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Preface

This book provides the necessary foundation for students interested in any
of the diverse areas of mathematics which require the notion of a differentiable
manifold. Itis designed as a beginning graduate-level textbook and presumes
a good undergraduate training in algebra and analysis plus some knowledge
of point set topology, covering spaces, and the fundamental group. It is
also intended for use as a reference book since it includes a number of items
which are difficult to ferret out of the literature, in particular, thecompleteand
self-contained proofs of the fundamental theorems of Hodge and de Rham.

The core material is contained in Chapters 1, 2, and 4. This includes
differentiable manifolds, tangent vectors, submanifolds, implicit function
theorems, vector fields, distributions and the Frobenius theorem, differential
forms, integration, Stokes’ theorem, and de Rham cohomology.

Chapter 3 treats the foundations of Lie group theory, including the
relationship between Lie groups and their Lie algebras, the exponential
map, the adjoint representation, and the closed subgroup theorem. Many
examples are given, and many properties of the classical groups are derived.
The chapter concludes with a discussion of homogeneous manifolds. The
standard reference for Lie group theory for over two decades has been
Chevalley’s Theory of Lie Groups, to which I am greatly indebted.

For the de Rham theorem, which is the main goal of Chapter 5, axiomatic
sheaf cohomology theory is developed. In addition to a proof of the strong
form of the de Rham theorem—the de Rham homomorphism given by
integration is a ring isomorphism from the de Rham cohomology ring to the
differentiable singular cohomology ring—it is proved that there are canonical
isomorphisms of all the classical cohomology theories on manifolds. The
pertinent parts of all these theories are developed in the text. The approach
which I have followed for axiomatic sheaf cohomology is due to H. Cartan,
who gave an exposition in his Séminaire 1950/1951.

For the Hodge theorem, a complete treatment of the local theory of
elliptic operators is presented in Chapter 6, using Fourier series as the basic
tool. Only a slight acquaintance with Hilbert spaces is presumed.
I wish to thank Jerry Kazdan, who spent a large portion of the
summer of 1969 educating me to the whys and wherefores of inequalities
and who provided considerable assistance with the preparation of this chapter.
I also benefited from notes on lectures by J. J. Kohn and Stephen Andrea,
from several papers of Louis Nirenberg, and from Partial Differential
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Preface  vi

Equations by Bers, John, and Schechter, which the reader might wish to
consult for further references to the literature.

At the end of each chapter is a set of exercises. These are an integral
part of the text. Often where a claim in a chapter has been left to the reader,
there is a reminder in the Exercises that the reader should provide a proof
of the claim. Some exercises are routine and test general understanding
of the chapter. Many present significant extensions of the text. In some
cases the exercises contain major theorems. Two notable examples are
properties of the eigenfunctions of the Laplacian and the Peter-Weyl theorem,
which are developed in the Exercises for Chapter 6. Hints are provided for
many of the difficult exercises.

There are a few notable omissions in the text. I have not treated complex
manifolds, although the sheaf theory developed in Chapter 5 will provide
the reader with one of the basic tools for the study of complex manifolds.
Neither have I treated infinite dimensional manifolds, for which I refer the
reader to Lang’s Introduction to Differentiable Manifolds, nor Sard’s theorem
and imbedding theorems, which the reader can find in Sternberg’s Lectures
on Differential Geometry.

Several possible courses can be based on this text. Typical one-semester
courses would cover the core material of Chapters 1, 2, and 4, and then
either Chapter 3 or 5 or 6, depending on the interests of the class. The
entire text can be covered in a one-year course.

Students who wish to continue with further study in differential geometry
should consult such advanced texts as Differential Geometry and Symmetric
Spaces by Helgason, Geometry of Manifolds by Bishop and Crittenden, and
Foundations of Differential Geometry (2 vols.) by Kobayashi and Nomizu.

I am happy to express my gratitude to Professor I. M. Singer, from whom
I learned much of the material in this book and whose courses have always
generated a great excitement and enthusiasm for the subject.

Many people generously devoted considerable time and effort to reading
early versions of the manuscript and making many corrections and helpful
suggestions. I particularly wish to thank Manfredo do Carmo, Jerry Kazdan,
Stuart Newberger, Marc Rieffel, John Thorpe, Nolan Wallach, Hung-Hsi Wu,
and the students in my classes at the University of California at Berkeley and
at the University of Pennsylvania. My special thanks to Jeanne Robinson,
Marian Griffiths, and Mary Ann Hipple for their excellent job of typing, and
to Nat Weintraub of Scott, Foresman and Company for his cooperation and
excellent guidance and assistance in the final preparation of the manuscript.

Frank Warner



Prefface to the SpringerBdition

This Springer edition is a reproduction of the original Scott, Foresman
printing with the exception that the few mathematical and typographical
errors of which 1 am aware have been corrected. A few additional titles
have been added to the bibliography.

I am especially grateful to all those colleagues who wrote concerning
their experiences with the original edition. I received many fine suggestions
for improvements and extensions of the text and for some time debated the
possibility of writing an entirely new second edition. However, many of the
extensions I contemplated are easily accessible in a number of excellent
sources. Also, quite a few colleagues urged that I leave the text as it is.
Thus it is reprinted here basically unchanged. In particular, all of the
numbering and page references remain the same for the benefit of those
who have made specific references to this text in other publications.

In the past decade there have been remarkable advances in the applications
of analysis—especially the theory of elliptic partial differential equations, to
geometry—and in the application of geometry, especially the theory of
connections on principle fiber bundles, to physics. Some references to these
exciting developments as well as several excellent treatments of topics in
differential and Riemannian geometry, which students might wish to consult
in conjunction with or subsequent to this text, have been included in the
bibliography.

Finally, I want to thank Springer for encouraging me to republish this
text in the Graduate Texts in Mathematics series. I am delighted that it
has now come to pass.

Philadelphia, Pennsylvania Frank Warner
October, 1983
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After establishing some notational conventions which will be used throughout
the book, we will begin with the notion of a differentiable manifold. These
are spaces which are locally like Euclidean space and which have enough
structure so that the basic concepts of calculus can be carried over. In this
first chapter we shall primarily be concerned with the analogs and implications
for manifolds of the fundamental theorems of differential calculus. Later,
in Chapter 4, we shall consider the theory of integration on manifolds.

From the notion of directional derivative in Euclidean space we will
obtain the notion of a tangent vector to a differentiable manifold. We will
study mappings between manifolds and the effect that mappings have on
tangent vectors. We will investigate the implications for mappings of
manifolds of the classical inverse and implicit function theorems. We will
see that the fundamental existence and uniqueness theorems for ordinary
differential equations translate into existence and uniqueness statements for
integral curves of vector fields. The chapter closes with the Frobenius
theorem, which pertains to the existence and uniqueness of integral manifolds
of involutive distributions on manifolds.

PRELIMINARIES

1.1 Some Basic Notation and Terminology = Throughout this text we
will describe sets either by listings of their elements, for example

{a,,...,a,},
or by expressions of the form
{x: P},

which denote the set of all x satisfying property P. The expression a € 4
means that a is an element of the set A. If a set A is a subset of a set B (that
is, a € B whenever a € 4), we write A € B. If A < B and B < A, then 4
equals B, denoted 4 = B. The negations of €, < and = are denoted by ¢,
¢, and » respectively. A set A4 is a proper subset of Bif A < Bbut 4 % B.

2



Preliminaries 3

We will denote the empty set by @. We will often denote a collection
{U,: « € 4} of sets U, indexed by the set 4 simply by {U,} if explicit mention
of the index set is not necessary. The union of the sets in the collection

{U,: ae 4} will be denoted | U, or simply |J U,. Similarly, their
acd
intersection will be denoted (N U, or simply N U,.
aed

U U, = {a: a belongs to some U,}.
aed

N U, = {a: a belongs to every U,}.
acd

The expression f: 4 — B means that fis a mapping of the set 4 into the
set B. When describing a mapping by describing its effect on individual
elements, we use the special arrow ~; thus “the mapping m > f(m) of 4
into B’ means that f'is a mapping of the set 4 into the set B taking the element
m of A into the element f(m) of B. If U < A, then f| U denotes the restriction
of fto U, and f(U) ={be B: f(a) = b for some ae U}. If C < B, then
S MC)={acA:f(a)e C}. A mapping [ is one-to-one (also denoted 1:1),
or injective, if whenever a and b are distinct elements of 4, then f(a) # f ().
A mapping f'is onto, or surjective, if f(A) = B.

If f: A— Band g: C — D, then the composition g o f is the map

g S fBNC)—>D
defined by g - f(a) = g(f(a)) for every acf~}(B N C). For notational
convenience, we shall not exclude the case in which (BN C) = g.
That is, given any two mappings f'and g, we shall consider their composition
g o f as being defined, with the understanding that the domain of g o f may
well be the empty set.

The cartesian product A X B of two sets A and B is the set of all pairs
(a,b) of points ac A and beB. If f: A— C and g: B— D, then the
cartesian product f X g of the maps f and g is the map (a, b) — (f(a), g(b))
of A x Binto C X D.

We shall denote the identity map on any set by “id.”

A diagram of maps such as

A
/ \
B——mmC
g
is called commutative if g o f = h.

We shall always use the term function to mean a mapping into the real
numbers.
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Let d > 1 be an integer, and let
Ré% = {a:a=(a,,...,a;) where the g, are real numbers}.

Then [R? is the d-dimensional Euclidean space. In the case d = 1, we denote
the real line R* simply by R. The origin (0, . .., 0) in Euclidean space of
any dimension will be denoted 0. The notations [a,b] and (a,b) denote as
usual the intervals of the real line a <t < b and a < t < b respectively.
The function r;: R% — R defined by

r{a) =a;,
where a = (a, , . .., a;) € R, is called the ith (canonical) coordinate function

on R4, The canonical coordinate function r, on R will be denoted simply
by r. Thus r(a) = a for each a € R. If f: X — R%, then we let

fi=riof,

where f; is called the ith component function of f.
If f: R - R and ¢t € R, then we denote the derivative of f at t by

dr|, dr|, n-o h
fffR*~>R,if1<i<n andif t=(4,...,1t,)€R", then we denote
the partial derivative of f with respect to r; at t by

0 of — limf(tl’ ces bttt Rt t) —f(t)'

or; ,(f) - a—r, ¢ h=0 h

If p € R4, then B,(r) will denote the open ball of radius r about p. The
open ball of radius r about the origin will be denoted simply by B(r). C(r)
will denote the open cube with sides of length 2r about the origin in R4,
That is,

C(r)={(@ay,...,a;)eR? |a,| <rfor alli}.
We shall use C to denote the complex number field and C™ to denote
complex n-space,
Cr={(zy,...,2,):z,€e Cforl <i<nj}.
Unless we indicate otherwise, we shall always use the term neighborhood
in the sense of open neighborhood. If A4 is a subset of a topological space,

its closure will be denoted by 4. If ¢ is a function on a topological space X,
the support of ¢ is the subset of X defined by

supp ¢ = ¢ (R — {0}).
We use the Kronecker index
1, i=j

5;':‘ =

0, i#]J.
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If & = (o , ..., &) is a d-tuple of non-negative integers, then we set
[OL] = zai’
al = log! oyl
and
0* o«

or*  ort-- - 0r,™

If « = (0,...,0), then we let

ad
5;;(f)—f-

DIFFERENTIABLE MANIFOLDS

1.2 Definitions Let U < R? be open, and let f: U— R. We say that
[ is differentiable of class C* on U (or simply that f is C*), for k a non-
negative integer, if the partial derivatives 0f/0r* exist and are continuous on U
for [a] < k. In particular, fis C®if f is continuous. If f: U — R*", then f is
differentiable of class C* if each of the component functions f; = r; o fis C*,
We say that fis C* if it is C* for all k£ > 0.

1.3 Definitions A Jocally Euclidean space M of dimension d is a
Hausdorff topological space M for which each point has a neighborhood
homeomorphic to an open subset of Euclidean space R?. If ¢ is a homeo-
morphism of a connected open set U < M onto an open subset of R,
@ is called a coordinate map, the functions x; = r, o ¢ are called the coordinate
functions, and the pair (U,9) (sometimes denoted by (U, x,,... ,xd)) is
called a coordinate system. A coordinate system (U, ¢) is called a cubic
coordinate system if ¢(U) is an open cube about the origin in R%. If me U
and ¢(m) = 0, then the coordinate system is said to be centered at m.

1.4 Definitions A differentiable structure ¥ of class C* (1 < k < )
on a locally Euclidean space M is a collection of coordinate systems
{(U,, 9,): € A} satisfying the following three properties:

@ UU,=M.

acAd
(b) P,0 @ is C*foralla, f€ A.
(c) The collection # is maximal with respect to (b); that is, if

(U,9) is a coordinate system such that ¢ o ¢,~* and ¢, ¢! are
C* for all « € 4, then (U,9) € F.
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If #,={U,,9,): «€A4} is any collection of coordinate systems
satisfying properties (a) and (b), then there is a unique differentiable struc-
ture & containing &#,. Namely, let

F = {(U,9): ¢o ¢, and ¢, o ¢ are C* for all ¢, € F}.

Then F contains &, clearly satisfies (a), and it is easily checked that #
satisfies (b). Now # is maximal by construction, and so & is a differentiable
structure containing #,. Clearly & is the unique such structure.

We mention two other fundamental types of differentiable structures on
locally Euclidean spaces, types that we shall not treat in this text, namely,
the structure of class C® and the complex analytic structure. For a
differentiable structure of class C®, one requires that the compositions in
(b) are locally given by convergent power series. For a complex analytic
structure on a 2d-dimensional locally Euclidean space, one requires that the
coordinate systems have range in complex d-space C¢ and overlap holo-
morphically.

A d-dimensional differentiable manifold of class C* (similarly C® or complex
analytic) is a pair (M, %) consisting of a d-dimensional, second countable,
locally Euclidean space M together with a differentiable structure & of
class C*. We shall usually denote the differentiable manifold (M, %) simply
by M, with the understanding that when we speak of the “differentiable
manifold M” we are considering the locally Euclidean space M with some
given differentiable structure &#. Our attention will be restricted solely to
the case of class C*, so by differentiable we will always mean differentiable
of class C*. We also use the terminology smooth to indicate differentiability
of class C*. We often refer to differentiable manifolds simply as manifolds,
with differentiability of class C* always implicitly assumed. A manifold
can be viewed as a triple consisting of an underlying point set, a second
countable locally Euclidean topology for this set, and a differentiable
structure. If X is a set, by a manifold structure on X we shall mean a choice
of both a second countable locally Euclidean topology for X and a differ-
entiable structure.

Even though we shall restrict our attention to the C* case, many of our
theorems do, however, have C* versions for k < oo, which are essentially
no more complicated than the ones we shall obtain. They simply require that
one keep track of degrees of differentiability, for differentiating a C* function
may only yield a function of class C*1if 1 < k < oo.

Unless we indicate otherwise, we shall always use M and N to denote
differentiable manifolds, and M* will indicate that M is a manifold of
dimension d.

1.5 Examples

(a) The standard differentiable structure on Euclidean space R is obtained
by taking &# to be the maximal collection (with respect to 1.4(b))
containing (R%,i), where i: R? — [R% is the identity map.



(b)

©

(d)

©

®

(8
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Let V be a finite dimensional real vector space. Then ¥V has a natural
manifold structure. Indeed, if {e,} is a basis of ¥, then the elements of
the dual basis {r;} are the coordinate functions of a global coordinate
system on V. Such a global coordinate system uniquely determines a
differentiabl> structure % on V. This differentiable structure is inde-
pendent of the choice of basis, since different bases give C* overlapping
coordinate systems. In fact, the change of coordinates is given simply
by a constant non-singular matrix.

Complex n-space C" is a real 2n-dimensional vector space, and so,
by Example (b), has a natural structure as a 2n-dimensional real
manifold. If {e;} is the canonical complex basis in which e; is the
n-tuple consisting of zeros except for a 1 in the ith spot, then

{ey,....e,, V—ley,...,v—le,}

is a real basis for C*, and its dual basis is the canonical global
coordinate system on C™.

The d-sphere is the set
d+1
8¢ = {aeRéH1: Y g2 =1}
i=1

Let n=(0,...,0,1) and s=(0,...,0, —1). Then the standard
differentiable structure on S$° is obtained by taking & to be the maximal
collection containing (S* — n, p,) and (S® — s, p,), where p, and p,
are stereographic projections from » and s respectively.

An open subset U of a differentiable manifold (M, % ) is itself a
differentiable manifold with differentiable structure

‘a}-U = {(Ua NU, CPa| u,n U) (Uu ,CPa) G?M}.

Unless specified otherwise, open subsets of differentiable manifolds will
always be given this natural differentiable structure.

The general linear group Gl(n,R) is the set of all » X n non-singular
real matrices. If we identify in the obvious way the points of R** with
n X n real matrices, then the determinant becomes a continuous func-
tion on R*. Gl(n,R) receives a manifold structure as the open subset
of R"* where the determinant function does not vanish.

Product manifolds. Let (M,,#,) and (M,,¥,) be differentiable
manifolds of dimensions d; and d, respectively. Then M; x M,
becomes a differentiable manifold of dimension d; + d, , with differen-
tiable structure & the maximal collection containing

{(Ua X Vp, <P¢ X wﬂ: Ua X Vp_*

[Rds X Rdz): (Ua 7CP¢) e'971 ’ (VB swﬂ) E?z}-
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1.6 Definitions Let U < M be open. We say that /1 U—> R is a
C* function on U (denoted fe C*(V))if fo ¢~ is C* for each coordinate
map ¢ on M. A continuous map y: M — N is said to be differentiable
of class C* (denoted y € C*(M,N) or simply y € C*)if g o y is a C* function
on yp~}(domain of g) for all C* functions g defined on open sets in N.
Equivalently, the continuous map y is C* if and only if g o p o 771 is C* for
each coordinate map ~ on M and ¢ on N.

Clearly the composition of two differentiable maps is again differentiable.
Observe that a mapping y: M — N is C* if and only if for each m € M there
exists an open neighborhood U of m such that ¢ | U is C*.

THE SECOND AXIOM OF COUNTABILITY

The second axiom of countability has many consequences for manifolds.
Among them, manifolds are normal, metrizable, and paracompact. Para-
compactness implies the existence of partitions of unity, an extremely
useful tool for piecing together global functions and structures out of local
ones, and conversely for representing global structures as locally finite
sums of local ones. After giving the necessary definitions, we shall give a
simple direct proof of paracompactness for manifolds, and shall then derive
the existence of partitions of unity. It is evident that manifolds are regular
topological spaces and their normality follows easily from this and the
paracompactness. We shall leave the proof that manifolds are normal as an
exercise. For the fact that manifolds are metrizable, see [13].

1.7 Definitions A collection {U,} of subsets of M is a cover of a set
We Mif We JU,. Itis an open cover if each U, is open. A sub-
collection of the U, which still covers is called a subcover. A refinement
{V}} of the cover {U,} is a cover such that for each § there is an o such that
V< U,. A collection {4,} of subsets of M is locally finite if whenever
m € M there exists a neighborhood W,, of m such that W, N 4, # @ for
only finitely many «. A topological space is paracompact if every open cover
has an open locally finite refinement.

1.8 Definition A partition of unity on M is a collection {¢,: i €I} of
C* functions on M (where I is an arbitrary index set, not assumed
countable) such that

(a) The collection of supports {supp ¢,: i € I} is locally finite.
(b) X op)=1forallpe M, and ¢,(p) >O0forallpe Mandicl.
el

A partition of unity {¢;: i € I} is subordinate to the cover {U,: « € A} if for
each i there exists an « such that supp ¢, = U, . We say that it is subordinate
to the cover {U,: i €I} with the same index set as the partition of unity if
supp ¢; < U, foreach ie I.
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19 Lemma Let X be a topological space which is locally compact
(each point has at least one compact neighborhood), Hausdorff, and second
countable (manifolds, for example). Then X is paracompact. In fact, each
open cover has a countable, locally finite refinement consisting of open sets
with compact closures.

PROOF We prove first that there exists a sequence {G;:i=1,2,...}
of open sets such that
G, is compact,

(1) G, < G,
X =UG:.
i=1

Let {U;:i=1,2,...} be a countable basis of the topology of X
consisting of open sets with compact closures. Such a basis can be
obtained by starting with any countable basis and selecting the sub-
collection consisting of basic sets with compact closures. The fact
that X is Hausdorff and locally compact implies that this subcollection
is itself a basis. Now, let G, = U;. Suppose that

G=UvV---VU.
Ther. letj, ., be the smallest positive integer greater than j, such that

Jr+1

—G_;c < U Ui’
i=1
and define
Tk+1
Grn=U U,
i=1

This defines inductively a sequence {G,} satisfying (1).

-
P
P
-

L
.
[
e e
[ ]

GS Gi—: G{—ll Gi I GH-I.
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Let {U,: « € A} be an arbitrary open cover. The set G, — G, is
compact and contained in the open set G, — G, ,. Foreachi>3
choose a finite subcover of the open cover {U, N (G, — G-
x € A} of G, — G,_, , and choose a finite subcover of the open cover

{U, N Gy: o € A} of the compact set G,. This collection of open sets is
easily seen to be a countable, locally finite refinement of the open cover
{U,}, and consists of open sets with compact closures.

1.10 Lemma There exists a non-negative C® function ¢ on R* which
equals 1 on the closed cube C(1) and zero on the complement of the open cube
C(2).

PROOF We need only let ¢ be the product

) ¢=(hor) - (hory),

where 4 is a non-negative C* function on the real line which is 1 on
[—1,1] and zero outside of (—2,2). To construct such an A, we
start with the function

2 (t) e—l/t t > 0

2 =1, (<0

which is non-negative, C*, and positive for £ > 0. Then the function
f®

€) g(t) = _——"——
fO+f1 -9

is non-negative, C*, and takes the value 1 for # > 1 and the value zero
for t < 0. We obtain the desired function A by setting

4) h(t) = g(t + 2)g(2 — ).

1.11 Theorem (Existence of Partitions of Unity) Let M be a differ-
entiable manifold and {U,: o € A} an open cover of M. Then there exists a
countable partition of unity {@;:i=1,2,3,...} subordinate to the cover
{U,} with supp ¢, compact for each i. If one does not require compact supports,
then there is a partition of unity {¢,} subordinate to the cover {U,} (that is,
supp @, < U,) with at most countably many of the ¢, not identically zero.

PROOF Let the sequence {G,} cover M as in 1.9(1), and set G, = &.
For p € M, let i, be the largest integer such thatpe M — G_,p . Choose
an «,, such that p € U, , and let (V,7) be a coordinate system centered
at p such that V' < v, N (G,-”Jrz - G: ) and such that 7(¥) contains
the closed cube TZ) Define

per onV

1 =
& ¥ =lo elsewhere
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where ¢ is the function 1.10(1). Then yp, is a C* function on M which
has the value 1 on some open neighborhood W, of p, and has compact
support lying in ¥ < U, N (G, 4; — G, ). For each i > 1, choose a
finite set of points p in M whose corresponding W, neighborhoods
cover G; — G,_; . Order the corresponding v, functions in a sequence
v;,J =1,2,3,.... The supports of the y; form a locally finite family
of subsets of M. Thus the function

© »=3v

is a well-defined C* function on M, and moreover y(p) > 0 for each
peM. Foreachi=1,2,3,... define

©) p=2
Y

Then the functions {@;:i=1,2,3,...} form a partition of unity
subordinate to the cover {U,} with supp ¢, compact for each i. If we
let ¢, be identically zero if no ¢; has support in U, , and otherwise let
¢, be the sum of the ¢, with support in U, , then {¢,} is a partition of
unity subordinate to the cover {U,} with at most countably many of the
@, not identically zero. To see that the support of ¢, lies in U,, ob-

serve that if .o/ is a locally finite family of closed sets, then |J 4 = |J 4.
dest et
Observe, however, that the support of ¢, is not necessarily compact.
Corollary Let G be open in M, and let A be closed in M, with A < G.
Then there exists a C® function ¢: M — R such that

@ 0L o(p<LlforallpeM.

() ¢(p)=1ifped

(©) suppe = G.

PROOF There is a partition of unity {¢,p} subordinate to the cover

{G,M — A} of M with supp ¢ < G and suppy < M — 4. Then ¢
is the desired function.

TANGENT VECTORS AND DIFFERENTIALS

1.12 A vector v with components v, , ..., v, at a point p in Euclidean
space R? can be thought of as an operator on differentiable functions.
Specifically, if f is differentiable on a neighborhood of p, then v assigns to
f the real number v(f) which is the directional derivative of f in the direction
v at p. That is,

(1) =0 L] 4+ w0, L
arl D ard »
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This operation of the vector v on differentiable functions satisfies two
important properties,

o(f + Ag) = v(f) + A(g),
o(f-g) = f(p(g) + g(p)(f),

whenever f and g are differentiable near p, and A is a real number. The
first property says that v acts linearly on functions, and the second says that
v is a derivation. This motivates our definition of tangent vectors on manifolds.
They will be directional derivatives, that is, linear derivations on functions.
The operation of taking derivatives depends only on local properties of
functions, properties in arbitrarily small neighborhoods of the point at
which the derivative is being taken. In order to express most conveniently
this dependence of the derivative on the local nature of functions, we intro-
duce the notion of germs of functions.

03]

1.13 Definitions Let m e M. Functions f and g defined on open sets
containing m are said to have the same germ at m if they agree on some
neighborhood of m. This introduces an equivalence relation on the C®
functions defined on neighborhoods of m, two functions being equivalent
if and only if they have the same germ. The equivalence classes are called
germs, and we denote the set of germs at m by F,, . If fis a C* function on
a neighborhood of m, then f will denote its germ. The operations of addition,
scalar multiplication, and multiplication of functions induce on F,, the
structure of an algebra over R. A germ f has a well-defined value f(m) at m,
namely, the value at m of any representative of the germ. Let F,, < F,, be
the set of germs which vanish at m. Then F,, is an ideal in F,, , and we let
F,.* denote its kth power. F,*is the ideal of F,, consisting of all finite linear
combinations of k-fold products of elements of F,, . These form a descending
sequence of ideals F,, > F,, > F,2> F,3> -«

1.14 Definition A rangent vector v at the point m € M is a linear deriva-
tion of the algebra F,,. Thatis, for allf,ge F,, and Ae R,

() o(f + 2g) = o(f) + Av(g).
(b)  o(f-g) = f(m)u(g) + glm)u(f).

M, denotes the set of tangent vectors to M at m and is called the tangent
space to M at m. Observe that if we define (v + w)(f) and (Av)(f) by

(@ + w)(@) = v(f) + w(f)

()(f) = A(v(f))
whenever v, w e M,, and A € R, then v + w and Av again are tangent vectors
at m. So in this way M,, becomes a real vector space. The fundamental

property of the vector space M,,, which we shall establish in 1.17, is that
its dimension equals the dimension of M. This definition of tangent vector

4y
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is not suitable in the C* case for 1 < k < 0. (We will discuss the C* case
further in 1.21.) We give this definition of tangent vector for several reasons.
One reason is that it is intrinsic; that is, it does not depend on coordinate
systems. Another reason is that it generalizes naturally to higher order
tangent vectors, as we shall see in 1.26.

1.15 If c is the germ of a function with the constant value ¢ on a neighbor-
hood of m, and if v is a tangent vector at m, then v(c) = 0, for

v(c) = cov(l),
and
v(l) =v(1-1) = 1v(1) + 1) = 2v(1).

1.16 Lemma M, isnaturally isomorphic with (F,,[F,?)*. (Thesymbol *
denotes dual vector space.)

PROOF If ve M, , then v is a linear function on F,, vanishing on F,?
because of the derivation property. Conversely, if e (F,/F,2)*, we
define a tangent vector v, at m by setting v/(f) = £({f — f(m)}) forf e F,, .
(Here f(m) denotes the germ of the function with the constant value
f(m), and { } is used to denote cosets in F,,/F,2) Linearity of v, on F,
is clear. It is a derivation since

vp(f - g) = {({f - g — f(m)g(m)})
= /({(f — f(m))(g — g(m)) + f(m)(g — g(m))
+ (f — f(m))g(m)})
= /({(f — f(m))(g — gm))}) + f(m)¢({g — g(m)})
+ g(m)/({f — f(m)})
= f(m)v,(g) + g(m)vy(f).
Thus we obtain mappings of M, into (F,/F,»*, and vice versa. It

is easily checked that these are inverses of each other and thus are
isomorphisms.

1.17 Theorem dim (F,/F,* = dim M.
The proof is based on the following calculus lemma [31].

Lemma If g is of class C* (k > 2) on a convex open set U about p in R®,
then for each g € U,

(1) 8@ = &(p + 3 35| (@) = ()

ilp

1 2
+ 3 (nla) = rdP)(r(@) — rf(P>)£ (-1 af 5,.

In particular, if g€ C®, then the second summation in (1) determines an
element of F? since the integral as a function of q is of class C*.

dt.

(p+t{g—p))
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PROOF OF 1.17 Let (U,9) be a coordinate system about m with co-
ordinate functions x;,...,x; (d=dimM). Let feF,. Apply
(1) to fo 7, and compose with ¢ to obtain

a(fe ¢~
fz(f )

=1 or,

(x; = xy(m)) + 2 (x; = x(m))(x; — x;(m))h
on a neighborhood of m, where h € C®. Thus

£ ia(fo 97

a1 o

®(m)

(x, — x,(m)) mod F,,>.

®(m)

Hence {{x;, —xm)}:i=1,...,d} spans F,/F,%. Consequently
dim F,,/F,? < d. We claim that these elements are linearly independent.
For suppose that

a;(x; — x(m)) € F,2.

i

3
Now,
d

; a;(x; — x(m))° ¢t gdla,.(ri — r(p(m))).

i=1

Thus

d

21 a,(r, — r;(p(m))) € Fo,y -
But this implies that

21 (S ar — r(em))) =0

or; logm)
forj=1,...,d, which implies that the a; must all be zero.

Corollary dim M,, = dim M.

1.18 In practice we will treat tangent vectors as operating on functions
rather than on their germs. If fis a differentiable function defined on a
neighborhood of m, and v € M,, , we define

) v(f) = o(f).
Thus v(f) = v(g) whenever f and g agree on a neighborhood of m, and
clearly
o(f + Ag) = v(f) + Av(g) (AeR),
o(f-g) = f(m)v(g) + glm)v(f),

where f+ Ag and f g are defined on the intersection of the domains of
definition of fand g.

@

1.19 Definition Let (U,p) be a coordinate system with coordinate
functions x,,...,x;,and let me U. For each ie(l,...,d), we define



Tangent Vectors and Differentials 15

a tangent vector (9/0x,)|,, € M,, by setting

9 af°97)

1 — =
M) (| Jon =5

1
for each function f which is C* on a neighborhood of m. We interpret (1)
as the directional derivative of fat m in the x, coordinate direction. We also
use the notation
-2
m axi m

@ Y
. !M Re
U v ( B

ox;
1.20 Remarks on 1.19

(@) Clearly ((8/0x,)|,,)(f) depends only on the germ of fat m, and (a) and
(b) of 1.14 are satisfied; so (9/0x,)|,, is a tangent vector at m. Moreover,
{(0/0x)|m: i =1,...,d} is abasis of M,,. Indeed, it is the basis of M,,
dual to the basis {{x; — x;(m)}: i =1, ..., d} of F,/F,*? since

m ?(m)

Jon.

0
—1 (x; — x;(m)) =6, .
axl m( 2 J( )) 3
(b) IfveM, ,then
2 0
v= v(x;)—
-1 0%; |

Simply check that both sides give the same results when applied to the
functions (x; — x;(m)).

(c) Suppose that (U,) and (V,y) are coordinate systems about m,

with coordinate functions x, , . .., x;and y, , . . . , y, respectively. Then
it follows from remark (b) that

9| | 2

0Y;lm =10y, [ 0%; |

Observe that (9/0x;) depends on ¢ and not only on x;. In particular,
if x, were equal to y, , it would not necessarily follow that 0/0x, equals

0/0y, .



16  Manifolds

(d) If we apply Definition 1.19 to the canonical coordinate system
r,...,rgon R% then the tangent vectors which we obtain are none
other than the ordinary partial derivative operators (d/0r,).

1.21 Our proof of the finite dimensionality of F,,/F,? certainly fails in the
C* case for k < oo since the remainder term in the lemma of 1.17 will not
be a sum of products of C* functions, and the lemma doesn’t even make
sense in the C! case. In fact, it turns out (see [21]) that F,/F,? is always
infinite dimensional in the C* case for 1 < k < oo. There are various ways
to define tangent vectors in the C* case in order that dim M,, = dim M
(all of which work in the C® case, too). One way is to define a tangent vector
v at m as a mapping which assigns to each function (defined and differentiable
of class C* on a neighborhood of m) a real number v(f) such that if (U,9)
is a coordinate system on a neighborhood of m, then there exists a list of
real numbers (a, , . . . , ;) (depending on ¢) such that

d o o1

of) = 3 q, of°97)
i=1 or

i @(m)
Then the space M,, of tangent vectors again turns out to be finite dimensional,
with a basis {(8/0x,)|,.}.

1.22 The Differential Let p: M — N be C®, and let me M. The
differential of v at m is the linear map

O] dy: My, — Nyimy

defined as follows. If v € M,, , then dy(v) is to be a tangent vector at y(m),
so we describe how it operates on functions. Let g be a C* function on a
neighborhood of y(m). Define dy(v)(g) by setting

(2 dy(v)(g) = v(g o y).

It is easily checked that dy is a linear map of M,, into N, . Strictly
speaking, this map should be denoted dy | M,, , or simply dy,, . However, we
omit the subscript m when there is no possibility of confusion. The map y
is called non-singular at m if dy,, is non-singular, that is, if the kernel of (1)
consists of 0 alone. The dual map

€) 0y: Nyom — M7,
is defined as usual by requiring that
“ dp(w)(v) = w(dyp®))

whenever w € NY(,,) and ve M,,. In the special case of a C* function
fiM—->R,ifveM, and f(m) = ry, then

®) df@) = o(f) L] .
dr

To
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In this case, we usually take df to mean the element of M* defined by

(6)

df (v) = v(f).

That is, we identify df with df (w), where w is the basis of the 1-dimensional
space P;"o dual to (d/dr)l,o . Particular usage will be clear from the context.

1.23 Remarks on 1.22

@

(b

©

(@

(®)

Let (U, x,,...,x) and (V, y1, ...,y be coordinate systems about
m and y(m) respectively. Then it follows from 1.22(2) and 1.20(b) that

olE]) -7

=1 0x; 3—yl
The matrix {9(y; o ¥)/0x;} is called the Jacobian of the map y (with
respect to the given coordinate system). For maps between Euclidean
spaces, the Jacobian will always be taken with respect to the canonical
coordinate systems.

) wlm)

If (U,x,,...,x;) is a coordinate system on M, and m e U, then
{dx,|,,} is the basis of M?* dual to {0/0x,|,}. If ff M >R is a C*
function, then

dfa=3L| axl,.

=10X; |,

Chain Rule. Let w: M — N and ¢: N — X be C* maps. Then

d((p ° V))m = dcpw(m) °© dwm ’

or simply d(¢ o y) = dop o dy. It is a useful exercise to check the form
that this equation takes when the maps are expressed in terms of the
matrices obtained by choosing coordinate systems.

If y: M — N and f: N— R are C*®, then dy(df,m) = d(f° ), for
OW(df ) (v) = df (dp(v)) = d(f > ),,(v) whenever v M,,, .

A C® mapping o: (a,b) - M is called a smooth curve in M. Let
t € (a, b). Then the tangent vector to the curve ¢ at t is the vector

da(—d—
dr

We shall denote the tangent vector to o at ¢ by 4(¢).

) € Ma'(t) .
t

&)
o(f)
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Now, if v # 0 is any element of M,,, then v is the tangent vector to a
smooth curve in M. For one can simply choose a coordinate system
(U,9), centered at m, for which

Then v is the tangent vector at 0 to the curve ¢t ¢71(¢,0,...,0).
One should observe that many curves can have the same tangent
vector, and that two smooth curves ¢ and = in M for which o(t)) =
7(t,) = m have the same tangent vector at ¢, if and only if

d(foa)| _d(for)
dr dr

for all functions f which are C® on a neighborhood of m.
If o happens to be a curve in the Euclidean space R™, then

9 2

£ Ory 10,

to to

) do,
o(t) = —
® dr

If we identify this tangent vector with the element
(@l %)
dr y

o(t) = lim 24P = o)
h—0 h

do,

+ .. +
a(t) dr

a(t)

do,
s e
: dr

of R=, then we have

Thus with this identification our notion of tangent vector coincides,
in this special case, with the geometric notion of a tangent to a curve
in Euclidean space.

1.24 Theorem Let y be a C* mapping of the connected manifold M
into the manifold N. Suppose that for each me M, dy,, =0. Then y is a
constant map.

PROOF Let ney(M). y'(n) is closed. We need only show that
it is open. For this, let mey=*(n). Choose coordinate systems
U, xy,...,%x5) and (V,yy,...,y,) about m and n respectively, so
that y(U) < V. Then on U,

9 ) ¢ 0(yioy) 0 .
O=dy|l—) = —>— =1,...,4d),

1p(axj igl ox; 0dy; U )
which implies that

o) _ g (i=1,...,¢c;j=1,...,4d).

0x;
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Thus the functions y; o y are constant on U. This implies that (U) = n;
hence y~1(n) is open and consequently y~1(n) = M.

We shall now see that in a natural way the collection of all tangent
vectors to a differentiable manifold itself forms a differentiable manifold
called the tangent bundle. We have a similar dual object called the cotangent
bundle formed from the linear functionals on the tangent spaces.

1.25 Tangent and Cotangent Bundles Let M be a C® manifold
with differentiable structure . Let

T(M) = U M,,
meM

& T*M) = J M*.
meM

There are natural projections:

m: T(M) > M, mv)=m if veM,,

(2)
7 T*(M)—> M, m*()=m if reM}.

