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From First Maln Theorem N¢(r, D) < T¢ p(r). The Second Main
Theorem (in the spirit of Nevanlinna-Cartan) is to control T¢ p(r)
in terms of N¢(r, D), or equivalently, to control m¢(r, D) in terms

of Tf7 D ( r ) .
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In 2004 Ru extended the above result to hypersurfaces for
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Theorem (Ru, 2009). Let f : C — X be holo and Zariski dense,
D1, ..., D4 be divisors in general position in X. Assume that
D ~ d;A (A being ample). Then, for V e > 0,
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Theorem (Ru-Vojta, Amer. J. Math., 2020). Let X be a smooth
complex projective variety and let Dy, ..., Dg be effective Cartier
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f : C — X be a holomorphic map with Zariski image. Then, for
every € > 0,

Zﬁ, (L, Dj)me(r,D;) <exc (14 ¢€)Tr 2(r)

j=1
where
dim HO(X, ZN(—mD
B(Z, D) = limsup 2m=1 : (0 ,(V )
W T Ndim HO(X, 2N
In the case when D; ~ A, then 3(D, D;) = 75, where

D =D+ -+ Dq.
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The Basic Theorem. Let X be a complex projective variety and let
L be a line sheaf on X with dim H°(X, £) > 1. Let

St,...,5g € HO(X,L). Let f : C — X be a holomorphic map with
Zariski-dense image. Then, for any € > 0,

o o do .
/0 mfx;&f(f(fe’e))% Zexc (dim HY(X, L) + €) Tr o(r)

where the set J ranges over all subsets of {1,..., g} such that the
sections (sj);jey are linearly independent. Note: The D ~q L is of
m-basis type if D := m#Nm > sc(s), where B is a basis of

HO(X, £®™), where N,, = dim HO(X, £L®™).
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f : C — X be a holomorphic map with Zariski-dense image. Then,
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The proof is using the Basic Theorem by choosing a a suitable

m-basis of HO(X, £™) through a filtration.
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according to this filtration. Notice that for any section
s € H(X, LN(—mD;)), we have (s) > mD;,, so

Vv

/ oo
> () > (Z m[h®(LN (=mDj)) — h°(LN (—(m + 1)Dio))]> D;

m=0

= (i hO(LN(—mD,‘O))> D,'O.
m=1



Hence the m-basis

> Z?nozl ho(LN(_mDio) D; .
= NHO(LN) g
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Hence the m-basis

Z?nozl ho(LN(_mDio) D:
- NRO(LN) o
It then follows from the Basic Theorem. In summary: The proof
is about estimate the order of the m-basis coming from the
filtration, and then apply the basic Theroem.
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Roth's theorem states that every irrational algebraic number «
has approximation exponent equal to 2, i.e.,
Theorem (Roth, 1955). Let « be an algebraic number of

degree> 2. Then, for any given € > 0, we have ’a - B‘ > q21+€ for

q
all, but finitely many, coprime integers p and q.

Roth’s Theorem. k=number field and S=finite set of places on k.
ai,...,aq distinct in P1(k). Then

ZZIog ||X—31||u < (2+ €)h(x)

j=1wveS

holds for V x € P!(k) except for finitely many points.

Denote by
=Y log’
2% Jx—al, a||v

Then 3771 ms(x, aj) Sexc (2+ €)h(x).
The B constant appeared in algebraic and complex geometry



Let L be a big line bundle on X and D an effective divisor.



Let L be a big line bundle on X and D an effective divisor. Define

e Yz H°(LN (=mD))
AL D)= imsee = gy

Theorem (Ru-Vojta, 2020) [Arithmetic Part] Let X be a projective
variety over a number field k, and Dy,..., D, be effective Cartier
divisors intersecting properly on X. Let S C M, be a finite set of
places. Then, for every € > 0, the inequality

q
> B(L Dj)ms(x, Dj) < (14 €)hi(x)

i=1

holds for all k-rational points outside a proper Zariski-closed
subset of X.
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The volume function

One studies the asymptotic behavior HO(X, mL) as m — oo.
Perhaps the most important important asymptotic invariant for a
line bundle (divisor) L is the volume:

10
VoI(L) = lim sup dim A°(X, mL)
M—00 m" /n!
o vol(L)
0 o
h°(mL) = o "4 Oo(m" Y.

Notice that Vol(kL) = k"Vol(L) so the volume function can be
extended to Q-divisors. Also note that Vo/( ) depends only on the
numerical class of L, so it is defined on
NS(X) := Div(X)/Num(X) and extends uniquely to a continuous
function on NS(X)r. The volume function lies at the intersection
of many fields of mathematics and has a variety of interesting
applications (bi-rational geometry, complex geometry, number
theory etc.)
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Recall 5 (LM )
h°(LY(—mD
L, D) := limsup =221
o D)= see = o )
So we can express the above constant through the notion of
Vol(L),

D) = vo/l( 5 /O " Vol(L — tD)dt.

This can be proved by using the theory of Okounkov body.

