
 

89 An indented path I
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Is the improper integral convergent

fix six
X

full is continuous on 10 b but undefined at X O

Note fins six 1

By defining flol I
t is continuous on o n

So X o is not a problem

I y sing

A
A z't z't

j d A Azt As At
alternating series with Ajdo as g is

By the alternating series test If dx is convergent

Now Let's evaluate If d
Recall Isinzl is as Im 2 is

We need to use the trick of writing

jp sized Im to e dx
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f has a simple pole at 2 O

T

X S
z 2 0 K

we need to avoid this pole

The
We will let K to

Ce und l OXT s s
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E R e T Il R

clockwise

I ftp.eflzldz fcptlztdztthtizidzt cefk1dzt L flz1dz

ftp.etizidz O

No singularity inside Tail
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Ic Tizide th e

For Z E CK

1 0 as R is

By Jordan's lemma

Je dz 0 as k b

Sea e de If dx

he e dz le dx

Ice e de

e 1 It iz t 4 I
t i t z t ii z t

4 analytic part
principal part

Ace See ei dz Ice de t Ice eiE de

A Ce Joe dz Ice dz JI fei t ie do ai
Z feio

CEo11
On theotherhand e has a removable singularity at E 0

So ek can be extended analytically across Z O

It follows that is bounded on LH El



7 M o s t lei2 IEM for any Hel

I IceeiEIdz I E M tie 0 as f o

timo Ice ei2 dz 0

So fig Ice e dz Ti

I ftp.eflzldz fcpflztdztthtizidzt cefk1dzt L flz1dz

O t.cat idzttItixldxtIcetiadztJFtixidx

Let R n and l O

o f e d Ti

j e d IT

Take the imaginary parts

gq sin d IT
So If si d IT
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In general we have the following theorem for indented paths

The ftz is analytic in o Iz Xt R

Xo is a simple pole of f
Ce i upper semicircle Iz al f clockwise orientation

i

Then

time Icetizidz Hi 1 the

proof Let B 1 tk

Since Xu is a simple pole of f
the principal part of fat X is Txo

f iz II t t I
principal analytic at Xo

f121 IT is analytic in IZ Xol R
Thus the o is bounded in IZ X.IE
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HEI IEM for IZ x Is

I Ice the x dz E M Tif o as f o

EXotfeio O BIce x.dz Ieieiot eeieiei0 do
il B do i 1113
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So Ju th Iz ITB it Kestrel as f o I
E Xo

12M More generally if t has a simple pole at X

then

a Ice f E dz if Restia as f o
EXo

074

The residue of a simple pole Xo is equally distributed

around Xo


