
 

85 and 86 Evaluation of improper integrals I

Def fix is a continuous real function

to fix dx Et him If tixidxdefinedby

Infix dx det m I tixidx kn.is Itixidx

15 fixidx Et Sitixidx t Infixidx
him.in Ftixidxtlim tI.flxidx

consider b and is separately

iv tittandx first I textDx
Cauchy principal value take the limit in a symmetric way

provided these limits exist

EI I 5 x dx and l r I 5 x dx

II x dx toxdx I oxdx
Jfxdx time to xdx khg.IE DME

So I x dx does not exist

p r E xdx tE d
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him R2 Itai 11 k
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RMK If I fixidx exists

then P V JItixidx exists and

f r Lffixidx Iffixidx

RMI It tix is an odd function i.e te x fix
then
a 1 text O

i iv titandx o

RMI If fHI is an even function i e fl X TIX
then

I tix 21 find 21 textdx

p.v.IE fix zjffixidx al.it'xidxK K
provided the limits exist

E.ge Compute If

First is this integral convergent

f 1 1 144,2 as X is
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Recall the P test from Calculus Math 243

IF dx converges it is I
diverge if Pel

So our integral Job yzdx converges

Next let's evaluated it the integrand function is even

If xIdx s.IE xyadx tIEm.J.EitxFdx
CK in

Define Ck Zit Reit t C Eo 11I
Simicircle contour

E R R
Contour R R 2Ct t t C E R R

f Tx
g Simple closed contour Tx Cat E R R

Set f Iz 252 extending x5 to the complex plane

Jp tht da t.at dzt z zgtk Idz
T T 11 x

de DX
compute it by going to 0 I fix DX
residues in 13h as K b
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IfCZ 114225

24112 0 241 0 2 Ii

For K I
Jp fez de ziti Res th

n j Z i

denotedby

tizi 7 F E 7,7
10121 7,2 is analytic and nonzero at i

2 i is a pole of order 2

Ries tea dial z z if

1 fields It

Ica tizi de
claim m Jc fizidz O

For Z E CR H1N1 1 12
It 2213 1212 1 R2 l

T
triangle inequality

Heil e
1
424,2

Sec47 14,1124 del E lengthof CK 17,2 O as R b
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tt x.xstk ldz EId.tt ItixIdx

Jp TH da t.at dzt z zgtk Idz

Letting K b

Iz O t TE thadx

so If yzd IS.Etixidx It

Et compute 55147

Is this integral convergent

fix 1 4 as X b

If tht DX is convergent by the P test

Set the 24

24 11 0

24 I it

z e 1 Tt i 2kt K E Z

z ei ei 314 ei e
Z Zz Zz 4
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Tx a
R I

x x
23 24

I iz THI de Ic tizi dz t J textdx

amputee residue Jp fKidz Ti E felt kzeesz.tk

f z fzz z Zz Z4

Zi Za 23 24 are simple poles I

EEE f El 7 z z 3 Fei

EEE.tk 4 FI Fei

ftp.fczldz ziti ei t ei4T

Ei Et Ei Et Ei
Tl

Estimate For Z E CR 1241117 1214 1 134 1
Hz E 1

1 ca tizidel E 1 Tik 0 as K is
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Combine Let K is in 1

Then
a t.fi dx 2JfFxdx

So If xdx TITI

kM In general when compute I 54 dx
for polynomials with degpix 12 E degGlx

we have the estimate

Ic dz o as K b

sketchofthe proof

Hz Aot a z 1Am2m am40

4121 b t b z Tbnz bn1 0

M 12 E n

171211 n lamtzml lamlkm as k b

191211 n Ibn1124 IbmK as K no

Thus HZ
In 1am Rmn as e is

IIc del e lafnlkm n.TK
E T 1971 Rt o as K n

mhttE l