Let (U,9) € # with coordinate functions x;, ..., x;. Define ¢: #7}(U) —>
R and ¢*: (#*)"Y(U) — R by

() = (X, (7)), . . ., xo(7(0)), dx, (), . . ., dx4(v))
~ 0 0
o¥(1) = (xl(fr*('r)),. - xd(ﬂ'*('r)),'r('—), ce T(—))
0x, Ox,

for all v € #~1(U) and 7 € (#*)"1(U). Note that ¢ and ¢* are both one-to-one
maps onto open subsets of R2%. The following steps outline the construction
of a topology and a differentiable structure on T(M). The construction for
T*(M) goes similarly. The proofs are left as exercises.

(@) If (U,p) and (V,p) e F, then o g lis C®.

(b) The collection {¢~X(W): W open in R*, (U,¢)eF} forms a
basis for a topology on T(M) which makes T(M) into a 2d-
dimensional, second countable, locally Euclidean space.

(c) LetZ be the maximal collection, with respect to 1.4(b), containing
{(=1(U),%): (U,p) € F}.
Then & is a differentiable structure on T(M).

T(M) and T*(M) with these differentiable structures are called respectively
the tangent bundle and the cotangent bundle. It will sometimes be convenient
to write the points of T(M) as pairs (m,v) where me M and v e M,, (and
similarly for T*(M)).
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If y: M — N is a C* map, then the differential of y defines a mapping
of the tangent bundles

©) dy: T(M) -~ T(N),

where dy(m,v) = dy,(v) whenever ve M,,. It is easily checked that (4)
is a C® map.

1.261 Higher Order Tangent Vectors and Differentials It is useful
to look at M,, as (F,/F,»*, for this point of view allows an immediate
generalization to higher order tangent vectors. We digress for a moment
to give these definitions.

Recall that F,, is the algebra of germs of functions at m. F,, < F,, is
the ideal of germs vanishing at m, and F,* (k an integer > 1) is the ideal of
F,, consisting of all finite linear combinations of k-fold products of elements
of F,,.

The vector space F,,/FE+ s called the space of kth order differentials at m,
and we denote it by *M,,. As before, f denotes the germ of f at m, and { }
will denote cosets in F,,/FE. Let f'be a differentiable function on a neighbor-
hood of m. We define the kth order differential d*f of f at m by

) d'f = {f — f(m)}.

A kth order tangent vector at m is a real linear function on F,, vanishing
on F% and vanishing also on the set of germs of functions constant on a
neighborhood of m. The real linear space of kth order tangent vectors at
m will be denoted by M,*. We have a natural identification of M,,* with
(*M,,)* since any kth order tangent vector restricted to F,, yields a linear
function on F,, vanishing on F%', and hence yields an element of (*M,,)*;
and conversely an element of (*M,,)* uniquely determines a linear function
on F, vanishing on F'1, and this extends uniquely to a kth order tangent
vector by requiring it to annihilate germs of constant functions.

We can tie up this notion of higher order tangent vector with the usual
notion of higher order derivative in Euclidean space by looking at the forms
that these tangent vectors and differentials take in a coordinate system.
Let (U,9) be a coordinate system about m with coordinate functions
X1, ..., %z such that ¢(U) is a convex open set in Euclidean space [R%.
Let « = (¢;,...,%;) be a list of non-negative integers. In addition to
our conventions of 1.1, we let

(x = x(m)* = (%, — x3(m))™ + -+ (% — x4(m)).
Let f be a C* function on U. Then it follows from the lemma of 1.17, that
k
@ f=fm) + 2 a,(x —x(m))*+ 3 h(x — x(m))",
[a]=1 [a)=k+1

t The material of this section will not be used elsewhere in the book, and so it may be
skipped without loss of continuity.
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where the A, are C* functions on U and where

® a,= ia——a(fa"r:"_l) .
Hence

@ = 3_od(x—xm)}
Thus the collection

) [{(x — x(m))}: 1 < [o] < k]

spans *M,, . The proof that these elements are linearly independent in
*M,, is the obvious generalization of the proof for the case k = 2 which was
treated in 1.17. Thus the collection (5) forms a basis of *M,,. Consequently

¥M,, is finite dimensional with dimension equal to the binomial coefficient
k ;—
> (d +§ 1). As the dual space of *M,,, M, *is also finite dimensional
i=1
with the same dimension. Since M, is identified with (*M,,)*, and these
spaces are finite dimensional, we have a canonical isomorphism of *M,, with
(M,*)*, under which the element of d*f€*M,,, considered as an element

of (M, F)*, satisfies

(6) d*f (v) = v(f).
Let
(7 —Z—i EACAL 20
X" Im ar @(m)

Since the derivative is linear, and since the value of 0%f/dx* at m depends
only on the germ of f at m and vanishes if f is constant on a neighborhood
of m or if fis an [«] 4+ 1-fold product of functions which vanish at m, then
(9%/0x%)|,, is an [«]th order tangent vector at m. It follows that

1L [e] £ K|

® {(i) aa;a n J

is the basis of M,* dual to the basis (5) of *M,,. If v is a kth order tangent
vector at m, then

k aa

&) v= > by—| ,
a1 OXx* |,

where

1
(10) b, = (;)v((x — x(m))®).
In terms of the basis (8), equation (3) becomes

1 0%

11 =—
(0 e al 0x* |,
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As in the case of first order tangent vectors, we customarily think of
tangent vectors as operating on the functions themselves rather than their
germs; indeed, we define

(12) o(f) = v(f)

whenever fis C* on a neighborhood of m and v is a tangent vector of any
order at m.

Finally, just as there are natural mappings of tangent vectors and differen-
tials associated with a differentiable map ¢: M — N, so are there linear
mappings

d°o: My~ Notm

(13) 891 *Ngim) —> "M,y
defined by
k = o

S o(d*g) = d*(g - ¢)

whenever v € M,* and g is a C* function on a neighborhood of ¢(m).
It is easily checked that (14) does indeed define the mappings (13) and that
the mappings d*¢ and *¢ are dual.

Our definition of a first order tangent vector in this section agrees with
Definition 1.14 in view of Lemma 1.16. Moreover, we have seen three
interpretations of the first order differential df of a function f; the inter-
pretation (13) agrees with our original definition 1.22(1), the interpretation
(6) agrees with 1.22(6), and we have the additional interpretation (1).

SUBMANIFOLDS, DIFFEOMORPHISMS, AND THE
INVERSE FUNCTION THEOREM

1.27 Definitions Let y: M — N be C*.
(a)  is an immersion if dy,, is non-singular for each m € M.
(b) The pair (M,y) is a submanifold of N if v is a one-to-one immersion.

(c) 1w is an imbedding if v is a one-to-one immersion which is also a
homeomorphism into; that is, v is open as a map into (M) with
the relative topology.

(d) v is a diffeomorphism if v maps M one-to-one onto N and !
is C*.

1.28 Remarks on 1.27 One can, for example, immerse the real
line R into the plane, as illustrated in the following figure, so that the first
case is an immersion which is not a submanifold, the second is a submanifold
which is not an imbedding, and the third is an imbedding,.
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YN
o

p = lim oy(f)
>t @

Immersion, Submanifold, Imbedding
but not a Submanifold but not an Imbedding

Observe that if (U,¢) is a coordinate system, then ¢: U— ¢(U) is a
diffeomorphism.

The composition of diffecomorphisms is again a diffecomorphism. Thus
the relation of being diffeomorphic is an equivalence relation on the collec-
tion of differentiable manifolds. It is quite possible for a locally Euclidean
space to possess distinct differentiable structures which are diffeomorphic.
(See Exercise 2.) In a remarkable paper, Milnor showed the existence of
locally Euclidean spaces (S is an example) which possess non-diffeomorphic
differentiable structures [19]. There are also locally Euclidean spaces which
possess no differentiable structures at all [14].

If v is a diffcomorphism, then dy,, is an isomorphism since both
(dy odtp“l)lw(m) and (dy! odw)|m are the identity transformations. The
inverse function theorem gives us a local converse of this—whenever dy,,
is an isomorphism, v is a diffeomorphism on a neighborhood of m. Before
we recall the precise statement of the inverse function theorem, we give a
definition which will be needed in the corollaries.

1.29 Definition A set y;,...,y; of C® functions defined on some
neighborhood of m in M is called an independent set at m if the differentials
dy,, ..., dy; form an independent set in M .

1.30 Inverse Function Theorem Let U < R* be open, and let
f: U— R%be C°. If the Jacobian matrix

{ari of}
or; Jii=1,...a

is non-singular at ry€ U, then there exists an open set V with roeV < U
such that | V maps V one-to-one onto the open set f(V), and (f| V)™ is C™.

This is one of the results we shall assume from advanced calculus. For
a proof, we refer the reader, for example, to [31] or [6].
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Corollary (a) Assume that v: M — N is C*, that me M, and that
dy: M,, — N is an isomorphism. Then there is a neighborhood U of m
such that y: U — y(U) is a diffeomorphism onto the open set w(U) in N.

PROOF Observe that dim M = dim N, say d. Choose coordinate systems
(V,9) about m and (W,7) about p(m) with (V) < W. Let ¢(m) =
and r(y(m))=gq. The differential of the map Toyo 71| (V) is
non-singular at p. Thus the inverse function theorem yields a diffeo-
morphism a: O — «(7) on a neighborhood ¥ of p with T = ¢(¥).
Then 7 1o a o ¢ is the required diffeomorphism on the neighborhood
U= ¢ (0) of m.

Corollary (b) Suppose that dim M =d and that y,,...,y; is an
independent set of functions at my€ M. Then the functions y,, ..., Yy, form
a coordinate system on a neighborhood of my.

PROOF Suppose that the y; are defined on the open set U containing
my. Define y: U— R? by

p(m) = (n(m), ..., y,(m)  (meU).
Then y is C*. Now dy is an isomorphism on (R, ))* since

dy(dr;) = d(r; o y) = dy,

which implies that 61p|,,,(m ) takes a basis to a basis. Consequently, the
differential dy,, (which is the dual of 51P|w(m y) is an isomorphism. So
the inverse function theorem implies that v is a difffomorphism on a
neighborhood ¥ < U of m,, and consequently the functions y,, ..., y,
yield a coordinate system when restricted to V.

Corollary (c)  Suppose that dim M = d and that y,, ... ,y,, with 1 <d,
is an independent set of functions at m. Then they form part of a coordinate
system on a neighborhood of m.



Submanifolds, Diffeomorphisms, Inverse Function Theorem 25

PrROOF Let (U, x,,...,X;) be a coordinate system about m. Then
{dy,,...,dy,,dx,;,...,dx;} spans M} . Choose d—1[ of the x,
so that {dy,, ....,dy,, dx; .,dx;, }is a basis of M. Then apply
Corollary (b).

Corollary (d) Let y: M — N be C*, and assume that dy: M, — N, is

10

surjective. Let Xy, ..., X, form a coordinate system on some neighborhood
of w(m). Then x,0v,...,x, oy form part of a coordinate system on some
neighborhood of m.

PROOF The fact that dy, is surjective implies that the dual map
09| m is injective. Thus the functions {x,oy:i=1,...,[} are
independent at m since dy(dx,) = d(x; o ). The claim now follows from
Corollary (c).

Corollary (e) Suppose that y,,...,y, is a set of C* functions on a
neighborhood of m such that their differentials span M, . Then a subset of the
y; forms a coordinate system on a neighborhood of m.

PROOF Simply choose a subset whose differentials form a basis of
M?* , and apply Corollary (b).

Corollary (f) Let y: M — N be C*®, and assume that dy: M, —> Ny, is
injective. Let Xy, ..., X; form a coordinate system on a neighborhood of
w(m). Then a subset of the functions {x; o y} forms a coordinate system on a
neighborhood of m. In particular, v is one-to-one on a neighborhood of m.

PROOF The fact that dy,, is injective implies that dy|,,, is surjective.
This implies that {d(x;oy) = dy(dx,):i=1,...,k} spans M.
This corollary then follows from Corollary (e).

1.31 The situation often arises that one has a C* mapping, say v, of a
manifold N into a manifold M factoring through a submanifold (P,¢) of
M. That is, p(N) <= ¢(P), whence there is a uniquely defined mapping w,
of N into P such that ¢ o y, = w. The problem is: When is g, of class C*?
This is certainly not always the case. As an example, let N and P both be the
real line, and let M be the plane. Let (R,y) and (R,9) both be figure-8
submanifolds with precisely the same image sets, but with the difference that
as t — £ o0, y(t) approaches the intersection along the horizontal direction,
but ¢(r) approaches along the vertical. Suppose also that p(0) = ¢(0) = 0.
Then y, is not even continuous since p,~*(—1,1) consists of the origin plus
two open sets of the form (x,+ o), (— o0,—a) for some « > 0.
R? R®

R R*

~
\\
v(R) ¢(R) S
\\\ 97
e ¥, S
Sa
R
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1.32 Theorem Suppose that y: N — M is C*, that (P,9) is a submanifold
of M, and that vy factors through (P,¢), that is, y(N) < o(P). Since ¢ is
injective, there is a unique mapping v, of N into P such that ¢ oy, = y.

N—2 oMo

~
.
~
~
\\
.~ I@
~
Yo -~

(@) o is C® ifit is continuous.
(b) , is continuous if ¢ is an imbedding.

Another important case in which v, is continuous occurs when (P,¢) is
an integral manifold of an involutive distribution on M, as we shall see in

1.62.

PROOF Result (b) is obvious. So assume that v, is continuous. We
prove that it is C*. It suffices to show that P can be covered by co-
ordinate systems (U,r) such that the map 7 o y, restricted to the open
set 9, Y(U)is C*. Let p € P, and let (¥,y) be a coordinate system on a
neighborhood of ¢(p) in M*?. Then by Corollary (f) of 1.30 there exists a
projection 7 of R? onto a suitable subspace (obtained by setting certain
of the coordinate functions equal to 0) such that the mapr =moyc g
yields a coordinate system on a neighborhood U of p. Then

Toyy | Y HU) =moyo oy, |p (V)

=moyoy |y (V)
which is C*.

1.33 Further Remarks on Submanifolds  Submanifolds (¥y,¢,) and
(Na,9s) of M will be called equivalent if there exists a diffeomorphism
a: N; — N, such that ¢, = ¢, 0 a.

Nl__;?l____>M
>
~
RN
S o [‘Pz
o \\SL
N,

This is an equivalence relation on the collection of all submanifolds of M.
Each equivalence class & has a unique representative of the form (4,i)
where A4 is a subset of M with a manifold structure such that the inclusion
map it A — M is a C* immersion. Namely, if (V,¢) is any representative
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of &, then the subset A of M must be ¢(N). We induce a manifold structure
on A by requiring ¢: N — A4 to be a diffeomorphism. With this manifold
structure, (4,i) is a submanifold of M equivalent to (N,¢). This is the only
manifold structure on A4 with the property that (4,i) is equivalent to (N,¢);
thus this is the unique such representative of &.

The conclusion of some theorems in the following sections state that there
exist unique submanifolds satisfying certain conditions. Uniqueness means
up to equivalence as defined above. In particular, if the submanifolds of
M are viewed as subsets 4 < M with manifold structures for which the
inclusion maps are C* immersions, then uniqueness means unique subset
with unique second countable locally Euclidean topology and unique
differentiable structure.

In the case of a submanifold (4,i) of M where i is the inclusion map,
we shall often drop the i and simply speak of the submanifold 4 = M.

Let A be a subset of M. Then generally there is not a unique manifold
structure on A such that (4,i) is a submanifold of M, if there is one at all.
For example, the diagrams in 1.31 illustrate two distinct manifold structures
on the figure-8 in the plane, each of which makes the figure-8 together with
the inclusion map a submanifold of R2. However, we have the following
two uniqueness theorems which involve conditions on the topology on 4.

(@) Let M be a differentiable manifold and A a subset of M. Fix a topology
on A. Then there is at most one differentiable structure on A such that
(4,i) is a submanifold of M, where i is the inclusion map.

(b) Againlet A be a subset of M. Ifin the relative topology, A has a differen-
tiable structure such that (A,i) is a submanifold of M, then A has a
unique manifold structure (that is, unique second countable locally Euclidean
topology together with a unique differentiable structure) such that (A,i)
is a submanifold of M.

We leave these to the reader as exercises. Result (a) follows from an applica-
tion of Theorem 1.32. Result (b) depends strongly on our assumption that
manifolds are second countable, and for its proof you will need to use the
proposition in Exercise 6 in addition to Theorem 1.32.

1.34 Slices Suppose that (U,¢) is a coordinate system on M with
coordinate functions x,, ..., Xs, and that ¢ is an integer, 0 < ¢ <d. Let
a € ¢(U), and let

(D S={geU:x(q)=ri(a),i=c+1,...,d}.
The subspace S of M together with the coordinate system
2 {x;]S:j=1,...,¢

forms a manifold which is a submanifold of M called a slice of the coordinate
system (U, ).
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1.35 Proposition Let y: M°— N°% be an immersion, and let m € M.
Then there exists a cubic-centered coordinate system (V,p) about y(m) and a
neighborhood U of m such that y ] Uis 1:1 and w(U) is a slice of (V,o).

PROOF Let (W,7) be a centered coordinate system about y(m) with
coordinate functions y,,...,y;. By Corollary (f) of 1.30 we can
renumber the coordinate functions so that

(1) f=n’co1-o'(/)

is a coordinate map on a neighborhood V' of m where =,: R? — R¢
is projection on the first ¢ coordinates. Define functions {x,} on
(m, o 7)Y (7(V")) by setting

i=1,...,0
@ x={
i—yiowoi—loﬂ'cor i=c+1,...,4d).
The functions {x;} are independent at y(m), since at p(m),
dy, (i=1...,0
dx; =

(3) dyi‘l'za”dyj (i=c+1,...,d)
i=1

for some constants a,;. By Corollary (b) of 1.30the {x,} form a coordinate
system on a neighborhood of y(m). Let ¥ be a neighborhood of y(m)
on which the x;, ..., x; form a cubic coordinate system. Denote the
corresponding coordinate map by ¢. Let U= yY(V) N V’'. Then
U and (V,¢9) are the required neighborhood and coordinate system.
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We emphasize that this proposition only says that there is a neighborhood
U of m such that p(U) is a slice of the coordinate system (¥,¢). Even if
(M,) is a submanifold of N, it may well be that y(M) N Vis far from being
a slice or even a union of slices. For an example, consider again the figure-8
submanifold of the plane:

R3

|4

TN

U
—)- ———
m "M =Rt \

P

However, in the case that (M,y) is an imbedded submanifold, the coordinate
system (¥,¢) can be chosen so that all of ¢(M) N V is a single slice of V.

Let us now consider the question of the extent to which the set of C*
functions on a manifold determines the set of C* functions on a submanifold.
Let (M,yp) be a submanifold of N. Then, of course, if fe C*(N), then
S| Mis a C® function on M. (More precisely, f y is a C* function on M.)
In general, however, the converse does not hold; that is, not all C* functions
on M arise as the restrictions to M of C® functions on N. For the converse
to hold, it is necessary and sufficient to assume that » is an imbedding and
that p(M) is closed. We prove the sufficiency in the following proposition,
and leave the necessity as Exercise 11 below.

1.36 Proposition Let y: M — N be an imbedding such that w(M)
is closed in N. If g € C*(M), then there exists f€ C*(N) suchthat foyp =g.

To simplify notation, we shall suppress the map y and consider M < N.

PROOF For each point p € M there exists an open set O, in N containing
p and an extension of g from O, " M to a C* function g, on O,.
One simply has to take O, to be a cubic-centered coordinate neighbor-
hood of p for which M N O, is a single slice, and then define g, to be the
composition of the natural projection of O, onto the slice followed by
g. The collection {O,: p € M} together with N — M forms an open
cover of N. By Theorem 1.11, there exists a partition of unity {¢,}, with
Jj=1,2,..., subordinate to this cover. Take the subsequence (which
we shall continue to denote by {¢,}) such that supp ¢, " M # @&. For
each such j, we can choose a point p; such that supp ¢; = O, . Then

f=2 98, is a C* function on N, and f| M = g.
i)
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IMPLICIT FUNCTION THEOREMS

From the inverse function theorem we shall obtain two theorems which will
provide us with an extremely useful way of proving that certain subsets of
manifolds are submanifolds. Under suitable conditions on a differentiable
map, the inverse image of a submanifold of its range will be a submanifold
of its domain. We first recall the statement of the classical implicit function
theorem. This is simply a local (but somewhat more explicit) version of the
first “implicit function™ theorem (1.38) that we shall prove for manifolds.
We suggest that the reader supply a proof of 1.37 after reading 1.38.

1.37 Implicit Function Theorem Let U < R°% x R® be open, and
let f:U—R? be C*. We denote the canonical coordinate system on
Re=® x REDYy (ryy ... s Pogs S1s - - - 5 S5). Suppose that at the point (ry ,5) € U

S (70 ,5%) =0,
and that the matrix
{%
0s;
is non-singular. Then there exists an open neighborhood V of ry in R°=% and

an open neighborhood W of sy in R® such that V x W < U, and there exists
a C* map g: V — W such that for each (p.q) €V X W

(ro.so)}i.i=1.-.-.d

m f(p.g) =0 <= q=g(p)
[Rd
U
// )
So (ro, 8o) gﬂ R¢
-
W A
|
|
Re—d
14 Fo
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1.38 Theorem  Assume that y: M°®— N®is C*, that n is a point of N,
that P = y~(n) is non-empty, and that dy: M,, — N, is surjective for all
m € P. Then P has a unique manifold structure such that (P,i) is a submanifold
of M, where i is the inclusion map. Moreover, i: P— M is actually an
imbedding, and the dimension of P is ¢ — d.

PROOF  According to result (b) of 1.33, it is sufficient to prove that in
the relative topology, P has a differentiable structure such that (P,i) is
a submanifold of M of dimension ¢ — d. For this it is sufficient to prove
that if m € P, then there exists a coordinate system on a neighborhood
U of m in M for which P N U is a single slice of the correct dimension.
Let x,, ..., x; be a coordinate system centered at » in N. Then since
dy: M,, — N, is surjective, it follows from Corollary (d) of 1.30 that
the collection of functions

{yi=x;0pi=1,...,d},

forms part of a coordinate system about m € M. Complete to a co-

ordinate system y;,...,¥;, Y41, --,Y, ON a neighborhood U of m.
Then P N U is precisely the slice of this coordinate system given by
y1=y2='--_—.yd=0,

In this theorem the inverse image of a point is shown to be a submanifold
as long as the differential is surjective at each point of the inverse image.
A point can be thought of as a 0-dimensional submanifold. We now generalize
this theorem by proving that under suitable conditions the inverse images
of higher dimensional submanifolds are themselves submanifolds.

1.39 Theorem Assume that w: M — N% is C® and that (0%,9) is a
submanifold of N. Suppose that whenever m € y~(¢(0)), then

(1) Nw('") = dW(Mm) + dcp(oq:—l(w(m)))

(not necessarily a direct sum). Then if P = y(¢(0)) and is non-empty,
P can be given a manifold structure so that (P,i) is a submanifold of M, where
i is the inclusion map, with

2) dim M — dim P = dim N — dim O.

Moreover, if (0,9) is an imbedded submanifold, then so is (P,i), and in this
case there is a unique manifold structure on P such that (P,i) is a submanifold
of M.

In general, if (0,¢) is not an imbedding, P need not have the relative
topology, and there is no unique manifold structure on P such that (P,i)
is a submanifold. We leave it to the reader to supply examples.
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PROOF The proof will consist of locally reducing this case to the case
of Theorem 1.38. Let p € 0. By Proposition 1.35, we can pick a
neighborhood W of p and a centered coordinate system (V,7) with
coordinate functions x;, . .., X; about ¢(p) such that ¢(W) is the slice

3) X,; =0 (Gj=1,...,d=c).
Let

Q)

m: R* — [Rd-¢,
m(a) = (@py1s -+ - » Ag)
So
©) m o 7(@(W)) = {0}.
Let
(6) U=y7(V),
and let
) pp=moroyp|U: U— R~

Rd—c

Re

Oa

Now, (3) through (7) imply that

(8) »:71(0) = vy (o(W)).

For each point m € y,71(0), dy, | M,, is surjective since d(m o 7) | N,
is surjective and since by (1), (5), and (7)

d(m o 7)(Nyomy) = dpi(M,,) + {0}

Thus by 1.38, y~1(¢(W)) has a unique manifold structure such that
(v (@(W)),i) is a submanifold of M; and in this manifold structure,
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v (@(W)) has the relative topology and has dimension equal to
dimM — dim N 4+ dimO. Cover O by a countable collection
{W;:i=1,2,3,...} of such sets. Then

©) P=U v (60M).

If i # j, the submanifolds y~*(¢(W;)) and y~*(¢(W;)) intersect in open
subsets of each other. It follows that the union of the topologies on the
various y~1(@(W,)) forms a basis for a topology on P. With this topology,
P is a locally Euclidean space with dimension equal to dim M —
dim N + dim O; and, moreover, P is second countable since (9)
expresses P as a countable union of second countable open subsets.
The manifold structures on the various y~1(¢@(W;)) are compatible on
overlaps because of the uniqueness of the manifold structure on
v~ 1(p(W,)) (or any open subset of y~1(o(W,))) such that (y~2(¢(W))),i)
is a submanifold of M (by result (b) of 1.33). Thus the collection of
coordinate systems on P containing the coordinate systems on the
various y~1((W;)) and maximal with respect to 1.4(b) forms a differen-
tiable structure on P. That (P,i) is a submanifold of M now follows
immediately from the fact that the (y~(o(W))),i) are submanifolds.
If (0, ¢) is an imbedding, the coordinate neighborhood ¥ can be chosen
small enough so that ¢(0) N V consists only of the single slice ¢(W),
and thus U N P = yp~Y(o(W)). Tt follows in this case that P has the
relative topology; hence (P,i) is an imbedding. The uniqueness of the
manifold structure in this case is guaranteed by result (b) of 1.33.

1.40 Examples

(a)

(b)

d

The differential of the function f(p) = Y r,(p)? on R? is surjective

except at the origin. Thus it follows from 1.38 that the sphere f~(r?),
for a constant r > 0, has a unique manifold structure for which it is a
submanifold of R? under the inclusion map. In particular, this is the
same manifold structure as the one defined in Example 1.5(d).

We define a map y from the general linear group G/(d,R) (Example
1.5(f)) to the vector space of all real symmetric d x d matrices by

y(4) = 44,
where At is the transpose of the matrix 4. Let
0(d) = y(I)

where I is the d x d identity matrix. O(d) is a subgroup of GI(d,R)
under matrix multiplication called the orthogonal group. To apply
1.38 to conclude that O(d) has a unique manifold structure such that
(O(d),i) is a submanifold of GI/(d,R), and that in this manifold struc-
ture i is an imbedding and O(d) has dimension }(d(d — 1)), one
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need only check that dy, is surjective at each o € O(d). For this, it
suffices to check that dy; is surjective, since whenever o € O(d),

Y=yor,

where r, (right translation by o) is the diffecomorphism of GI(d,R)
defined by r,(7) = To. We leave the details to the reader as an exercise.

VECTOR FIELDS

1.41 Definitions Smooth curves o: (a,b) > M and their tangent
vectors ¢(¢) were defined in 1.23(¢). We say that a mapping o [a,b] > Misa
smooth curve in M if o extends to be a C* mapping of (a — ¢, b + ¢) into
M for some ¢ > 0. The curve o: [a,b] — M is said to be piecewise smooth
if there exists a partitiona = « < a; < * ** < a,, = b such that o | [a; ,;,]
is smooth for each i=0,...,n— 1. Observe that piecewise smooth
curves are necessarily continuous. If ¢: [a,b] > M is a smooth curve in M,
then its tangent vector

6(t) = do (di

ri:

) € Ma(t)

is well-defined for each ¢ € [a,b].

1.42 Definitions A vector field X along a curve o: [a,b] > M is a
mapping X: [a,b] — T(M) which lifts o; thatis, mo X = 0. A vector field

(M)
el _\&_//
X
Ma(n
£ R M

X()

)
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X is called a smooth (C®) vector field along o if the mapping X: [a,b] —
T(M) is C*. A vector field X on an open set U in M is a lifting of U into
T(M), that is, a map X: U — T(M) such that

m o X = identity map on U.

Again, for the vector field X to be smooth (C*) means that X-e C*(U, T(M)).
The set of smooth vector fields over U forms in the obvious way a vector
space over R and a module over the ring C*(U) of C* functions on U.
If X is a vector field on U and m € U, then X(m) (often denoted X,,) is an
element of M,,. If fis a C* function on U, then X(f) is the function on U
whose value at m is X,,(f).

1.43 Proposition Let X be a vector field on M. Then the following are
equivalent:

(a) XisC~.
®) If (U, x1,...,x,) is a coordinate system on M, and if {a;} is the
collection of functions on U defined by
d
X|U=3Ya, i,
=1 0x;

then a, € C*(U).
(c) Whenever V is open in M and fe C*(V), then X(f) € C*(V).

PROOF (a) => (b) The fact that X is smooth implies that X [ Uis
smooth; and since the composition of differentiable maps is again
differentiable, it follows that dx, o X | U is smooth. (Recall that the
dx,; are coordinate functions on #~}(U) < T(M), 1.25(3).) But

dx; o X| U =a,.
Hence the g, are C* functions on U.

(b) = (c) It suffices to prove that X(f)|UeC®(U) where
(U, xy,...,xg) is an arbitrary coordinate system on M for which
U < V. But, by (b),

X(f)l U=Zai

i=1

of
ox;’

and the right-hand side is a C* function on U.

(c) = (a) To prove that X is C*, it suffices to prove that X [ Uis
C® where (U, x,,...,x,;) is an arbitrary coordinate system on M.
To prove that X | Uis C*, we need only check that X | U composed with
the canonical coordinate functions 1.25(3) on #~1(U) are C* functions.
Now, x;0mo X | U = x; and dx; o X | U = X(x;), all of which are C*
functions on U.
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1.44 Lie Bracket If X and Y are smooth vector fields on M, we define
a vector field [X,Y] called the Lie bracket of X and Y by setting

1.45 Proposition
(a) [X,Y]is indeed a smooth vector field on M.
(b) Iff,geC™(M), then [fX,gY] = fg[X,Y] + f(Xg) Y — g(X/)X.
(© KX Y]=-—[Y,X]

@) [x,Y1,Z] + [[Y.Z],X] + [[Z,X),Y] = O for all smooth vector
fields X, Y, and Z on M.

We leave the proof as an exercise. Part (d) is known as the Jacobi identity.
A vector space with a bilinear operation satisfying (c) and (d) is called a
Lie algebra.

1.46 Definition Let X be a smooth vector field on M. A smooth curve
o in M is an integral curve of X if

0y é(t) = X(a(r))
for each ¢ in the domain of o.

1.47 Let X be a C* vector field on M, and let m € M. Let us now consider
the question: Does there exist an integral curve of X through m, and if so,
is there a unique one?

A curve y: (a,b) > M is an integral curve of X if and only if

W ar(%

) —X(G®)  (te@b)).

Let us interpret this in coordinates. Suppose that 0 € (a,b) and y(0) = m.
Choose a coordinate system (U,p) with coordinate functions x;, ..., X,
about m. By 1.43(b),

.0
@ X|U=23fi—
S ox;
where the f; are C* functions on U. Moreover, for each ¢ such that y(¢) € U,
d d d(x,- o 0
® a(E|) =g52D) 2|
dr t i=1 dr ,ax,- 7(t)
Thus, in view of (2) and (3), equation (1) becomes
a d(x o 7) 0 d d
) 2= oo =3 A0W) |
Sdr | 0%y =1 0x; (1)
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Thus y is an integral curve of X on y7(U) if and only if
| _ -1 P = -1
%) o =fio 7 (D), . .., v(1)) (i=1,...,d and tey™'(U)),
t

where y;, = x; o y. Equation (5) is a system of first order ordinary differential
equations for which there exist fundamental existence and uniqueness
theorems [11]. These theorems, when translated into manifold terminology,
give the following.

1.48 Theorem Let X be a C* vector field on a differentiable manifold M.
For each m € M there exists a(m) and b(m) in R U {& 0}, and a smooth curve

(1) Ym: (a(m),b(m)) — M
such that
(@) 0¢€ (a(m),b(m)) and y,,(0) = m.
(b) v, is an integral curve of X.
(c) If u: (c,d)— M is a smooth curve satisfying conditions (a) and (b),
then (c,d) < (a(m),b(m)) and p = y,, | (c,d).

We continue with the statement of the theorem after the following.

Definition For each 7 € R, we define a transformation X, with domain

?) 9, = {me M: t € (a(m),b(m))}
by setting
(3) X, (m) = yn(0).

(d) For each m e M, there exists an open neighborhood V of m and
an & > 0 such that the map

“ (t,p) = Xy(p)

is defined and is C* from (—e,e) X Vinto M.
(e) 9, is open for each t.
) U% =M.

t>0

®) X.:2,—2_,is adiffeomorphism with inverse X_,.

(h) Let s and t be real numbers. Then the domain of X, o X, is contained
in but generally not equal to 9,,. However, the domain of X, - X,
is D, in the case in which s and t both have the same sign. Moreover,
on the domain of X, o X, we have

(5) XSOXt = X3+t'
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PROOF We let (a(m),b(m)) be the union of all the open intervals
which contain the origin and which are domains of integral curves of
X satisfying the initial condition that the origin maps to m. That
(a(m),b(m)) # & (and hence part (f) holds) follows from an application
of the fundamental existence theorem [11, THEOREM 4, p. 28] to the
system 1.47(5). Now if « and g are integral curves of X with domains
the open intervals 4 and B (with 4 N B # &), and if « and 8 have the
same initial conditions a(#,) = f(#,) at some point 7, € A N B, then the
subset of 4 N B on which « and § agree is nonempty, open by the basic
uniqueness theorem [11, THEOREM 3, p. 28], and closed by continuity;
and hence this subset is equal to 4 N B by the connectedness of 4 N B.
It follows that there exists a curve y,, defined on (a(m),b(m)) and
satisfying parts (a), (b), and (c).

The existence of an ¢ > 0 and a neighborhood V of m such that the
map (4) is defined on (—e¢,¢) X V'is the content of THEOREM 7 on p. 29 of
[11]. That the map (4) is smooth (and hence part (d) holds) follows
from THEOREM 9 on p. 29 of [11] on the differentiability of the solutions
of 1.47(5) with respect to their initial values.

Next we prove part (h). Let ¢ € (a(m),b(m)). Then s>y, (¢ + 5)
is an integral curve of X with the initial condition 0 — y,,(¢) and with
maximal domain (a(m) — t, b(m) — t). It follows from part (c) that

(6) (alm) — t, b(m) — 1) = (a(ym(1)6(7 (1)),
and for s in the interval (6),
(7) yy,,,(t)(s) = ym(t + S).

Now let m belong to the domain of X, o X,. Then ¢ € (a(m),b(m)) and
s € (a(ym(®),b(yx(t))), s0 by (6), s + t € (a(m),b(m)). Thus me D,,,,
and (5) follows from (7). It is easy to construct examples to show that
the domain of X, o X, is generally not equal to &,,,. (Consider, for
example, the vector field 9/0r, on R? — {0} with s = —1 and ¢ = 1.)
If, however, s and ¢ both have the same sign, and if m € 2,,, that is,
if s 4 t € (a(m),b(m)), then it follows that re (a(m),b(m)) and, by
(6), s € (a(ym().6(7(1))); hence m is in the domain of X o X,.

Parts (e) and (g) are trivial if # = 0, so assume that # > 0 and that
me%,. (A similar argument will prove (e) and (g) if # <0.) It
follows from part (d) and the compactness of [0,¢] that there exists
a neighborhood W of y,,([0,t]) and an & > 0 such that the map (4) is
defined and C* on (—¢,6) X W. Choose a positive integer n large
enough so that t/n € (—¢,e). Let o, = X, | W, and let Wy = a,~Y(W).
Then for i = 2, ..., n we inductively define

% = Xt/n l I/Vi—l
and
W= a; (Wi
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®; is a C* map on the open set W, ; < W. It follows that W, is an
open subset of W, that W, contains m (since if X/, composed with
itself » times is applied to m, we obtain y,,(¢), which lies in W), and that
by part (h),

8) ocloocgc-'-oanIW,,=X,iWn.

Consequently, W, = Z,; hence &, is open, which proves part (e).

Finally, X; is a 1:1 map of &, onto &_, with inverse X_,. That
X, is C* (similarly for X_,) follows from (8), which locally expresses
X, as a composition of C* maps. Hence X, is a diffcomorphism from
9, to ¥_,, which proves part (g) and finishes Theorem 1.48.

1.49 Definitions A smooth vector field X on M is complete if 9, = M
for all ¢ (that is, the domain of v, is (—o0,0) for each m € M). In this
case, the transformations X, form a group of transformations of M para-
metrized by the real numbers called the 1-parameter group of X. If X is not
complete, the transformations X, do not form a group since their domains
depend on ¢. In this case, we shall refer to the collection of transformations
X, as the local 1-parameter group of X.

1.50 Remarks A simple example of a non-complete vector field is
obtained by considering the vector field 9/0r; on the plane with the origin
removed. If @ > 0, the domain of the maximal integral curve through
(@,0) is (—a,+ o). In the case in which the manifold M is compact, any
C? vector field on M is complete. We leave the proof as an exercise.

1.51 Definition Let y: M — N be C*. A smooth vector field X along
p (that is, X € C*(M,T(N)) and 7o X = y) has local C* extensions in N
if given m € M there exist a neighborhood U of m and a neighborhood
V of y(m) such that (U) < V, and there also exists a C* vector field X
on V¥ such that

)] Xoy|U=X|U.

