : 2<i,j <n]

be the subring of § formed by setting the variables in the first row and column to zero and regard S
as the coordinate ring of the affine space F*~*("=1) of matrices with rows and columns indexed by
{2,...,n}x{2,...,n}. Since R C {2,...,n}x{2,...,n}, wehavealocus S,_; (R) c Fr=Dx(n=1)
and a graded orbit harmonics quotient R(S,_;(R)) of S. Multiplication by the variable x| gives
an S-module homomorphism xp1- (=) S — 8.

Lemma 3.10. Letn > 2 and R € {(2,2),(3,3),...,(n,n)}. Multiplication by x1, induces an
injection of S-modules
x1,1-(=)
R(S,-1(R)) ——— R(&,(R)).

Proof. The n X n matrices in the locus S, (R) are obtained from the (n — 1) X (n — 1) in S,_;(R)
by appending the map
A (1)® A (matrix direct sum).

Lemma gives an isomorphism R(S,_;(R)) — R(S,(R)) induced by the inclusion S < .
We have the composite map R(S,-1(R)) — R(S,(R)) — R(S,(R)) given by

x1,1(-)

fHgl(G,-1(R) = f +grl(G,(R) —— xi1 - f + grI(S,(R)).

where the second map is the injection of Lemma [3.9|induced by multiplication by x7 ;. O

4. HILBERT SERIES AND PRESENTATION

Let R C [n] X [n] be a rook placement. The first two goals of this section are to give a generating
set of the defining ideal grI(S,(R)) of R(S,(R)) and exhibit a deletion-contraction short exact
sequence relating the rings R(S,(R)) for varying R. These goals will be achieved simultaneously
using an inductive argument.
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4.1. Ideal generators and a deletion-contraction short exact sequence. Our starting point is a
lower bound for the orbit harmonics ideal gr I(S,,(R)).

Lemma 4.1. Let R C [n] X [n] be a rook placement. We have
4.1) I+ (xij @ (i,]) € R) € grI(S,(R))
as ideals in S.

Proof. Since S,(R) € S, Theorem [I.3]implies I, = grI(S,) C grI(S,(R)). Furthermore, for
any (i, j) € R we have x; ; € I(&,(R)) so that (i, j) € grI(S,(R)). O

The containment of ideals in Lemma [4.1]is not always an equality. For example, if n = 1 and
R = {(1,1)} we have R(&;(R)) = R(D;) = 0 so that grI(5,(R)) = grI(D;) = S whereas
I+ (x11) = (x1,1) € S. Our first main result implies that this is the only case where the containment
in Lemmaf4.T]is not an equality. For 1 < iy, jo < n, we write
(4.2) §U00) = Fx;; : 1 <i,j<n, i #ipand j # jo]
for the subring of § obtained by removing the variables in row ip and column jj. If R is a rook
placement on the board [n— 1] x [n—1], let R(S,_ (R)) /) be the orbit harmonics quotient of the
ring S(0-J0) obtained by regarding R as a rook placement on {1, ...,7,...,n} X{1,..., jo,...,n}.
Theorem 4.2. Let R C [n] X [n] be a rook placement.

(1) Suppose n > 2, the rook placement R is nonempty, and let (iy, jo) € R be a rook. Let
R\ (i0, jo) be the deletion and R/ (io, jo) be the contraction. We have a short exact sequence
of SU0-10) -modules

.. in. 7 12 ..
0 — R(S,-1 (R/(i0, jo)) " — R(S,(R \ (iv, jo))) — R(&,(R)) — 0.
Here ¢ : R(S,_1(R/(io, jo)))/0) — R(S,(R\ (i, jo))) is induced by multiplication by
Xjg,jo and 7 : R(S, (R \ (io, jo))) — R(S,(R)) is the canonical projection.
(2) Forn # 1 or when R = @, the ideal gr1(S,(R)) C S is given by
grl(Su(R)) =1+ (xi; : (i, ]) €R).
Whenn =1and R = {(1,1)} we have grI(S;(R)) = grI(D;) = S.
Proof. We establish both (1) and (2) simultaneously by induction on n and |R|. The relevant base
cases are determined by the hypotheses of Lemma (3.10
When R = @, the ideal presentation (2) holds by Theorem|[I.3] Whenn = 1 and R = {(1,1)} we
have S1(R) = D; = @ so that grI(S;(R)) = S and (2) holds, as well. When n = 2, one quickly
checks that
2 R=0
1 R+
so that dimg S/(I> + (x;; : (i,7) € R)) = |S2(R)] in either case and (2) holds by Lemma [4.1]
When n = 2 and |R| = 1, the sequence of maps in (1) is isomorphic to