B(L,
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Let L be a big line bindule on X. An Okounkov body A(L) C R”
(where n = dim X) is a compact convex set designed to study the
asymptotic behavior of HO(X, mL), as m — oo. They have the
crucial property that the Eulidean volume

Vol(A) = limpm o0 dim HZSHX’”’L) = VOL,(L). Here is the detailed
description.  Fix a system z = (zi, . ,Zp) of parameters centered
at a regular closed point £ of X. This defines a real rank-n
valuation ord, : Ox ¢\{0} — N" by

f— ord,(f) := minje{a € N" | a5, # 0}. Let

[m = ord, (H°(X, mL)\{0}) C N"then #T,, = dim H°(X, mL).
Let X be the closed convex cone generated by

{(m,a) € N™*1 | o € T,,}. The Okounkov body of L is

A=¥n({1} xR") CR"
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We can also construct a Okounkov body for a linear series
Vim C HO(X, mL).  Write Vo := @D, Vin. According to
lazarsfeld-Mustata (2009), textcolorbluethe Eucldean volume
Vol(A(V4)) is equal to limpy_yoo m™"dim Vp,.

The Vanishing sum: Given a filtration F (for example

Ft := H°(mL — tD)), consider the jumping numbers
0<am1i<---<amn,, defined by,

amj = ay,; = inf{t € Ry | codimFL, > j} for 1 <j < Nip,.
Define a positive (Duistermaat-Heckman) measure i, = j, on
R4 by pim = % J'-V:'"l Om-1a,, - Then, from Boucksom-Chen
(2011), we have

im g, =

m——4-00

in the weak sense of measures on R, where 1 = (Gy). A,
Gy : A(Ve) = [—00, +0), Gx(x) :=sup{t € R,x € A(V})}.
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K-stablility

The notion of the K-stability of Fano varieties is an
algebro-geometric stability condition originally motivated by studies
of Kahler metrics.  Indeed, as expected, when the base field is the
complex number field, it is recently established that the existence
of positive scalar curvature Kahler-Einstein metrics, i.e., Kahler
metrics with constant Ricci curvature, is actually equivalent to the
algebro-geometric condition “K-stability”, by the works of Tian,
Donaldson, and Chen-Donaldson-Sun. This equivalence had been
known before as the Yau-Tian-Donaldson conjecture (for the case
of Fano varieties). An important problem in algebraic geometry is
to find a simple criterion to test the K-stability of the variety X.
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B(—Kx, D) < 1 (resp. S(—Kx, D) < 1) for any nonzero effective
divisors on X.  After the Annals paper (2014) by C. Xu and C. Li
entitled " Special test configuration and K-stablity of Fano
varieties”, Fujita and C. Li independently proved that it is indeed
an equivalence condition if one goes to the birational model, i.e.
The Q-fano varietie X is K-(semi) stable if and only if

B({Xéf)E) > 1 for any prime divisors E over X (i.e. E is a prime
divisor on a birational model 7 : X — X), where
Ax(E) := 1+ orde(Ky/x) and is called the log discrepancy. X is

said to have klt singularities if Ax(E) > 0 for all prime divisors
over X. We call §(L) = infg ;\(XT(EE)) the stability threshold. So X

is K-(semi) stable iff 6(—Kx) > 1.
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Blum-Jonsson used m-basis type to describe the stability threshold
0(L): they proved (L) = lim (L), where

Im(L) == inf{lct(D) | D ~q L of m-basis type}. (through m-basis).
Algebraic geometry definition of “log canonical threshold”:

lct(D) = mEin o/rAcﬁ:—((ED))’

where the minimal is taken over all primes E over X.
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filtration It = HO(X, mL — tE), t > 0 of H°(X, mL). The m-basis
is D := %M > <cg(5). Notice that, for any

s € W, := HO(X, mL — tE), ordg(s) > t, so ordg(D) =

1 1 (o
W ZOFCIE(S) > W (Z t(dlm Wt —dim Wt+]_)>

seB t=0

1 o0
=—— (D dim Wt> — B(L,E) as m — 0.
mNm (t—l

Indeed: Sn(L, E) := inf{lct(D) | D ~q L of m-basis type}
= maxs N%, ZJN:ml orde(sj), where the maximum is over all bases

St, .-, Sn,, of HO(X,mL), so 6m(L) — §(L) := infg Q(XL(E;
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effective divisor D, 6(L) < m/ct(D). Note: In stability part,
one is concerned about the lower bound of §(L) (in the Fano case
we need 6(—Kx) > 1), and in Nevanlinna theory, we basically try
to find the upper bound of §(L). So they are just opposite,
although concepts and some methods are similar.  With the
filtration in Ru-Vojta, we can prove that

Theorem.

1
o(L) <
( ) T Mmaxi<i<q ,B(D,', L)
for any divisor D = Dy + - - - + Dg with Dy, ..., Dy are in general
position on X. Ru-Vojta theorem is just above result plus the
Basic Theorem.

lct(D),
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Three interesting constants

Let L be ample, we define
@ Seshadri constant €(L, D)):

€(L,D) =sup{y € Q: L — D is nef}.

T(L,D) =sup{y € Q: L—D is effective or pseudo-effective}.

@ Then we have (Blum-Jonsson) ¢(L, D) < T(L,D) and

1 T(L,D) < B(L,D) < T(L,D).

e Furthermore, a(L) = infg %. This gives (B) (as above)

a(L) < 8(L) < (n+ 1)a(L).