1.52 Remark It is easy to prove that a C® vector field X along an
immersion y: M — N always has local C* extensions in N. However, if
vy is not an immersion, such extensions generally do not exist. Consider the

following example. We shall first define a smooth vector field X along a
smooth curve «: R — R in the real line. Let

) af) =13,

(that is, « = r® where r is the canonical coordinate function on [R), and let

o)) X(f) = &(f) = da (f; D
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do

T(RY) —— 2 s 7(RY
4
1
|
d ~
7 y 1%
|
]
]
R1 x > R1

Since « is a homeomorphism, there is induced a vector field X on R so that
the above diagram commutes. Now, X is a smooth vector field along «,
but X is not a smooth vector field on R, To show this, let ¥ = ¢3. Then

3 X, = Xyp=X(t)) = da (i )
dr|,
=@( _ii_ =3t2‘£1‘ =3u2/3i
dr |y dr g 2 drl,
Thus
€)) =3l

r

and the function r2/ is not differentiable at the origin. If we extend « to be
a mapping into the plane by setting

Q) «(t) = (3,0),

and again we let X(z) = &(t), then X is a smooth vector field along the
one-to-one C* curve « in the plane, which admits no local C* extension to
a neighborhood of (0,0).

1.53 Proposition Let m e M?, and let X be a smooth vector field on M
such that X(m) # 0. Then there exists a coordinate system (U,¢) with
coordinate functions x,, . . . , X, on a neighborhood of m such that

0

6)) _ X|U=5;-;

U.

PROOF Choose a coordinate system (¥,) centered at m with coordinate
functions y,, ..., y;, such that

@ X, =2

“onl
It follows from 1.48(d) that there exists an ¢ > 0 and a neighborhood
W of the origin in R%-! such that the map

U(t, Aoy oo vy ad) = Xt(T_I(O, g, ..., ad))

is well-defined and smooth for (#,4a,,...,4a;) € (—¢&,6) X W< RS,
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Now, ¢ is non-singular at the origin since

dar(i ) =Xm=——a-— and do(—a— ) =i (i >2).
ary lo 01 I or; lo 0Y; lm
Thus by Corollary (a) of 1.30, ¢ = 071 is a coordinate map on some
neighborhood U of m. Let x,, ..., x, denote the coordinate functions
of the coordinate system (U,¢). Then since
da(i ) = Xa(t.az ..... an) 3
arl (t.az, ...,an)

we have

X|U= 2.

0x,

1.54 Definition Let ¢: M — N be C®. Smooth vector fields X on M
and Y on N are called ¢-related if dpo X = Yo o.

1.55 Proposition Let ¢: M — N be C*. Let X and X, be smooth
vector fields on M, and let Y and Y, be smooth vector fields on N. If X is
@-related to Y, and if X, is q-related to Yy, then [X,X,] is @-related to [Y, Y,].

PROOF We must show that do o [X,X;] = [Y,Y;]° ¢. For this,
let m € M and fe C*(N). Then we must show that
) do([X,X11,)(f) = [Y, Yilotm (f)-

We simply unwind the definitions:

2) do([X,X11,)(f) = [X,Xi]n(f > ¢)
= Xu(Xu(f© @) = X[ (X(f° 9)
= X,.((d9  X))(f)) — Xi| ((do ° X)(f))
= X,(Y1(f) ° 9) = Xu[u(Y(H) ° @)
= dCP(Xm)( Yl(f)) - d(P(XI!m)( Y(f))
= w(m)(Yl(/)) - Y1|<P(m) (Y(f))
= [Y, Yl]w(m)(f)-

DISTRIBUTIONS AND THE FROBENIUS THEOREM

1.56 Definitions Let ¢ be an integer, 1 < ¢ <d. A c-dimensional
distribution 2 on a d-dimensional manifold M is a choice of a c-dimensional
subspace Z(m) of M,, for each m in M. 2 is smooth if for each m in M
there is a neighborhood U of m and there are ¢ vector fields X, ..., X, of
class C* on U which span 2 at each point of U. A vector field X on M is
said to belong to (or lie in) the distribution & (X € 2) if X,, € Z(m) for each
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me M. A smooth distribution & is called involutive (or completely inte-
grable) if [X,Y] e 2 whenever X and Y are smooth vector fields lying in 2.

1.57 Definition A submanifold (N,y) of M is an integral manifold
of a distribution & on M if

(1) dy(N,) = 2(y(n)) foreachneN.

1.58 Remarks Our object in this section is to prove that a necessary
and sufficient condition for there to exist integral manifolds of & through
each point of M is that & be involutive. Perhaps a word of explanation is
in order about the expression “‘completely integrable’ sometimes used in
place of “involutive.” We have required integral manifolds to be submani-
folds whose tangent spaces coincide with the subspaces determined by the
distribution. One could define a weaker notion of integral manifold by
requiring only that the tangent spaces of the submanifold be contained in
but not necessarily equal to the distribution at each point. It is possible for a
distribution & to be “integrable” in the sense that it has low-dimensional
“integral manifolds,” but not completely integrable in the sense that 2
does not have integral manifolds of the maximal dimension. For us, unless
specified otherwise, integral manifolds of distributions will always be taken
to mean integral manifolds of maximal dimension, that is, as defined in 1.57.

1.59 Proposition Let & be a smooth distribution on M such that through
each point of M there passes an integral manifold of 2. Then 9 is involutive.

PROOF Let X and Y be smooth vector fields lying in &, and let m € M.
We must prove that [X, Y],, € 2(m). Let (N,y) be an integral manifold
of @ through m, and suppose that y(n,) = m. Since dy: N, — D(y(n))
is an isomorphism at each n in N, there exist vector fields X, ¥ on N
such that

dpoX=Xovy,
dypo¥=Youy.

It is easily checked that X and ¥ are smooth. By 1.55, [X,¥] and
[X, Y] are y-related. Hence [X, Y], = dy(X,Y],) € D(m).

M

1.60 Theorem (Frobenius) Let & be a c-dimensional, involutive, C*
distribution on M®. Let me M. Then there exists an integral manifold of
2 passing through m. Indeed, there exists a cubic coordinate system (U,¢)
which is centered at m, with coordinate functions x,, ..., x; such that the
slices

6] X, = constant forallie{c+1,...,d}

are integral manifolds of 9, and if (N,y) is a connected integral manifold
of D such that w(N) < U, then w(N) lies in one of these slices.
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PROOF We shall prove the existence part of the theorem by induction
on ¢. For the case ¢ = 1, choose a vector field X lying in &, defined
on an open neighborhood of m, such that X(m) 7 0. Then Proposition
1.53 yields a coordinate system (U,¢) about m, which can be taken to
be cubic centered, for which X | U = 0/0x,. Hence the theorem holds
for ¢ = 1.

Now assume that the theorem holds for ¢ — 1; we prove it for a
distribution & of dimension ¢. Since Z is smooth, there exist smooth
vector fields X, ..., X, spanning & on a neighborhood ¥ of m. By
1.53, there exists a coordinate system (V,y,,...,y,;) centered at m,
with ¥ < ¥, such that

d
2 X, |\ V=—
2 1] ™
On V, let
Y, =X,
(3) 1 1

Y,=X, - X)X, (=2,...,0).

Then the vector fields Y;,..., Y, are independent C* vector fields
spanning 2 in V. Let S be the slice y, = 0, and let

@ Z,;=Y,|S (i=2...,0).
Then since (2) and (3) imply that
(5) Y(n) =0 (i=2,...,0),

the Z; are actually vector fields on S; that is, Z,(g) € S, whenever
g€ S. The Z; span a smooth ¢ — 1 dimensional distribution on S.
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We claim this is involutive. Indeed, the Z, are i-related (inclusion
map of S in M) to the Y;, and therefore, by 1.55, their Lie brackets
are also i-related to the corresponding brackets of the Y;. But [Y,, Y],
(i,j = 2), has no component in the Y; direction (apply to y, and get 0).
Therefore, there exist C° functions c;;; such that

[
6) [Y;,Y;] =k§2"ﬁkYk
on V, and thus
[
O] [Z;,Z;] = Ecﬁk Z,.
k=2 S

This proves that the distribution on S is involutive. By the induction
hypothesis, there exists a centered coordinate system w;,...,w,
on some neighborhood of m in S such that the slices defined by w;, = con-
stant for all ie {c + 1, ..., d} are precisely the integral manifolds of
the distribution spanned by Z,, . .. , Z, on this neighborhood.

The functions

xl =}’1,

8
®) x;=wjom (j=2,...,d),

where #: ¥ — § is the natural projection in the y coordinate system,
are defined on some neighborhood of m in M, are independent at m,
and they all vanish at m. Thus there is a cubic-centered coordinate
system (U,p) with the coordinate functions x;,...,x; on a suitable
neighborhood U of m. We now prove that

® Y(x,p=0 onU (=1,...,¢c;r=1,...,d-c).

From this it follows that the vector fields d/0x,, ..., /dx, form a

basis for & at each point of U, and thus the slices (1) are integral mani-
folds of Z.
To prove (9), first observe that (8) implies that

(10) x _[1 G=1
ot 0 (j=2,...,d)

on U; and thus (2), (3), and (10) imply that

(1 h= 2 on U,
0x,

so certainly (9) holds for i=1. Now let ie{2,...,c} and
re{l,...,d—c}. By(1l),

(12) % (Vi%er) = Yi(Vi(xer)) = [V, ¥(xer,).
1
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The involutivity of & implies that there are C* functions c;; such that

(13) [Y;,Y] =k§CikYk'
Using (13), (12) becomes

9
0x,

19 L (Y)) =Seatixe) (=2 .,cr=1,...,d—0)

Slices xy = const, ..., Xg = const

Fix a slice of U of the form x, = constant, ..., x; = constant. On
such a slice, Y;(x,,,) is a function of x, alone, and (14) becomes a
system of ¢ — 1 homogeneous linear differential equations with respect
to x;. Such a system has a unique solution with given initial values
[11]. Since the system is homogeneous, the O functions give a solution.
But each such slice has a unique pointin S N U, and on S N U,

(15) YilXerr) =ZiWer) =0 (=2,...,0)

The first equality follows from (4) and (8), and the second from the
fact that the integral manifolds of the distribution on S determined by
the Z; are given by suitable slices in the w coordinate system. It follows
from (14) and (15) that the functions Y(x,,,) must be identically zero
on U. Thus (9) holds, and the induction step is completed.

Finally, suppose that (N,yp) is a connected integral manifold of 2
such that (N) < U. Let = be the projection of R? onto the lastd — ¢
coorainates. Then vectors in & are annihilated by d(m o ¢). Thus

d(mogoy)|, =0
foreachn e N. By 1.24, 7 o ¢ o y is a constant map since N is connected.

Thus y(N) is contained in one of the slices (1).

1.61 Remarks The classical version of the Frobenius theorem appears
quite different from our version in 1.60. The classical Frobenius theorem
can be formulated as follows.
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Let U and V be open sets in R™ and R” respectively. We use coordinates
ri,...,rpyonR™ands,,...,s,on R" Let

(1) b: U X V— M(nm)

be a C* map of U x V into the set of all » X m real matrices, and let
(rosse) €U X V. If

i=1....,n9,=1,...,m)

on U x V, then there exist neighborhoods U, of r, in U and V, of s, in V'
and a unique C* map

3) w: Uy X Vo> V

()

. . » 0b, ob,
..a_b_'ﬁ; —- a_blz + 2 ( L b)_y Y
or Os

y arﬂ ji=1 as,‘ i

such that if
ocs(r) = a(r,s) (S € VO’ re UO)’
then

“s("o) =S,

@ da,|, = b(r,a(r,s))

for all (r,s) e U, X V,.

Equation (4) is a so-called fotal differential equation. We specify in (1)
what the differential of a map should be as a function of the graph, and in
(2) we have a necessary and sufficient condition for the existence of such
a map with the specified initial conditions. It can be shown that this version
is equivalent to 1.60. For example, if we start with a c-dimensional, involu-
tive, C* distribution 2 on M*? and a point m € M, then we can obtain 1.60
from the classical version as follows. We can first choose a coordinate
system (W,7) about m with coordinate functions y;,...,y, and with
(W)= U x V< Re x R%¢, for which there exist C* functions f;; on
UxV(@i=1,...,¢c; j=1,...,d— c)such that the vector fields

d—c
®) =243 e =10
oy; =1 G

span 2 on W. Then we define a map b as in (1) by setting

(6) b(r,s) = {j;'i(r’s)}'

It turns out that the involutivity of & implies that (2) is satisfied, and from
the map « one can obtain the desired coordinate system 1.60(1). Conversely,
one can obtain the classical version from 1.60 in a similar way.

We shall give in Chapter 2 yet another version of the Frobenius theorem
in terms of differential forms and differential ideals.
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In 1.32 we considered the situation in which a C* map y: N> M
factors through a submanifold (P,p) of M so that y = ¢ oy, where
%o N — P, and we sought sufficient conditions for y, to be C*. An impor-
tant case occurs when (P,¢) is an integral manifold of an involutive distribu-
tion on M.

1.62 Theorem Suppose that w: N — M%is C*, that (P°,9) is an integral
manifold of an involutive distribution & on M, and that v factors through
(P,9), that is, y(N) < @(P). Let y,: N — P be the (unique) mapping such
that ¢ o P, = Y.

N— M

(1) ~o I@
Yo T~

X pe

Then v, is continuous (and hence C* by 1.32(a)).

PROOF Let p belong to an open set U in P, and let n € y,"Y(p). Using
1.60, we can obtain an open set I with p € ' = U and a cubic coordinate
system (¥,7) centered at ¢(p) with coordinate functions x;,...,x;
such that the slices

2) x, == constant forallie{c+1,...,d}
are the integral manifolds of 2 in V, and such that ¢(J) is the slice
(3) Xc+1="'=xd=0.

y~1(V)is open in N. Let W be the component of y~1(V) containing n.
W is open. To prove that y, is continuous, we need only prove that
yo(W) = U < U. By the commutativity of (1) and the injectivity of ¢,
it suffices to prove that w(W) lies in the slice (3) of ¥. Now, y is contin-
uous and W connected; hence y(W) is connected. Moreover, (W)
has at least the point y(n) in common with the slice (3). So since
w(W) lies in a component of ¢(P) N V, it is sufficient to prove that
components of ¢(P) N V are contained in slices of the form (2).

Let C be a component of ¢(P) NV, and let 7: ¥ — [R4=¢ be defined
by

(4) ﬂ(m) = (xc+1(m)5 CIRI) xd(m))'

Then since P is second countable, and since ¢(P) N\ ¥V is a union of
the slices (2) due to the fact that (P,¢) is an integral manifold of &,
it follows that 7(o(P) N V) consists of a countable number of points
in Ré-¢. Thus #(C) is a connected countable subset of [R4~¢; hence
7(C) is a single point, and C lies in a single slice.
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1.63 Definition A maximal integral manifold (N,p) of a distribution
2 on a manifold M is a connected integral manifold of 2 whose image in M
is not a proper subset of any other connected integral manifold of 2. That
is, there does not exist a connected integral manifold (N;,;) of & such that
() is a proper subset of y,;(N;).

1.64 Theorem Let & be a c-dimensional, involutive, C* distribution on
M?. Let me M. Then through m there passes a unique maximal connected
integral manifold of 2, and every connected integral manifold of & through m
is contained in the maximal one.

PROOF Existence Let K be the set of all those points p in M for which
there is a piecewise smooth curve joining m to p whose smooth portions

e

Integral curve of 2

are 1-dimensional integral curves of &, that is, their tangent vectors
belong to &. By 1.60 and the second countability of M, there is a
countable covering of M by cubic coordinate systems {(U;, x,%, . . . , x;):
i =0,1,2,...}such that the integral manifolds of & in U are the slices

(1) xi,; =constant forallje{l,...,d— c}.

We shall assume that m € U,,.

Now let pe K. Then there exists an index i, such that p e U,
and there is a slice S; of U; of the form (1) containing p. Observe that
S; = K. It follows ‘from 1.60 that the collection of all open subsets
of all such S;, as p runs over K forms a basis for a locally Euclidean
topology on K, and that we obtain a differentiable structure on X if we
take the maximal family of coordinate systems (with respect to 1.4(b))
containing the collection

) {(S;,, x| S;,, ..., x| S, ): pe K}

We claim that K with this topology and differentiable structure is a
connected differentiable manifold of dimension c. K is clearly connected
since it is pathwise connected by construction. We have only to prove
that the topology on K is second countable. For this, fix an
i€(0,1,2,...). We need only show that there are at most countably
many slices of U; in K. Each point of U, which lies in X is joinable to
m by a piecewise smooth curve whose range also lies in K. To each
such curve from m to points in U; there corresponds (although not
uniquely) a finite sequence

(3) UO’ Uila--'an"s Ui
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of the coordinate neighborhoods through which the curve passes in
order. The curve thus begins in the slice of U, containing m, passes
through some slice of U; , then through some slice of U,,, and so on,
until in a finite number of steps it reaches a slice in U;. Since there are
at most countably many such sequences (3) from U, to U;, we need
only show that for each such sequence there are at most countably
many slices of U, reachable in the above manner. For this, we need
only observe that foranyj, k€ (0,1, ...)

a single slice of U; can intersect at most

countably many slices of U ; for if §
is a slice of U;, then § N U, is an open

submanifold of S and therefore consists

of at most countably many components,

each such component being a connected

integral manifold of & in U, and hence

lying in a slice of Uy. This proves the U,

second countability of K.

(K,i), where i: K — M is the inclusion map, is now a submamfold
of M and is a connected integral manifold of & passing through m.
Moreover, (K,i) is a maximal connected integral manifold of &. For let
(N,yp) be any connected integral manifold of & passing through m,
and let p e p(N). There is a piecewise smooth curve c: [0,1] > N
joining w~1(m) to y~1(p). (Connected manifolds are pathwise connected.)
Then yoc is a piecewise smooth 1-dimensional integral curve of &
connecting mto p. Thus p € K, and so y(N) < K, which proves that X
is maximal. Thus we have proved the existence of a maximal con-
nected integral manifold (K,i) of & passing through m, and have proved
that every connected integral manifold of £ through m has its image
in K.

Uniqueness (cf. 1.33) Let (N,yp) be any other maximal connected
integral manifold of & passing through m. As we have observed above,
w(N) < K; thus p factors as follows:

N——Y M
~
~N
~
~
~ i
~
Yo o
XK

py is C* by 1.62, and is 1:1 and non-singular since v is 1:1 and non-
singular. 1, is onto since the fact that (N,y) is a maximal integral
manifold of & through m implies that y(N) cannot be a proper subset
of K. It follows from Corollary (a) of 1.30 that v, is a diffeomorphism.
Thus (N,y) and (K,i) are equivalent, and the maximal connected integral
manifold of & through m is unique.

U,
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EXERCISES

1 Prove that in Example 1.5(d) one does indeed obtain a differentiable
structure on S°.

2 The usual differentiable structure on the real line R was obtained
by taking & to be the maximal collection containing the identity
map. Let &, be the maximal collection (with respect to 1.4(b))
containing the map ¢+ ¢3. Prove that # # &, but that (R, %)
and (R,#,) are diffeomorphic.

3 Let {U,} be an open cover of a manifold M. Prove that there exists
a refinement {V,} such that ¥V, < U, for each a.

4 Use the fact that manifolds are regular and paracompact to prove
that manifolds are normal topological spaces.

5 Prove 1.25(a), (b), and (c).

6 Prove that if y: M — N is C®, one-to-one, onto, and everywhere
non-singular, then y is a diffeomorphism. (This proposition depends
strongly on the second countability of M. Here is an outline for a
proof. This map y is a diffeomorphism if and only if dy is surjective
everywhere. If dy is not surjective at some point, then the dimension
of M is less than the dimension of N. Letdim M = panddim N = d.
Assuming that p < d, one arrives at a contradiction as follows.
Let (U,p) be a coordinate system on N such that ¢(U) = R4,
Since y maps M onto N, the range of ¢ o ¢ is all of R% Now we
show that this yields a contradiction. One way is to use 1.35 to
observe that the range of ¢ o is a countable union of nowhere
dense sets in R4, and therefore, by the Baire category theorem,
could not possibly be all of R%. Another way is to use the fact that
p < d to prove that the range of ¢ oy has measure 0 in R¢, which
also is a contradiction (where a set in [R? has measure 0 if it can be
covered by a sequence of balls, the union of whose volumes is
arbitrarily small). That the range of ¢ o has measure 0 in R?
follows from the second countability of M and the fact that a C?
map R? — R¢ has image of measure 0, and this, in turn, follows
from the fact that a C! map R? — R¢ takes sets of measure 0 to
sets of measure 0. To prove the latter, observe that if f: R? — [R¢

is C1, and if A is a compact set in [R¢, then f'has a Lipschitz constant
Kon A,

/) —fON < Klx—yl  (x,y€e4),

so that f magnifies the volume of balls in 4 by at most K¢, and hence
takes sets of measure 0 in A4 into sets of measure 0.)

7 Prove 1.33(a) and (b).
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Exercises 51

Obtain the classical implicit function theorem 1.37 from 1.38,
Let f: R?2 — R be defined by

Jey)=x+xp+y*+ 1

For which points p = (0,0), p = (4,4), p = (=4,—1) is f1(f(p))
an imbedded submanifold in R2?

Let M be a compact manifold of dimension n, and let f: M — [R" be
C”. Prove that f cannot everywhere be non-singular.

Find counterexamples to show that Proposition 1.36 would fail
if either of the hypotheses closed or imbedded were deleted. In
fact, one can prove more; namely, if (M,y) is a submanifold of
N such that whenever ge C*(M) there is a C® function f
on N such that fo p = g, then y is an imbedding and y(M) is closed
in N.

Supply the details for 1.40(a) and (b).

Prove Proposition 1.45.

Is every vector field on the real line complete?

Prove that if (U, x;, ..., x;) is a coordinate system on M, then
[0/0x,,0/0x;] = 0 on U.

Let N < M be a submanifold. Let y: (a,b) >~ M be a C* curve
such that y(a,b) = N. Show that it is not necessarily true that
p(t) € Ny, for each ¢ € (a,b).

Prove that any C* vector field on a compact manifold is complete.
Prove that a C* map f: R?* — R! cannot be one-to-one.

Supply the details of the equivalence of the two versions 1.60 and
1.61 of the Frobenius theorem.

Let ¢: N— M be C”, and let X be a C*® vector field on N. Suppose
that do(X(p)) = do(X(q)) whenever o(p) = ¢(g). Is there a smooth
vector field ¥ on M which is ¢-related to X'?

The torus is the manifold S* x S*. Consider S! as the unit circle
in the complex plane. We define a mapping ¢: R — ST x S! by
setting @(t) = (¢*"**,¢**") where « is an irrational number. Prove
that (R,¢) is a dense submanifold of S* x S'. This submanifold
is known as the skew line on the torus.

Let »(t) be an integral curve of a vector field X on M. Suppose
that (¢) = 0 for some ¢. Prove that v is a constant map, that is,
its range consists of one point.
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23 A Riemannian structure on a differentiable manifold M is a smooth
choice of a positive definite inner product ( , ), on each tangent
space M,,, smooth in the sense that whenever X and Y are C*
vector fields on M, then (X,Y) is a C* function on M. Prove that
there exists a Riemannian structure on every differentiable manifold.
You will need to use a partition of unity argument. A Riemannian
manifold is a differentiable manifold together with a Riemannian
structure.

24 Consider the product manifold M x N with the canonical projections
m:M X N—>Mand m: M X N— N.

(a) Prove that a: M~ M x N is C* if and only if 7 o« and
my o o are C*,

(b) Prove that the map v > (dm,(v),dmy(v)) is an isomorphism of
(M X Ny With M,, & N,.

(c) Let X and Y be C* vector fields on M and N respectively.
Then, by (b), X and Y canonically determine vector fields
X = (X,0)and ¥ = (0,Y) on M x N. Prove that [£, ¥]= 0.

(d) Let (my,ny) e M X N, and define injections Ing M —M X N
and i,,: N— M X N by setting
in“(m) = (m’no),
Imo() = (mo,n).

Let v e (M X N)im ny, and let v, =dm(v)e M,, and v, =
dmy(v) €N, . Let fe C*(M x N). Prove that

U(f) = Ul(fO ino) + U2(f° imo)-
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There are a number of vector spaces and algebras naturally associated with
the tangent space M,,. Suitably smooth assignments of elements of these
spaces to the points in M yield tensor fields and differential forms of various
types. We shall first develop some of the pertinent facts from multilinear
algebra, and then beginning with 2.14 we shall apply these concepts to
manifolds.

TENSOR AND EXTERIOR ALGEBRAS

Throughout 2.1-2.13, V, W, and U will denote finite dimensional real
vector spaces. As usual, V* will denote the dual space of ¥ consisting of all
real-valued linear functions on V.

2.1 Definitions Let F(V,W) be the free vector space over R whose
generators are the points of V' x W. Thus F(V,W) consists of all finite
linear combinations of pairs (v,w) with ve ¥ and we W. Let R(V,W) be
the subspace of F(V,W) generated by the set of all elements of F(V,W)
of the following forms:

(01 + v, W) — (01,W) — (03, W)

) (v, wy + wy) — (v,wp) — (v,wy) aeR
(av,w) — a(v,w) U,V, 0,V
(v,aw) — a(v,w) w, W, wo € W

The quotient space F(V,W)/R(V,W) is called the tensor product of V and
W and is denoted by V' ® W. The coset of V' ® W containing the element
(v,w) of F(V,W)is denoted by v ® w. It follows from (1) that we have the
following identities in V'@ W:

W +v)ew=,0w+0,0w
VR W+ W) =0 w, +0VQ w,
ab@wW)=av@w =13 aw.

54
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2.2 The following properties of the tensor product are easily established,
and are left to the reader as exercises.

(a) Universal Mapping Property. Let ¢ denote the bilinear map (v,w)
v@w of ¥V x Winto V® W. Then whenever U is a vector space
and I: V x W— U is a bilinear map, there exists a unique linear

map I: V. ® W— U such that the following diagram commutes:

Ve w

~
~
~

ty J ~o0
~ ~
rxw— LS v

The pair consisting of '@ W and ¢ is said to solve the universal
mapping problem for bilinear maps with domain ¥V x W. Moreover,
V® W and ¢ are unique with this property in the sense that if X
is a vector space and ¢: ¥ X W — X a bilinear map with the above
universal mapping property, then there exists an isomorphism

: V® W— X such that a o ¢ = 9.
(b) V ® W is canonically isomorphic with W & V.
(¢) V& (W® U)is canonically isomorphic with (V ® W) ® U.

(d) By property (a), the bilinear map of V* X W into the vector space
Hom (V,W) of linear transformations from V to W defined by
(fiw)v) = f(v)- wfor fe V* veV, and w € W determines uniquely a
linear map o«: V*®@ W—Hom (V,W). a is an isomorphism.
As a consequence,

@ dim ¥ ® W = (dim V)(dim W).

(e) Let{e,;i=1,...,ctand {f;:j=1,...,d} be bases for ¥ and W
respectively. Then {¢,;®f;:i=1,...,¢ and j=1,...,d} is a
basis of V@ W.

2.3 Definitions The tensor space V., ; of type (r,s) associated with V'
is the vector space

1) Vo -V @ V*e---@ V.

g

r copies & copies
The direct sum

@) TVy=2V.s (rs20),

where V,, = IR, is called the tensor algebra of V. Elements of T(V) are
finite linear combinations over R of elements of the various ¥, , and are
called tensors. T(V) is a non-commutative, associative, graded algebra
under ® multiplication, where if u=u4Q - -Qu, ® e e u‘s"l
belongs to ¥, , and v =0, Q- ® v, ®vf ® " @ v, belongs to V,

151 :82°
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then their product ¥ ® v is defined by
u®U=“1®"‘®url®U1®"' ®vrz®u:®...®us’:®vr®...®v:;

and belongs to V, ., ,.,. Tensors in a particular tensor space V,, are
called homogeneous of degree (r,s). A homogeneous tensor (of degree
(r,5), say) is called decomposable if it can be written in the form

l’l®"'®l«’,®vr®"‘®l}:

wherev, € V (i=1,...,r)andv;‘eV* =1,...,9).

2.4 Definitions We let C(V) denote the subalgebra Y ¥V, , of T(V).

=0
Let I(V) be the two-sided ideal in C(V) generated by the s’ét of elements of
the form v ® v for v € ¥, and set

(l) Ik(V) = I(V) N Vk,O'
It follows that
@ 10) = 3L,

and is a graded ideal in C(V). The exterior algebra A(V)) of V is the graded
algebra C(V)/I(V). If we set

B3 AW =Vek(V) k22, AWN)=R, AW)=V,
then

) A(V) = SAD).

k=0
We shall denote multiplication in the algebra A(V) by A. This is called the

wedge or exterior product. In particular, the residue class containing
VR U ISV A Ay,

2.5 Definition A multilinear map

1) h VX XV>W
A ——

. r copies
is called alternating if

@) h(Vq)s - s Vo) = (sgnmh(vy, ..., 0,) y,...,v,€V),

for all permutations = in the permutation group S, on r letters. Sgn = is
the sign of the permutation 7 (+1 if = is even, —1 if 7 is odd). The vector
space of all alternating multilinear functions

Vx...x V- 1R
N’

7 copies

will be denoted by A4,(¥), and for convenience we set 4,(V) = R.
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2.6 The following properties of the exterior algebra are left to the reader
as exercises:

(@) fueA(V)andve Ay(V), thenuAve A, (Vyandu Av = (—1)*v Au.
(b) Ife,...,e;is abasis of V, then
0y {eo}

©

is a basis of A(V), where ® runs over all subsets of {1, . . ., d}, including
the empty set; where eo =e€; A---Ae; with i) <---<i, when
® is the subset {i;,...,i} of {1,...,d}; and where e, = 1 when
® = . In particular,

A= R,
@ (V)=

Ay (V) = {0} (j> 0).

Moreover, it follows that
dim A(V) = 2¢,

. d d!

dim A(V) (k) oo Osk<o

(Hint: Observe that the elements {e} span A(V). To prove that they
also are linearly independent, first prove that e; A -+ - A ¢, is not zero
in Ay(V). For this, one must show thate, ® - : - ® ¢, does not belong
to I(V). Express an arbitrary element of I(V) in terms of the basis
vectors ey, ..., e;, and show that it could not equal ¢, ® - - - Q ¢,.
Then for linear independence of the entire set {eg}, multiply the equa-
tion > age, = 0 by suitable products of the e, to land in A,(V), and
conclude that the various ag are all zero.)

A3)

Universal Mapping Property. Let ¢ denote the mapping (v,, ..., 1) —
vy Acc-Av, of VX -+ XV (k copies) into Ai(¥V). Then ¢ is an
alternating multilinear map. Now to each alternating multilinear

map h of V' x + -+ x V (k copies) into a vector space W, there corre-
sponds uniquely a linear map A: A, (V) — W such that ho ¢ = h.
Ax(V)
4 AT~C ~
@ i
14 =~ ~
VX xV ——-—h———\—’; w
Brever—
copies

The pair consisting of A,(V) and ¢ is said to solve the universal mapping
problem for alternating multilinear maps with domain V' x -+ X V;
and this is the unique solution in the sense that if X is a vector space
and ¢: V X -+ X ¥V — X an alternating multilinear map also possess-
ing the universal mapping property for alternating multilinear maps
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with domain ¥ X -+ - X V, then there is an isomorphism «: Ay(V) - X

such that o ¢ = g.
In the special case in which W = R, the diagram (4) establishes a

natural isomorphism
) A(V)* = 4,(V)

of A(V;)* with the vector space A4,(V) of all alternating multilinear
functions on V' x -+ X V (k copies). It follows from property (b)
that 4,(V) = {0} for £k > dim V.

We shall now consider various dualities between the spaces V, ,, Ay (V),
A(V) and the corresponding spaces (V'*), ,, A (V*), A(V*) built on the dual
space V* of V.

2.7 Definition Let ¥ and W be real finite dimensional vector spaces.
A pairing of V and W is a bilinear map ( , ): ¥ X W— R. A pairing
is called non-singular if whenever w 5 0 in W, there exists an element v € V'
such that (v,w) # 0, and whenever v # 0 in V, there exists an element
w € W such that (v,w) # 0.

Let ¥ and W be non-singularly paired by ( , ), and define
6)) o: V—>W* by oW = (v,w) weV; weW).

It follows that ¢ is 1:1. Similarly, there is a 1:1 map W — V*. Therefore
V and W have the same dimension, and hence ¢ is an isomorphism of V'
with W* Thus a non-singular pairing of ¥ and W in a canonical way
yields an isomorphism ¢: V' — W* and similarly an isomorphism W — V*.

2.8 Definition A non-singular pairing of (V*), , with V, ,. This pairing
is to be the bilinear map (V*),, X V, ,— R which on decomposable ele-
ments

v*=vf®"‘®v:‘®ur+1®"'®ur+s€(V*)r,s

and

u=u;® -y Bp*, ® - Q¥ €V,,
yields the following:
(1) (v*,u) = Uf(lﬁ) T v:+s(ur+s)'

It is easily checked that there is a unique such bilinear map and that it is a
non-singular pairing. This pairing establishes an isomorphism

(2) Vs = (V0™

On the other hand, the obvious extension of the universal mapping property
2.2(a) shows that there is a natural isomorphism

©) (Veo)* = M, (V)
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where M, , (V) is the vector space of all multilinear functions

VX XVXV*X+XV*¥>R,

- .
r copies 8 copies

Under the isomorphism (3), if 4 € (¥,,)*, then the corresponding multi-
linear function 4 in M, (V) satisfies

@ hy,...,v,0% .. 0 =nQ  Qv,R0F® - Qv}).
Finally, from (2) and (3) we obtain an isomorphism

&) (Vs 2 M, (V).

2.9 Definition A non-singular pairing of A (V*) with A (V). This
pairing is to be the bilinear map of A,(V*) x A,(V)— R which on decom-
posable elements v* = vF A - Aoy in Ay(V*) and u=w; A - Aty in
A (V) yields

§) (v*u) = det(v}(u,)).

Again it is easily checked that there is a unique such bilinear map and that
it is a non-singular pairing. For k = 0, the pairing is simply multiplication
of real numbers. This pairing establishes an isomorphism

©) Ap(V*) = A (V).
Composing (2) with the natural isomorphism
3 A (V)* == A(V)
of 2.6(5) yields an isomorphism

Q) A(V*) = A4(V).

Using the isomorphism (2), and observing that the dual space of a finite
direct sum is canonically isomorphic to the direct sum of the dual spaces,
we obtain isomorphisms

) A = IAV) = SAV)* 2 AW,
and from (3) we obtain an isomorphism
©) AW)* = A(Y) =z 40).

Henceforth we shall make use of the identification (5) of A(V*) with A(V)*
via the pairing (1) without further comment.

2.10 Remarks on 2.9

(@) If {e,,...,e, is a basis of V with dual basis {y,, ..., y;} in V*, then
the bases {e,} and {y,} defined in 2.6(b) are dual bases of A(V) and
A(V*) under the isomorphism 2.9(5).
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(b) In 2.9(5) and (6), the following isomorphisms were established:

A(V*) = A(V)* = A(V).

The second of these is the natural isomorphism arising from the universal
mapping property 2.6(c). The first, call it « for the moment, arose
from our choice of the pairing 2.9(1). There is another pairing in
common use, this one obtained by replacing 2.9(1) by

(1) (0) = 7 det(u2().

This pairing gives a different isomorphism of A(V*) with A(V)*,
call it . Now A(¥V*)is an algebra under wedge multiplication. Via the
above isomorphisms we obtain two algebra structures A, and A, on A(V).
It is not difficult to see that if fe 4,(V) and g 4,(V), then these
induced algebra structures on A(V) take the form

2) fagl,...,000,)
= E (Sgn 7'7')f(vzr(1)’ e Un(p))g(vﬂ(m—f—l)’ e vﬂ(P+0))

p.ashuttles

and
() frggvy, ..., v,

1
= 7+ g (sg8n T f(Vzys -+ > Va8 (Paipiny s - - - » Vntorad)-
p q ! 7€Sp4q

Here a permutation w€S,,, is called a “p, ¢ shuffle” if =(1) <
m2) < <m(p)and 7w(p + 1) < <7(p+¢g). It follows from
(2) and (3) that
!
@ frog=EED s
plq!

For example, consider the case in which p = ¢ = 1. Let y and 0 belong
to V* = A,(V), and let v, we V. Then y A, 6 and y A, 8 € 4,(V) and

(5) 7 A 0(0,w) = p(v) 6(w) — y(w) 6(v),
whereas
(6) 7 Ag 8 (v,w) = }(y(v) (W) — y(w) 8(v)).

We shall use only the pairing 2.9(1). It has the advantage of avoiding
factors such as the 4 in (6).
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2.11 Linear Transformations of A(V) End(A(V)) will denote the
vector space of all endomorphisms of A(V) (i.e. linear transformations
from A(V) into A(V)). Let u€ A(V). Left multiplication by u is the endo-
morphism &(u) of A(V) defined by

) e =uAv (v e A(V)).

The transpose i(u) of ¢(u) is an endomorphism of A(V)*. Under our identifica-
tion of A(V)* with A(V*), the transpose i(x) can be considered as an endo-
morphism of A(V*), and this endomorphism is called interior multiplication
by u. In terms of our pairing of A(V) with A(V*), i(u) is defined by
(2 (io*w) = (v*,e@w) = @*, urw)  (v* e A(V*); we A(V)).
If u € V, then i(u) maps A,(V*) into A,_,(V*) for each k. In particular, if
v* € V*, then i(u)v* € R and
iwo* = (i(u*,1) = (v*, e(u) - 1) = (v*,u) = v*(u).
An endomorphism / of A(V) (or in general of any graded algebra) is
(a) aderivation if I(u Av) = l(u) A v+ u A l(v) (u, v e A(V)),
(b) an anti-derivation if (u Av) =1lu) Av+ (—1D)?u A l(v)
(e A,(V);ve A(V)),
(c) ofdegree kifl: A(V)— A, (V) for all j.
(We assume that A,(V) = {0} if i < 0.)
It is easy to see that /e End A(V) is an anti-derivation if and only if on
decomposable elements we have
i

3) oy A AD) =2 (=DM A= Al(p) A+ Av;.

i=1

2.12 Proposition Ifu e V, then i(u) is an anti-derivation of degree —1.

PROOF That the degree of i(u) is —1 if u € ¥ is clear from the definition
2.11(2). To prove that i(u) is an anti-derivation, we check that 2.11(3)
holds. For this, it is sufficient to see that both sides of 2.11(3) give the
same result when paired with an element of A(V) of the form
wy A+ -+ A w;. That is, we must show that

(D (@@FA AU, WA Awy)

J
= (2(—1)'“1;’{ A AP A AT, w2/\-"Aw,).
i=1
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Now, the left-hand side of (1) equals

WF A AV u AWy A Awy) = det(vf(w)),
where we have put w, = u. The right-hand side of (1) is

j
S (=) fu)wE A AV A0 W A A W,)
i=1
j _ ~ .
= 3 (=D rudet(@tw)) (KT L o
=1 l = 2, N ,]

i=1,...,]
=det(U:(Wz)) (; =1,... j)

(Here the circumflex over a term means that it is to be omitted.)