(4.4) 0—F 2 Bl /() <™ Rlx]/(x) — 0

which is exact. When n = 2 and |R| = 2, the sequence of maps in (1) is

(4.3) mmwﬂb+mJ:@ﬁeﬂ»:{

(4.5) 050oF -2, F0

which is also exact.
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Let n > 3 and let R C [n[X[n] be a nonempty rook placement with (i, jo) € R. Inductively
assume that (2) holds for all (n’, R") with n’ < n and all (n, R”) with |R”| < |R|. In particular, since
n > 3 we have

(4.6) R(G,-1(R/(ig, jo))) 00 = o) j (100} 4 (x, 2 (i, ) € R/ (ios Jo))
and also
4.7) R(S,(R\ (i, j0))) = S/(In + (xij = (is ) € R\ (io» jo))-

Lemma yields an injection of S(0-/0)-modules

o X ()
(4.8) ¢ : R(G,-1(R/ (o, jo))) 70 —2— R(S,(R\ (0, j0)))

induced by multiplication by x;, ;,. The containment of loci &,(R) C S,(R \ (io, jo)) gives rise to
a canonical surjection

(4.9) 71 R(Sy(R\ (io. jo))) — R(G,(R)).

Lemmai.1|gives the containment of ideals

(4.10) I+ (xij 2 (i,]) €R) € grI(S,(R)).

Since (io, jo) € R we have x;, j, € ker(r) so that 7 o ¢ = 0 and we have a complex

1D 0= R(Sum1(R/ (0. jo) 7 = R(S,(R \ (io. o)) = R(G,(R)) — 0
which is exact on the left and on the right. Since dimg R(Z) = |Z| for any locus Z and
(4.12) 1Sn(R\ (0, jo))| = 1S5-1(R/ (o, jo)))| + |Sn(R)],

the complex (@.11) is in fact a short exact sequence and (1) is established for n, R, and (i, jo). Since
(4.T1) is exact and ¢ is induced by multiplication by x;, j,, the defining ideal of R(S,,(R)) is given
by

(4.13) grl(S,(R)) = grl(Sa(R\ (i0, jo))) + (Xig.jo) = In + (xij = (i, /) € R)

where the second equality used (4.7). This proves (2) for (n, R). O

For B8 C [n] X [n], recall that S,,(8B) is the locus of n X n permutation matrices which avoid 8.
We pose the following problem.

Problem 4.3. For B C [n] X [n], give an explicit set of generators of the defining ideal gr I(S,(B))
of R(G,(8)).

The argument of Lemma shows that I, + (x;; : (i,j) € B) € grl(S,(8B)), but this
containment is often proper. For example, whenn = 3 and 8 = {(1,2), (1, 3)} one has |S3(8)| = 2
but dimg S/ (I3 + (X1’2,X1,3)) = 3.

A conjectural solution to Problem is as follows. Given B C [n] X [n], call a subset
I C [n] X [n] B-inadmissible if there does not exist w € S,, such that

I c{@,w@) : 1<i<n}C([n]x][n])\S8.
We have the monomial x; = []; j)es Xi ;. Define an ideal Jg C S by

(4.14) Jg :=1,+ (xy : I C [n] X [n]is B-inadmissible).
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In particular, if (i, j) ¢ B then x; ; is a generator of Jg. Also, if there does not exist w € &, whose
graph does not meet B, then 7 = @ is inadmissible and Jg = S. Limited computational evidence
suggests that

(4.15) Jg = grl(S,(8)) as ideals in S.
Since x; € I(S,,(8)) for any inadmissible 7 C [n] X [n], we have Jg C grI(S,(B)).

4.2. Foata and Hilbert. Recall that the Foata transformation ¥ : S, - S, 1s (in our somewhat
nonstandard convention) given by letting ¥ (w) € &, be the permutation obtained from w by the
following procedure.

(1) Write the cycles of w starting with their smallest elements, and in decreasing order of
smallest elements from left-to-right.
(2) Erase the parentheses and interpret the result as the one-line notation of ¥(w) € S,,.