2.13 Effect of Linear Transformations Let /: ¥ — W be a linear
transformation. Then / extends to an algebra homomorphism

) I: A(V)—> A(W),

where oA Av)=1lv)A"--Al(v,) and (1) =1.
The transpose d/: W* — V* also extends to an algebra homomorphism
2 ol: A(W*) — A(V*).

Our isomorphisms 2.9(5) of A(V*) with A(V)* and of A(W*) with A(W)*
are natural in the sense that (2) is the transpose of (1); that is,

3) (BIw®),v) = (wx,l(v))  (w* € A(W*); 0 € A(v)).

TENSOR FIELDS AND DIFFERENTIAL FORMS

2.14 Definitions Let M be a differentiable manifold. We define
) T,M=U M,),, tensor bundle of type (r,s) over M
meM

(2 AXM) = UMAk(M *Y  exterior k bundle over M

(3) A*M)= U AM})  exterior algebra bundle over M.
meM

In the cases in which k£ = 0 and (r,s) = (0,0), the unions in (1) and (2) are
disjoint unions of copies of the real line—one copy for each point in M.
T, (M), Ay(M), and A*(M) have natural manifold structures such that the
canonical projection maps to M are C*. If (U,p) is a coordinate system
on M with coordinate functions y,, ..., y;, then the bases {0/dy,} of M,,
and {dy;} of M}, for m e U, yield bases of (M,,), ,, A, (M}), and A(M}).
For example, the basis of A(M¥) is {dy, A~ Ady, iy < < ip)
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Using these bases, one can define maps of the inverse images of Uin T, (M),
A¥(M), and A*(M) under the respective projection maps to ¢(U) X
Euclidean spaces of the proper dimensions. By requiring these maps to be
coordinate systems, one obtains the natural manifold structures on T, (M),
A¥ (M), and A*(M) just as we did previously in 1.25 for T(M) and T*(M)
(which incidentally is simply A¥(M)).

2.15 Definition A C*® mapping of M into T, (M), A¥(M), or
A*(M) whose composition with the canonical projection is the identity
map is called a (smooth) tensor field of type (r,s) on M, a (differential) k-form
on M, or a (differential) form on M respectively. Since our tensor fields
and differential forms will always be smooth in this sense, we shall drop
the adjectives “smooth’ and “differential” unless needed for emphasis.

2.16 Remarks A lifting a: M — T, (M) is a smooth tensor field of
type (r,s) if and only if for each coordinate system (U, y,, ..., y,;) on M,
(1) 01‘ U=2a;. .. i._a—®"'®i®dhx®"'®dyh’

0y, 0y;,
where the a; ;. ; €C®(U). (In the classical tensor notation one
uses lower indices on tangent vectors, upper indices on functions and
differentials, and the reverse on coefficients; thus the individual terms of

(1) would appear as

P 4 ; ;
ajll ..... ha_);® ®ayi'®dy7l®...®dyh.)
A lifting 8: M — A¥(M) is a differential k-form if and only if for each
coordinate system (U, y;,...,ys) on M,
2 /3|U= > .bn ..... @Yy N Ny,
ik

1< o <

where the b, ;. are C* functions on U.

2.17 Definitions E*(M) shall denote the set of all smooth k-forms on
M, and E*(M) the set of all differential forms. E°(M) can be identified
with C*(M); indeed, the differentiable manifold Ay (M) is simply M x R,
and smooth liftings of M into M x R are simply graphs of C* functions
on M. Forms can be added, multiplied by scalars, and given a product
(A). If w, e E¥(M) and c € R, then w + ¢, cw, and w A ¢ are the forms
which at m have the values w,, + ¢,,, cw,, and o, A ¢, respectively.
In the case in which fis a O-form and w € E*(M), we write f A o simply
as fw. E*(M)thus has the structure both of a module over the ring C*(M)
and of a graded algebra over R with wedge multiplication.
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2.18 Let w € E*M). Then o, €A, (M?), and can be considered (via
the duality 2.9(4)) as an alternating multilinear function on M,,. So if

Xi, ..., X, are vector fields on M, w(X;, ..., X;) makes sense—it is the
function whose value at m is
(1) oXy, ..., X)m) = o,(X;(m), ..., X(m).

Thus, if we let X(M) denote the C*(M) module of smooth vector fields
on M, then

Q) w: ¥(M) X - -+ X (M)~ C*(M)

k copies

and is an alternating multilinear map of the module X(M) into C*(M).
We stress that o is multilinear over the C*(M) module ¥(M); that is

(3) olX,... aXi—l’/X‘l'gY’ D, CTR P , X3)
=fw(X1a e ’Xi~1’X9 Xi+19 oo 9Xk)
+goXy, ... . X, ¥, X, ..., X3)

whenever f, ge C*(M)and X,, ..., X; ,, X, ¥, X;,;,..., X, € X(M).
Conversely, it is useful to observe that any alternating C*(M) multilinear
map (2) of the module X(M) into C*(M) defines a form; for we claim that if
o is such a map, then w(X;, ..., X;)(m) depends only on the values of the
vector fields X, at m. Assuming this for the moment, it follows that w
defines an alternating multilinear function w,, on M,,, and hence defines

an element of A (M}); namely, given (vy,...,0)€EM,, x -+ X M,,
choose Vy,...,V,€X(M) such that V(im)=v, (i=1,...,k), and
define

(4) wm(vl, e ey l)k) = a)( Vl’ e ey Vk)(m).

By our claim, w,(v,,...,v,) is well-defined, independent of the choice
of the extensions V;. Thus w gives a lifting m - w,, of M into A*(M),
and this is easily seen to be smooth; hence w is a form.

For simplicity of notation, we illustrate the claim with the case in which
o is a linear map of the module X(M) into C*(M). Let X € X(M). We wish
to show that w(X)(m) depends only on X(m). It suffices to show that
w(X)(m) =0 if X(m) =0. Let (U, x,,...,x,) be a coordinate system
about m. Then on U, we have X = a,(9/0x;) where the a,(m) = 0.
Now, let ¢ be a C* function which takes the value 1 on a neighborhood
V < U of m and is zero on a neighborhood of M — U (see 1.10). Then
the vector field X; which is ¢(d/0x;) on U and O elsewhere is a C* vector
field on M; the function 4; which is ga; on U and 0 elsewhere belongs to
C®(M); and

) X=3aX + (1—-¢dX
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Thus

6)  o@X)m) =3 dmaoX)m) + (1 — ¢*)m))(wX)(m)) = 0.

So w(X)(m) = 0 if X(m) = 0, as was to be shown.

Finally, we remark that via the duality 2.8(5), tensor fields can be given
a similar interpretation. If T'is a tensor field of type (r,s), then we can consider
T as a map

N T:EXM)x---x EX\M) X (M) x +++ X ¥(M) - C*(M),

r copies $ copies

which is C*(M) muitilinear with respect to the C* (M) modules EX(M) and
(M).

Observe the simple form which formula (2) of 2.10(b) takes when w, ¢ €
EM(M) and X, Y € X(M). In this case, we have

® o A9(X,Y) = o(X)p(Y) — o(Y)e(X).

2.19 Definition If fe C*(M), the differential df is a smooth mapping
of T(M) into R which is linear on each tangent space. Thus df can be
considered as a 1-form, df: M — A¥(M). The l-form df is called the
exterior derivative of the 0-form f, and this exterior differentiation operator d
has an important extension to E*(M) given by the following.

2.20 Theorem (Exterior Differentiation) There exists a unique anti-
derivation d: E*(M) — E*(M) of degree +1 such that

() a2=0.
(2) Whenever fe C*(M) = E°(M), df is the differential of f.

PROOF Existence. Let p € M. Let E*(p) be the set of all smooth forms
defined on open subsets of M containing p, with E*(p) the corresponding
set of k-forms. We fix a coordinate system (U, x,, ..., x;) about p.
If w € E*(p), then

(3) wl(domain AU = 2 2 dxm

where the aq € C*((domain w) N U), where ® runs over all subsets
of {l,...,d}, and where the dx, are eitherdx; A - Adx; when® =
{nh < < i,} or the constant function 1 when ® = &. We define do
at p by setting

(4) dw,, = z dad,lp A dxmlp € A.(M:).
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We will have to show that the definition of dw, is independent of
the choice of coordinates. But first, we give the following properties:

(@
(d)
©

(d)

©

o € E'(p) = dw, € A, (M}).
dw, depends only on the germ of w at p.
d(a,o;, + azwz)lp = al(dwl)lp + a2(dw2)lp’ (ai €R; w; EE*(P)),
where the domain of a,w; + a,w, is (domain w; N domain w,).
d(w; A )|, = dwy|, A wyf, + (—1) 0y, A doy,,

(v, € E"(p); w, € E*(p)).

In view of properties (b) and (c), it suffices to check (d) for
wy, =fdx; N>+ Adx, and w, =gdx; A-: Adx; on some
neighborhood of p. For the case r =5 = 0, property (d) is
simply d(f-g)|, = 4df, g(p) +f(p)-dg,; and the case in
which only one of r or s is 0 is similar. Now suppose that
r>0ands > 0. If{iy,..., 0} N {j,...,J} # &, both sides
are 0. So assume that this intersection is empty. Then
(fdx, A---Ndx; ) A(gdx; A Adx;)
=¢fgde, A Andx,
where ; <--- </ _ and e is the sign of the permutation that
has been carried out. So we have that
d(w; A w))|, = d(ef - gdxy A Adx,,)|»
= e(df, g(p) + /(P dg,) Adxy |, A - Adx, |,
= (dfyAdx;[, A A dx,.rlp) A(g@)ax; |, Ae-- A dx; |,)
+ (—l)r(f(P) dxilip A A dxirlp)
A (dgy Adxy |, A e Adx;),)
= dwy|, A 03, + (= 1)@y, A doy,.

If fis a C* function on a neighborhood of p, then d(df)|, = 0.
For on (domain f) N U, df = Y (9f]0x,) dx;, so that

2
“wh=Sd)| rel= 3

But (9%]0x; 0x,)(p) = (9%f]9x; 0x,)(p), whereas dx;], A dx|, =
—dx), Adx;,. Sod(df)|,=0.

dx,|, A dx],.

Now we claim that the definition of d at p is independent of the coord-
inates chosen. For let d’ be defined on E*(p) relative to another coordinate
system, and let w € E*(p). Then w on (domain w) N U is given by
(3), and since d’ must also satisfy properties (a)—(e), it follows that
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() d()|,=dS agdx; A Adx,)|, (by (b))
=Y d'(agdx; A+ Adx,)|, (by (©)
=2 d'(a)|, Adx,|, A Adx, |,

+ 2 (=D ag|, dx |, Ao Ad'(dx; )| A A dx; |,
(by (@)
= > d(ae)|, Adx; |, A Adx, |, (by (e)

=dw,.

Now, if w € E¥(M), we define dw to be the form which as a lifting
of M into A*(M) sends p to dw,. It follows that d2 = 0, since if
w € E*(M) and p € M, dw has the form Y dag A dxe on a coordinate
neighborhood of p, and thus

d(do)|, = 3 d(dag A dx,)|, = 0

by properties (¢) and (d). It follows that d is an anti-derivation of
E*(M) of degree +1 satisfying (1) and (2).

Uniqueness Let d’ also be an anti-derivation of E*(M) of degree
+1 satisfying (1) and (2). We first show that if w € E¥(M) and o
vanishes on a neighborhood W of p, then d'w|, = 0. Choose a C*
function ¢ which is 0 on a neighborhood of p and 1 on a neighborhood
of M — W. Then 9w = w and

d'(w)l, = d'(cpw)lp = d'(cp)lp A w, + o(p) d'wlp = 0.

Now d' is defined only on elements of E*(M), that is, on globally
defined forms on M. We wish to define d’ on E*(p) for each p € M.
If w € E*(p), we can extend w to a form on M having the same germ
at p as does w. Simply let ¢ be a C* function which is 1 on a neighbor-
hood of p and has support in the domain of w. Then ¢w € E*(M)
(pw is defined to be 0 outside of the domain of w), and ¢w agrees with
o on a neighborhood of p. Thus we can define

d' ()|, = d'(¢v),,

and by the above remarks this definition is independent of the extension
chosen. Thus d’(w)lp is defined for all w in E*(p) and clearly satisfies
properties (a)-(¢). (In (d), extend w, A w, to a form on M by using
ow, A o, for a suitable ¢; and in (e), observe that d'(df)|, =
d'(pdf)|, = d'(d(¢f))|, = 0, since do(p) =0 and since d’ satisfies
(1) and (2).) The equations (5) now imply that whenever w € E*(p),
in particular whenever o € E*(M), d'(»)|, = d()|,. This proves
uniqueness.

Observe that it is clear from the above proof that do | U = d(w | U)
whenever U is an open set in M.
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2.21 Interior Multiplication by Vector Fields Let X be a smooth
vector field on M, and let w € E*(M). Interior multiplication of w by X
is the form i(X)w whose value at m is the interior multiple of w,, by X,,
(see 2.11(2)):

M ((X)0)|m = iX,)(@p).

That i(X)w is smooth follows easily from 2.16(2); and from 2.12 it follows
that i(X): E¥(M) — E*(M) is an anti-derivation of degree —1.

2.22 Effect of Mappings Let y: M — N be a smooth map, and let
meM. Then we have the differential dy: M,, - N, ,,, its transpose
dy: Ny, — M, and the induced algebra homomorphism dy: A(NY,,)) —
A(M}). If w is a form on N, then we can pull w back to a form on M by

setting
0)) IP(@)]m = OP(@]m)-

This is one of the particularly nice features of differential forms. Under a
smooth mapping, they can be pulled back from the range to the domain of
the map. Vector fields, on the other hand, do not display such pleasing
behavior under mappings.

2.23 Proposition Let y: M — N be a smooth map. Then
(@) Jy: EX¥(N)— E*(M) and is an algebra homomorphism.
(b) Oy commutes with d; that is, d(Syp(w)) = dyp(dw) (w € E*(N)).
(© Sp(@)Xy, ..., X)(m) = o, m(dpXim), . . ., dp(X,(m))) for
€ E*(N) and for vector fields X,, . .. , X, on M.

PROOF Result (c) is clear from 2.13(3); and 2.13(2) and the definition
2.22(1) imply that dy is an algebra homomorphism. Before we check
that dy(w) is actually a smooth form for w € E*(N), observe the follow-
ing special case of (b): If fe C*(N), then dy(f) =foye C°(M),
and 1.23(d) implies that

0)) Sp(df) = d(f o p) = d(6p(/))-

Now let we E*(N), and let me M. Choose a coordinate system
(U, x1,...,x;) about y(m) and a neighborhood V of m such that
w(V) < U. Then there are C* functions aq on U such that

(2) WIU=zanxilA"'/\dxir.

It follows that

3 (@) |V =3 agopdx, cp) A Ad(x, o),

which is a smooth form on V. Hence dy(w) € E*(M), and thus (a) is
proved. To complete (b), we use (3):



The Lie Derivative 69

@) dEy(@)|n =d(T agopdx, op) A+ A d(x;, °9))|m
=2 (dagoy) Ad(x; o p) A+ Ad(x; 2 )|
= 0y(3 dag Adx;, A-- A dx; )|m
= dy(dw)|,,.

Thus (b) is proved, and the proof is complete.

THE LIE DERIVATIVE

2.24 Definition Tensor fields and differential forms can be differentiated
with respect to a vector field. The resulting derivative is known as the Lie
derivative and is defined as follows. Fix a smooth vector field X on a manifold
M. Recall (see 1.48) that we use X, to denote the local 1-parameter group of
transformations associated with X. Let Y be another smooth vector field
on M. We shall define the derivative of Y with respect to X at the point
m e M. First we follow the integral curve of X through m out to the point
X,(m) and evaluate Y there. Then we transfer Yy, back to M, via the
differential dX_; of the diffeomorphism X_,. In M,, we take the difference
of the vectors dX_i(Yx ) and Y,,, divide the difference by ¢, and then
take the limit as # — 0. In other words, we consider the smooth M ,-valued
function ¢ — dX_,(Yx (m), and we take its derivative at # = 0. The result
is a vector 1n M, which is called the Lie derivative of Y with respect to X at m
and which is denoted by (LxY),, . Thus we define

dX_(Yxum) — Y. d
1  (LxY),=lim o X*t‘ ) =—| ([@X_(Yxm))-

t—0 t=0

dX_(Yx,m)
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In a similar way we define the Lie derivative of a differential form w with
respect to the vector field X, except that in this case we evaluate w at X,(m)
and then pull back via 6X; to A(M}) where we take the difference with
w(m), divide by ¢, and take the limit as  — 0. Thus we define

X (wxim) — 0, d
D Ly, =lim ZEmm) ZOn L)),

t-0 t t t=0

Smoothness of Lyw and of Ly Y is asserted in Proposition 2.25. The Lie
derivative Ly can be extended to arbitrary tensor fields in the obvious way.
If T is a tensor field of type (r,s), then (LxT),, is the derivative at ¢ = 0 of
the (M,,),,..-valued function whose value at ¢ is

" dX——t(vl®”'®Ur)®6Xt(vr®“'®v:)
i
Tlxm =00 Q0,0 @ ®v¥*.
2.25 Proposition Let X be a C* vector field on M. Then
(@) Lxf= X(f) whenever fe C*(M).
(b) LxY = [X,Y] for each C* vector field Y on M.
(c) Lx: E¥(M)— E*(M), and is a derivation which commutes with d.
(d) OnE*(M), Ly = i(X)od + doi(X).
(¢) Let weE*(M), and let Y,,...,Y, be C* vector fields on M.
Then
Ly,(o(Yy, ..., Y)) = (Ly, o)V, ..., 1)

»
+Ew(Yl""9Yi—1’LYoYi9 Yi+ls---’Yp)'

i=1

(f) Assumption as in (). Then

P . N
do(Yy, ..., Y) =3 (=) Yu(Y,,..., T, ..., ¥)

=0

+3 (=)oY, Y, Yo, ..., Y., Y, ., ).
i<j
PROOF We leave result (a) as an exercise. For (b), we need only show
that Ly Y(f) = [X,Y]f for each fe C*(M). Let m € M. Then

dX—tYXz(m) - Ym)
t

o LxY)(f) = (ltig; )

[(@X_ (Ym0 )(N)]

t=0

[Yx,m(fo X_p].

t=0

4
dt

dt
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Define a real-valued function H on a neighborhood of (0,0) in R2 by
setting

)] H(t,u) = f(X_(Y,(X(m)))).
Then by (a),

0
(3) YXt(m)(fo X—-t) = H(t7u))
or, (£,0)
and (1) becomes
o0*H
4) (LxY)u(f) =
ry 0r, (0,0)
To evaluate this derivative, we set
(5) K(t,u,s) = f(Xs( Yu(Xt(m))))

Then H(t,u) = K(t,u,—t). It follows from the chain rule that

_ K
(0,0) ory Or,

0°H
or, or,

_ K
(0.0,0) Ory Or,

(6

(0,0,0)

Now, K(1,u,0) = f(Y,(X,(m))). Hence

oK
-aT = YXc(m)(f)9
2 1(¢,0,00
@) 2K
= X (Yf).
or, 0r, (0,0,0)

Also K(0,u,s) = f(X,(Y,(m))). Hence

= xr(rm),
(8) a2K3 (0,u,0)
= Y,(Xf).
dr, Ory (0,0,0)

Part (b) now follows from (4), (6), (7), and (8). One immediate con-
sequence of (b) is that Ly Y is a smooth vector field.

For result (), first consider Ly as a mapping of E*(M) into forms
which are not apriori smooth, and observe that the derivation property
follows immediately from adding and subtracting suitable terms before
taking the limit in the definition 2.24(2). Next we check that Ly
commutes with d when applied to functions; that is,
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) (Lx(@))n=d(Lxf)n  (f€C™(M);meM).
Since both sides of (9) are elements of M, we need only prove that

they have the same effect when applied to an arbitrary vector Y,, in
M,,. The right-hand side gives

d

1) dLxf)ol¥n) = VolLxf) = Y| (£ X)),

t=0

where fo X, can be considered as a C* function on (—e,6) X W for

some ¢ > 0 and some neighborhood W of m in M (1.48(d)). The
left-hand side of (9) gives

(D) (Lx(d))n(Yy) = {ft

(6x,<dfx,<m,>)}(Y,,.)
0

t=

=dit X xm)%)
~4 (df(dX(Y,))) = 4 Yu(f° X))
It » A dt o m t) )

Now let Y be an extension of Y, to a vector field on W. Then, according
to Exercise 24(c) of Chapter 1, d/dt and Y have canonical extensions
to vector fields on (—¢,6) x W where they satisfy [d/dr,Y] = 0. This
fact together with (10) and (11) implies (9). Finally, to see that the
form Lyw is actually smooth and to check that Ly commutes with d
on all of E*(M), simply express an arbitrary form w in local coordinates
as in 2.16(2), and compute using equation (9), result (a), and the fact
that Ly is a derivation.

For result (d), observe that both Ly and i(X)od + do i(X) are
derivations on E*(M) which commute with d, and both have the same
effect on functions. Then (d) follows from a simple computation in
local coordinates.

We shall leave (e) as an exercise. The proof is not difficult—one
simply has to be persistent enough in unwinding the definitions. Again,
one checks the identity by restricting to a local coordinate system. Try
it first for the case w = fdx, A dx, in a coordinate neighborhood.

Finally, result (f) follows from (e) by using (d) and induction on p.
For the case p = 1, we have from (e) that

(12) Ly,,(w( Y)) = (Lyow)( Y) + w[Y, Y;]
Applying (a) and (d) to (12), one obtains
Yoo(¥y) = ((((Yo) o d + d o i(Yp))o)(Yy) + w[ ¥y, Yy]
= dw(Y,,Y;) + Yl(w(YO)) + o[Y,, Y],

which is result (f) in the case p = 1. Now assume that (f) holds for
p — 1. Then (f) is obtained for p by again starting with (¢) and applying
(d) and the induction hypothesis.
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DIFFERENTIAL IDEALS

Our objective here is to give a version of the Frobenius theorem in terms of
differential forms, and then to describe E. Cartan’s useful method of
obtaining maps by looking for their graphs.

2.26 Definitions Let & be a p-dimensional C* distribution on M.
A g-form w is said to annihilate & if for each me M

) 0y, ...,0) =0 wheneveru,,...,v, €P(m).

A form w € E*(M) is said to annihilate & if each of the homogeneous
parts of w annihilates 2. We let

) J(D) = {w € E¥X(M): w annihilates &},

2,27 Definition A collection w,,...,w, of 1-forms on M is called
independent if they form an independent set in M* for each m € M.

2.28 Proposition Let & be a smooth p-dimensional distribution on M.
Then

(@) HA(2) is an ideal in E*(M).

(b) (D) is locally generated by d — p independent 1-forms. (That is,
to each m € M there corresponds a neighborhood U of m and a set

of independent 1-forms w,, ..., w,_, on U such that:
() Ifwe A(D), then » | Ubelongs to the ideal in E*(U) generated
by wy, ..., 04 4.

(i) If w € E*(M), and if there is a cover of M by sets U (as above)
such that for each U in the cover, w | U belongs to the ideal
generated by w,, . .., w,_,, then w € #(9).)

(c) If J < E*(M) is an ideal locally generated by d — p independent
I-forms, then there exists a uniqgue C* distribution & of dimension
p on M for which ¥ = #(9).

PROOF Part (a) follows from the definition of #(2) and the definition
of multiplication in E*(M).

Let me M. Since & is smooth and p-dimensional, there exist C®
vector fields X; ,.,,..., X; defined and spanning & at each point
of a neighborhood of m. This collection can be completed to a collec-
tion X,,...,X; of smooth vector fields forming a basis of M, for
each » in a neighborhood U of m. Let w,, ..., w, be the dual 1-forms;
that is,

w,(X;)(n) = 4, (Kranecker index)

for each n in U. Then w,,..., w,_, are the desired 1-forms on U.
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They are independent smooth 1-forms on U. If w € #(2), o | U =
> agw;, A A ®,,, where @ runs over nonempty subsets {i;, ..., i} <
{1,...,d}, and where the a, must be identically zero unless
{i, ...,y N{l,...,d = p} # @. Thus | U belongs to the ideal
in E*(U) generated by w,, ..., w; ,. Conversely, if w is a form such
that for each such U in some covering of M, w | U belongs to the ideal
in E*(U) generated by w,,..., w,_,, then clearly w € #(9). This
proves (b).

For part (c), let m € M, and let the independent 1-forms w,, . . . , w,;_,
generate # on a neighborhood U of m. Define 2(m) to be the subspace
of M,, whose annihilator is the subspace of M}, spanned by the collection
{wo,(m):i=1,...,d~ p}. It follows that & is a smooth p-dimensional
distribution on M and that .# = #(2). Uniqueness of 2 follows from
the fact that & # 2, implies #(2) # F(2,).

2.29 Definition An ideal # < E*(M) is called a differential ideal
if it is closed under exterior differentiation d; that is,

1 d(f) < J.

2.30 Proposition A C* distribution 2 on M is involutive if and only if
the ideal #(D) is a differential ideal.

PROOF Let w be a g-form in #(9), and let X,, ..., X, be smooth
vector fields lying in &. Then 2.25(f) together with the involutiveness
of 2 implies that dw(X,,...,X,)=0. Hence dwe #(2), and
H(2) is a differential ideal. Conversely, suppose that .#(2) is a differen-
tial ideal. Let Y, and Y, be vector fields lying in &, and let m € M. By
2.28(b), there are independent I-forms w,,...,w, , generating
F(2) on a neighborhood U of m. Extend these forms to M by multi-
plying by a C* function which is 1 on a neighborhood of m and has
support in U. We shall denote the extended forms similarly by
Wy, ..., 0, ,. By225(f),

0)) ;[ Y0, Y] = —dw(Y,,Y)) + Yo0,(Yy) — Yi0(Y,)

for i=1,...,d — p. The right-hand side of (1) is identically zero
on M since #(2) is a differential ideal and since w, € #(2). Thus
o ([Yo, Y, )(m)=0fori=1,...,d — p. Now @(m) is the subspace
of M,, whose annihilator is the subspace of M* spanned by the collection
{w(m):i=1,...,d— p}. Thus [Y,, Y,](m) € 2(m), and D isinvolutive.

2.31 Definition A submanifold (N,p) of M is an integral manifold
of an ideal ¥ < E*(M) if for every w € .#, dyp(w) = 0. A connected integral
manifold of an ideal .# is maximal if its image is not a proper subset of the
image of any other connected integral manifold of the ideal.
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It now follows immediately that we have the following version of the
Frobenius theorem 1.64 in terms of differential ideals.

2.32 Theorem Let S < E*(M) be a differential ideal locally generated
by d — p independent 1-forms. Let me M. Then there exists a unique
maximal, connected, integral manifold of # through m, and this integral
manifold has dimension p.

2.33 We shall now consider a technique which in certain situations enables
one to find a map by looking for its graph as an integral manifold of a
differential ideal. This will have important applications in the theory of
Lie groups in Chapter 3, and also has important applications in such areas
as isometric imbeddings in Riemannian geometry, for example, see [2, §10.8].

Suppose that f: N°—> M? is C* and that {w,} is some collection of
forms on M. Let m, and 7, denote the natural projections of N x M onto
N and M respectively. For each i, we define a form 4, on N x M by setting

1) Mi = 6'"'16f(wi) — Omy(w,).

Let .# be the ideal in E*(N x M) generated by the y;.
Now the graph of fis the submanifold (N,g) of N x M where

@ g(n) = (n,f ().

We claim that the graph is an integral manifold of the ideal .#. For this,
it suffices to show that dg(u,) =0 for each i. Now, m g =id, and
my o g = f, and thus it follows that

9g(u;) = 0(rry ° g)0f () — d(my ° g)w,) = Of (w;) — Of (w;) = 0.

Thus starting with a map f: N— M and a collection of forms on M,
we have observed that the graph of f is an integral manifold of a certain
ideal of forms on N x M. Now, suppose that we start with the manifold
M?, and suppose that there exists a basis w,, ..., w,; of 1-forms on M,
that is, {w,(m)} is a basis of M* for each m € M. (Such a basis does not
generally exist, but it does exist in a number of interesting situations for
which the following technique is quite useful.) Suppose also that we have a

manifold N°¢ and a collection «,, . . ., «, of 1-forms on N and that we wish
to find a map f: N — M such that
3) f (w,) = o,

fori=1,...,d If the map f exists, then, as we have observed, its graph
will be an integral manifold of a certain ideal of forms. So we attempt to
find the graph from the ideal. We define forms u; on N x M by setting

4) wi = omy(a;) — omy(w,),

and we let £ be the ideal in E*(N x M) which they generate. If .# happens
to be a differential ideal, then we can obtain the desired map f (at least
locally) from an integral manifold of .#. That is, one gets at f by looking for
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its graph as an integral manifold of a suitable differential ideal. So suppose
that £ is a differential ideal, and let (ny,,my) € N x M. Then since .# is
locally (in fact globally) generated by d independent 1-forms, the Frobenius
theorem guarantees that there is a maximal, connected, integral manifold
I of # of dimension ¢ through (ne,m,). Let g € I. We claim that dm, | I, is
1:1. For suppose that v € [, and that dm (v) = 0. Then since u,(v) =0,
it follows from (4) that w,(dmy(v)) =0 for i =1,...,d; and this implies
that dm,(v) = 0 since the w, form a basis of 1-forms on M. But now if both
dmy(v) =0 and dmy(v) =0, then v =0. Hence dm |1, is 1:1. Thus
my | I: I— N is locally a diffeomorphism. So there exist neighborhoods
V of (ng,m,) in I and U of n, such that m, | V:V— U is a diffcomorphism.
We define /: U — M by setting

&) f=mo (| V)
Then f(ny) = m,, the graph of fis an open submanifold of 7, and moreover,
©) f (w,) = o | U.

For let v € U, for some n € U. Then by (4),

0= /‘i(d('”l l V)_l(v))
= a,(v) — wi(d'”z o d(m | V)—l(v)) = a,(v) — of (w)(v),

which proves (6). Thus we have obtained the desired map locally. That is,
given ny € N and an arbitrary choice of m, € M, then under the assumption
that the ideal .# generated by (4) is a differential ideal, we have found an
open neighborhood U of ny and a C* map f: U — M such that f(n,) = m,
and such that &f(w,) = «;| U. Moreover, there is a unique such map.
More precisely, if my e M, and if U is any connected open neighborhood
of n, in N for which there exists a C* map f: U— M such that f(n,) = m,
and such that éf(w;) = «; | Ufori=1,...,d, then there is a unique such
map on U. For let f be any other such map. Let (U,$) and (U,g) be the
graphs of f'and f over U respectively. Thus

™ gy = (nf()) and  g(n) = (n.f(n)

for n € U. Then, according to our remarks near the beginning of this section,
not only is (U,g) an integral manifold of .# through (n,,m,), but so is (U,£).
Now, the subset of U on which g and § agree is non-empty since it contains
ny, and is closed by continuity, and is moreover open. For let g(n) = g(n).
Then it follows from the uniqueness of integral manifolds that there exist
sufficiently small neighborhoods W and W of n so that

® gW) =gw).
It follows then from (7) that W = W and that
©) glw=g|w.
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Hence, since U is connected, g = ¢ on U, which implies that f = f on U.
This proves uniqueness.

In suitable situations one can conclude that =, | I is a covering of N;
and then if N is simply connected, one can conclude that there exists a
unique C* map f: N — M such that f(n,) = m, and such that (3) holds.
In Chapter 3 we shall make several concrete applications of this method for
proving existence and uniqueness of certain maps. This technique was
originally used by E. Cartan for the problem of finding local isometric
imbeddings of Riemannian manifolds in Euclidean space.

We summarize the results of this section in the following.

2.34 Theorem Let N¢ and M? be differentiable manifolds, and let m,
and , be the canonical projections of N x M onto N and M respectively.
Suppose that there exists a basis {w;: i = 1, ..., d} for the 1-forms on M.

(@ Iff: N> M is C*, then the graph of f is an integral manifold of
the ideal of forms on N x M generated by

) {0m0f (w;) — Omy(w)):i=1,...,d}.

) If{a;:i=1,...,d}arel-formson N, and if the ideal of forms on
N x M generated by
2 {omy (@) — dmy(w)):i=1,...,d}

is a differential ideal, then given ny€ N and my € M there exists a
neighborhood U of ny and a C* map f: U — M such that f (ng) = m,
and such that

3) flw)=a,|U (@(=1,...,4d).

Moreover, if U is any connected open set containing n, for which
there exists a C* map f: U— M satisfying both f(n,) = my and
equation (3), then there exists a unique such map on U.

EXERCISES

1 Supply the proofs of 2.2(a)—(e).
2 (a) Show that homogeneous tensors are generally not decom-
posable.

(b) Show that if dim ¥ < 3, then every homogeneous element
in A(¥) is decomposable.

(¢) Let dim ¥ > 3. Give an example of an indecomposable
homogeneous element of A(V).

(d) Let « be a differential form. Is« A o = 07?
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3
4
5

6

10

11

Supply the proofs of 2.6(a)-(c).
Derive the formulas (2), (3), and (4) of 2.10.

Prove that Ly f= Xf whenever fe C*(M) and X is a C* vector
field on M.

Let X and Y be C® vector fields on M with corresponding local
1-parameter groups X, and Y,. Let m € M, and let

B() = Y_ [ X_\ 7Y i X /7(m)

for ¢ in (—¢,¢), for a sufficiently small &.
Prove that
() =~
f(8®) "f(ﬂ(o)). »
t

(1) [XY],f=lim

If B(t) were a smooth curve at ¢ = 0, then the right-hand side of
(1) would simply be the effect of the tangent vector to f at z =0
applied to the function f. However, because of the Vt, B is not
generally smooth at ¢ = 0. Thus the existence of the limit in (1)
is part of the problem, and the problem asserts that this curve 8,
even though it is not smooth at ¢ = 0, defines a tangent vector in
M, in the usual way, and this vector is precisely [X, Y]|,,, .

Prove 2.25(e).

Let M be connected, and let w: M x N - N be the natural pro-
jection. Prove that a p-form w on M x N is dm(«) for some p-form
o on N if and only if i(X)w = 0 and Lyw = 0 for every vector
field X on M x N for which dm(X(m,n)) = 0 at each point (m,n) €
M x N.

Prove that the elements v, , . . . , v, of the vector space V are linearly
independent if and only if v; A+ -+ A v, 5 0.

Prove that linearly independent sets {v;, ..., v,} and {wy,..., w.}
are bases of the same r-dimensional subspace of a vector space V'
if and only if v, A--- Av, = cw; A--+ Aw, where necessarily
c¢#0; and in this case, ¢ = det A where 4 = (a;;) and v, =
2 aih;.

Let .# be an ideal of forms on M locally generated by r independent
1-forms. Say .# is generated by w,, ..., w, on U. Then the condi-
tion that .# be a differential ideal is equivalent to each of:

(@) dw; =3 w;; Aw; for some 1-forms w,; (for each such
j
U, 0,...,,)).

(b) f wo=w, A" Aw,, then do = a A w for some 1-form «
(for each such (U, wy, . .. , ).
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12 Let ¥V be an n-dimensional vector space, and let / be a linear trans-

13

formation on V. Since A,(V) is one-dimensional, the linear
transformation which / induces on A, (V) is simply multiplication
by a constant. Define the determinant of | to be this constant.
If 4 is an n X n matrix, let v,,..., v, be a basis of ¥, and let /
be the linear transformation on ¥V whose matrix with respect to this
basis is A. Then define the determinant of A to be the determinant
of /. Prove that the determinant of 4 does not depend on the basis
vy,...,0, chosen. Using this definition, derive the standard
properties of determinants. For example, derive the expansion

det4 = z (Sgn 7T)alﬁ(l) T Qpan)

where 4 = (a;;), sgn is the sign of the permutation =, and =
runs over all permutations on n letters. Prove also that the deter-
minant of the product of two matrices is the product of their
determinants.

Let V be an n-dimensional real inner product space. We extend the
inner product from ¥ to all of A(¥) by setting the inner product
of elements which are homogeneous of different degrees equal to
zero, and by setting

¢} Wy Ao Awy,, 00 Ao s Aoy = det(w,,0;)

and then extending bilinearly to all of A, (V). Prove that if
e;,...,e, is an orthonormal basis of V, then the corresponding
basis 2.6(1) of A(¥V) is an orthonormal basis for A(V).

Since A, (V) is one-dimensional, A, (V) — {0} hastwo components.
An orientation on V is a choice of a component of A, (V) — {0}.
If V is an oriented inner product space, then there is a linear
transformation

2) ! A(V)— A(V),

called strar, which is well-defined by the requirement that for any
orthonormal basis e, . . . , e, of ¥V (in particular, for any re-ordering
of a given basis),

*(1) = te; A - Ae,, *(e, Aot Aey) = +1,
3
x(eg A ANey)=de, A Ae,,
where one takes “+” if e; A--- Ae, lies in the component of
A,(V) — {0} determined by the orientation and “—”’ otherwise.
Observe that

“) *: Ay (V) = A,y ().
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14

15

16

Prove that on A,(V),
(5) *k = (_1)?("—?).

Also prove that for arbitrary », w € A,(V), their inner product is
given by

6) ,w) = *(w A *0) = *(v A *w).

Let ¥ be a real inner product space, as in Exercise 13. Let
y: A, (V) — A,(V) be the adjoint of left exterior multiplication

by £ € V. Thatis,
(’}’(U),W) = (v, EAw)

forve A, (V) and we A, (V). Prove that
y(©) = (=1)"* + (£ A (+0)).

Let £ € V. Prove that the composition

oY) 2 o) D A

of left exterior multiplication by & with itself is an exact sequence;
that is, the image of the first map is the kernel of the second.

Cartan Lemma Let p < d, and let w,, ..., w, be 1-forms on M?
which are linearly independent pointwise. Let 6,, ..., 0, be 1-forms
on M such that

P
ZeiAwi=0.

=1

Prove that there exist C* functions 4;; on M with A;; = A;; such that

ei=zAiJ'w.’i (i=1,---,P)-
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Lie groups are without doubt the most important special class of differentiable
manifolds. Lie groups are differentiable manifolds which are also groups
and in which the group operations are smooth. Well-known examples
include the general linear group, the unitary group, the orthogonal group,
and the special linear group.

In this chapter we shall set the foundations for the study of Lie groups.
Of central importance for Lie theory is the relationship between a Lie group
and its Lie algebra of left invariant vector fields. We shall study the corre-
spondence between subgroups and subalgebras and between homomorphisms
of Lie groups and homomorphisms of their Lie algebras. We shall study the
properties of the exponential mapping which is a generalization to arbitrary
Lie groups of the exponentiation of matrices and which provides a key link
between a Lie group and its Lie algebra. We shall investigate the adjoint
representation, shall prove the closed subgroup theorem, and shall consider
basic properties and examples of homogeneous manifolds. Along the way
we shall derive many properties of the classical linear groups.

LIE GROUPS AND THEIR LIE ALGEBRAS

3.1 Definition A Lie group G is a differentiable manifold which is
also endowed with a group structure such that the map G x G — G defined
by (o,7) > o7 1is C*.

Throughout this chapter, G and H will denote Lie groups, and we shall
universally use e to denote the identity element of a Lie group.

3.2 Remarks

(a) Let G be a Lie group. Then the map =+ 77! is C® since it is the
composition 7 - (e,7) - 771 of C* maps. Also, the map (o,7) > o7
of G x G— G is C” since it is the composition (o,7) > (d,77Y) > o7
of C* maps.
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The identity component of a Lie group is itself a Lie group; and the
components of a Lie group are mutually diffeomorphic.

Since we have included second countability in the definition 1.4 of
differentiable manifold, Lie groups for us will always be second countable.
In particular, they can have at most countably many components. It
should be observed, however, that if second countability is dropped
from the definition of Lie group, then connected Lie groups (hence
also those with countably many components) would still be second
countable. We leave the proof of this as an exercise. You will need to
use the fact that a connected Lie group is the union of powers of any
neighborhood of its identity (see 3.18).

Examples of Lie Groups
The Euclidean space R" is a Lie group under vector addition.

The non-zero complex numbers C* form a Lie group under multi-
plication.

The unit circle S* « C* is a Lie group with the multiplication induced
from C*.

The product G x H of two Lie groups is itself a Lie group with the
product manifold structure and the direct product group structure;
that is, (0, ,71)(0; ,79) = (0,03 ,717y).

The n-torus T™ (n an integer > 0) is the Lie group which is the product
of the Lie group S* with itself n times.

The manifold GI(n,R) of all n x n non-singular real matrices is a
Lie group under matrix multiplication.

The set of all non-singular super-triangular n x n real matrices (all
entries below the diagonal are zero) is a Lie group under matrix
multiplication.

Let R* denote the non-zero real numbers, and let K be the product
manifold R* x R. With a group structure on K defined by

(85,8)(81 ,t;) = (889, st; + 1),
K becomes a Lie group. This Lie group is the group of affine motions of
R, for if we identify the element (s,t) of K with the affine motion

x> sx + ¢, then the multiplication in K is composition of affine
motions.

Let K be the product manifold GI(n,R) x R". We define a group
structure on K by setting (A,0)(4,;, v,) = (44,, Av, + v). With this
group structure, K becomes a Lie group. This Lie group is the group of
affine motions of R™, for if we identify the element (4,v) of K with the
affine motion x > Ax + v of R™, then the multiplication in K is com-
position of affine motions.
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3.4 Definition A Lie algebra g over R is a real vector space g together
with a bilinear operator [ , ]:g x g— g (called the bracket) such that
forall x, y,z €g,

@ [xyl'=~[yx] (anti-commutativity)
®) [x)1z] + [y21.x] + [[z.x].y] = 0. (Jacobi identity)

The importance of the concept of Lie algebra is that there is a special
finite dimensional Lie algebra intimately associated with each Lie group,
and that properties of the Lie group are reflected in properties of its Lie
algebra. We shall see, for example, that the connected, simply connected
Lie groups are completely determined (up to isomorphism) by their Lie
algebras. The study of these Lie groups then reduces in large part to a study
of their Lie algebras.

3.5 Examples of Lie Algebras

(a) The vector space of all smooth vector fields on the manifold M forms
a Lie algebra under the Lie bracket operation on vector fields.

(b) Any vector space becomes a Lie algebra if all brackets are set equal to 0.
Such a Lie algebra is called abelian.

(c) The vector space gl(n,R) of all n x n real matrices forms a Lie algebra
if we set
[A,B] = AB — BA.
(d) A 2-dimensional vector space with basis x, y becomes a Lie algebra if we
set
[xx]=[yyl =0 and [xy]l=y,
and extend bilinearly.

(¢) [R3 with the bilinear operation X x Y of the vector cross product is a
Lie algebra.

The proof that the above are Lie algebras is left to the reader as an
exercise.

3.6 Definitions Let o € G. Left translation by o and right translation by
o are respectively the diffeomorphisms /, and r, of G defined by

[ (1) = o7,
1)

r,(r) =10
for all 7€ G. If Vis a subset of G, we denote r (V) and / (V) by Vo and oV
respectively. A vector field X (not assumed apriori to be smooth) on G is
called Jeft invariant if for each ¢ € G, X is [ -related to itself; that is,

2 dloX=2Xol,.
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The set of all left invariant vector fields on a Lie group G will be denoted by
the corresponding lowercase German letter g.

3.7 Proposition Let G be a Lie group and g its set of left invariant
vector fields.

(a) g is a real vector space, and the map «: § — G, defined by a(X) =
X(e) is an isomorphism of g with the tangent space G, to G at the
identity. Consequently, dim ¢ = dim G, = dim G.

(b) Left invariant vector fields are smooth.

() The Lie bracket of two left invariant vector fields is itself a left
invariant vector field.

(d) g forms a Lie algebra under the Lie bracket operation on vector
Sields.

PROOF That g is a real vector space and that « is linear is clear. o is

injective, for if a(X) = a(Y), then for each 6 € G

) X(o) = dl (X(e)) = dI (Y(e)) = Y(0);

hence X = Y. Moreover, a is surjective; for if x € G,, we let X(o) =

dl (x) for each 0 € G. Then a(X) = x, and X is left invariant since
X(10) = dI, (x) = dI_ dl(x) = dI (X(s))

for all o and 7 in G. This proves part (a).

For (b), let Xeg, and let fe C*(G). We need only show that
Xfe C*(G). Now,
2 Xf(o) = X, f=dl(X)f = X(f°1,).

Thus we need to show that o+ X, (fo /) is a C* function on G. We
do this by exhibiting this function as a suitable composition of C®
maps. Let ¢: G x G — G denote group multiplication, ¢(0,7) = oT.
And let i,! and i,% be the maps of G — G x G defined by

iel(T) = (T’e)’

i,%(7) = (0,7).

Let Y be any C* vector field on G such that Y(e) = X(e). Then (0,Y)

is a smooth vector field on G x G, and [(0,Y)(feo @)]cit is a C
function on G. Using part (d) of Exercise 24, Chapter 1, we obtain

[0, V)(fe )] 2 7,'(0) = (0,Y), o(f° @)
=0,(fo9oit) + Y(fopoi?)
= Xe(f° Po ic2) = Xe(f° la)'

Thus o - X,(f° 1,) is a smooth function on G, which proves part (b).

3)
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Since, by (b), left invariant vector fields are smooth, their Lie brackets
are defined. Now, if X is /,-related to itself, and Y is /,-related to itself,
then according to 1.55, [X,Y] is /,-related to [X,Y]. Thus the Lie
bracket of two left invariant vector fields is again a left invariant vector
field. Part (d) is now an immediate consequence of 1.45.

3.8 Definition We define the Lie algebra of the Lie group G to be the Lie
algebra g of left invariant vector fields on G. Alternatively, we could take
as the Lie algebra of G the tangent space G, at the identity with Lie algebra
structure induced by requiring the vector space isomorphism 3.7(a) of g
with G, to be an isomorphism of Lie algebras. It will be convenient at times
to consider the Lie algebra from this alternate point of view. In particular,
we shall see (3.10 and 3.37) that the Lie algebras of the classical groups admit
particularly nice interpretations in terms of their tangent spaces at the identity.

3.9 Remarks on Vector Spaces as Manifolds In 1.5(b) we observe
that any finite dimensional real vector space V is, in a natural way, a differ-
entiable manifold. Let {e;} be a basis of ¥, and let {r,} be the dual basis.
Now let p € V. Then there is a natural identification of the tangent space
V,to V at p with V itself, given by

0y 24 2 o 2 ae;.
or,

ilp

It is easily seen that this identification is independent of the basis chosen.
We shall often make use of this identification in describing tangent vectors
to a vector space as elements of the vector space itself. In particular, if
a(t) is a smooth curve in ¥V, then

) 6(ty) = lim ot) = o(ty)
taty L — 1

3.10 Exampiles of Lie Groups and Their Lie Algebras

(a) The real line R is a Lie group under addition. The left invariant
vector fields are simply the constant vector fields {A(d/dr): A € R}.
The bracket of any two such vector fields is 0.

(b) The General Linear Group. The set gl(n,R) of all n x n real matrices
is a real vector space of dimension n%. Matrices are added and multi-
plied by scalars componentwise. As we have already remarked,
gl(n,IR) becomes a Lie algebra if we set [4,B8] = AB — BA.

The general linear group G/(n,R) inherits its manifold structure as
the open subset of gl(n,[R) where the determinant function does not
vanish, and is a Lie group under matrix multiplication. Let x,; be the
global coordinate function on gl(n,[R) which assigns to each matrix
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its ijth entry. Then if o, 7 € GI(n,R), x,;(o77Y) is a rational function
of {x;,(0)} and {x;,(7)} with non-zero denominator, which proves that
the map (o,7) - o771 is C*.

Now let g be the Lie algebra of GI(n,R). Let «: gl(n,R), — gl(n,R)
be the canonical identification of the tangent space to gl(n,R) at the
identity matrix e with gl(n,[R) itself. Thus for v € gl(n,R),,

1) a(v);; = v(x;;).

Then since Gl(n,R), = gl(n,R),, we have a natural map f:g—
gl(n,[R) defined by

@ B(X) = o(X(e)).

We claim that g is a Lie algebra isomorphism, and in this way we consider
gl(n,[R) to be the Lie algebra of Gl(n,R). B is clearly a vector space
isomorphism. We need only show that

€) A([X,Y]) = [6(X),B(Y)]

whenever X, Y €g. Now,

4) (%52 1)(7) = x;5(0m) = 3, x3(0)%;,(7).
Since Y is a left invariant vector field,
(5) (Y(xia'))(a) = dl(Y)(x;;) = Y,(x;;°1,)
= Z Xi(0) Y (xy;) = Z X @)oY, )ys
= 2 X (0)B(Y)y;.

Using (5), we now compute the ijth component of S([X,Y]):

) BUX, YDy, = [X,Y1(x;;) = X (Y(x;))) — Y (X(x:))
= Z {X (xa)B (Vs — Yo(xa)B(Xrs}

= 3 {B(X)aB(Vi; — B(Y)uB(X)y;}
= [B(X),B(Y)];; .

Hence f is a Lie algebra isomorphism.

Let ¥ be an n-dimensional real vector space. Let End(}) denote the
set of all linear operators on ¥V (the set of endomorphisms of V), and
let Aut(¥) < End(V) denote the subset of non-singular operators
(the automorphisms). End(¥) is a real vector space of dimension n2,
and it becomes a Lie algebra if we set

(7) Wl =Loly—1ol.



88

(@

O

Lie Groups

A basis of V determines a diffeomorphism of End(¥V) with gl(n,R)
sending Aut(¥) onto G/(n,R). It follows that Aut(V) inherits a
manifold structure as an open subset of End(}) and is a Lie group
under composition. Under the natural identification of End(V) with
End(V), = Aut(¥), (where e denotes the identity transformation on V),
End(V) inherits a Lie algebra structure from the Lie algebra of Aut(V).
This induced Lie algebra structure is precisely the one described in (7).

Let gl(n,C) denote the set of all » x n complex matrices, and let
Gl(n,C) < gl(n,C) be the subset of non-singular ones. GI/(n,C) is
known as the complex general linear group. gl(n,C)is a 2n*-dimensional
real vector space, with a basis consisting of the matrices d,; and
\/_—:—ldij (i,j=1,...,n) where §,; is the matrix all of whose entries
are zero except for a 1 in the ijth spot; and gl(n,C) forms a Lie algebra
if we set [4,B] = AB — BA. GIl(n,C) inherits a manifold structure
as an open subset of gl(#,C) and is a Lie group under matrix multiplica-
tion. With considerations entirely analogous to those in Example (b),
one sees that the natural identification of the Lie algebra of GI(n,C)
with gl(n,C) is a Lie algebra isomorphism. Thus we may consider
gl(n,C) as the Lie algebra of GI(n,C).

Similarly, in analogy with Example (c), if ¥ is a complex n-dimensional
vector space, and if End(V) denotes the set of complex linear trans-
formations of ¥, and Aut(¥V) < End(V) denotes the non-singular ones,
then Aut(¥) is a 2n?-dimensional Lie group with Lie algebra End(V).

3.11 Definition A form w on G is called lef? invariant if

Y

ol =w

for each 0 € G. As in the case of left invariant vector fields, it is not necessary
to assume that left invariant forms are smooth, for smoothness is a conse-
quence of the left invariance. We shall denote the vector space of left
invariant p-forms on G by E?, _(G), and we let

@

linv

dim G

El*inv(G) = 2 Ealjinv(G)-

=0

Left invariant 1-forms are also known as Maurer-Cartan forms.

The following proposition is the analog for left invariant forms of 3.7.

The proofs are straightforward, and we leave them to the reader as an
exercise.
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3.12 Proposition

(a) Left invariant forms are smooth.

(b) E}N.(G) is a subalgebra of the algebra E*(G) of all smooth forms on G,
and the map o — w(e) is an algebra isomorphism of E}, (G) onto
A(GY). In particular, this map gives a natural isomorphism of E},, (G)
with G¥ and hence with g*. (In this way we shall consider E};, ,(G) as
the dual space of the Lie algebra of G.)

(c) If o is a left invariant 1-form and X a left invariant vector field, then
w(X) is a constant function on G, and this constant is precisely the effect
w has on X when o is considered as an element of the dual space of g
as in part (b). (We shall consider w(X) either as a constant function
on G or as the corresponding real number, the particular choice depend-
ing on the context.)

(d) If weEL,(G)and X, Y € g, then it follows from 2.25(f) that
¢)) do(X,Y) = —olX,Y].

() Let {X,,...,Xs be a basis of g with dual basis {w,, ..., w,;} for
El; . (G). Then there exist constants c;;, such that

2 (X, X;]= Zcz-,-ka-

k=1
(The c;; are called the structural constants of G with respect to the basis
{X.} of g.) They satisfy

Cijre + Cia = 0,
z (cijrcrks + cjkrcris + ckirc'r:is) = 0.

r

3)

The exterior derivatives of the w; are given by the Maurer-Cartan

equations
4) dw; = Z CiriWp A @;.
i<k
HOMOMORPHISMS

3.13 Definitions A map ¢: G— H is a (Lie group) homomorphism
if ¢ is both C* and a group homomorphism of the abstract groups. We call
¢ an isomorphism if, in addition, ¢ is a diffeomorphism. An isomorphism
of a Lie group with itself is called an automorphism. If H = Aut(V) for
some vector space V, or if H = Gl(n,C) or Gl(n,R), then a homomorphism
9: G — H is called a representation of the Lie group G.
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If g and b are Lie algebras, a map y: g — b is a (Lie algebra) homomor-
phism if it is linear and preserves brackets (p[X,Y] = [p(X),p(Y)] for all
X, Yeg). If, in addition, ¥ is 1:1 and onto, then v is an isomorphism.
An isomorphism of g with itself is called an automorphism. If § = End(V)
for some vector space V, orif h = gl(n,C) or gl(n,R), then a homomorphism
w: g — b is called a representation of the Lie algebra g.

Let ¢: G — H be a homomorphism. Then since ¢ maps the identity of
G to the identity of H, the differential do of ¢ is a linear transformation of
G,into H,. By means of the natural identifications of the tangent spaces
at the identities with the Lie algebras, this linear transformation d¢ of G,
into H, induces a linear transformation of g into §) which we shall denote also
by do. Thus

Y] do:g— b,

where if X € g, then do(X) is the unique left invariant vector field on H such
that

2 do(X)(e) = do(X(e)).

3.14 Theorem Let G and H be Lie groups with Lie algebras g and b
respectively, and let ¢: G — H be a homomorphism. Then

(a) X and do(X) are q-related for each X € g.

(b) do: g—Yis a Lie algebra homomorphism.

PROOF Let X = dp(X). Then X and X are ¢-related. For since ¢ is a

homomorphism, /,,,° ¢ = ¢ o/, ; hence

(1) F(9(0) = diyio)R(e) = dlly, do(X(e))
= A0y > PX(E) = d(p * [,)X(e) = do(X(0)).

This proves part (a). Now let X, Y eg. Then for part (b), we must
show that

N o~
(2 [X,Y] = [X,7]
By 1.55, [X,Y] is ¢-related to the left invariant vector field [X, 7).
In particular,
(3 [X, ¥1(e) = do([X,Y](e)).

~
But [X,Y], by Definition 3.13(2), is the unique left invariant vector
field on H whose value at the identity is do([X, Y](e)). Thus (2) holds,
and the theorem is proved.

3.15 Effect of Homomorphisms on Left Invariant Forms Let
¢: G — H be a homomorphism. Then d¢ pulls left invariant forms on H
back to left invariant forms on G, since whenever o is a left invariant form
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on H,
(1) 610'6@((‘0) = 6(‘\0 ° lo')w = 6(l<p(a) ° CP)(O
= 808, (w) = dp(w).

Moreover, the mapping d¢: E}, (H) — E};,,(G), considered as a mapping of
the dual space of § to the dual space of g, is precisely the transpose of
do: g— b, that is,

@ (Ge(@))(X) = 0(do(X)) (weEim(H); Xeg).

Recall that if {w,, . . . , wg} is a basis of E},,(H), then there are structural
constants {c,;;} (see 3.12(4)) such that

(3) do; = 3 cp0p A ©;.
i<k
Thus since d and d¢ commute,
C)) d(8p(w)) = 3 ¢;1; dp(wy) A dp(y).
i<k

Now let 7; and , be the canonical projections of G x H onto G and H
respectively. Then the ideal .# of forms on G x H generated by the collection
of independent 1-forms

(5) {0mdo(w;) — dmy(wy):i=1,...,d}
is a differential ideal; for using (4), we obtain for each i,

(6) d(dm; do(w,) — dmy(w,))
= Z cjki(aﬂ'laq’(wk) A dm0p(w;) — Omy(wy) A 57"’2(“’5))
=.<zkcjki[{6"1 0p(wy) — dmry(wy)} A d7ry Sp(w;)
+ dmy(wy) A {6771 dp(w;) — ‘5772(‘”;')}],

which belongs to the ideal .#. Moreover, observe that the 1-forms (5)
generating the differential ideal .# are themselves left invariant 1-forms on
G x H. This follows immediately from applying 6/, ., to the forms (5), where
(0,6)€G x H, and from using the fact that = o/, gy =l om and
Ty 0 iy ¢y = lg o my. Note also that the basis {o,} of E};, (H) is a basis of the
1-forms on H in the sense of 2.33.

To carry out the above construction of a differential ideal on G x H,
it is sufficient to start simply with a homomorphism of the Lie algebras
rather than a homomorphism of the Lie groups. Let G and H be Lie groups,
and let . g — b be a homomorphism of their Lie algebras. ¢ hasatranspose
'/j*: Ellinv(H) - Ellinv(G)’ namely’

N @M (@)X) = 0o(®(X)) (@ €E]n(H); X €9).
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Let {w;} be a basis of E};,,(H). Then we claim that the ideal .# of forms on
G x H generated by the collection of independent 1-forms

(8) {6#1(?,0*(60,)) - 677'2((0{): i= 1, ceey d}
is a differential ideal. This follows from a computation similar to (6) together
with the observation that

®) d('/’*(wi)) = chjki'/)*(wk) A y¥(w)).

To prove (9), it suffices to prove that both sides have the same effect on an
arbitrary pair X, Y of left invariant vector fields on G:

(10) d(p*(@))(X,Y) = —yp*(w)[X,Y] = —o,[p(X),p(Y)]
= do; (p(X),9(Y))
= gkcikiwk A wj('P(X )JP(Y))
= gk enap*(@p) A p*(w,)(X,Y).

Here the first and third equalities follow from 3.12(1). Finally, observe
that, in this case also, the forms (8) are left invariant on G x H.

We shall make use of these ideals on G x H in proving existence and
uniqueness of homomorphisms in various situations.

3.16 Theorem Let G be connected, and let ¢ and v be homomorphisms
of G into H such that the Lie algebra homomorphisms do and dy of g into b
are identical. Then ¢ = .

PROOF Since do = dy, we have
(1) &P = 5'# E%inv(H) g E% inv(G)-

Thus we have two C* maps ¢ and y of the connected manifold G into H,
both agreeing at e € G, and both having the same effect of pulling back
a basis of 1-forms from H. Thus since the ideal of forms on G x H
generated by the 1-forms 3.15(5) is a differential ideal, it follows from
2.34(b) that ¢ = .

LIE SUBGROUPS

3.17 Definitions (H,9) is a Lie subgroup of the Lie group G if
(a) Hisa Lie group;
(b) (H,9) is a submanifold of G;

(© ¢: H— G is a group homomorphism.
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(H,9) is called a closed subgroup of G if, in addition, ¢(H) is a closed subset
of G.

Let g be a Lie algebra. A subspace h < g is a subalgebra if [X,Y] €}
whenever X, Y€ b. A subalgebra h < g clearly forms a Lie algebra under
the bracket induced from g.

Let (H,p) be a Lie subgroup of G, and let §) and g be their respective
Lie algebras. Then d¢ gives an isomorphism of b with the subalgebra
de(b) of g.

Various theorems assert the existence of unique subgroups satisfying
certain conditions, and as in the case of submanifolds (1.33 is pertinent),
uniqueness needs a little explanation in view of our definition of subgroup.
We will consider two subgroups (H,¢) and (H,,¢,) of G equivalent if
there exists a Lie group isomorphism «: H— H; such that ¢, o a = o.
This is an equivalence relation on the Lie subgroups of G, and uniqueness
for Lie subgroups means uniqueness up to this equivalence. As in the case
of submanifolds (see 1.33), each equivalence class of Lie subgroups of G
has a unique representative of the form (4,i), where 4 is a subset of G which
is an abstract subgroup of G and which has a manifold structure (not
necessarily with the relative topology) making 4 into a Lie group such that
the inclusion i: 4 — G yields a submanifold and hence a Lie subgroup of G.
When we wish to consider a subgroup of G in this latter form (i.e. as an actual
subset of G) we usually drop any reference to a mapping and speak simply
of the Lie subgroup 4 of G, the inclusion map being understood. Also,
we usually identify the Lie algebra a of A with di(a) and simply speak of
the Lie algebra of A as a subalgebra of the Lie algebra of G. In particular,
we identify a left invariant vector field X on A with the left invariant vector
field di(X) on G with which it is inclusion-related.

We are now going to prove one of the fundamental theorems of Lie
group theory, which asserts that there is a 1:1 correspondence between con-
nected Lie subgroups of a Lie group and subalgebras of its Lie algebra.
But first, we will need the following proposition.

3.18 Proposition Let G be a connected Lie group, and let U be a
neighborhood of e. Then
o
¢G=yvur 1)
n=1
where U™ consists of all n-fold products of elements of U. (We say that U
generates G.)

PROOF Let V be an open subset of U containing e such that V' = V1
(where V=1 = {o7': 0 € V}). For example, ¥ = U N U~ will do. Let

@ H=Uvr<U U

n=1 n=1
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Then H is an abstract subgroup of G and is an open subset of G since
o € Himplies oV < H. Thus each coset mod H is open in G. Now, H
is the complement in G of the union of all the cosets mod H different
from H itself. Therefore H is also a closed subset of G. Since G is
connected, and H is also non-empty, H must be all of G. This together
with (2) implies (1).

3.19 Theorem Let G be a Lie group with Lie algebra g, and let < g
be a subalgebra. Then there is a unique connected Lie subgroup (H,¢) of G

such that do(h) = b.

PROOF We define a distribution & on G by setting
) () = {X(0): X € b}

for each 0 €G. Let dim 5 =d. Then 2 is of dimension d. 2 is

smooth since 2 is globally spanned by a basis X;, . .., X, for h. More-
over, 9 is involutive, since if X and Y are vector fields lying in 9, then
there are C* functions {a;} and {b,} on G such that X = Y a,X; and
Y =3 b,X,, and thus
d
(2) [(X,Y] =‘Zl{aib:i[Xi’Xj] + a,.X(b))X; — b;X (a)X,},
%)= .

which again is a vector field in & since b is a subalgebra of g.

Let (H,p) be a maximal connected integral manifold of & through
e (see 1.64). Let o € o(H). Since 9 is invariant under left translations,
(H,1,-10 @) is also an integral manifold of & through e. Thus by the
maximality, /-1 o 9(H) < @(H). Therefore if ¢ € ¢(H) and 7 € ¢(H),
then also 6717 € ¢(H). It follows that ¢(H) is an abstract subgroup of
G. Thus we can induce a group structure on H so that ¢: H—> G is a
homomorphism of abstract groups. It remains only to check that H
is a Lie group, that is, the map «: H x H — H where a(c,7) = gr!
is C*. Now, the map f: H x H— G sending (0,7) — @(0)e(r)! is
C>, and we have the following commutative diagram:

p

HxH ————G

3 a I‘P
H

Since (H,¢) is an integral manifold of an involutive distribution on G,
it follows from 1.62 that « is C*. Thus (H,¢) is a Lie subgroup of G;

and if b is the Lie algebra of H, clearly do(h) = b.
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For uniqueness, let (K,p) be another connected Lie subgroup of G

with dy(f) = §. Then (K,p) must also be an integral manifold of &
through e. By the maximality of (H,9), w(K) < ¢(H), and there is
uniquely determined a map 7 such that ¢ o 5 = y:

K———G
(4) N

7 is smooth by 1.62, and consequently is an injective Lie group homo-
morphism. Moreover, 7 is everywhere non-singular; in particular, 7
is a difftomorphism on a neighborhood of the identity, and therefore is
surjective by 3.18. Thus 7 is a Lie group isomorphism, and the sub-
groups (K,y) and (H,9) are equivalent. This proves uniqueness.

Corollary (a) There is a 1:1 correspondence between connected Lie
subgroups of a Lie group and subalgebras of its Lie algebra.

Corollary (b) Let (H,9) be a Lie subgroup of G. Then if H is a component
of H, (H, o | H) is a maximal connected integral manifold of the involutive
distribution on G determined by the subalgebra do(b) of g.

We can restate the content of part of the proof of Theorem 3.19 in terms
of differential ideals on G as follows (cf. Exercise 6):

Corollary (¢)  Suppose that the ideal # generated by a collection
{wy, ..., w,_g} of independent left invariant 1-forms on a Lie group G° is a
differential ideal. Then the maximal connected integral manifold I* of ¥
through e € G is a Lie subgroup of G.

The following theorem should be compared with the situation for
submanifolds (see 1.33).

3.20 Theorem Ifan abstract subgroup A of a Lie group G has a manifold
structure (that is, a second countable locally Euclidean topology together with
a differentiable structure) which makes (A,i) into a submanifold of G, where i
is the inclusion map, then it has a unique such manifold structure, and in this
manifold structure, A is a Lie group, and hence (A,i) is a Lie subgroup of G.

PROOF We show first that in any such manifold structure, 4 is a Lie
group. Let & be the distribution on G determined by left translations
of the tangent space to A4 at the identity. We claim that (4,i) is an
integral manifold of & through the identity e € G.
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We caution that this is not evident and that its proof requires a little
care. The problem is that if y(¢) is a smooth curve in 4, and if o lies
in A, then /o y(t) is a smooth curve in G which lies in A but apriori
may no longer be smooth in 4. Thus it could be that there are elements
of Z(0¢) which are not tangent vectors to 4. We must show that this
cannot occur. Let dim 4 = k. If for some ¢ € 4 the tangent space 4,
is not contained in Z(o), then we can find & + 1 curves which are smooth
in G, lie in 4, and have independent tangent vectors at ¢. Translating to
the identity, we have curves y,(?), . . ., ¥x41(2) which are smooth in G,
lie in A4, pass through e at ¢ = 0, and have independent tangent vectors
there. Notice that this is not yet a contradiction. For example, there
are two smooth curves in the plane R? with independent tangent
vectors at the origin and lying in the one-dimensional figure-8 submani-
fold (see 1.31). Now consider the map

(5) (trs - - o5 i) P Y1) 7 Ve (Bed)-

This map is non-singular at the origin, thus is a diffeomorphism of a
neighborhood of the origin in R*+! into G, and has its image contained in
A since the individual curves y; lie in 4, and A4 is a subgroup. The map
(5) can be extended to a diffeomorphism of a neighborhood of the origin
in R™ with a neighborhood U of the identity in G, where n = dim G.
Composing the inverse of this diffeomorphism with the inclusion i: 4 —
G, we obtain a C* immersion of the open submanifold U N 4 of 4
into R™ with image containing an open set in R*+* < [R", This now
contradicts the fact that 4 is second countable and has dimension k.
(See Exercise 6, Chapter 1.) Thus A4, = D(¢) for each 0 €4 and
consequently (4,) is an integral manifold of 2.

It follows that for any 0 € G, (4,/,) is an integral manifold of 2
through o. Thus by 1.59, 2 is an involutive distribution; and now it
follows from an argument as in 3.19(3) that the map (o,7) — 07!
of 4 x A— Ais C*, which proves that 4 is a Lie group. Now suppose
that we have two manifold structures on A4 for which (4,i) is a sub-
manifold. Denote 4 with these manifold structures by 4, and 4,
respectively. Then (4,,i) and (4,,i)) are both integral manifolds of
involutive distributions on G; hence 1.62 applied to the commutative
diagram ’

i
44 ——mm - G
id i
A,

implies that the identity map id: 4; — 4, is a diffeomorphism. Thus
there is a unique such manifold structure on 4.
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Hence if a subset of a Lie group can be made into a Lie subgroup under
the inclusion map, it can be made so in one and only one way—the group
structure, topology, and differentiable structure are uniquely determined.
Consequently, it is unambiguous to assert that a subset 4 of a Lie group G
is a Lie subgroup of G. This means that 4 is an abstract subgroup of G and
has a manifold structure (and hence a unique one) making 4 into a Lie group
and (4,i) into a Lie subgroup of G.

We are now in a position to describe exactly in which situation a Lie
subgroup A < G has the relative topology.

3.21 Theorem Let (H% ) be a Lie subgroup of G°. Then ¢ is an imbed-
ding (that is, ¢ is a homeomorphism of H with ¢(H) in the relative topology)
if and only if (H, ) is a closed subgroup of G (that is, ¢(H) is closed in G).

PROOF Assume that ¢(H) is closed in G. It suffices to prove that there
is some non-empty open set ¥ < H such that ¢ | ¥ is a homeomorphism
of V into @(H) where ¢(H) has the relative topology. For then it
follows from the fact that ¢ commutes with left translations (¢ o/, =
I, © @) that ¢ is an imbedding on all of H. By 3.19, Corollary (b),
and by 1.60, there exists a cubic-centered coordinate system (U,r)
about e € G such that ¢(H) N U consists of a union (at most countable)
of slices of the form

1) T, = constant forallie{d+1,...,c},

including at least the slice through e. Let C be a closed subset of U
containing e whose image under 7 is a cube, and let S be the slice of C
given by

(2) T1=0""’Td=0'

| T~ y(H) " U

Then 7(p(H) N S) is a non-empty, closed, countable subset of Re-4,
Now, any closed countable subset of Euclidean space must have an
isolated point. Otherwise, such a set with the induced metric would be a
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complete metric space representable as a countable union of nowhere
dense sets, which is impossible according to the Baire category theorem
[27]. Thus there is an isolated slice, call it S, among the collection of
slices (H) N U; and thus ¢~1(S,) is an open subset of H on which ¢
gives an imbedding into ¢(H).

Conversely, suppose that ¢ is an imbedding. Let {c,} be a sequence
of points in ¢(H) converging to the point o € G. Since ¢ isanimbedding,
there exists a cubic coordinate system (U,7) about the identity e € G
such that ¢(H) N U consists of a single slice—call it S. Choose neigh-
borhoods V< W < U of the identity, cubic relative to =, so that
V-1V < W< U. Since o; — o, there is an N sufficiently large so that
0,€ oV forn > N. Therefore o516, € Wforn > N. Also o, 10, € ¢(H).
Thus oy l0, € S N W and converges to oy~'c which therefore
must also lie in § N W. Therefore 510 € o(H). Hence o € ¢(H), and
thus @(H) is closed.

COVERINGS

We shall assume that the reader has some familiarity with the notions of
homotopy, fundamental group, simple connectivity, and covering space.
In Theorem 3.23 we state three of the fundamental facts on covering spaces
which we shall need. The proofs are sketched in Exercise 7 at the end of this
chapter. Details of the proofs and additional facts on covering spaces may
be found, for example, in [27] or [28].

3.22 Definition Before stating Theorem 3.23, we recall a few definitions
and establish some notation. We let 7, (X,x,) denote the fundamental group
of the topological space X with base point x, € X. Welet 7: (X,xo) — (¥, )
denote a mapping of the topological space X into the topological space Y
sending the base point x, in X to the base point y, in Y, and we denote the
corresponding induced homomorphism of the fundamental groups by
Ty T (X,x0) = (Y, yo)-

We shall assume connectedness in the definition of “simply connected.”
That is, we shall assume a simply connected space X to be a connected topo-
logical space whose fundamental group is trivial.

A continuous surjection 7: X — Y is called a covering if X is a connected,
locally pathwise connected (each neighborhood of a point contains a pathwise
connected neighborhood of that point) topological space, and if each point
Y €Y has a neighborhood ¥V whose inverse image under = is a disjoint
union of open sets in X each homeomorphic with ¥ under 7. Such neighbor-
hoods ¥ in Y are called evenly covered. If w: X — Y is a covering, then Y
is called the base of the covering, and X is called the covering space.

A topological space Y is called semi-locally 1-connected if each point
y € Y has a neighborhood U such that each loop based at y and lying in
U is homotopic in Y, through loops based at y, to the constant loop.
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3.23 Theorem

(@) Let m: (X,x0) = (Y,yo) be a covering. Let Z be a pathwise connected
and locally pathwise connected topological space, and let o: (Z,z,) —
(Y,yo) be a continuous map such that o,(m(Z,z,)) < my(m(X,X0))-
Then there exists a unique continuous map o.: (Z,z,) — (X,x,) such that

ToX = o
(X,xo)
_or
i .
///
(Z,Zo)—m—'> (Y. ,yo)

(b) If X is a pathwise connected, locally pathwise connected, and semi-
locally 1-connected topological space, then X has a simply connected
covering space.

() Ifw: X— Yis acovering and Y is simply connected, then  is a homeo-
morphism.

3.24 Simply Connected Covering Group Let =: M — M be a cover-
ing of a differentiable manifold M. Then M is automatically a locally
Euclidean, second countable (cf. Exercise 8) Hausdorff space, and there is a
unique differentiable structure on A for which the covering map = is C* and
non-singular. This differentiable structure is obtained simply by requiring
that the local homeomorphisms obtained from = over evenly covered open
sets be diffeomorphisms.

Now let G be a connected Lie group. By 3.23(b), G has a covering
w: G — G with G simply connected. As we have observed, G has a unique
differentiable structure for which = is C* and non-singular. We shall now
show that a group structure can be induced in G making G into a Lie group
and making = into a Lie group homomorphism. Consider the map
a: G x G— G such that «(6,7) = #(6)mn(¥)~1. Choose &€ n1(e). Since
G x @ is simply connected, it follows from 3.23(a) that a unique mapping
&: G x G — G exists such that = o & = « and such that (é,6) = é. For &
and 7 in G we define

) 71 = g(e,7), 67 = &(d,7 ).

It follows easily from applications of the uniqueness part of 3.23(a) that
¢ = & = &, for the maps G > ¢, G > &6, and & — & of G— G all make
the following diagram commute, and they all send & to .

- G

AY
3
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Thus since G is simply connected, it follows from the uniqueness in 3.23(a)
that these maps are all identical. Similarly, if follows that 661 = 6716 = ¢,
and that (65)7 = &#9) for all §, #, 7€ G. Thus (1) makes G into an
abstract group; and since & is smooth, G is a Lie group. Also, (1) implies
that #(71) = #(#)! and that m(67) = =(8)m(#); hence =n: G — G is a Lie
group homomorphism. Thus we have proved the following.

3.25 Theorem  Each connected Lie group has a simply connected covering
space which is itself a Lie group such that the covering map is a Lie group
homomorphism.

3.26 Proposition Let G and H be connected Lie groups, and let
@: G— H be a homomorphism. Then ¢ is a covering map if and only if
deo: G, — H, is an isomorphism.