For example, we have
¥Y:(4,7,5)(2)(1,3,6) — [4,7,5,2,1,3,6].
We give a simple result on how the Foata transformation interacts with fixed points of permutations.
Lemma 4.4. Let 1 <m < nwithn > 1 and suppose w € S, satisfies w(m) = m. We have
lis(¥(w)) = lis(¥(w))

where the length n — 1 sequence ¥ (w) is obtained from the length n sequence ¥ (w) by erasing m
and lis(W(w)) is the length of the longest increasing subsequence of ¥ (w).

In the example above with w = (4,7,5)(2)(1,3,6) € S7 and m = 2, we have
Y(w) =1[4,7,5,2,1,3,6] and ¥(w)=1[4,7,5,1,3,6]

with
lis(P(w)) = lis(P(w)) = 3.

Proof. Write ¥(w) = [ay,...,a,] € S, and suppose a; = m so that ¥(w) = [ay,...,a;,...,d,].

Suppose first that i < n. Since w(m) = m, both a; and a;4 are left-to-right minima in the word
lai,...,a,] with a; > a;4+1. Since a; is a left-to-right minimum, and increasing subsequence of
[ai,...,a,] involving a; must start with a;, and since a; > a;4+ any such increasing subsequence
can be transformed into a new increasing subsequence of the same length by replacing a; with a;41.
In summary, we have

(4.16) lis([a1,...,a,]) =lis([a1,...,ai,...,a,)).

Now suppose i = n. The definition of ¥ and the fact that w(m) = m forces m = 1 and we certainly
have

(4.17) lis([ai,...,a,]) =lis([ay,...,a,-1,1]) =lis([ay, ..., a,-1])

which completes the proof. O

We apply the combinatorial Lemma4.4]together with the short exact sequence in Theorem[4.2](1)
to derive the Hilbert series of R(D,,).
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Theorem 4.5. The Hilbert series of R(D,) is given by

Hilb(R(D,);q) = ). " =¥

weD,

where ¥ : &, —> &, is the Foata transformation.

Proof. The theorem is easily checked for n = 0, 1, so we assume n > 1. Let ©,,,, € S, be the set
of permutations

(4.18) Sumi={we S, : w(i) #ifori>m}.

In particular, we have S, , = S, and S, o = D,. We have S,,,, = S,(R) where
R ={(,i) : m<i<n}.

Theorem [I.3]implies that for m = n one has

(4.19) Hilb(R(S,,,); q) = Hilb(R(S,); q) = Z g lis0)

wes,

Suppose 0 < m < n. Theorem[4.2] (1) gives a short exact sequence
(420) 0— R(en—l,m) - R(gn,m+l) - R(en,m) — 0

where the first map is homogeneous of degree 1 and the second map is homogeneous of degree O.
We have the chain of equalities

(4.21) Hilb(R(S,,n); q) = Hilb(R(Sym+1): q) — ¢ - Hilb(R(Sy-1,m); q)
(422) — Z qn—lis(‘l’(w)) -q- Z qn—l—lis(‘l‘(w))
Ween,m-H Ween—l,m
(423) — Z qn—lis(‘l’(w)) _ Z qn—lis(‘l‘(w))
Ween,m-ﬂ Wegn—l,m
(424) — Z qn—lis(‘{’(w)) _ Z qn—lis(‘l’(w))
Ween,m+1 Ween,m+l
w(m+1)=m+1
(4.25) = Y g,
weS, m

The first equality records the exactness and degree properties of (4.20). The second equality is
by upward induction on n and downward induction on m (with the base case on m handled by
Equation (.19)) and the fact that ¥ : S,,_; — &,,_; is a bijection). The third equality is absorption.
The fourth equality is Lemma4.4{ The fifth equality is subtraction. Taking m = 0 completes the
proof. O

The above proof and (S, X S,))-equivariance give the stronger statement

(4.26) Hilb(R(S,(R)); q) = Z g lis(Fow)

weS, m
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whenever R C [n] X [n] is a rook placement with |[R| = n — m. When n = 4, one has the following
data
w e D, Y(w) [lis(W(w)) |n-Ilis(P(w))
(1,2,3,4) 0
(1,3,2,4)
(1,2,4,3)
(1,3,4,2)
(1,4,2,3)
(1,4,3,2)
(3,4)(1,2)
(2,4)(1,3)
(2,3)(1,4)

so that Theorem [4.5] gives

-
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Hilb(R(D,); q) = 1 + 5¢ + 3¢°.

5. MODULE STRUCTURE

In this section we calculate the graded &,-module structure of R(D,). As with the Hilbert series
of R(D,), this will be achieved by considering related quotient rings over submatrices of X,x,
relating these quotient rings via exact sequences, and applying induction. The short exact sequence
in Theorem[4.2] (1) and the mapping cone result of Theorem 2.4 will play major roles. We begin by
setting up our notation.

5.1. Some algebraic notation. Let K C [n]. We define
(5.1) S® =Flx;; : 1<i,j<n i,j¢K|CS

to be the subalgebra of S generated by variables x; ; for which i, j ¢ K. The ring S®) carries a
graded action of the subgroup S,j_x € S, by w - x; ; := Xy (i),w(j)- We write I,Y_(]){ c S for the
ideal with the same generating set as in Definition but over the (n — k) X (n — k) matrix of
variables generating SK). We write

(5.2) R(G,-)" := s/

for the corresponding copy of the quotient ring R(S,,_;). The ring R(S,_;)®) carries a graded
action of S,_k.

We will need to relate the quotient rings R(S,_) %) to one another. This will be done using the
following maps.

Lemma 5.1. Suppose K C [n] satisfies |K| = k and let i € K. Multiplication by x;; induces a
S®) _module homomorphism

¢ 1 R(S,-0)®) — R(S,_p41) &
I(K—i)

o_ir1- The homomorphism ¢ is homogeneous of degree 1.

givenby ¢ : [ + Ilglf])( =X f+
Proof. One checks on generators that Ir(ll_(,)( is annihilated by the composition
(5.3) S T2 gD S R(Gypr) K

where the first map is multiplication by x; ; and the second is the canonical projection. O
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Let U = F" be the n-dimensional F-vector space with distinguished basis
5.4) U:=F-{e,...,e,}.

Let AU = @Z:o AK U be the free exterior algebra over U. The vector space AX U has basis
{ex : K C [n], |K| = k} where

(5.5) ex =e;, A---ANe;, forK ={ij <---<ip}.

We put a graded structure on the tensor product

(5.6) se(\U) = P s-e

Kc|[n]
by setting
(5.7) deg(x;;) =1 and deg(e;) =0
forall 1 <i,j < n. The rules
(5.8) WX = Xy(i)w() and  w-e; 1= e, weG, 1<i,j<n)

give S ® (/\ U) the structure of a graded S,-module. The action of S,, on the given direct sum
decomposition of S ® (/A U) is determined by

(5.9 w - (S . eK) =S €y (K) (W €S, KC [I’l])

where w(K) = {w(k) : k € K}.
For any 0 < k < n, consider the linear subspace of S ® (/A U) given by
(5.10) P s® -excse(/\U)

|K|=k

where the direct sum is over k-element subsets K C [n]. One can check that @| K|=k SK) . exisa
graded subspace of S ® (/\ U) which is closed under the action of &S,,. We have a further graded
subspace

(5.11) Dl -excPs®-excse(/\U)

|K|=k |K|=k
. . Y K) . i .
and the generating set of Deﬁn1t1on1mphes that @| Kj=k Lo_x - €k 1s also S, -stable. We write

@ Kl=k S(K) - eg
= 5 T = DREGDN e
Diki=k Lok €6 1K1k

for the corresponding graded quotient module. The graded &,-structure of Vj is as follows.

(5.12) Vi :

Lemma 5.2. We have an identification of graded S,-modules

(5.13) V= Indg"_kxek(R((Sn_k) ®r signg, )

n

where signg, is the I-dimensional sign representation of Sy in degree 0 and the graded (&, X
Sy—r)-module R(S,,_y) is regarded as a graded S,,_;, module via the diagonal embedding

A 6n—k - en—k X 6n—k
given by A(w) = (w,w).
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Proof. The induction Indé:_kxek(R(en-k) ®F signg, ) is given by

(5.14) Indgj_kxek (R(S,-x) ®F signg,) = F[S,] ®F[s,_xc,] (R(Sy-) ®r signg, )
(5.15) = D RG-)® -ex
|K|=k
where for K C [n] with |K| = k, we have w - ex = sign(w) - eg for all w € k. O

The module structure of R(D,,) will be an alternating graded sum of the Vj. To set up the proper
inductive structure, we generalize (5.12) slightly. Given T C [n], write

(5.16) Anr = R(S,(Rr)) where Ry = {(t,) : t € T}.

In particular, we have

(5.17) Ann] = R(Dy).

We set

(5.18) Cat(T) = (D R(S,) ™ - ex.
KCT
|K|=k

In the case T = [n] we have

(5.19) Coi([n]) = V.

The A, r are related by the following short exact sequences.