PROOF  Suppose first that ¢ is a covering. Then do | G, must be injec-
tive. Otherwise, since ¢ is a homomorphism, dp would have a non-
trivial kernel at each point of G, and these kernels would form an
involutive distribution on G, whose integral manifolds are collapsed
to points under ¢. Thus ¢ would nowhere be locally one-to-one,
contradicting the covering property. dg¢ |G, must also be surjective,
for otherwise (G,) would locally be a proper submanifold of H, again
contradicting the local homeomorphism property of a covering. Thus
de¢: G,— H, is an isomorphism.

Conversely, suppose that do: G, — H, is an isomorphism. Then ¢
is everywhere a local diffeomorphism. Thus, by 3.18, ¢ maps G
onto H since ¢ is a homomorphism and since ¢(G) contains a neighbor-
hood of the identity in the connected Lie group H. G certainly is
pathwise and locally pathwise connected, so to prove that ¢ is a covering
map, it only remains to show that each point of H is contained in an
evenly covered neighborhood. Let

(1) D = ker ¢ = ¢~ (e).

Then since ¢ is a local diffeomorphism, D is a discrete normal subgroup
of G, where “discrete” means that if o € D, then there is an open set V
in G such that ¥ N\ D = ¢. Since (0,7) — o7 is a continuous (in fact
C*) map of G X G — G, there exists a neighborhood ¥ of e in G such
that

) (V)N D=e.

We claim that ¢(V) is a neighborhood of e in H, evenly covered by ¢.
First, <p| Vis1:1,sinceif o, 7 € ¥ and 9(0) = ¢(7), then p(o717) = e,
whence o't = e by (2), and thus o = 7. Moreover, d¢ is an iso-
morphism at each point of G. Thus ¢ | ¥ is a diffeomorphism of ¥
with the open neighborhood ¢(¥) of e in H. Now, we claim that

3) o7 (e(V)) =H)V0.
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The inclusion > is obvious. To prove <, suppose that (o) € (V). Then
there exists € ¥ such that ¢(r) = ¢(0). Hence 7~1¢ € D and ¢ € V710,
proving (3). Finally, V8, N V6, = @if 0, # 0, € D, forif ¢ € V6, N V8,
then ¢ = 76, = 70, for some 7, n € V. Then 7'y € D and 71y € V-IV;
thus, by (2), 7 = 7, which implies that 6, = 6,. Thus ¢(¥) is an evenly
covered neighborhood of e€ H. It follows that ¢(o¥) is an open
neighborhood of ¢(0) in H, evenly covered by the disjoint union of the
open sets V0 for 6 € D. Thus ¢ is a covering.

SIMPLY CONNECTED LIE GROUPS

3.27 Theorem Let G and H be Lie groups with Lie algebras g and §
respectively and with G simply connected. Let y: g — Y be a homomorphism.
Then there exists a unique homomorphism ¢: G — H such that do = y.

PROOF Uniqueness was proved in 3.16.
Let {w,} be a basis of the left invariant 1-forms on H, and let y* be
the transpose of y (see 3.15(7)). Then according to 3.15, the 1-forms

(M {om(y*(w) — omy(w,)}

on G x H (where 7, and m, are the canonical projections of G x H
onto G and H respectively) are left invariant, and the ideal # which
they generate is a differential ideal. Thus by 3.19, Corollary (c), the
maximal connected integral manifold I of .# through (e,e) €G x Hisa
Lie subgroup of G X H with dimension equal to the dimension of G.
Now, we know from 2.33 that (m, | I): I — G is non-singular, and there-
fore by 3.26 is a covering homomorphism. G was assumed to be
simply connected; hence by 3.23(c) and the inverse function theorem,
my | I: 1 — G is an isomorphism. We define ¢: G — H by setting

2 ¢ =myo (m|I)7".

Then ¢ is a Lie group homomorphism, and according to 2.33(6),
dp(w;) = yp*(w)).

Thus do = y, and the theorem is proved.

Corollary If simply connected Lie groups G and H have isomorphic Lie
algebras, then G and H are isomorphic.

There is a theorem [12, p. 199] due to Ado, which we will not prove, that
every Lie algebra has a faithful (1:1) representation in gl(n,[R) for some n.
As a consequence, if g is a Lie algebra, then there is a Lie group, in particular
a simply connected one, with Lie algebra g. In view of this we have:

3.28 Theorem  There is a one-to-one correspondence between isomorphism
classes of Lie algebras and isomorphism classes of simply connected Lie groups.
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EXPONENTIAL MAP

3.29 Definition A homomorphism ¢: R — G is called a 1-parameter
subgroup of G.

3.30 Definition Let G be a Lie group, and let g be its Lie algebra.
Let X eg. Then
0 24 oax

dr
is a homomorphism of the Lie algebra of R into g. Since the real line is
simply connected, there exists, by 3.27, a unique 1-parameter subgroup

) expx: R -G

such that

3) d expy (l i) — X,
dr

In other words, ¢ — expx (?) is the unique 1-parameter subgroup of G whose
tangent vector at 0 is X(e). We define the exponential map

“@ exp:g—>G
by setting
(5 exp(X) = expx(1).

The reason for this terminology will become apparent in 3.35(13), where we
show that the exponential map for the general linear group is actually, given
by exponentiation of matrices.
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3.31 Theorem Let X belong to the Lie algebra g of the Lie group G. Then

(a)
(b)
(©)
(d)

(e)

®

exp(tX) = expx (1) foreachte R.

exp(t; + )X = (exp t, X)(exp t,X)  forallt,,t,€ R,

exp(—tX) = (exp tX)! foreachte R.

exp: g — G is C* and d exp: gy — G, is the identity map (with the usual

identifications), so exp gives a diffeomorphism of a neighborhood of 0
in g onto a neighborhood of e in G.

[ oexpx is the unique integral curve of X which takes the value o at 0.
As a particular consequence, left invariant vector fields are always
complete.

The 1-parameter group of diffeomorphisms X, associated with the left
invariant vector field X is given by

Xt = Fexpy (4) -

PROOF By 3.14, (d/dr) and dexpx(d[dr), which is X, are expyx
related. Thus expy is an integral curve of X and is the unique one for
which exp x(0) = e. Since X is left invariant, /_ o expx is also an integral
curve of X and is the unique one taking the value o at 0. Thus part (e)
is proved; and (f) is an immediate consequence of (¢). Now define
maps ¢ and y of R into G by setting

M p(1) = exp,x(r)  and (1) = expx(st)

where s € [R. We have observed that y is the unique integral curve
of sX such that y(0) = e. Now,

d d

do|— ) = d ex (s —

¥ (dr . Px dr

Thus ¢ also is an integral curve of sX such that ¢(0) = e. By the unique-
ness (1.48(c)) of integral curves, ¢ = . Thus

2 expsx(t) = expx(st) (s,1eR; X eqg).

Setting ¢ = 1 and changing s to ¢, we obtain part (a). Since expy is a
homomorphism of R into G, parts (b) and (c) follow immediately
from (a). For part (d), we define a vector field ¥ on G X g by setting

V(o,X) = (X(0),0) €G, ® gx.

) = SXlexpx(st) .
st

Then V is a smooth vector field, and according to part (e), the integral
curve of ¥ through (¢,X) is

t > (oexptX, X),

or in other words, the local l-parameter group of transformations
associated with the vector field V is given by

Vi(0,X) = (o exp 1X, X).
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In particular, V is complete; hence V, is defined and smooth on all of
G X g. Now let m: G X g be the projection onto G. Then

exp X = mo Vi(e, X).

Thus we have exhibited exp as the composition of C* mappings, so
exp is C*. That dexp: go— G, is the identity map is immediate, for
tX is a curve in g whose tangent vector at ¢t = 0 is X, and by part (a),
exp tX is a curve in G whose tangent vector at ¢ = 0 is X(e).

3.32 Theorem Let ¢: H— G be a homomorphism, Then the following
diagram is commutative:

H id > G

€] exp{ Iexp
d.

?
hp———— ¢

PROOF Let Xeb. Then ¢+ g(exp tX) is a smooth curve in G whose
tangent at 0 is dp(X(e)). This is also a l-parameter subgroup of G
since ¢ is a homomorphism. But ¢+ exp t(do(X)) is the unique
I-parameter subgroup of G whose tangent at 0 is (dp(X))(e). Thus

) e(exp 1X) = exp t(dp(X)),
whence
3) o(exp X) = exp(do(X)).

3.33 Proposition Let (H,p) be a Lie subgroup of G, and let X € g.
If X € do(b), then exp tX € o(H) for all t. Conversely, if exp tX € o(H) for
t in some open interval, then X € do(h).

PROOF If X € do(h), then exp tX € ¢(H) for all ¢, according to 3.32.
On the other hand, if exp tX € ¢(H) for ¢ in some interval I, then for
t € I, the map ¢ — exp tX can be expressed as a composition ¢ o « where
a, according to 1.62, is a smooth map of / into H. Let t,€ 1, and let
X be the left invariant vector field on H determined by d(z,). Then
do(X) = X.

3.34 Theorem Let A be an abstract subgroup of a Lie group G, and let a
be a subspace of §. Let U be a neighborhood of 0 in g diffeomorphic under the
exponential map with a neighborhood V of the identity in G. Suppose that

) exp(UNa)=A4ANYV.

Then A with the relative topology is a Lie subgroup of G, a is a subalgebra of
g, and a is the Lie algebra of A.
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PROOF We need only show that in the relative topology, the subgroup
A has a differentiable structure such that (4,i) is a submanifold of G,
where i is the inclusion map. For then, according to 3.20, with this
manifold structure (and no other) A is a Lie subgroup of G, and it
follows from 3.33 that the Lie algebra of 4 is a. Let

e=exp|UNa:UNa — ANYV.
Then the desired differentiable structure on 4 is the maximal collection
of smoothly overlapping coordinate systems containing the collection
{(ANnaV,¢ ol 1): o€ A}

3.35 Example We shall see that the exponential map
m exp: gl(n,C) — Gl(n,C)

for the complex general linear group is given by exponentiation of matrices.
We shall now let 7 rather than e denote the identity matrix in G/(n,C). Let

2 i
2 e“‘=I+A+'2-4—‘+'-'+/_1—'+---
. ],

for A € gl(n,C). To see that this makes sense, that is, to see that the right-
hand side of (2) converges, observe that in fact the right-hand side of (2)
converges uniformly for 4 in a bounded region of gl(n,C). For given a
bounded region Q of gl(n,C), there is a u > 0 such that for any matrix 4
in this region, |x,(4)] < u for each component x;(A4) of the matrix A.
It follows easily by induction that |x;(4)| < n"Vui. Thus, by the Weier-
strass M-test, each of the series

3) B G cigmigign
=0 j!

converges uniformly for 4 in Q. Thus the right-hand side of (2) converges
uniformly for 4 in Q.
Now let S;(A4) be the jth partial sum of the series (2), that is,
A* A’
“4) S,(A)=I+A+2—'+"'+JT'“,

and let B e gl(n,C). Then since C+ BC is a continuous map of gl(n,C)
into itself, it follows that

) B(lim s,.(A)) = lim (BS,(4)).

j=© j—=r o
In particular, if B € G/(n,C), then B( lim Sj(A)) B! = lim BS,;(4)B!, from
which it follows that j=© jo
(6) BedB™! = ¢B4B"
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There exists a B € G/(n,C) such that BAB™1 is super-triangular; that is,
all entries below the diagonal are zero. (Simply take B to be the inverse of
the matrix whose columns v,,...,v, are determined as follows: Let /
be the linear transformation of C" whose matrix with respect to the canonical
basis is 4, let v; be an eigenvector of /, and inductively let v;,, be an eigen-
vector of =, o l] W, where W; is any complement of the subspace V; of C*
spanned by vy, . . . , v, and where =, is projection of C* = V; ® W, onto W,.)
If the diagonal entries of BAB are 1,, ..., 4,, then eB48™ is also super-
triangular, with diagonal entries e*1, . . . , e*». In particular, det eBAB £ (),
so it follows from (6) that

@) et e Gl(n,C) for each A e gl(n,C).

Since the trace of a matrix is the sum of its eigenvalues, and the determinant
is the product of its eigenvalues, we have also shown that

(8) det e traceA

Next we shall prove that
9 edB = e4eP if AB = BA.
By definition, e4+8 = _lim S;(4 + B). It follows from the fact that matrix
multiplication gives a]c—g;ltinuous map of gl(n,C) x gl(n,C) into gl(n,C)
that e4e? = lim S;(4) - S;(B). So to prove (9), it suffices to show that

(10) lim {S,(4)S(B) — S{(4 + B)} = 0.
Now,
) S(AS(B) ~ 5,4+ B = 324

where the sum is over all integers / and k for which 1 </<j,1 <k <,
andj+ 1< 74 k <2j If uw>1isan upper bound for the absolute value
of each of the entries of 4 and B, then it follows that each entry of the right-
hand side of (11) is bounded in absolute value by

n(H-k—l) (I-+%) (n‘u)zz(JZ)
Nkt T L2

where [j/2] is the greatest integer less than or equal to j/2. The estimate on
the right-hand side of (12) goes to zero as j — oo, which proves (10) and hence
proves (9).

Consider the map ¢+ e*4 of R into GI(n,C). It is smooth since the real
and imaginary components of each entry of e*4 are power series in ¢ with
infinite radii of convergence. Its tangent vector at 0 is A (simply differentiate
the power series term by term), and this map is a homomorphism by (9).

(12) 2



Exponential Map 107

Thus 7 e*4 is the unique 1-parameter subgroup of Gl(n,C) whose tangent
vector at 0 is 4. So the exponential map (1) for GI/(n,C) is given by exponen-
tiation of matrices:

(13) exp(d) =e!  (Aegl(nC)).
If 4 € gl(n,R), then e4 € Gl(n,R), and A — e4 is the exponential map for the
real general linear group. Similarly, the exponential map
(14) exp: End(V) — Aut(V),
where V is a real or complex vector space, is given by exponentiation of
endomorphisms. If / € End(V), then
2 i
(15) exp(l)=e’=1+l+!—+---+!-
2! j!
where I/ means ““/ composed with itself j times,” and where 1 is the identity
transformation.

+...

3.36 Remarks If ¢: G— Aut(¥) is a representation, and X € g, then
it follows from 3.35(15) and 3.32 that

(d<9(ff)) 4oee

1) @(exp X) = 1 + dop(X) +
and it follows from 3.32 and 3.9(2) that

Q) do(X) = lim 2R =1 _d (e(exp tX)).
-0 t dt],o

3.37 Subgroups of GI(n,C) Using 3.34 and 3.35, we shall now obtain
some of the classical Lie subgroups of G/(n,C) by exponentiating subalgebras
of gl(n,C). We already have one example, namely, G/(n,R) is a closed Lie
subgroup of G/(n,C) with Lie algebra gl(n,R) = gl(n,C). Let 4 € gl(n,C).
Then the transpose of A is the matrix A such that (4),; = A4,;; and the
complex conjugate of A is the matrix 4 whose ijth entry (4),; is the complex

conjugate 4; of A;. And n, of course, is an integer > 1.

(a) Unitary group U(n) = {A € Gl(n,C): A = A%}.
(b) Special linear group SI(n,C) = {4 e Gl(n,C): det A = 1}.
(c) Complex orthogonal group o0(n,C)={4eGl(nC): A = A%}.

Each of these is an abstract subgroup and a closed subset of Gl(n,C).
We shall use 3.34 to show that they are Lie subgroups. Their Lie algebras
will be

(@) Skew-hermitian matrices u(n) = {4 egl(n,C): 4 + At = 0}.
(b") Matrices of trace 0 sl(n,C) = {4 € gl(n,C): trace 4 = 0}.
(c") Skew-symmetric matrices o(n,C) = {4 egl(n,C): A + At = 0}.
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Each of these examples is a subalgebra of gl(n,C). To apply 3.34, let
U be a neighborhood of 0 in gl(n,C), diffeomorphic under the exponential
map with a neighborhood ¥ of the identity in G/(n,C). We can assume, in
addition, that if 4 € U, then 4, A¢, and — 4 belong to U, and |trace 4] < 2.
For let W be a neighborhood of 0 in gl(#,C) that is small enough for
the exponential map to be a diffeomorphism and also small enough for
the trace condition to be satisfied, and thenlet U= W N W N Wt N (—W).
We shall also assume that exp(U N gl(n,R)) = GI(n,R) N V.

If AeU Nu(n), then (e4)! = ¢4’ = e~4; hence (ed)ted = e-led =
e® = I, which implies that e4 e U(n) N V. Conversely, suppose that
A€ U and that et e U(n) N V. Then e4 = (e4)! = (e?)! = ', which
implies that —A4 = A since —A and A* also belong to U and since the
exponential map is 1:1 on U. Thus 4 € U N u(n). It follows from 3.34
that U(n) is a closed Lie subgroup of G/(n,C) with Lie algebra u(n). A
similar argument shows that O(n,C) is a closed Lie subgroup of G/(n,C)
with Lie algebra o(n,C).

If A €sl(n,C), then by 3.35(8), det e! = 1; hence e € SI(n,C). Con-
versely, if det e4 = 1, then according to 3.35(8), trace 4 = (2#i)j for some
integer j. If in addition 4 € U, then trace A = 0. Thus 3.34 implies that
SI(n,C) is a closed Lie subgroup of GI/(n,C) with Lie algebra sl(n,C).

It follows immediately from 3.34 and from considerations as given above
that the special unitary group SU(n), which is by definition U(n) N Si(n,C),
is a closed Lie subgroup of Gl(n,C) with Lie algebra su(n) the subalgebra
of gl(n,C) consisting of skew-hermitian matrices of trace 0; the rea/ special
linear group Sl(n,R), which is by definition S/(n,C) N GI(n,R), is a closed
Lie subgroup of G/(n,R) with Lie algebra sl(n,[R) the real matrices of trace
0; the orthogonal group O(n), which is by definition U(n) N GI(n,R), is
a closed Lie subgroup of G/(n,R) with Lie algebra o(n) the real skew-
symmetric matrices; and the special orthogonal group SO(n), which is by
definition O(n) N Si(n,R), is a closed Lie subgroup of GI/(n,R) also with
Lie algebra o(n) the real skew-symmetric matrices.

Each of these examples is a closed subgroup of either G/(n,R) or G/(n,C),
and it follows from either 3.34 or 3.21 that in each case the Lie topology is
the relative topology.

The unitary group is compact since not only is it closed, but also it is
bounded in G/(n,C), for A'A = I implies that ¥ |4,,|2 = 1 for each 7, which

3
implies that |42 < 1. It follows that SU(n), O(n), and SO(n) are also
compact.

The dimensions of these Lie groups are easily computed from their
Lie algebras. U(n) has dimension #%; S/(n,C) has dimension 2n? — 2;
O(n,C) has dimension n(n — 1); SU(n) has dimension n2 — 1; S/(n,R)
has dimension #2 — 1; O(n) and SO(n) both have dimension n(n — 1)/2.
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CONTINUOUS HOMOMORPHISMS

3.38 Theorem Let ¢: R — G be a continuous homomorphism of the
real line R into the Lie group G. Then ¢ is C*.

PROOF It suffices to prove that ¢ is C* on a neighborhood of 0, for
then it follows from composition with suitable left translations that
p is C” everywhere. Let V' be a neighborhood of e € G diffeomorphic
with a neighborhood U of 0 € g under the exponential map. We can
assume that U is starlike, that is, tX e U for 0 <t <1 whenever
X e U, and we let

U = {X2: Xe U}

Choose 7, > 0 small enough so that ¢(¢) € exp(U’) for |¢| < 1,. Let
n be a positive integer. Then there are uniquely determined elements
X and Y of U’ such that exp X = ¢(t,/n) and exp ¥ = ¢(t,). We
claim that nX = Y. Since

exp(nX) = ¢(t) = exp(Y),

and since exp is injective on U’, we need only show that nX € U’. Now,
XeU',soletl <j< n,and assume that jX € U'. We will prove that
(j+ DXeU'. Now, (j+ 1)XeU,andexp((j+ 1)X) = ¢((j + Dto/n)
which by assumption belongs to exp(U’). Since exp is injective on U,
it follows that (j 4+ 1)X € U’. Hence nX € U’ and nX = Y, as claimed.
Now, let m be an integer with 0 < |m| < n. If m is positive, then
o(mtyfn) = @(to/n)™ = exp(Y/n)™ = exp(mY/n). If m is negative, then
also  @(mtoln) = o((—m)ty/n) = exp((—m)Y[n)™ = exp(mY[n). It
follows by continuity that ¢(r) = exp(tY/t,) for |¢| < t,. Thus gis C*.

3.39 Theorem Let ¢: H— G be a continuous homomorphism of Lie
groups. Then ¢ is C*.

PROOF Let H be of dimension d, and let X,, ..., X; be a basis of §).
The map a: R? — H defined by
(1) aty, .. .5 1) = (exp 1,.Xy) - - - (exp 1,Xy)

is C*, and is non-singular at 0 € [R? by 3.31(d); so there is a neighbor-
hood ¥ of 0 € R? diffeomorphic under « with a neighborhood U of e
in H. Now, t+— ¢(exp tX;) is a continuous homomorphism of R into
G, and so is C* by 3.38. Thus ¢ o ais C*, and therefore ¢ | U, which
can be expressed as (poa)oal|U, is C. Since ¢|oU =
gy o®olsm | U, ¢is C* on all of H.

3.40 Definition A ropological group G is an abstract group G which
has a topology such that the map (o,7) = o771 of G X G — G is continuous.
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3.41 Corollary to Theorem 3.39 A4 second countable locally Euclidean
topological group can have at most one differentiable structure making it into
a Lie group.

PROOF The identity map would give a diffeomorphism of any two such
differentiable structures.

One of the outstanding problems in the theory of Lie groups was that of
deciding whether every connected locally Euclidean topological group has
a differentiable structure which makes it into a Lie group. The problem was
posed by Hilbert in his famous address to the International Congress of
Mathematics in 1900, and was solved with an affirmative answer by Gleason
together with Montgomery and Zippen in 1952; see [20].

We have dealt exclusively with the C” structure on Lie groups. It can
be shown [23] that the C* structure on a Lie group contains an analytic
structure, that is, a collection of coordinate systems which overlap analytically
(the compositions ¢, o ¢, of coordinate maps being locally represented
by convergent power series). In this context, the analog of 3.39 would state
that every continuous homomorphism of Lie groups is analytic, from which
it follows that the C* structure on a Lie group contains a unique analytic
structure.

CLOSED SUBGROUPS

3.42 Theorem Let G be a Lie group, and let A be a closed abstract
subgroup of G. Then A has a unique manifold structure which makes A into
a Lie subgroup of G.

According to 3.21, the topology in this manifold structure on 4 must be
the relative topology.

PROOF Uniqueness has been proved in 3.20. Let
(1) a={Xeg:exptXeAdforalreR}

The idea of the proof is to show that a is a subspace of g, and to apply
3.34. Tt is clear from the definition (1) that if X € a, then also tX € a for
any 1€ R. Now, let X, Y € a. Suppose that

®)) lim (exp Lx exp ! Y) = exp(t(X + Y)).
n=ro n n

Since A is closed, the left-hand side of (2) belongs to A. Thus (2)

implies that (X + Y) € a. Assuming (2) for the moment, we have proved

that a is a subspace of g and shall use this to complete the proof of the

theorem. We shall return to the proof of (2) in a separate lemma.
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The theorem will follow from 3.34 once we have shown that there
exists a neighborhood U of 0 in g, diffeomorphic under the exponential
map with a neighborhood V of e in G such that

3) exp(U Na) =V N A

Suppose, on the contrary, that no such U exists. Then there is a
neighborhood W of 0 in a and a sequence {o;} < A4 such that ¢, — ¢
in G and

4) a, ¢ exp(W).

Let b be any complementary subspace to ain g. It follows from 3.31(d)
that the map «:a X b — G defined by «(X,Y) =exp Xexp Y is C*
and non-singular at (0,0). Thus there are neighborhoods W, < W of
0 in a and Wj of 0 in b such that oc] W, X Wy is a diffeomorphism of
W, X W, with a neighborhood ¥ of e in G. If we can choose W,
small enough that

(5) A Nexp(W, — {0) = &,

then we can reach a contradiction as follows. For k large enough,
o0, € V, and thus o, = exp X, exp Y, for X, € W, and Y, € W;, where
Y, # 0 by (4). Buto, € A4,asalso exp X, € 4; so exp Y, € 4, contra-
dicting (5).

Finally, we show that W, can be chosen satisfying (5). Again we
argue by contradiction. Suppose that there is a sequence {Y,} < W;
such that ¥; # 0, Y, — 0, and exp Y, € A. Then there is a subsequence
{Y;} and a sequence {z,} of positive real numbers with ¢, — 0 such that
the sequence {Y;/t;} converges to some Y 7% 0 in W} (choose a norm
on b whose unit sphere lies in Wy, and let ¢, be the norm of Y}). For
t > 0, let ny(r) be the largest integer less than or equal to (#/r;). Then

o<,
t; t;

7 J

so lim t;n,(t) = t. Thus

j=®©

j—r o0

exptY = exp(lim n,-(t)Yj) = lim (exp Y;)"*",

jv o
which belongs to A. Since exp(—tY) = (exp tY)™?, then exptY € 4
for all real numbers ¢, which implies that Y € a. This contradicts the
fact that Y is a non-zero element of Wy.

To complete the proof we need the following lemma, which clearly
implies (2).
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Lemma Let G be a Lie group with Lie algebra g. If X, Y € g, then for t
sufficiently small,

(6) exptXexptY = exp{t(X + Y) + 0(¢3)},

where O(t®) denotes a g-valued C* function of t suchthat (1/t>)O(t?) is
bounded at t = 0.

PROOF For ¢ small enough, there is a C* curve Z(¢) in g such that
@) exptXexptY = expZ(1).
Since the tangent vector to the curve

tsexptXexptY

at t =0 is X(e) + Y(e) (sec Exercise 11), it follows that the tangent
vector to Z(t) at t = 0is X -+ Y, so the Taylor expansion with integral
remainder of Z(¢) about ¢ = 0 has the form

®) Z(t) =X + Y) + 0(1?,

where O(¢%) is a C* g-valued function of ¢ such that (1/¢2)0(r?) is
bounded at t = 0. From (7) and (8) we obtain (6).

3.43 Theorem Let y: G— K be a homomorphism of Lie groups. If
A = kery and a = ker dy, then A is a closed Lie subgroup of G with Lie
algebra a.

PROOF A is a closed abstract subgroup of G, hence, by 3.42, is a Lie
subgroup of G. If X € g, then according to 3.33 (with H = 4 and ¢
the inclusion map), X belongs to the Lie algebra of A if and only if
exptX € A for all te R, and this occurs if and only if p(exp tX) = e
for all reR. By 3.32, this latter condition is equivalent to having
exp t dy(X) = e for all t € R, and this occurs if and only if dy(X) =0,
that is, if and only if X € a.

THE ADJOINT REPRESENTATION

3.44 Definitions Let M be a manifold, and let G be a Lie group. A
C* map u: G X M — M such that
(n ulor,m) = u(o.u(r,m)),  u(em) =m

for all 0,7 €G and me M is called an action of G on M on the left. If
u: G X M— M is an action of G on M on the left, then for a fixed 6 € G
the map m + u(o,m) is a diffeomorphism of M which we shall denote by u, .
Similarly, a C* map u: M x G — M such that

@ um,om) = p(u(m,0)7),  plme) = m

for all ¢, 7 € G and m € M is called an action of G on M on the right.
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3.45 Theorem Let u:G x M — M be an action of G on M on the
left. Assume that mge M is a fixed point, that is, u,(m,) = my for each
o6 € G. Then the map

) y: G— Aut(M,, )
defined by
) w(0) = dug | M,

is a representation of G.

PROOF o is a homomorphism for

(3 y(or) = du,, | M, = d(u, o p.) | My, = p(0) o p(r).

It remains only to prove that y is C*. For this, it suffices to prove that
y composed with an arbitrary coordinate function on Aut(M,, ) is C*.
Now, one gets a coordinate system on Aut(M,,) by choosing a basis
for M,, and then by using this basis to identify Aut(M,,) with non-
singular matrices. One gets the matrix associated with an element of
Aut(M,, ) by applying this element to the basis of M,, and then applying
the dual basis. So it suffices to prove that if vy M,, and if x € M}, ,
then

(4) o = a(du(v))
is a C* function on G. For (4), it suffices to prove that
(5) g d/u’a(UO)

is a C* map of G into M,, , or equivalently that (5) is a C* map of G
into T(M). But (5) is exactly the composition of C* maps

G — T(G) x T(M)— T(G x M)— T(M)

in which the first map sends ¢ — ((6,0),(m,,00)), the second map is the
canonical diffeomorphism of T(G) x T(M) with T(G x M), and the
third map is du. Thus pis C*.

3.46 The Adjoint Representation A Lie group G acts on itself on
the left by inner automorphisms:

(1) a:G x G—G, a(o,7) = gro7! = a, (7).
The identity is a fixed point of this action. Hence, by 3.45, the map
(2) o da,| G, =~

is a representation of G into Aut(g). This is called the adjoint representation
and is denoted by

(3) Ad: G — Aut(g).
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We let the differential of the adjoint representation be denoted by ad,
“4) d(Ad) = ad,

and we denote Ad(o) by Ad, and ad(X) by ady. Thus by 3.32 we have a
commutative diagram

G Ad > Aut(g)
A
&) epr exp
g ad __  ,End(g)

Also applying 3.32 to the automorphism a, of G, we obtain the commutative
diagram

G Ze >G

A A
6) exp exp

g Ad, ~g

In other words,
@) exp tAd,(X) = o(exp tX)o 1.

In the special case in which G = Aut(V), the above diagrams become

Aut(¥) Ad Aut(End V)
A
exp exp
End(V) ad __  End(End V)
(8)
Aut(V) s > Aut(V)
A
exp exp
End(V) Ady » End(V)
where B € Aut(V). If in addition C € End(V), then
9) Adgp(C) = BoCo B,

For from 3.36(2), using 3.35(15) and 3.35(6), we obtain

Adx(C) = d (an(exp tC)) = A (Boe®oB™Y)
dt 1=0 dt t=0
= 4 e!BCB_ BocCo Bl
dt|i—o
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Similarly, in the case in which G = Gl(n,R)(or G/(n,C)) and B € Gi(n,R)
and C € gl(n,R), then

(10 Adp(C) = BCB.

3.47 Proposition Let G be a Lie group with Lie algebra g, and let
X,Yegq. Then

t)) adyY = [X,Y].
PROOF By 3.36(2),

)] adyY = ( Ad(exp tX ))Y
d

d
Adexp tX(Y) = d_t

t=0

d(aexp tX)(Y)

=0

Thus if X, denotes, as usual, the 1-parameter group of diffeomorphisms
associated with X, then

(3) adX Y(e) = d(rexp(—-tX))(d(lexp tX)( Y(e)))

t=0

d— d(rexp(——tX))(Y{exp tX)
=0
_4

d(X_)(Yx )

=0
= (LxY)(e) = [X,Y](e).

The last equality follows from 2.25(b). Since adyY and [X,Y] are
both left invariant, (1) is an immediate consequence of (3).

3.48 Theorem Let A < G be a connected Lie subgroup of a connected
Lie group G. Then A is a normal subgroup of G if and only if the Lie algebra
a of A is an ideal in g.

PROOF Assume that a is an ideal in g. Let Yea, let X e g, and let
o =exp X. Then

(1) o(exp Y)o™ = exp Ad,(Y) (3.46(7))
= exp((exp adx)(Y)) (3.46(5))
= exp(¥ + v+ X (1) ).

(3.35(15) and 3.47)
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Under the assumption that a is an ideal in g, the series in the last term
in (1) converges to an element of a, so that

(2) a(exp Y)ole A.

Now, by 3.18 and 3.31(d), 4 is generated by elements of the form exp Y,
and G is generated by elements of the form exp X. This, together with
(2), implies that A4 is a normal subgroup of G.

Conversely, assume that A4 is normalin G. Let s and ¢ be real numbers,
let Yeaand X e€g, and let ¢ = exp tX. Then, according to (1),

3) o(exp sY)o! = exp Ad,(sY) = exp s{(exp ad, x)( 1)}

Since 4 is normal, o(expsY)ote A; so it follows from (3) and
3.33 that (exp ad,x)(Y) € afor all t € R. Now

C)) (exp ad,x)(Y) = (exp t(adx) )(Y)

2
=Y +1[X,Y] + ; [X.[X, Y]]+,

which is a smooth curve in a whose tangent vector at t = 0 is [X,Y].
Thus [X,Y] € a, and a is an ideal in g.
3.49 Definitions
(a) Centerof ¢ = {Xegq: [X,Y] =0 for all Yeg}
(b) Center of G = {0 € G: g7 = 7o for all € G}.
3.50 Theorem Let G be a connected Lie group. Then the center of G
is the kernel of the adjoint representation.
PROOF Let o belong to the center of G, and let X € g. Then
)] exp tX = o(exp tX)o! = exp tAd,(X)

for all teR. Thus X = Ad,(X); so oe€ker(Ad). Conversely,
let o € ker(Ad). Then (1) again holds, so 0 commutes with every element
in a neighborhood of e in G. Since G is connected, o commutes with
every element of G. Thus ¢ lies in the center of G.

Corollary (a) Let G be a connected Lie group. Then the center of G is a
closed Lie subgroup of G with Lie algebra the center of g.

PROOF This corollary is an immediate consequence of 3.50 and 3.43.

Corollary (b) A connected Lie group G is abelian if and only if its Lie
algebra g is abelian.

3.51 Proposition Let X, Y belong to the Lie algebra g of a Lie group G.
Then
[X,Y] =0 = exp(X 4+ Y) =exp Xexp Y.
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PROOF The subspace a of g spanned by X and Y is a subalgebra of g,
and the corresponding connected Lie subgroup 4 of G is abelian. Let

a(t) = exptXexptY.

Then « is a C* map of R into G and is a homomorphism since A4 is
abelian. The tangent vector to « at 0 is X(e) + Y(e) (see Exercise 11),
so that

exptXexptY =expt(X + Y)
for ali ¢.

3.52 Remark Recall that in 3.27 we stated Ado’s theorem which
asserts that any Lie algebra g has a faithful representation in some gi(n,R)
from which it follows that there is a Lie group with Lie algebra g. If g has
trivial center, we can get such a faithful representation from the adjoint
representation. Simply define ad: g — End(g) by adx(Y) = [X,Y], and
check that this is a Lie algebra homomorphism. If g has trivial center, ad
is one-to-one; so we have a faithful representation of g in End(g). This
together with 3.19 gives a simple proof that every Lie algebra with trivial
center is the Lie algebra of some Lie group.

AUTOMORPHISMS AND DERIVATIONS OF BILINEAR
OPERATIONS AND FORMS

3.53 Definitions Let V be a finite dimensional real or complex vector
space. A bilinear operation on V is a linear map y: V' ® V — V where the
tensor product is taken over the real (resp. complex) numbers when V' is a
real (resp. complex) vector space. We shall use the notation

p(v @ w) = {v,w}.
(a) We let
A, (V) = {a € Aut(V): afv,w} = {a(v),a(w)} for all v, w e V}.

The elements of 4,(V) are the automorphisms of ¥ which preserve
the bilinear operation .

(b) Welet
by = {{ € End(¥V): {v,w} = {I(v),w} + {v,/(w)} for all v, w € V'}.

Elements of b, are called derivations of the bilinear operation y.

3.54 Theorem A, (V) is a closed Lie subgroup of Aut(V) with Lie
algebra d,,.
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PROOF It is easy to check that b is a subalgebra of End(V) and that
A,(V) is a closed abstract subgroup of Aut(¥). According to Theorem
3.42, A, (V)is a closed Lie subgroup of Aut(¥). Let a be the Lie algebra
of A,(V). We need only show that a = d,, .

If / € a, then exp t/ € A ,(V), so that

€Y (exp th{v,w} = {(exp t])(v), (exp th(W)}.

Both sides of (1) are smooth curves in V. Taking their derivatives at
t = 0, we obtain

() Ho,w} = {I(v),w} + {v,/[(W)},

which proves that /€ d,. (Observe that a curve ¢(¢) ® ¢(t)in V'@ V
has derivative (or tangent vector) at ¢t = 0 equal to ¢(0) ® %(0) +
9(0) ® $(0).)

Conversely, suppose that /€ d,,. To prove that / € a, we need only
prove thatexp t/ € A, (V) forallz. Welet/ ® 1denote the endomorphism
of V' ® V defined by

I D ®w) = I(v) ®w.
The fact that / € b, means that

©) Ho,w}y = {I(v),w} + {v,/(w)}
for all v and win ¥; and this can be expressed as
Q) loy=ypo(I®1+11)).
It follows from (4) that

®) Moy =9po(l®l1+18DH"
so that

(6) ett oy = o t181H18Y,

Now, (/@) (1) =(1®D)-(I®1), so we can apply 3.35(9)
to the right-hand term in (6). Then, by the fact that e?!®1) = ¢t ® 1,
equation (6) becomes

@) eltoy =yo et(181) 4 o181 po(e?®1)o (1 ®e?)
=yoell ® et

Thus
(exp th{v,w} = {(exp t])(v), (exp t))(w)}

for all v and w in ¥, which implies that exp t/ € 4,(V) for all € R.
Thus a = d,,, and the theorem is proved.

3.55 Definitions Again we let V be a finite dimensional vector space
over a field F where F is either R or C. A bilinear form B on V is a linear
map B: V' ® V— F. We shall use the notation B(v ® w) = (v,w).
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(a) Welet
Ap(V) = {a € Aut(V): (v,w) = (a(v),x(w)) for all v, w € V}.

The elements of A5(V) are the automorphisms of ¥ which preserve
the bilinear form B.

(b) We let
bp = {{ € End(V): (I(v),w) + (v,i(w)) = O forallv,we V}.

Elements of by are called derivations of the bilinear form B.

3.56 Theorem Ap(V) is a closed Lie subgroup of Aut(V) with Lie
algebra 5.

The proof is similar to the proof of Theorem 3.54, and we leave it to the

reader as an exercise.