Lemma 5.3. Letn > 2, letT C [n] and let ty € T. Regard A,_\ -4, as a quotient of
SW =Flx;; : 1<i,j<n, i,j# 1]

in the natural way. We have a short exact sequence

(5.20) 0= Api 7ty —= ATty — A — 0

where ¢ is induced by multiplication by x,, ,, and m is the canonical projection.

At n = 1, the sequence in Lemma/[5.3|becomes

2
0 ) Alg

Ay — 0

0 F F 0 0

which is not exact.

Proof. This is the short exact sequence of Theorem|.2] (1) where R = Ry = {(¢,7) : t € T} and
(i0, jo) = (t0, 10). O
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5.2. Mapping cones and resolutions. We show that the C, x (T') assemble into exact sequences
which give resolutions of the A, r. These sequences take a slightly different form depending on
whether T is a proper subset of [n]. We handle the case of proper subsets T C [n] first.

Lemma 5.4. Suppose T C [n] is a proper subset of [n]. We have an exact sequence of F-vector

spaces
Ir| o )
0— Cn,|T|(T) > Cn,l(T) > Cn,O(T) > An,T —0

where the differentials 0y : Cy i (T) — Cpx—1(T) are given by
k
Ok : Z fk -ex — Z(_l)s_lxis,is - fx - ex—i,

KCT s=1
|K|=k

where K = {iy < --- < iy} € T and k > 0. The final differential dy : C,o(T) — Apnr is the
canonical projection

3 :R(S,) @ - ey =R(S,) » A,r.

Observe that the maps d; are homogeneous degree 1 for k£ > 0 and that dy is homogeneous of
degree 0. We will also use the mapping cone result of Theorem [2.4] together with the short exact
sequence Lemma|[5.3in the following proof.

Proof. We use upward induction on |T'| and downward induction on n. If T = @ is empty, we have
A, = R(&,) and the sequence in question is simply

do

0 Cn,O(g)

R(G,)

An,@ 0

0 id.

R(G,)

0

which is certainly exact. If n = 1, since T is a proper subset we must have 7 = @ and we are reduced
to the same exact sequence.

Suppose T is a proper and nonempty subset of [#]. In particular, we have n > 1. Let ¢y = max(T)
be the largest element of 7. Lemma [5.3] gives a short exact sequence

(521) 0 - An—l,T—l‘() - Al’l,T—l() - An,T - 0
where A,,_1 7-;, is regarded in the (n — 1) X (n — 1) matrix of variables
(5.22) X = ()C,"j 1 <i,j<n, i,j#t).

The first map A,-1,7-1, — An1-1, 1S induced by multiplication by x;, ,,. Since T — t( is a proper
subset of [n] — f¢, by induction we have exact sequences of F-vector spaces

(5.23) 0> Coyr-1(T —10) = -+ = Cyp1,1(T = 10) = Cu10(T —10) = Ap-1.7-19 — 0
and

(5.24) 0= Cor-1(T =t9) = -+ = Cp 1 (T = t9) = Cpo(T —t9) = Apr—sy — 0

with differentials as described in the statement of the lemma. In the top exact sequence (5.23)) one
has

(5.25) Cpo1 4 (T —19) = @ R(@n_k_l)(K) -ex with R(@n_k_l)(K) in the variable set X.

KCT—-ty
|K|=k
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Applying Lemmas[5.1]and [5.3| gives a chain map f, from the top complex (5.23)) to the bottom
complex (5.24) whose components

Cn—l,k(T - tO) - Cn,k (T - tO) An—l,T—to - An,T—to
f'eK}_)xto,lo'f'eK foto,lo'f
are induced by multiplication by x;, ;,. Consider the mapping cone Cone( f,) of f. with chain groups
(5.26) Cone(fo)x = Cok (T —10) ® Cp—1 k-1 (T — t0) =r Cp 1 (T)

where the vector space isomorphism C,, 4 (T — t9) ® Cp—1 -1 (T — t9) = C, x(T) identifies

(5.27) (p-ex,q-eg) & —p-ex—(-1)*-q-er Ae,

for all size k subsets K C T — 1, all size k — 1 subsets R C T —tgp, all p € R(Sn_k)(K), and all
g € R(S,_x_1)"®. The unusual signs in (5.27) will be important momentarily.
Theorem [2.4] and the short exact sequence (5.21) give an exact sequence of F-vector spaces

(5.28) (Cone(fe) = Apr — 0) = (0 = G ((T) — -+ = C 1 (T) = Cpo(T) — Apr — 0).