3.57 Applications of 3.54 and 3.56

(a)

(b)

Let V be a real vector space with an inner product B. According to
Theorem 3.56, the automorphisms of V' which preserve the inner
product form a closed Lie subgroup Ap(V) < Aut(V) whose Lie
algebra is the Lie subalgebra bz < End(V) of derivations of the inner
product B. Choose an orthonormal basis for ¥. Now consider the
Lie group isomorphism of Aut(V) with G/(n,[R) and the associated
Lie algebra isomorphism of End(}) with gl(n,R) determined by
associating with each linear transformation on V its matrix relative to
this basis. It is easily seen that Ag(}) is mapped onto the orthogonal
group O(n) < Gl(n,R) and that dby is mapped onto the set o(n) of
skew-symmetric matrices in gl(n,[R). This provides another proof of
the fact that the orthogonal group O(n) is a closed Lie subgroup
of GI(n,R) with Lie algebra o(n).

A Lie algebra g has a bilinear operation—the bracket [ , ]. The
automorphisms of g which preserve the bracket are precisely the Lie
algebra isomorphisms of g. We shall denote them by A(g). According
to 3.54, A(g) is a closed Lie subgroup of Aut(g) with Lie algebra the
derivations of [ , ] which we shall denote by d(g).

Suppose that G is a simply connected Lie group with Lie algebra g.
Let A(G) be the group of all Lie group automorphisms of G. The map

43 p: A(G) — A(g) defined by p(a) = da

is a homomorphism and is 1:1 by 3.16 and onto by 3.27. Thus we can
induce via v a manifold structure on A(G), making A(G) into a Lie
group with Lie algebra isomorphic with d(q).



120  Lie Groups

HOMOGENEOUS MANIFOLDS

3.58 Theorem Let H be a closed subgroup of a Lie group G, and let
G/H be the set {cH: o € G} of left cosets modulo H. Let w: G — G|H denote
the natural projection w(c) = oH. Then G|H has a unique manifold structure
such that

(a) =wisC*.
(b) There exist local smooth sections of G[H in G; thatis, if cH € G|H,
there is a neighborhood W of cH and a C* map v: W — G such that

wor = id.

PROOF Existence We topologize G/H by requiring U in G/H to be
open if and only if #72(U) is an open set in G. With this topology,
7 is an open map since if W is open in G, then

7N @(W)) = U Wh,

heH

which implies that #(W) is open in G/H. Moreover, G/H is Hausdorff.
To see this, first observe that the set R < G x G consisting of all
pairs (o,7) for which there exists an 4 € H such that ¢ = 7h is a closed
set since R = a~'(H) where « is the continuous map (o,7) > 77 l¢
of G x G into G. Now, if cH and 7H are distinct points of G/H,
(o,7) does not belong to R, so there exist open neighborhoods V of «
and W of r in G such that (V' x W) " R = &. Then «(¥V) and =(W)
are disjoint open neighborhoods of ¢ H and 7 H respectively, which proves
that G/H is Hausdorff. A countable basis for the topology on G
projects under 7 to a countable basis for the topology on G/H. Thus
G/H is second countable.

According to 3.42, the closed subgroup H is a Lie subgroup of G.
Suppose that G is of dimension d and that H is of dimension d — k.
To prove that G/H is locally Euclidean and to obtain a cover of smoothly
overlapping coordinate systems on G/H, we first prove that there exists
a cubic centered coordinate system (U, ) about e in G, with coordinate
functions x,, ..., x;, such that distinct slices of the form

1 X, = constant forallie{l,...,k}

lie on distinct left cosets of H. Let & be the distribution on G deter-
mined by the Lie algebra of H. Then, by 1.60, there is a cubic centered
coordinate system (V,¢) about e in G, with coordinate functions
X1, ... s Xg, such that the integral manifolds of & in V are slices of the
form (1). Since H is a closed subgroup of G, and therefore as a Lie
subgroup has the relative topology, ¥ can be chosen small enough so
that

(2) V N H = the slice S, through e.
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Choose neighborhoods U and ¥, of e, cubic relative to the coordinate
system (V,¢), such that

A3) ViV,<V and UUCYV,.

Now suppose that ¢ and = are points of U which lie in the same coset
modulo H, so 6 € TH. Then

(4) T—IU€V10H= Vl nS()

Soger(V; NS,). Now 7(V; N Sy) is an integral manifold of & which
lies in ¥ by the choice of ¥, in (3), and (¥} N Sy) is connected. There-
fore (¥, N S,) lies in a single slice of V. So ¢ and r lie in the same
slice. Conversely, it is easily seen that a single slice lies on a single
coset. Thus (U,¢) is the desired coordinate system.

G Rd-%

A e #(U)

T I

LY

"(U') G/H

<~

Let S be the slice of ¢(U) on which x,.,, ..., x; vanish. Let $-1 be
the map defined by setting

(5 cﬁ_l=7ro<p"1|S:S—>’rr(U).
Then ¢! is one-to-one by the choice of the coordinate system (U,¢),

and is also continuous and an open map; hence it is a homeomorphism.
Let ¢ be the inverse,

(6) ¢:m(U)— S < R,

Then (m(U),p) is a coordinate system about the identity coset in G/H.
We obtain coordinate systems about other points of G/H by left trans-

lations. Indeed,if o € G, we let I; be the homeomorphism of G/ H induced
by left translation /, on G; that is,

) l:,(-rH ) = orH.
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Then for each oH € G/H we define a map §_,, by setting

®) Bt = & Lpma | [ (n(0):

Then (I (m(U)), §,5) is a coordinate system about ¢H. Note that in
this notation §,, is just the map . Now, we claim that one obtains a

differentiable structure on G/ H by maximizing the collection of coordinate
systems

(9) {(Z,(TT(U)), ('ch): o€ G}
One has only to check differentiability on overlaps. So let

(L,(m(D), 3, 5) and (I, (m(U)), §,,z) be two such coordinate systems,
and let

(10) V = 8,0, (w(0)) O L (m(0))

We must prove that §, ., 0 % |V is C*. Let te V. Then since
7,2_1 07,1 o 71(t) e w(U), there exists an element ge H such that
oy 0,971 (t)g € U. Tt follows that there exists a neighborhood W of
t in V such that o,7'o,7Y(W)g < U. It suffices to prove that
By © By | W is C*. But we can express ,,, ° .Y | W as the
following composition of C* maps:

(11) EpazH ° <hpzr—;lﬁl I W=mogpor,e loz_lﬂ ° CP_I I w,
where m, is the canonical projection of @(U) onto S. Thus
Bt © ok | Vis €.

With this differentiable structure on G/H, the projection 7: G — G[H
is C*; indeed, = restricted to an open set of the form / (U) is nothing
other than the composition &,z omye @/ |l (U). Thus result
(a) holds; and as for (b), / o @™o _p is a local smooth section of
G/H in G on the neighborhood / (m(U)) of cH.

Uniqueness Let (G/H), denote G/H with another differentiable
structure satisfying (a) and (b).

G

G/H ——g—>(G/H),

Then the identity map and its inverse are both C* since locally they can
be expressed as the composition of local smooth sections into G
followed by 7. Thus id is a diffeomorphism, which proves uniqueness.

3.59 Definition Manifolds of the form G/H where G is a Lie group,
H is a closed subgroup of G, and the manifold structure is the unique one
satisfying (a) and (b) of Theorem 3.58 are called homogeneous manifolds.
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3.60 Remark Observe that fis a C* function on G/H if and only if
fomisa C® function on G; for if fis C®, then certainly fo = is C*. Con-
versely if f o 7 is C®, then f, which can locally be represented as the composi-
tion of a smooth section of G/H in G with fo =, is also C*.

3.61 Definitions Let

(1) nmGxXM—->M
be an action of G on M on the left (cf. 3.44); and, as usual, let
2 n,(m) = n(o,m).

The action is called effective if e is the only element of G for which 7, is
the identity map on M. The action is called transitive if whenever m and n
belong to M there exists a ¢ in G such that %, (m) = n. Let my € M, and let

3 H = {o € G: n,(mg) = my}.
H is a closed subgroup of G called the isotropy group at m,. The action %

restricted to H gives an action of H on M on the left with a fixed point m,,
so by 3.45 we have a representation

@) «: H— Aut(M,,) where a(o) =dn,|M,,.

The group a(H) of linear transformations of M,, is called the linear isotropy
group at my.

3.62 Theorem Let 7: G X M — M be a transitive action of the Lie
group G on the manifold M on the left. Let my€ M, and let H be the isotropy
group at m,. Define a mapping

(1) B:G/H—M by f(oH) = 5 (my).
Then f is a diffeomorphism.

PROOF Observe first that § is well-defined since ,,(mp) = 7,(7,(m,)) =
n,(my) for any h€ H. f is surjective since G acts transitively, and is
injective since if f(cH) = f(rH), then 7, (mg) = m,, which implies
that 7o belongs to H, or in other words that H = 7H. In view of
Exercise 6 of Chapter 1, it suffices to prove that f is C* and that df
is non-singular at each point.

According to Remark 3.60, 5 is C* if and only if B omis C* where
w is the natural projection of G onto G/H. But

@ Bom=noin,
where i,, is the C* map of G into G x M defined by
(3) imo(a) = (Gamo)'

Thus B is C*.
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Now let g = fom. Since the kernel of dr | G, is (¢H), = G,, in
order to prove that df | (G/H),y, is non-singular it is sufficient to prove
that the kernel of df | G, is also (¢H),. Since for each ¢ € G,

) B=m,0p0l,

it suffices to prove that the kernel of df | G, is H,. Certainly H,
ker(dB | G,). So let x eker(df|G,). To show that x € H,, we need
only prove that exp tX € H for all € R where X is the left invariant
vector field on G determined by x. For this, it is sufficient to prove
that the tangent vector to the curve ¢ — f(exp tX) in M is identically
zero, for then f(exp tX) = m,, which implies that exp tX € H for all
t. The tangent vector to this curve at ¢ is

dﬂ(Xexp tX) = d(nexp tx ° :B ° lexp(—tX))(Xexp tX)
= dnexp tx° dﬂ(X(e)) = dnexp tx ° dﬂ(x) = 0.

Thus df is everywhere non-singular, and the theorem is proved.

3.63 Remarks If G is a Lie group and H a closed subgroup of G,
then there is a natural action / of G on the homogeneous manifold G/H on the
left, namely,

) I: G x GIH— G/H, [(o,7H) = o7H.

It is easily checked that Tis C® and indeed gives an action of G on G/H on
the left. Moreover, it is obvious that / is a transitive action. Now, for each
oinG,1, (notation as in 3.61(2)) is a diffeomorphism of G/H; and given any
two points H and yH of G/H there is a diffeomorphism l:,_l taking yH to
7H. The reason that manifolds of the form G/H are called homogeneous is
that they possess this transitive group of diffeomorphisms. Conversely,
Theorem 3.62 shows that if a manifold M has a transitive group of diffeo-
morphisms in the sense of 3.61(1), then M is diffeomorphic with a homo-
geneous manifold G/H.

From Theorem 3.62 we get another characterization of the manifold
structure on G/H, namely, the set G/H has a unique manifold structure such
that the natural map (1) is C*®.

3.64 Theorem Let G be a Lie group and H a closed normal subgroup of
G. Then the homogeneous manifold G|H with its natural group structure is a
Lie group.

PROOF One has only to check that the map

1) (cH,7H) - o7 1H

of G/H x G/[H— G/H is C*. Let a,: W, — G and o,: W,— G be
local sections of G/H in G on neighborhoods W, of oH and W, of TH
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respectively. Then locally the map (1) can be expressed as the following
composition of C* maps:

2 mopo(a, X a),
where ¢: G X G — G is the map ¢(o,7) = o771

3.65 Examples of homogeneous manifolds

(a) Let {e;:i=1,...,n} be the canonical basis of R™ where e, is the
n-tuple consisting of all zeros except for a 1 in the ith spot. Each matrix
0 € GI(n,R) uniquely determines a linear transformation on R",
which we shall also denote by g, by requiring that

(1) O’(e,-) = z G;i€;.

In other words, if we consider the n-tuples of R” as n x 1 matrices,
then o acts on R" in the natural way by matrix multiplication. The
map (o,v) — o(v) gives an action of G/(n,R) on R" on the left:

2 Gl(n,R) x R* —> R™,

Let ( , ) denote the standard inner product on R" with respect to
which the basis {e;} is orthonormal. Then if ¢ € GI(n,R),

3 (a(v),w) = (v,6(W)).

If o € O(n), then o'o = I, so it follows from (3) that

C) (0(v),0(v)) = (v,6%0(v)) = (v,v);

thus ¢ preserves lengths of vectors. Thus the action (2) restricted to
O(n) x §™* factors through the unit sphere S"~2.

om xSt — 5 R»

) Tea i
T Sn-1

According to 1.32, the factoring map is smooth, so we have a natural
C® action

6) O(n) x §* 71— §*1

of the orthogonal group O(n) on the unit sphere S"~! on the left.

We claim that the action (6) is transitive. Ifv, € §*1,let{v;, v;, ..., v}
be an orthonormal basis of [R" containing v, as the first element. Let

(7) v; = ZO’,—,-ej.
)
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(b)

Lie Groups

Then the matrix ¢ whose entries are determined by (7) is orthogonal,
and

® a(e) = v;.

It follows that if v and w are any two points of S"~1, there is an orthog-
onal matrix ¢ such that o(v) = w. Thus the action (6) is transitive.
The set of matrices in O(n) of the form

©) o=
0

forms a closed subgroup of O(n). The matrices ¢ occurring in this
subgroup are precisely the matrices in O(n — 1). So O(n — 1) sits
in O(n) as this natural closed subgroup. We claim that O(n — 1) is
precisely the isotropy group for the action (6) at e, € 1. Clearly
the elements of O(n — 1) leave ¢, fixed. On the other hand, suppose
that o € O(n) and that o(e,) = e,. Now

G(en) = z Gin€is
so0 0,, =0 for i <n and o,, =1. Since o is orthogonal, go! = I,
and this implies that ¥ o}; = 1. Since o,,, = 1, we must have g,,; = 0,
i < n. Thus 0 € O(n — 1). It follows from Theorem 3.62 that the map
(10) om))o(n — 1) - s, d0(n — 1) a(e,)

is a diffeomorphism. Thus the sphere S" is in a natural way diffeo-
morphic with the homogeneous manifold O(n)[O(n — 1).

By a similar argument one can show that there is a diffeomorphism
of the sphere S"~ with the homogeneous manifold SO(n)[SO(n — 1).

Let {e;:i=1,...,n} be the canonical complex basis of C" where
e; is the n-tuple consisting of all zeros except for a 1 in the ith spot.
Just as in Example (a), each matrix o € G/(n,C) uniquely determines a
linear transformation of C", which we still denote by ¢, by requiring

(11) ale)) = X aie;.

So if we consider the complex n-tuples of C" as n X 1 matrices, then ¢
acts by matrix multiplication. The map (o,v) — o(v) is an action of
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the real 2n*-dimensional Lie group G/(n,C) on the real 2n-dimensional
manifold C" on the left:

(12) Gl(n,C) x C"— C™

Let ( , ) denote the standard inner product on C", where

(13) <z ae;, 2 b,-e,-> = z afbi.
7 i =1
Then if ¢ € GI(n,C),

(14) (o(v),w) = (v,6"(W)).

If ¢ is an element of the unitary group U(n), then 'o = I, so it follows
from (14) that o preserves lengths of vectors in C”. If X denotes the
unit sphere in C", then the action (12) restricted to U(n) X X factors
through X, and so, by 1.32, yields a C* action

(15) Un) X X— X

of the unitary group U(n) on the unit sphere X < C" on the left. It
follows by an argument similar to that in Example (a) that the action
(15) is transitive and that the isotropy group for the action (15) at the
point e,, is simply U(n — 1), which we consider to be a closed subgroup
of U(n) by identifying 6 € U(n — 1) with

0

(16) o=

in U(n). Thus, by 3.62, X is diffecomorphic with the homogeneous
manifold U(n)/U(n — 1). But now under the canonical global coordinate
system on C" (given by the dual basis to the real basis {¢;,..., e,
J=ley, ...,V =le,} of C"), X is diffeomorphic with $2"1 < R2",
Thus the sphere S*"~1 is diffeomorphic with the homogeneous manifold
U(n)/U(n — 1).

By a similar argument, the sphere S*"~ is also diffeomorphic with the
homogeneous manifold SU(n)/SU(n — 1). In particular, since SU(1)
consists only of the 1 x 1 identity matrix, S® is difftomorphic with
SU(2). Thus $3 can be given a Lie group structure. It can be shown
that S* and S® are the only spheres possessing Lie group structures [25].
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The real projective space P"~! is the set of equivalence classes of points
in R™ — {0} where (a,, ..., a,) is equivalent to (by, ..., b,) if there
is a non-zero real number ¢ such that ca; =b, fori=1,...,n 1If
P"1is given the largest topology in which the natural projection

(17) m: (R® — {0}) — P

is continuous, then = restricted to S"' is a 2-fold covering of P"1,
and it is easily established that P"~! has a unique differentiable structure
such that this covering map is locally a diffeomorphism. By an argument
similar to that in Example (a), one can show that P*~* is diffeomorphic
with the homogeneous space SO(n)/O(n — 1), where we consider
O(n — 1) as a closed subgroup of SO(n) by identifying 6 € O(n — 1)
with the following element ¢ of SO(n):

0

0
0 -+ 0 deté

As a set, the complex projective space CP"! is the set of equivalence
classes of points of C" — {0} under the equivalence relation in which
(o3, ...,a,) is equivalent to (B;,...,B,) if there is a non-zero
complex number y such that ya, =g, for i=1,...,n We make
CP"* 1 into a real 2(n — 1) dimensional manifold as follows. The
action of the special unitary group on the unit sphere in C” preserves
these equivalence classes, and each element of CP"! has representatives
of unit length; thus we have a natural transitive action of SU(n) on
the set CP"1:

(18) SU(n) x CP™1_» CP™1,

The subgroup of SU(n) leaving fixed the point of CP"! determined by
e, € C"is simply U(n — 1), which we consider to be a closed subgroup
of §U(n) by identifying 6 € U(n — 1) with

0
0 -+ 0 1/(detd)
in SU(n). It follows that the map
(19) aU(n — 1) — {ale,)},
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where {o(e,)} denotes the point of C P"~! determined by o(e,), is a well-
defined one-to-one map of SU(n)/U(n — 1) onto CP"™1. We give
CP"1 the structure of a real 2(n — 1) dimensional manifold by re-
quiring that the map (19) be a diffeomorphism.

Let V be a real d-dimensional vector space, and let S, (V) be the set
of p-frames in V. That is,

(20) S, (V) ={F = (wy,...,wy):thew,,...,w,
are linearly independent elements of V}.

If we choose a basis vy, . . . , v, for V, then GI/(d,R) acts on ¥ by matrix
multiplication. We define

n: GId,R) X S,(V)— S,(V)

by n(o, Wy,...,wy) = (a(wy), ..., a(wp)).

Observe that if v, we S,(V), then there is a ¢ € GI(d,R) such that
n(o,0) = w. Now let § be the element of S, (V) determined by the first p
elements of the basis v,,...,v,; hence § = (v,...,v,). Let H
be the subset of G/(d,R) leaving 5 fixed. Then

22) H= {(H—%) e GI(d,FR)},

where [ is the p X p identity matrix; thus H is a closed subgroup of
Gl(d,R). It follows that the map 6H > (0,5) is a one-to-one map of
the homogeneous manifold GI/(d,R)/H onto the set S, (V). We give
S,(¥) the structure of a d - p-dimensional manifold by requiring that this
map be a diffeomorphism. It is easily checked that this manifold
structure is independent of the basis of V' chosen. S, (V) is called
the Stiefel manifold of p-frames in V.

(21)

Again let V be a real d-dimensional vector space, and now let M, (V)
be the set of all k-dimensional subspaces (k-planes) of V. If we choose
abasis vy, . . . , v, for V, then the orthogonal group O(d) acts naturally
on ¥ by matrix multiplication; and since non-singular linear transforma-
tions map k-planes to k-planes, we have a map

(23) 7n: 0(d) x M (V)—> M (V).

Observe that if P and Q are k-planes, then there is a 0 € O(d) such that
7(0,P) = Q. Now, let P, be the k-plane spanned by the first k elements
of the basis v, . . . , vy, and let H be the subset of O(d) leaving P, fixed.
Then

(24) H= {(8—‘—‘:) € 0d): o € O(k), 7 € 0(d - k)},
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so H is a closed subgroup of O(d) which we can identify with O(k) x
O(d — k). Then the map o(O(k) x O(d — k)) > n(0,P,) is a one-to-one
map of the homogeneous manifold O(d)/[O(k) X O(d — k)] onto
the set M, (V). We make M (V) into a (d — k)k dimensional manifold
by requiring that this map be a diffeomorphism. One can check
that this manifold structure on M(V) is independent of the basis
chosen for V. M,(V) is known as the Grassmann manifold of k-planes
in V.

3.66 Proposition Let H be a closed subgroup of the Lie group G. If
H and G|H are connected, then G is connected.

PROOF Assume that

M G=UUV

where U and V are non-empty open subsets of G. Then

@ G/H = m(U) U (V)

where 7(U) and w(¥) are non-empty open subsets of G/H. Since G/H
is connected, there must be a point oH of G/H such that

3) cHex(U)n =(V).
Now, (1) implies that
4 cH=(cHNU)U (HNYV)

where (¢H N U) and (¢H N V) are both open subsets of oH (since
H has the relative topology). According to (3), both (¢H N U) and
(¢H N V) are non-empty; thus, since oH is homeomorphic with H
and therefore connected, we have

(5) (GHNU)N(eHNV)# 7,
which implies that
(6) Unvsg,

which proves that G is connected.

3.67 Theorem Each of the Lie groups SO(n), SU(n), and U(n) is
connected for n > 1, and O(n) has two components (n > 1).

PROOF SO(1) and SU(1) are connected since they both consist only
of the 1 X 1 identity matrix, and U(1) is connected since

Ull)={(A):1eC, i =1}.
That SO(n), SU(n), and U(n) are connected for all n now follows from

3.66 by using induction on n and the representation of spheres as homo-
geneous manifolds given in 3.65.
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Since every matrix in O(n) has determinant +1, the orthogonal group
can be written as the following union of two non-empty disjoint con-
nected open subsets:

~1 0

O(n) = SO(n) U 6SO(n) where o =

Thus O(n) has two components. 0 1

3.68 Theorem GI(n,R) has two components.

PROOF Let Gi(n, R)* be the subset of G/(n, R) consisting of matrices
with positive determinant, and let G/(n,R)~ be the subset consisting
of matrices with negative determinant. Gl/(n,R)* and GI(n,R)~ are
disjoint homeomorphic open subsets of G/(n,R), so it suffices to prove
that GI(n,R)* is connected. To do this, we shall show that each element
of Gl(n,R)* can be joined to the identity matrix by a continuous curve.

First we show that each element of G/(n,R) has a polar decomposition;
that is, each matrix ¢ € Gl(n,R) can be expressed in the form

1) o= PR

where P is a positive definite symmetric matrix and R € O(n). (Recall
that all the eigenvalues of a symmetric matrix are real, and that a sym-
metric matrix is positive definite if each of its eigenvalues is strictly
positive.) Since (oad?)! = got, g0’ is symmetric. Let a be an eigenvalue
of oo® with eigenvector v € [R”. Then, according to 3.65(3), if ( , )
denotes the standard inner product in R™,

a(v,v) = (06*(v),0) = (*(v),0*(v)).

Consequently, a > 0, and since oo is non-singular, we must have a > 0.
Thus oot is a positive definite symmetric matrix. Since oo? is symmetric,
there exists an orthogonal matrix § € O(n) such that the matrix

2 pos'pt

is diagonal (cf. Exercise 22(a)). Since the eigenvalues of oot are all
positive, the matrix (2) has a square root

3 (Boa*B)M2;

that is, (3) is a diagonal matrix, and each diagonal entry is the positive
square root of the corresponding entry in the matrix (2). Let

“) P = f(Boa*f*)2p,
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and let
(5) R = P 1o.

P is a positive definite symmetric matrix, and R is orthogonal since (4)
implies that P? = oo* and therefore that

(6) RR* = P-1ggt(P-1)t = P-lgo*(Pt)!
= P-1gg'P~1 = P-1PPP' = |.

Thus ¢ = PR, as we asserted in (1).
If o € GI(n,R)*, then ¢ has a polar decomposition (1), where now
R must have positive determinant; thus R € SO(n). Let

)] Pi=tI+(1—-1t)P

for t € [0,1]. Then P, is positive definite for each ¢, so the path ¢ +— P,R
is a continuous curve in G/(n,R)™ joining o to R. Since SO(n) is con-
nected, and therefore pathwise connected, R can be joined to the identity
matrix / by a continuous curve. Thus G/(n,R)* is pathwise connected,
which completes the proof that G/(n,/R) has two components.

EXERCISES

1 Prove that a connected Lie group is automatically second countable;
that is, the assumption of second countability in the definition of
connected Lie group is redundant.

Show that the examples in 3.3 are Lie groups.
Prove that the examples in 3.5 are Lie algebras.
Supply a proof for Proposition 3.12.

Prove the necessity of the connectedness assumption in 3.16.

A U A W N

Let # be an ideal of forms on G° generated by a collection
{wy, ..., w._g} of independent left invariant 1-forms. Let h < g
be the d-dimensional subspace of the Lie algebra of G annihilated
by the w; (i=1,...,c — d). Prove that }) is a subalgebra of g if
and only if £ is a differential ideal.

7 In this exercise we outline the proof of Theorem 3.23.

(@) Let 7: (X,x)) > (Y,y,) be a covering, and let a: (Z,z)) —
(Y,y,) be a continuous map where Z is pathwise and locally
pathwise connected, and where a,(m,(Z,z,)) < 7, (m,(X,x0)).
Prove that there is a unique continuous map &: (Z,z,) —
(X,x,) such that 7o & = a.
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(Sketch: First prove part (a) for the case in which Z is the
unit rectangle [0,1] x [0,1]and z, = (0,0). Here the condition
on the fundamental groups is trivially satisfied, and the proof
follows by partitioning the unit rectangle fine enough so that
each subrectangle of the partition maps under « into an evenly
covered set in Y. As a particular application of this case, it
follows that each path in Y has a unique lift to X once base
points are chosen.

For the general case, define the lifting & of « as follows.
Let zeZ, and let y: [0,1] — Z be a path joining z, to z; thus
y(0) = zy and y(1) = z. Then a - y has a unique lift § to X
such that $(0) = x,. Set &(z) = $(1). Now use the condition
on the fundamental groups and the unique lifting property
already established for rectangles to show that & is well-
defined, independent of the choice of the path y from z, to z.
Finally use the local path-connected property of Z to show that
¢ is continuous.)

If X is a pathwise connected, locally pathwise connected, and
semi-locally 1-connected topological space, then X has a
simply connected covering space.

(Sketch: Fix a base point x, € X. We define an equivalence
relation on the set of all paths in X with domain [0,1] and with
initial point x,. Two such paths y,, y, will be called equivalent
if (1) = p,(1), and the loop y, 'y, at x, obtained by first
traversing y, and then traversing y, in the reverse direction is
homotopically trivial at x,. The point set of the simply con-
nected covering space X of X is the set of such equivalence
classes {y}. The projection map =: X — X is defined by
m({y}) = y(1). Let{y} € X, and let U be an open neighborhood
of (1) in X. Let U({y}) consist of all elements {r} of ¥
possessing a representative path = which first traverses y and
then remains in U. Prove that the collection of such sets U({y})
forms a basis for a topology on X in which X is simply con-
nected, and in which m: X — X becomes a covering.)

A covering of a simply connected space is a homeomorphism.
(This is an immediate application of part (a).)

Prove that if =: M — M is a covering of a differentiable manifold
M, then M is second countable. (It suffices to prove that = (M,m)
is countable. This follows from the observation that M can be
covered by a countable number of open sets, each homeomorphic
with an open ball in Euclidean space.)
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9

10

11

12

13

14

15

Let G and H be Lie groups with G connected. Prove that a C*
map ¢: G — H sending the identity of G to the identity of H is a
homomorphism if d¢ pulls left invariant forms on H back to left
invariant forms on G. Show that the assumption of connectedness
for G is necessary. (Hint: One can construct a differential ideal
on G x H as in 3.15(5) whose maximal connected integral sub-
manifold 7 through (e,e) is a Lie subgroup of G x H. Factor the
graph of ¢ through I, and show that the natural covering homo-
morphism of J onto G is 1:1.)

(2) (1)) is not e4 for any 4 € gl(2,R).

Let o(z) and f(¢) be smooth curves in a Lie group G such that
a(0) = (0) = e, and let a(?) = o()B(¢). Prove that

a(0) = ¢(0) + (0).

(Hint:  Consider the group multiplication map 7: G x G — G, that
is, n(y,7) = y7. Let v, w € G,, and show that

dn(v,w) = dn((v,0) + O,w)) = v + w.)

Let G be a connected Lie group, and let ¢: G— H be a homo-
morphism with a discrete kernel. Prove that the kernel lies in the
center of G. Use this fact to prove that the fundamental group of a
Lie group is abelian.

Prove that (_

Prove that Example 3.5(d) is, up to isomorphism, the only 2-
dimensional non-abelian Lie algebra. Conclude that Example
3.3(h) is, up to isomorphism, the unique simply connected 2-
dimensional non-abelian Lie group.

Show that there are matrices A, B € gl(n,C) such that e4+B 3
eleB,

Prove that the exponential map for G/(n,C) is surjective. (Qutline:
First, by using the Jordan canonical form, reduce the problem to that
of showing that each elementary Jordan matrix (a matrix with a fixed
constant 4 on the diagonal, with I's immediately above each
diagonal entry, and with zeros elsewhere) in G/(j,C), for | < j<n,
is the exponential of an element of gI(j,C). Let 4 be an elementary
Jordan matrix. Write 4 as (/) - N where the diagonal entries of N
are 1's. Prove that A = e4* and that N = e?, where 4,4, = 4,4, .
Tofind A,, observe that since sufficiently high powers of the difference
I — N vanish, N has a logarithm, namely,

=N
k
Use a formal power series argument to show that e'¢ ¥ = N.)

log N = Z



16

17

18

19
20

21
22

Exercises 135

Let G be a Lie group. A vector field Y on G is right invariant if ¥
is r,-related to itself for each o € G. Prove that the set of right
invariant vector fields on G forms a Lie algebra under the Lie
bracket operation and is naturally isomorphic as a vector space with
G,. Let ¢: G— G be the diffeomorphism defined by ¢(¢) = o 1.
Prove that if X is a left invariant vector field on G, then do(X) is
the right invariant vector field whose value at e is —X(e). Prove
that X — do(X) gives a Lie algebra isomorphism of the Lie algebra
of left invariant vector fields on G with the Lie algebra of right
invariant vector fields on G.

Find an example of a Lie group G with a Lie subgroup 4 that is not
closed in G.

Let G be an n-dimensional abelian connected Lie group. Prove there
isaninteger k, 0 < k < n, such that G is isomorphic with R"~* x T*
where T* is a torus of dimension k. First, prove that up to iso-
morphism, R" is the unique simply connected #-dimensional abelian
Lie group. Next, show that if D is a discrete subgroup of R”, then
either D = {0} or there is an integer k, 1 < k < n, and k linearly
independent vectors vy, . . ., v, in R"™ which generate D. To prove
this, suppose that D £ {0}, and let k be the smallest integer such
that D is contained in a k-dimensional subspace V of R", Find a
basis w;, ..., w, for V such that the w; € D. Let

Ai={Drw;: 0<r; <1,1,>0
i=1

fori =1,...,k. Choosev,tobeanelementof A, N D with smallest
possible coefficient r,. Then {v,,..., v} will be a linearly inde-
pendent set generating D.

Supply a proof for 3.56.

Prove that the group of automorphisms of a connected Lie group
G is itself a Lie group. (Outline: Let G be the simply connected
covering group of G, and let = be the covering homomorphism.
Let D = ker 7. We know from 3.57(b) that the group A(G) of
automorphisms of G is a Lie group. Show that the group of auto-
morphisms of G is naturally isomorphic with the (closed) subgroup
of A(G) consisting of those automorphisms of G which map D
onto D.)

Prove that U(n) is diffeomorphic with $* x SU(n).

(a) Deduce from a ‘‘super-triangularization” argument similar
to that following 3.35(6), but now using unit eigenvectors and
orthogonal complements, that if 4 is a hermitian matrix
(that is, A is complex and 4 = A%), then there exists a unitary
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matrix B such that B4B* is diagonal. By a similar argument,
prove that if 4 is a real symmetric matrix (4 = A*), then there
exists a real orthogonal matrix B such that BAB~* is diagonal.

(b) Using part (a) and 3.46(7), prove that the exponential map
maps the hermitian matrices one-to-one onto the set of positive
definite (all eigenvalues positive) hermitian matrices. Deduce
also that the exponential map maps the real symmetric matrices
one-to-one onto the set of positive definite symmetric matrices.

23 Use part (b) of Exercise 22 to prove that the polar decomposition
3.68(1) is unique. (Hint: If o =PR = P.R,, first prove that
P? = P2, then apply part (b) of Exercise 22 to P and P, .)

24 Prove that every matrix ¢ € GI(n,C) can uniquely be written as a
product ¢ = PR, where P is a positive definite hermitian matrix
and R is a unitary matrix.

25 Prove that G/(n,C) is connected.
26 Complete the details of 3.65(b) and (c).
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We shall consider integration of p-forms over differentiable singular p-chains
in n-dimensional manifolds, and integration of n-forms over regular domains
in oriented n-dimensional manifolds. For both of these situations we shall
prove a version of Stokes’ theorem. This is a generalization of the Funda-
mental Theorem of Calculus and is undoubtedly the single most important
theorem in the subject. We shall also consider integration on Riemannian
manifolds and on Lie groups. Finally, we shall introduce the de Rham
cohomology groups and shall prove the Poincaré lemma, from which we
will conclude that the de Rham cohomology groups of Euclidean space are
trivial. This lemma will be of central importance for the de Rham theorem,
which is stated at the end of this chapter and proved in Chapter $.

ORIENTATION

4.1 Definitions Let V be a real vector space of dimension n. The
notion of an orientation on ¥ was introduced in Exercise 13 of Chapter 2.
Recall that the nth exterior power A, (V) is 1-dimensional, so that A,(V) — {0}
has two components. An orientation on V is a choice of a component of
A (V) = {0},

Now let M be a connected differentiable manifold of dimension n. We
shall call M orientable if it is possible to choose in a consistent way an
orientation on M} for each m e M. More precisely, let O be the “0-section”
of the exterior n-bundle A*(M); that is,

(1) 0=U {0eA, M)
meM

Then since each A, (M}) — {0} has exactly two components, it follows
easily that A¥(M) — O has at most two components. We say that M is
orientable if A¥(M) — O has two components; and if M is orientable, an
orientation on M is a choice of one of the two components of A¥*(M) — O.

138



Orientation 139

A non-connected manifold M is said to be orientable if each component of M
is orientable, and an orientation is a choice of orientation on each component.
Let M be oriented, and let vy, ..., v, be a basis of M,, with dual basis
0y,...,0,. We say that the (ordered) basis v,,...,v, is oriented if
0, A+ -+ Ad, belongs to the orientation.

Let M and N be orientable n-dimensional manifolds, and let y: M — N
be a differentiable map. We say that y preserves orientations if the induced
map dy: AX(N) - A*(M) maps the component of A*(N) — O determining
the orientation on N into the component of A*(M) — O determining the
orientation on M. Equivalently, y is orientation-preserving if dy sends
oriented bases of the tangent spaces to M into oriented bases of the tangent
spaces to N.

4.2 Proposition Let M be a differentiable manifold of dimension n.
Then the following are equivalent:

(@) M is orientable.

(b) There is a collection ® = {(V,y)} of coordinate systems on M such
that

8)) M= UV and det(-a—xi) >0 on UNV
V.p)ee dy;

whenever (U, x,,...,x,)and (V,y,,...,y,) belong to ®,
(c) There is a nowhere-vanishing n-form on M.

PROOF We can assume, without loss of generality, that M is connected.
We prove that (a) = (b) => (c) =~ (a). Given (a), that M is orientable,
choose an orientation on M; that is, we choose one of the two com-
ponents, call it A, of A*(M) — O. Observe that for each me M,
A N A, (M2) is precisely one of the two components of A, (M}¥) — {0}.
Now let @ consist of all of those coordinate systems (V, yy,...,¥,)
on M such that the map of V into A%(M) defined by

(2 m> (dyy A -+ - Ady,)(m)
has range in A. Now, if (U, x;,...,x,) and (V,y,,...,y,) are any
two coordinate systems on M, thenforme U NV,

@ an e nde)m) = der(3

i

)(dyl A~ Ady,)m).

m

If these coordinate systems belong to @, then necessarily

det (-a—x'
ay,-

foreachm € U N V. Consequently, (1) is satisfied, and result (b) follows
from (a).

) >0

m
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Now assume (b). Let {¢,} be a partition of unity subordinate to the
cover of M given by the coordinate neighborhoods in the collection
® with ¢, subordinate to (V;, x/%, ..., x,). Then

4) ® =3 ¢idx," A Adx,’

is a global n-form on M, where o, dx, A - - - A dx,’ is defined to be the

0-form outside of ¥;. That w vanishes nowhere follows from the fact

that for each m, w(m) is a finite sum with positive coefficients of elements

of one component of A,(M}) — {0}. Thus (c) follows from (b).
Finally, let  be a nowhere-vanishing n-form on M, and let

At = U {ao(m): ae R, a > 0},
meM

A== U {ao(m): a e R, a < 0}.
meM

Then AX(M) — O is the disjoint union of the two open subsets A+
and A, so A¥(M) — O is disconnected, and M is orientable.

4.3 Examples

(a)

(b)

©

(@

©

Every Lie group G is orientable, for if w,, ..., », is a basis for the
left invariant 1-forms on G, then w; A - - - A w,, is a global nowhere-
vanishing n-form on G.

The standard orientation on the Euclidean space R? is the one deter-
mined by the d-form dry A - - - A dr;.