Let us examine the differentials of (5.28)). Suppose first that k£ > 1. Thanks to our strategic choice
of signs in (5.27), for R = {i; < --- <ix_1} C T — tg, the differential dj of Cone(f,) satisfies

k-1
di(0,q -egr) = |¢q *Xitg.t0 T €Ry> — Z(—l)s_lq * Xig,ig * €R—ig
s=1

which translates to
k-1
(=D di(q - er Aey) = =(g - Xigs) - er + (=D D (=1)"" (g x1,1) - eri, Mgy
s=1

or
k-1

di(g-er Ae) = (=1 g xiy s - e + D (=1 (pxi i) - ek Al
s=1
This coincides with the differential 9y : C, x(T) — Cpx-1(T) in the lemma since 79 = max(T).
Similarly, for K = {i; <--- <iy} € T —to one has

k
di(p-ex,0) = [ > (1) (p - xi,1,) - €k, 0

s=1

which translates to
k
di(=p-ex) == Y (=1 (p - xi.4,) - exi,.
s=1

This again agrees with the differential 0y : C, x(T) — C,t-1(T) in the lemma. At k = 0, the
identification dy = 9, of differentials is immediate from Theorem and the proof of the lemma is
complete. O

We would like an exact sequence resolving A, [, = R(&,). Unfortunately, the proof of the base
case in Lemma 5.4]breaks down when 7' = [n] and the conclusion of Lemma 5.4 fails when T = [n].
In order to adjust Lemma[5.4] to apply to the case T = [n], we will need a simple result on the ring
R(S,).

Lemma 5.5. Inside the ring R(S,) we have x11 = x2.
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Proof. This follows from the relations x1 1 + x;2 = 0 and x; 2 + x22 = 0. m]
The T = [n] version of Lemma/5.4reads as follows.

Lemma 5.6. For any n > 0 we have an exact sequence of F-vector spaces

0= Con([n]) 5 -+ 25 Cor([n]) 25 Coo([n]) 25 Ay — 0

where . ..

e for 0 < k < n, the differential 0y : C, x([n]) — Cyix-1([n]) is the degree 1 map defined in

Lemma
o the differential 0y : Cno([n]) — Ay [ the degree O map defined in Lemma and
e the top differential 0, : Cy, ,([n]) — Cpn-1([n]) is the degree 0 map

n
8,,:f-e1/\-~~/\en|—>Z(—1)p_1f~el/\--~/\é;,/\--~/\en
p=1

forall f € R(Sy)" = F.
The exact sequence of Lemma[5.6| may be rewritten as

On 0 0 o
(5.29) 0oV, 2 5V - Vo — R(D,) >0

using the identifications C,, x([n]) = Vi and A,, [,) = R(D,,). Lemmatherefore gives the graded
character of R(D,,) as a graded alternating sum of the graded characters of the V.

Proof. We induct on n, treating two base cases n = 0 and n = 1 separately. When n = 0, the
sequence in question is

do
0 Co,0(2) Ao 0
id.
0 F F 0
which is exact. When n = 1, the sequence is
61 5()
0 Cra({1}) Cio({1}) A1y 0
0 F F 0 0

which is also exact.
Suppose n > 1. Lemma 5.3]yields a short exact sequence

(5.30) 0— Apt[n-1] = Ann-1] = Anfn] = 0

where the map A,,_1 [,-1] = A, [»—1] 18 induced by multiplication by x, ,. We inductively have an
exact sequence

(531) 0— Cn—l,n—l([n - 1]) — Cn—l,l([n - 1]) - Cn—l,O([n - 1]) - An—l,[n—l] — 0
resolving A,_1 [,—1]. Since [n — 1] € [n], Lemma gives an exact sequence
(532) 0— Cn,n—l([n - 1]) — Cn,l([n - 1]) - CnO([n - 1]) - An,[n—l] — 0



30 YUPENG LI, JASPER LIU, AND BRENDON RHOADES
resolving A, [,-1].
We claim that the degree 1 maps coming from Lemma[5.1]
Co-1ik([n=1]) = Cpi([n - 1]) (0<k<n-1)
f-ex > xu,- f ek (K C[n-1]and |K| = k)
induced by multiplication by x, , together the degree 1 map in lowest homological degree
An—l,[n—l] - An,[n—l]
o xnn f
and the degree 0 map in highest homological degree
Cn—l,n—l([n - 1]) - Cn,n—l([n - 1])
frep = fepo

assemble to give a chain map f, from the top complex (5.31)) to the bottom complex (5.32)). The
commutativity condition defining chain maps is immediate except in top homological degree where
one has the square of maps

e[”—l] Cn—l,n—l([n - 1]) Cn—l,n—Z([n - 1]) €x

| ]

€[n-1] Cn,n—l([n - 1]) Cn,n—Z([n - 1]) Xnn - €K

(5.33)

where K C [n— 1] satisfies |[K| = n—2. Since R(Sp) = R(S;) = F, the square (5.33) is equivalent
to the square

en-1] ————— YN (1) epoi)-n

@?:_11 F-epp-1)-i €ln-1]-{i}

| | T

1] F-epr) —— @] R(G) M= epy gy Xnn €nl—{in}

€[n-1]

(5.34) Zf-l:_f(—l)i “Xii * €[n]—{in}

so commutativity of (5.34) (and (5.33))) is equivalent to the equation

n-1 n—1
(5.35) Z(—l)’ “Xij €[n]—{in} = Z(—l)’ “Xnn * €[n]—{in}
=1 =1

inside the ring

n—1
(5.36) Crna([n=11) = PRSI - epy giy.
i=1

Since R(G,) =101} js a copy of R(S,) over the variable matrix (xi’i xi’"), Lemmaimplies

n,i n,n

that x;; = x,,., in the ring R(&,) "=} and (5.33)) follows. We conclude that the square (5.33) is
commutative and that f, is a chain map.
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The rest of the proof is similar to that of Lemma|[5.4] Since f, is a chain map, the short exact
sequence (9.30) and Theoremﬂapply to give a resolution Cone(f,) — A, [, — 0. The k' chain
group of Cone( f,) is

(5.37) Cone(fo)k = Cpi([n—1]) & Cor4-1([n = 1]) =r Cui([n])

for 0 < k < n where C,,([n—1]) = Co—i~1([n = 1]) = 0. As in the proof of Lemma [5.4] the
vector space isomorphism in (5.37) identifies

(5.38) (p-ex.q-er) & —p-ex—(=1)‘q-ep Ae,

for all K C [n — 1] with |K| = k,all R C [n— 1] with |R| = k — 1, all p € R(S,_;)X), and all
g € R(S,_;—1)®). Also as in the proof of Lemma the signs in are chosen so that the
differentials dy of Cone( f,) align with the differentials J in the statement of the lemma. The proof
that dy = 9y under the identification (5.38)) is the same as in Lemmal[5.4|for k < n. When k = n, the
map d,, : Cone( f,), — Cone( f,),—1 translates to a map

(539) dn 0o Cn—l,n—l([n - 1]) - Cn,n—l([n - 1]) @ Cn—l,n—Z([n - 1])
given by
n—1 .
(5.40) dy : (0,ep,-1)) &= e[n—]],Z(—l)l “€[p—1]-i | -
i=1
Under the identification (5.38)) this corresponds to the map d,, : Cy, ,([n]) — C,,—1([n]) given by
n .
(5.41) dy: (=1)"-ep_1) Ay > —ep ) — (=1)" - Z(—l)’ “€[n-1]-i N\ €.
i=1
From here it is not difficult to see that d,, = 9, as maps C,,,([n]) — Cpn-1([n]). O

5.3. &,-structure. The group S, acts on D, by conjugation, viz. w - v := wyw~! for w € &, and
v € D,. Write F[D, ] for the corresponding permutation S,,-module.

Proposition 5.7. Let S, act on D, C F¥" by conjugation. For n > 1 we have
S/ + (xl,l, e axn,n)) =R(D,) = F[Dul.
as ungraded S,-modules.

Proof. The identification S/ (1, + (x1.1, ..., %n4)) = R(D,) is Theorem[.2|(2) and the isomorphism
R(D,) = F[D,] is the standard orbit harmonics isomorphism (2.TT]. O

Désarménien—Wachs (up to sign twist) introduced [2] and Reiner—Webb studied [15] the
(nonobviously genuine) &,,-character

. _ n—k . Sy,
(5.42) Yo i= ;)( D" Indg 1

of degree |D,|. The character y, is not that of F[D,,] under the conjugation action. For example,
we have
X3 = yD whereas F[D;] = v® @ y LD,
The authors do not know an interesting graded refinement of y,. The above example shows such a
refinement cannot be a graded quotient of the coordinate ring F[W] of some S,-module W.
We are ready to derive the graded S,,-character of R(D,,). Recall that  is the Kronecker product
on the ring A of symmetric functions.
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Theorem 5.8. The graded Frobenius image of R(D,,) is given by

n—1
erFrob(R(D,);q) = (=1)" - q" " e+ ) (=)f e~ | Do "M (sa % 50)
k=0 Arn—k

where * is the Kronecker product.

Proof. Lemma [5.6]implies that we have an exact sequence of F-vector spaces

On 15, 0 5/
(5.43) 0oV, 5 5V, — Vg — R(D,) >0
where 0, dy are homogeneous of degree 0 and J; is homogeneous of degree 1 for O < k < n. The
explicit formula in Lemma [5.6|shows that dy is an &,-module homomorphism for all 0 < k < n. It
follows that

n—1

(5.44) grFrob(R(D,); q) = (=1)" - ¢" ! - grtFrob(V,,; q) + Z(—q)k - grFrob(Vy; q).
k=0

For 0 < k < n the graded Frobenius image of Vj is given by

(5.45) grFrob(Vy; q) = ey - grFrob(R(S,,-¢); q)

(5.46) e ) "N (saxs)

Arn—k

where the first equality applies Lemma [5.2] and the second equality follows from Theorem [I.3]
Plugging this formula for grFrob(Vy; ¢) into (5.43) yields the result. ]

Reiner and Webb gave [[15]] a topological interpretation of y,. In particular, let P, be the poset on
words aj ... ay over the alphabet [n] without repetition with partial order

by...by<ay...ay & thereexist] <ij<---<i, <kwithb,=aq; forp=1,...,r.

Then P, is the face poset of a regular simplicial complex K, which carries an &,-action and whose
reduced homology is concentrated in top degree. Reiner and Webb showed [15] that y,, is the
character of Hop (K, C). It may be interesting to give a topological interpretation of the resolution

0_>Vn_>vn—l_>"'_)V0_)R(Dn)_>0

of R(D,).

The authors do not know a manifestly Schur-positive formula for grFrob(R(D,,); ¢). Since the
Schur-expansion of Kronecker squares s, * s, is far from understood, it would probably be difficult
to derive such a formula from Theorem [5.8|directly. The first few examples of grFrob(R(D;); q)
are as follows.

n | grFrob(R(D,); q)

1[0

2 52

31gsi11+s3

41 gsonn+ (g +q)s2o+(q*+1) 54

5 GPs11001 +qs2100 + g7 s001 + (¢ + ¢+ q)s3.1.1
+ (g% + q)s32 + q*saq + (g + 1)ss
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6. CONCLUSION

Although we have calculated the Hilbert series and graded module structure of R(D,,), the authors
do not know an explicit basis of this vector space. Unlike the case of R(S,) in [16], the ring
R(D,) does not seem to have nice standard monomial theory. We give a conjectural basis of R(D,,)
involving the patience sorting algorithm.

Letw = [w(1),...,w(n)] € S,. We build a sequence of piles by reading the letters of w from
left to right. Initially there are no piles. Suppose that at step i we read the letter w(i) = a. If there
is a pile whose current top element c satisfies ¢ > a, then place a on top of the leftmost such pile.
In this case we say that a bumps c, and we call the pair (a, ¢) a bump. If no such pile exists, then
we start a new pile consisting only of a on the right. We write Bump(w) for the set of bumps of
w, set bump(w) := |Bump(w)|, and let pile(w) be the number of piles at the end of the algorithm.
Hammersley proved [7] that

(6.1) pile(w) = lis(w).

For example, if w = [4,6,2,5,7, 1,3] € S the patience sorting algorithm proceeds as

@ ~ 4 ~ 4|6 ~ 24|6 ~ 24|56
~ 241567 ~ 124|567 ~ 124|356]|7
In this case we have Bump(w) = {(4,2), (6,5),(2,1),(5,3)} so that bump(w) = 4. We have
pile(w) = 3 and indeed lis(w) = 3.

Let ¥ : S, — G, be the Foata transformation. For any w € &, define the bump monomial
b(w) € S by

(6.2) B(w) := [I Xu(a).c-
(a.c)eBump(‘¥(w))
Since
(6.3) bump(w) + pile(w) = n forallw € S,
the monomial b(w) has degree n — lis(¥(w)). The following conjecture is therefore consistent with

Theorem

Conjecture 6.1. The set {b(w) : w € D, } of bump monomials indexed by derangements descends
to a basis of R(D,,).
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