Let X be a d-dimensional manifold, and suppose that there exists an
immersion f: X — R%+1. A normal vector field along (X, f) is a smooth
map N: X — T(R%?) such that for each p € X, the vector N(p) lies
in (R%1), ., and is orthogonal to the subspace df (X,) < (R%+),,,.
Such a manifold X is orientable if and only if there is a smooth
nowhere-vanishing normal vector field along (X,f). (See Exercise 1.)

As an immediate application of Example (c), the sphere S" is orientable
for eachn > 1.

The real projective space P is orientable if and only if # is odd. (See
Exercise 2.)

INTEGRATION ON MANIFOLDS

4.4 Integrationin the Euclidean Space R"  We assume that the reader
is familiar with some theory of integration in R". Since we shall be inte-
grating continuous (in fact usually C*) functions over nice subsets of R*
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(polyhedra for example), the theory of the Riemann integral will be quite
sufficient. The principal theorem that we need to recall is the change of
variables formula. Several versions of this formula and their proofs may be
found in [6], [18], or [29]. A version sufficient for our purposes is the follow-
ing. Let ¢ be a diffeomorphism of a bounded open set D in R™ with a
bounded open set @(D). Let J¢ denote the determinant of the Jacobian
matrix of ¢:

Jo = det (%) .

¥

Let f be a bounded continuous function on (D), and let A be a nice subset
of D. (A4 will be polyhedral in most of our applications. Generally, for the
Riemann theory, a nice subset would be one which has Jordan content.)
Then

0 [ =] el

4.5 Integration of n-formsin R”  Asusual,weletr,...,r, denote the
canonical coordinate system on R”. The standard orientation is deter-
mined by the n-form dry A - -+ A dr,. Now let w be an n-form on an open
set D < R™. Then there is a uniquely determined function fon D such that
w=fdryA- - Adr,. Let A = D. We define

M [o=[s

provided that the latter exists. We can restate the change of variables formula
4.4(1) in terms of differential forms. Let ¢, D, and A be as in 4.4, and let
o be an n-form on ¢(D). Then

@ [, o= s,

old) A
where one uses ““+” if ¢ is orientation preserving and “—’ if ¢ is orientation
reversing.

4.6 Integration over Chains The first type of integration that we
shall consider on general manifolds involves integration of p-forms over
differentiable singular p-chains in an n-manifold.

For each p > 1 we let

4
¢)) A? = Yay,...,a,)€ R?: > a; < 1, and each a; > 0}.
i=1
A7 is called the standard p-simplex in R?. For p = 0, we set A° equal to the
1-point space {0}; A°is the standard O-simplex. Let M be a manifold. A
differentiable singular p-simplex o in M is a map o of A? into M which extends
to be a differentiable (C*) map of a neighborhood of A? in R? into M.
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In this chapter we shall refer to such a o as simply a p-simplex ¢ in M. (In
Chapter 5 we shall deal, in addition, with continuous singular simplices,
and so there we shall need to retain the term ““differentiable” for distinction.)
A 0-simplex in M consists of a map of the 1-point space {0} into M. A p-chain
¢ in M (with real coefficients) is a finite linear combination ¢ = g0,
of p-simplices o; in M where the a, are real numbers.

For each p > 0 we define a collection of maps k/: A? — A7+l for
0<LiLp+1 asfollows:

for p=0, k0 =1 and k,"0)=0;

2 »
ko”(al,...,a,)=(I—Za,-,al,...,a,) and
for p>1, =
ki”(al,-")ap)=(al""’ai—1a09ais---’ap)
1<Li<p+ 1.

If ois a p-simplex in M with p > 1, we define its ith face, 0 < i < p, to be the
(p — 1) simplex

(3) o' = ook,

and we define the boundary of ¢ to be the (p — 1) chain
” . .

4 do = Y (—1)'d"
i=0

We extend the boundary operator linearly to chains. Note carefully the use
of the superscript to denote faces. Thus the boundary of the p-chain

k
Y a0 is
j=1

» k

Y S(—1)a,o,

1=0j=1

©,1n

(0,0)

We claim that
(5) kP lok? =k¥lek? (p20;i<)).
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For p = 0, check the three possible cases separately. For p > 1, observe
that both sides of (5) give the following maps:

IS i <.] (als'--sap)H(al""aai—190,ai""'9a'j-1,01aj""9ap)
1<i=j (ay,...,a)—~>(a,...,8,4,0,0,0a;,...,a,)

(6) .. 2
0=i<j (a,...,a)> |1 —=Ya;,a5,...,8,4,0,a;,...5a,
=1

P
O=i=j (al,...,a,,)H(O,l—Za;,al,...,a,).

i=1
It follows from (5), (3), and (4) that the boundary of the boundary of
a chain is always 0. That is,

) 900 =0.

Now let o be a p-simplex in M, and let  be a p-form defined on a neighbor-
hood of the image of ¢. In most of our applications we shall deal only with
smooth forms, but for the purposes of the following definition it would be
quite sufficient for w to be a continuous p-form. First of all, if p = 0, then
a 0-simplex consists simply of a point in M, and a 0-form is simply a function.
In this case, we define the integral of the function w over the 0-simplex ¢ to
be the value of w at the point ¢(0) € M:

® fw = w(a(0)).

If p > 1, then since ¢ extends to be a smooth map of a neighborhood of
A? in R? into M, w can be pulled back via ¢ to a p-form do(w) on a neighbor-
hood of A?. In this case, we define the integral of the p-form w over the
p-simplex o by

©®) f w = Lpéo(w).

We extend these integrals linearly to chains, so that if ¢ = > a,0;, then

(10) J;w =Y a,-J;fw.

Perhaps the single most important theorem in integration theory on
manifolds is Stokes’ theorem. This is a generalization of the Fundamental
Theorem of Calculus. Observe that in our context the Fundamental Theorem
says that if F is a smooth function on the real line, and if ¢ is a smooth
1-simplex in the real line, then

() f F= f dF.

We shall present two versions of Stokes’ theorem. The first is in terms of
integration of forms over chains.
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4.7 Stokes’ Theorem I  Let ¢ be a p-chain (p > 1) in a differentiable
manifold M, and let w be a smooth (p — 1) form defined on a neighborhood
of the image of c. Then

6))

f w =fdw.
dc [3

PROOF It is sufficient to consider the case in which the p-chain ¢
consists of a single p-simplex 0. Thus we must prove that

2 J;dw =J;¢w.

It follows immediately from our definitions that (2) is equivalent with

3) Lpd(&o(w)) =i§(— 1)* L ’_160"((0) =i§)(__ 1y J; ’_lék,-’"lo do(w).

Observe first of all that the case p = 1 reduces directly to the Funda-
mental Theorem of Calculus:

(4) Ll % (@ © 0) dr = w(a(1)) — w(a(0)),

so we now assume that p > 2. Then the (p — 1) form do(w) can be
expressed as

? -~
%) do(w) = a;dryA---Adr;A---Adr,,

i=1
where the circumflex over a term means that the term is to be omitted,
and where the a; are C functions on a neighborhood of A? in R?,
Since the integral is linear, we may consider the special case in which

do(w) consists of a single term of the form a; dry A -+ - A a/Vr\, A ANdr,.
In this case, the left-hand side of (3) becomes

(6) (—1)"—‘f %drl,\-~-/\dr,.
A? Or,

To evaluate the right-hand side of (3), we observe that for 1 < i < p,

T 1<Lj<i—-1
O 0k?!(r;) = {0 (=1
ra (+1<5j<p),
and
p—1

1=Sr (j=
® iy = T&" U=D

ria 1<j<p.



Integration on Manifolds 145

Applying (7) and (8) to the right-hand term of (3), we obtain

z( 1) OKIaydry A- e Adr A A dry)

=0

X p—1
(9) = (—I)J_IJ\AD—laj(l -_ Zl r,', 7‘1, ceey 17—-1) drl <A drp_l

+ (—l)ij_la,-(rl,...,r,-_l,O, iy oosTp)dry Ao Adry ;.

We shall now apply a change of variables to the first term on the right-
hand side of (9). Let ¢, be the diffecomorphism of R?~* defined by

(rI’ AL | rp—l) (.] = 1)
(1 —gr,»,rz,...,r,,_l) (j=2)

p—1
(rz,...,rj_l,l ——21 ri,r,-,...,r,,_l)
B3<LjiLp.

Then ¢;(A?!) = A1, and |Jg,| = 1, so that by 4.4(1), the first term
on the right-hand side of (9) is equal to

(10) cpj(rl""’rp-l)=

(11)
. p—1
(—1)]—1L""1 aj(rl, U P Z Fistjy.. ,rm,_l)dr1 Ao Adry,.

From (3), (6), (9), and (11) we see that the proof has been reduced to
showing that

»

(12) f é—)ﬁdrll\---/\dr
a? Or;

p~—1
=Lp_1af(r1,..., Tio1» 1 Z ri, ,,...,rp_l) dryA---Adr,

_Lpl alryy .o sy, 001y, o ) dry A Adr, .

But now (12) is simply the evaluation of the integral of da;/dr; over A?
by iterating first with respect to r; and applying again the Fundamental
Theorem of Calculus.

4.8 Integration on an Oriented Manifold Let M be ann-dimensional
oriented manifold. We shall integrate n-forms over regular domains in M.
A subset D of M will be called a regular domain if for each point m € M one
of the following holds:
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(a) There is an open neighborhood of m which is contained in M — D,
(b) There is an open neighborhood of m which is contained in D.

(¢) There is a centered coordinate system (U,¢) about m such that
o(U N D) = ¢(U) N H*, where H" is the half-space of R"
defined by r,, > 0.

Points of D of type (b) are called interior points and comprise the interior,
Int(D), of D. Points of type (c) are called boundary points and comprise
the boundary, 9D, of D. Coordinate systems of type (c) restricted to D
overlap differentiably and yield a manifold structure of dimension n — 1
on 9D, making 0D into an imbedded (n — 1) dimensional submanifold
of M. ‘

Let me 0D,and letve M,,. We call v an outer vector to D if for each
smooth curve «(t) in M with &(0) = v, one has a(t) ¢ D for 0 < ¢ < ¢, for
some ¢ > 0. The orientation on M induces an orientation on 0D as follows.
Let v be an outer vector to 0D at m, and let v, ..., v,_, be a basis of the
tangent space (0D),,. Then we define v,, ..., v,_, to be an oriented basis
of (aD),, if and only if v, v, ..., v,_, is an oriented basis of M,,. One can
easily check that this definition is independent of the outer vector v chosen,
and that this defines a smooth orientation on 9D in the sense of 4.1.

Now let w be an n-form (n = dim M) with compact support, and let D
be a regular domain in M. As a particular case, D could be all of M. We
are going to define the integral of w over D. Asin 4.6, it will be sufficient for
the purposes of this definition for w to be a continuous n-form. We shall
use a partition of unity to reduce the support of w to certain n-simplices in
M over which we can integrate as in 4.6(9). First, we shall choose some »-
simplices suitably related to D and dD.

An n-simplex o in M will be called regular if ¢ extends to a diffeomorphism
on a neighborhood of A”. When speaking of regular n-simplices, we shall
always assume that they have been extended in this way to a neighborhood
of A™. An oriented regular n-simplex is one in which the map o preserves
orientations. (We always take the standard orientation on R".)

Associated with a given regular domain D, we shall consider only oriented
regular n-simplices of the following two types:

() o(A™) < Int(D).
(8) o(A") = D and o(A") N 0D = ¢"(A"Y); that is, precisely the
nth face of o lies in the boundary of D.

Now cover D by open sets U of the following types:

() U lies in the interior of an oriented regular n-simplex o of type ().

(8) U is the image under a type (f) oriented regular n-simplex o of an
open set ¥ in R”™ which is a neighborhood of a point in the nth
face of A", which intersects the boundary of A™ only in that
nth face, and whose image under o is contained in o(A") U
(M — D).
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Since supp w N D is compact, it has a finite cover Uy, ..., U, by open
sets of type («') or (8'). Let the associated oriented regular n-simplices be
01,...,0,. Let U= M — (suppw N D), and let ¢, ¢,,..., ¢, be a
partition of unity subordinate to the cover U, U, , ..., U, of M. We define
the integral of w over D by

k
(1) J‘Dw =z§1 a P

We must check that the definition (1) is independent of the cover and the
partition of unity chosen. Let V, V,,..., ¥V, and 9, y,, ..., v, be another
such cover and another such partition of unity respectively, with ¥; associated
with the oriented regular n-simplex =;. Since » =0 on suppw N D, it

l
follows that 2 y; = 1 there, so that

k

@ 2| o= El Ewmw =2 | vioiw
i=1Jg; i=1Jo; j=1 1,7 Joi
Similarly,
l
3 2 | vio=2 | o0

j=1dJrj i,5 J7j

Now, since ;7! o 7, is an orientation-preserving diffcomorphism on the open
set (possibly empty) where it is defined, and since (supp y,p,0) N 0,(A") =
(supp y;p;0) N 7;(A™), it follows from the change of variables formula
4.5(2) that

@ [ vpo=[ datnpe) =] 06 r)lsopp)
=f,,6n(%-<9z~w) =f Yipi0-
A Tj

It follows from (2), (3), and (4) that [, w is well-defined, independent of the
choice of cover and partition of unity.
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Observe that if y is a diffeomorphism of M, then

J;(D)w - ifDay(w)

with “+” if and only if y is orientation-preserving.

We now are ready to state and prove our second version of Stokes’

theorem.

4.9

Stokes’ Theorem II Let D be a regular domain in an oriented

n-dimensional manifold M, and let w be a smooth (n — 1) form of compact
support. Then

)

fdw =J .
D D

PROOF Let ¢;,..., ¢, and oy, ..., g, be chosen as in 4.8(1) relative
k

to (supp w) N D. Since > ¢, = 1 on a neighborhood of (supp w) N D,
i=1

d(Q, ¢;) = 0 there. Thus on a neighborhood of (supp w) N D we have

k k k
2 ‘zld(cp;w) =i§; do; A w + zlcp,- do = do.
Now, if g, is an n-simplex of type 4.8(«), then
3) f e =0 =f Qi
da¢ oD

since supp ¢, < Int a,-(A“) < Int D. On the other hand, suppose that
0, is an n-simplex of type 4.8(B). In this case, ¢,w is zero on the boundary
of o; except possibly at points in the interior of the nth face o,*. Now
o," is an orientation-preserving regular (n — 1) simplex in 0.D if n is even,
and is orientation-reversing if # is odd. It follows that

4) J;’:Piw = ("D"Li"%w = (—1)"(—1)"J;D 0 = J; Dcp,.w.

From (2), (3), (4), and from our first version (4.7) of Stokes’ theorem,
we see that

) [0 =3 [ doar =3 [ dow)

=2f <p,~co=2f P =f .
i Joay; i JoD oD

Corollary Let  be a smooth (n — 1) form on a compact oriented n-dimen-
sional manifold M. Then

fdw=0.
M
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4.10 Integration on a Riemannian Manifold Let M be a Rieman-
nian manifold of dimension n. That is, M is an n-dimensional differ-
entiable manifold with a positive definite inner product ( , ), on each
tangent space M, such that m i+ (X,Y),, is a smooth function on M when-
ever X and Y are smooth vector fields. The existence of Riemannian metrics
on differentiable manifolds was asserted in Exercise 23 of Chapter 1.

Given a point m € M, one can find a neighborhood U of m and a collec-
tione,,...,e, of C” vector fields on U which are orthonormal in the sense
that they form an orthonormal basis of the tangent space to M at each
point of U. Start with a coordinate neighborhood (U, x,, ..., x,), apply
the usual Gram-Schmidt procedure to orthonormalize the vector fields
0/0x,, ..., 0/0x,, and do it simultaneously at all points of U. Such a
collection ey, . . . , e, is called a local orthonormal frame field.

Since the inner product ( , ), is, in particular, a non-singular pairing
of M, with itself, it induces (see 2.7) a natural isomorphism of M, with
M}, namely, v ¢, where

4y ¢o(W) = (0,W)pm.

Via this isomorphism, M} inherits an inner product. Observe that the dual
basis to an orthonormal basis of M, is itself an orthonormal basis for M.

Now let e, ..., e, be a local orthonormal frame field on U, and let
@y, ... ,w, be the dual 1-forms. That is,

2 w,(e;) = d;; onU.

Then w,, ..., w, form a local orthonormal coframe field on U. Consider
now two local orthonormal coframe fields w,, ... ,w,onUand w,, ..., »]
on U’. Thenon U N U’

3) W, A Ao, =det(c)w; A0 A o),

where ¢ is an orthogonal matrix whose entries are C* functions on U N U’.
Thus
4) WA A0, =F0] A A,

Now assume that M is oriented. A local coframe field w,,..., ®,
on U will be called oriented if w, A + -+ A w, belongs to the orientation at
each point of U. Choose a local oriented orthonormal coframe field about
each point of M. Then the corresponding n-forms w; A - - - A w, agree on
overlaps, and therefore determine a globally defined nowhere-vanishing
n-form w on M. This form w is called the volume form of the oriented
Riemannian manifold M. Its integral over M is the volume of M.

In Exercise 13 of Chapter 2, the star operator * was introduced on
A(V) for an oriented inner product space V. On an oriented Riemannian
manifold M, we therefore have * defined on A(M}) for each m. It is easy
to see that * takes smooth forms to smooth forms, so we have a linear
operator

) *: E*(M) — E"~*(M),
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which, according to Exercise 13 of Chapter 2, satisfies
6 *x = (—1)P(n-2),

We already know from 4.8 how to integrate n-forms over an oriented
n-dimensional manifold. Now in the case of an oriented Riemannian mani-

fold M, we define the integral over M of a continuous function f with compact
support to be the integral of the (continuous) n-form *f = fw. That is,

(7) J;ﬂ f=fM *f =J.M fw'

Actually, the orientation was convenient but not necessary in the defini-
tion of [, /. If M is a (not necessarily oriented) Riemannian manifold,
we define the integral of continuous functions with compact support as
follows. Let {U,} be a cover of M by interiors of regular n-simplices o,,
and let o,% ..., w,* be a local orthonormal coframe field defined on a
neighborhood of ¢,(A"). Then there exist C” functions 4, on neighborhoods
of A" such that

0o (0 A Aw,®)=h,dry A-+- Adr,.

Let {¢,} be a partition of unity subordinate to the cover {U,}, and let f be
a continuous function with compact support on M. Then we define

®) J‘Mf=zL"((\oaf)°Galha|drlA"'Adrn'

That this definition is independent of the cover and partition of unity chosen
follows from an argument similar to the one at the end of 4.8. In the case of
an oriented Riemannian manifold, (8) and (7) agree.

In classical vector analysis the gradient of a function f on R”" is defined

to be the vector field i (0f{or,)0/or,, and the divergence of a vector field
n =1 n
V =7 v, 0/0r; is defined to be the function > 0v,/or;. We extend these

=1 1

notions to general Riemannian manifolds as follt)ws. Recall that the metric
gives us canonical isomorphisms M, >~ MY . We shall for convenience
denote such isomorphisms by a tilde, so that if v e M,,, then § will be the
corresponding dual element in M} ; and if w € M}, then & will be the corre-
sponding vector in M,,,. Then if fis a function on M, its gradient is the vector
field

) grad f = ;Jf

If V' is a vector field on an oriented Riemannian manifold, then its divergence
is the function

(10) div V = sds V.

Note that since div V involves * twice, it is actually defined independent of
orientability.
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Stokes’ theorem has an equivalent version on Riemannian manifolds
known as the divergence theorem. This theorem says that if V is a
smooth vector field with compact support on a Riemannian manifold M, if D is a
regular domain in M, and if fi is the unit outer normal vector field on 0D,
then

(11) f divy = f Vi),
D oD

The proof is left to the reader as an exercise. (For a few additional remarks
see Exercise 4.)

4.11 Integration on a Lie Group Let G be an n-dimensional Lie
group. We observed in 4.3(a) that G is orientable. We now fix once and for
all an orientation on G.

Consider the left invariant n-forms on G. Since such a form is uniquely
determined by its value at one point, and since the nth exterior power of an
n-dimensional vector space is one-dimensional, there is exactly a one-
dimensional space of left invariant n-forms on G. Choose a non-zero left
invariant n-form o consistent with the fixed orientation on G.

Since G is oriented, the integral of compactly supported n-forms is defined
on G asin4.8. We now define, with respect to w, the integral of a compactly
supported continuous function f on G by setting

[l

The integral (1) depends, of course, on the choice of the non-zero
left invariant n-form w consistent with the orientation on G. But since such
forms are uniquely determined up to a positive constant multiple, so is the
integral (1). In the case of a compact group G, we can and always will
fix the choice of w by requiring the normalization

(2) faw =1.

Consider the diffeomorphism /,, which is left translation by the element
o of G. Then since &/ (w) = w, [, is orientation-preserving, so that,
according to 4.8(5),

3 [r=] g0 =] ot =[ ot = so1..

In view of property (3)—that the integral of a function fon G is the same
as the integral of any of its left translates fo/ —we call the integral (1)
left invariant.
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Now we ask to what extent the integral (1) is also right invariant. That is,
when do we have

@) [1=]1on.

for each ¢ € G? The form dr,w is still left invariant, since
0l or,w = dr, 0l.w = ér,w.

Thus dr,w is some constant multiple of w. Thus there is defined a function
1 of G into the non-zero real numbers such that

(5) or,(w) = (o).
It is easily checked that 1 is C*. We let

6 A(0) = A(o)I.
Observe that

™) MoT) = A(0)A(7),

so that A is a Lie group homomorphism of G into the multiplicative group of
positive real numbers. 4 is called the modular function. Now since, by
4.8(5), foreach cin G

[ o=[eroncoro,

it follows that the integral (1) is right invariant if and only if A =1 on G.
A Lie group G for which 2 =1 is called unimodular. We observe that
each compact Lie group G is unimodular since for each 0 € G

1 =faw = Z(a)fgw = A(0).

Thus the integral on a compact Lie group is both left and right invariant.

4.12 Application of 4.11 A typical application of the integral on
a compact Lie group is the following.

Let G be a Lie group, and let «: G — Aut(V) be a representation into
the automorphisms of a real or complex inner product space V. The
representation « is called unitary (respectively orthogonal) in the case in
which V' is a complex (respectively real) inner product space if

M (a(7)v, a(r)w) = (v,w)

for all v and w in V and for all 7 € G.

Let G be compact and V complex (respectively real). Then there is an
inner product on V with respect to which o is unitary (respectively orthogonal).
The proofs in the real case and in the complex cases are similar. Let{ , }
be any inner product on V. We set



de Rham Cohomology 153

?2) {v,w) =L{a(a)v,a(a)w} do,

where we use do to denote that we are considering the integrand as a function
of o in G. It is immediate that ( , ) is again an inner product. That (1)
holds follows from the right invariance of the integral on G:

(a(T)v,2(T)W) =fa{a(a)a(1)v,a(a)a(-r)w} do

=f {a(or)v,0(07)W} do = f {a(0)v,a(0)W} do = (v,w).
G G

DE RHAM COHOMOLOGY

4.13 Definition A p-form « on a differentiable manifold M is called
closed if dx = 0. Tt is called exact if there is a (p — 1) form f such that « = dp.
Since d? = 0, every exact form is closed. The quotient space of the real
vector space of closed p-forms modulo the subspace of exact p-forms is
called the pth de Rham cohomology group of M.

6)) H3.r(M) = {closed p-forms}/{exact p-forms}.

4.14 Example Consider the case of the unit circle S*. Since there are
no non-zero p-forms on S* for p > 1, all of the cohomology groups Hg, 5 (S?)
are zero except possibly for p = 0, 1. There are no exact 0-forms, and a
closed 0-form on a connected manifold is simply a constant function, so

M Hier(S) = R.

The “polar coordinate function” 6 on S* is not well-defined globally since
it is defined only up to integral multiples of 2=. However, its differential
do is a globally well-defined nowhere-vanishing 1-form on S*. In fact, df
is the volume form of the natural Riemannian metric which S?* inherits from
R2. Now, df is not exact, for if it were, its integral over S* would have to
be 0 rather than 27. All 1-forms on S! are closed. We claim that if « is
a 1-form, then there is a constant ¢ such that « — ¢ df is exact. For let
o = f(0) db, let

1

c=—1 «a

2w Jst

and let

']
5(0) = f ((6) = c) db.

Since g(6 + 2mn) = g(0) for every integer n, then g is a well-defined C*
function on S!; and dg = (f(6) — ¢)df = « — cdf. Thus every 1-form
on S! differs from a real multiple of df by an exact form. Consequently,

@ Hi, z(8) = R.
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4.15 Effect of Mappings Let f: M — N be a C° map. Then the
algebra homomorphism df: E*(N)— E*(M) commutes with d, according
to 2.23, and hence maps closed forms to closed forms and exact forms to
exact forms. Thus it induces a homomorphism

¢)) f*: Hier(N) — Hgon(M)
for each integer p > 0. If, in addition, g: N — X is C*, then
@ (gof)* =s*-g*

Clearly the identity map id: M — M induces the identity on de Rham
cohomology:

3) (id)* = id.

It follows from (2) and (3) that a diffeomorphism f: M — N induces iso-
morphisms on de Rham cohomology. Thus the de Rham cohomology is a
differentiable invariant of a differentiable manifold M. We shall prove in
Chapter 5 that it is actually a topological invariant. That is, the de Rham
cohomology groups depend only on the underlying topological structure of
M and do not depend on the differentiable structure. A key part in the proof
of this fact is the de Rham theorem, a version of which we shall formulate
now. First, we need to define the real differentiable singular homology
groups of M.

4.16 Real Differentiable Singular Homology Foreachinteger p > 0
we let S,(M,R) denote the real vector space generated by the differentiable
singular p-simplices in M. Hence the elements of ,S,(M,[R) are precisely the
differentiable singular p-chains in M with real coefficients. For p < 0,
we let S, (M,R) be the zero vector space. The boundary operator 0 induces
linear transformations

(1) ap: ooSm(MJR)—’ ooSﬂ-l(Ma[R)

for each integer p, which for p < 0 are simply the zero transformation.
According to 4.6(7), 0, - 0, = 0, so that the image of 0,,, lies in the kernel
of d,,. The pth differential singular homology group of M with real coefficients
is defined by

2 oH,(M;R) = ker 0,/Im 0,,,,

and is moreover areal vector space. Elements of ker 0, are called differentiable
p-cycles, and elements of Im @, are called differentiable p-boundaries.

4.17 The de Rham Theorem We shall define a linear mapping
of the de Rham cohomology HE, (M) into the dual space H,(M;R)*
of the real differentiable singular homology:

(1) ng R(M) - wHﬂ(M;IR)*'
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Let o be a closed p-form representing the de Rham cohomology class {a},
and let z be a p-cycle representing the real differentiable singular homology
class {z}. Then (1) is defined by

@ {a)({zh = f .

That (2) is independent of the representatives « and z chosen follows im-
mediately from Stokes’ theorem I (4.7).

The de Rham theorem asserts that (1) is an isomorphism. This will be
proved in 5.36 and 5.37. The real numbers determined by the integrals of a
differential form over differentiable cycles are called the periods of the
differential form. Now, Stokes’ theorem I says that the periods of an
exact form are all zero. The injectiveness of the isomorphism (1) gives a
converse, namely, if a closed form has all of its periods zero, then it is
an exact form. The surjectivity of (1) says that if a real number per(z) is
assigned to each cycle z in such a way that

3) per(az, + z,) = a per(z,) + per(z,), per(boundary) = 0,

then there is a closed form « on M such that for all cycles z

4) foc = per(z).
z
A key ingredient in the proof of the de Rham theorem (see 5.28) is the

4.18 Poincaré Lemma Ler U be the open unit ball in Euclidean space
R*, and let E*(U), as usual, be the space of differential k-forms on U. Then
for each k > 1 there is a linear transformation hy: E¥(U)— E*(U) such that

1) Byyod +doh, = id.

PROOF We begin with formula 2.25(d), which expresses the Lie
.derivative in terms of exterior differentiation and interior multiplication:

() Ly = i(X)od + doi(X).
We shall apply (2) to the radial vector field

3) x=3r2

=1 ari

on U. We define a linear operator o, on E*(U) by setting

@) mfdry A Adr)p) = ( f ‘(1) dt) dry, A+ A dry(p)

and extending linearly to all of E*(U). Now with X defined by (3),
we show that

(5 ayoLy =id on E¥U).
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For, using the fact that Ly is a derivation which commutes with d,
we have

(6) oo Lx(fdry, A- - Adr,)(p)

= ak{ (kf+ > -g—:) dri, A=+ A dr.-,‘}(p)

- (f ltk—l (kf tp) + X ri(tp) aa_f

0 Tr;

) dt) dry, A+ Adry(p)
tp-

- ( L ldit (*/(tp)) dt) dro, A+ A dro(p)

= f(p) dri, A+ A dry(p).
From (5) and (2) we obtain

@) id=ogoi(X)od+ oz odoi(X)

on E*(U) with X given by (3). Now « commutes with d; that is,
8) god=doay,.

For

0 © d(fdril A A drl'k-;)(p)

= ak(zaa—{. driAdry A A drik_l)(p)

1
= d(f t*2f(tp) dt) dri, A+ Adry_(p)
0
=doau (fdry A+ Adry_)(p).
Thus from (8) and (7) we obtain
) id=a,0i(X)od+ do o, i(X)

on E¥(U). Thus the desired linear transformation A, which yields (1)
is obtained by setting

dt) dry Adry, A-- - Adry,_ (D)
tp

(10) B, =y o i( " i).
ar,-
Corollary (a) If w is a k-form, k > 1, on the open unit ball in R™ and
dw = 0, then there exists a (k — 1) form B (namely h(w)) such that df = w.

Corollary (b) The de Rham cohomology groups of the open unit ball in
R* are all zero for p 2> 1.
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4.19 Remark Let f; and f, be C* maps of M into N. Then we have
induced maps
€)) of;: E¥(N)— E*¥(M) for each k.

If we wish to prove that df; and df, both induce the same homomorphism
on de Rham cohomology, then we need only find a collection of linear
transformations

2 hy: EX(N) — E*(M)
such that
(3) hk+1°d+d°hk=6_/‘1_6f‘2..

For then, if « is a closed form on N, df,(«) and df;(«) differ by an exact
form, and thus lie in the same cohomology class. Such a collection of linear
transformations {h,} is called a homotopy operator for f, and f,. In the
Poincaré lemma we found a homotopy operator between the identity map
of the open unit ball U and any constant map (range 1 point) of U into itself.

EXERCISES

1 Prove the assertion of 4.3(c) that a d-dimensional manifold X for
which there exists an immersion f: X — R4+! is orientable if and
only if there is a smooth nowhere-vanishing normal vector field
along (X,f).

2 Prove that the real projective space P" is orientable if and only if
nis odd. (Hint: Observe that the antipodal map on the n-sphere
S™ is orientation-preserving if and only if r is odd.)

3 Carry out in detail the proof of the existence of local orthonormal
frame fields on a Riemannian manifold.

4 Prove the divergence theorem 4.10(11). First assume M is oriented
and use Stokes’ theorem together with the identity

(1) f*V=f (V7).
aD oD

The easiest way to see (1) is to choose a local oriented orthonormal
framefielde,, . . . , e, on a neighborhood of a point of 9D, such that
at points of 9D, e, is the outer unit normal vector and e, . . . , e,
form an oriented basis of the tangent space to dD. Then express
*V and (V,7) in terms of this local frame field and its dual coframe
field ,, ..., »,. Finally, show that the theorem holds for a
regular domain D in a Riemannian manifold M which is not
necessarily orientable.
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Let M be an oriented Riemannian manifold, let f and g be C”
functions on M, and let D be a regular domain in M. The Laplacian
of g, denoted Ag, is defined by

1 Ag = —xdxdg.
(For more on the Laplacian, see Chapter 6. Observe that our
choice of sign for the Laplacian yields Ag = — 2 o%g/or? for g

a C* function on Euclidean space R™ with its standard Riemannian
structure in which {d/dr,} is an orthonormal basis of each tangent
space.) If 7i is the unit outer normal vector field along oD, we let
dg/on denote 7i(g). Prove the following two Green’s identities:

Green’s 1st: f f %8 =f (grad f, grad g) — f fAg.
D On D D

Green’s 2nd: fw (fgf —-g g—{n) =L(g Af — fAg).

Let » be the volume form of an oriented Riemannian manifold of
dimension n. Let X;,..., X, and Y,,..., Y, be vector fields on
M. Prove that

oy, ... X)) o(Y,,..., ¥,) = det{(X, ¥,}.

Prove also that
oXy, ..., X )o=XArX,,

where X, is the 1-form dual (via the Riemannian structure) to the
vector field X;.

Prove the differentiability of the function 1 of 4.11(5).

Let G be a compact (oriented) Lie group, and let «(s) = ¢! for
g € G. Prove that for every continuous function f on G

Gf=f(;foa'

Prove that a Lie group G has a bi-invariant Riemannian metric
(that is, a metric such that both d/, and dr, preserve the inner prod-
ucts for each ¢ € G) if and only if the closure of Ad(G) in Aut(g)
is compact.

(a) Prove that Hg, z(R™) = 0 for each p > 1 and each n > 1.
(b) Prove that Hy, (M) =~ R for a connected manifold M.
Determine the de Rham cohomology of the annular region

1< (r?+ )Yt < 2in R2,
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If « and B are closed differential forms, prove that « A 8 is closed.
If, in addition, f is exact, prove that « A § is exact.

Consider the 1-form « = (x2 + 7y) dx + (—x + y sin y?) dy on R2,
Compute its integral over the following 1-cycle z.

y

(0, 2),

Y

z

g 1,0

Let « = (2x + y cos xp) dx + (x cos xy) dy on R2. Show that o
is closed. Show that « is exact by finding a function f: R? - R
with « = df. What would the integral of « over the cycle of Exercise
13 be?

Let _ 1 xdy —ydx

27 xP 4 )P

Prove that « is a closed 1-form on R2 — {0}. Compute the integral
of « over the unit circle S*'. How does this result show that « is
not exact? How does this show that di(«) is not exact, where
i: St — [R? is the canonical imbedding?

(a) Prove that every closed 1-form on S? is exact.
(b) Let
s dro Adrg — rydry Adrg + rgdry Adr,
(r12 + r22 + r32)3/2

in R3 — {0}. Prove that ¢ is closed.
() Evaluate fg,0. How does this show that o is not exact?

(d) Let

_rndri+rydry+ - 4 r,dr,
(r12 + r22 + -+ rn2)n/2
in R™ — {0}. Find *«, and prove that *« is closed.
(e) Evaluate js

RIS Is *a exact?

n_

Using de Rham cohomology, prove that the torus 72 is not diffeo-
morphic with the 2-sphere S2.
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18 (a)

(®
©

Prove that every closed 1-form in the open shell

3 1/2

1< (2 r,.Z) <2
=1

in [R3 js exact.

Find a 2-form in the above shell that is closed but not exact.

Prove that the above shell is not diffeomorphic with the open

unit ball in R3,

19 Let fand g be C* maps of M into N which are C* homotopic;
that is, there exists a C° map F of M x (—¢, 1 + ¢) into N, for
some ¢ > 0, such that F(m,0) = f(m) and F(m,]) = g(m) for
every m € M. Prove that the induced homomorphisms f* and g* of
H3, z(N) into HE, z(M) are equal for each integer p. (Hint: You
will need to prove that the two injections iy(m) = (m,0) and
iy(m) = (m,1) of M into M x (—e, 1 + ¢) induce the same homo-
morphisms on de Rham cohomology. To prove this, find suitable
homotopy operators. The outline of the proof of the Poincaré
lemma 4.18 should be helpful.)

20 (a)

(b)

Let f: M™ — R™! be an immersion, and let M" be given the
induced Riemannian structure; that is,- for me M and
u,veM,,,

<u’v>m = <df(u)s d/‘(v»ﬁm) .

Suppose that M is oriented, and that 7 is the oriented unit
normal field along f(M"). (This means that A, df(v,),...,
df (v,) is to be an oriented orthonormal basis of the tangent
space to Euclidean space at f(m) whenever v,, ..., v, is an
oriented orthonormal basis of M,,.) Show that the volume
form on M is given by

o = §f (i(A)(dry A - -+ Adrp,y)).

Let D be an open set in the xy plane, and let ¢: D — R3
be a smooth map of the form
o(x,y) = (x.3, f(x.7))-

Thus ¢ determines an imbedded surface in R3. Give D and
R® the standard orientations. Use part (a) to prove that the
induced volume form on D is given by

©= (\/(%)24. (%)Z 1) dx A dy.
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SHIEAVES;
COHOMOLOGY,
and the DI RIFLAM THIEQOREMI



The principal objective in this chapter is a proof of the de Rham theorem,
one version of which we have stated in 4.17. In its most complete form it
asserts that the homomorphism from the de Rham cohomology ring to the
differentiable singular cohomology ring given by integration of closed forms
over differentiable singular cycles is a ring isomorphism. The approach will
be to exhibit both the de Rham cohomology and the differentiable singular
cohomology as special cases of sheaf cohomology and to use a basic unique-
ness theorem for homomorphisms of sheaf cohomology theories to prove
that the natural homomorphism between the de Rham and differentiable
singular theories is an isomorphism. As an added dividend of this approach
we shall also obtain the existence of canonical isomorphisms of the de Rham
and differentiable singular cohomology theories with the continuous singular
theory, the Alexander-Spanier theory, and the Cech cohomology theory for
differentiable manifolds. From these isomorphisms we shall conclude that
the de Rham cohomology theory is a topological invariant of a differentiable
manifold.

No previous knowledge of sheaf theory nor of any of these cohomology
theories is assumed. We shall develop those aspects of the theories necessary
for our applications. We begin with an introduction to the theory of sheaves
and sheaf cohomology. Our approach is based largely on the development
given by Cartan in [4]. The interested reader will find more general treat-
ments of sheaf theory in Cartan [4], Godement [7], and Bredon [3]. Sheaves
are a very powerful tool in the study of complex manifolds. For an excellent
account of their use in the theory of Riemann surfaces, see Gunning [8].

Let M be a differentiable manifold. Recall that M is assumed to be second
countable and is therefore paracompact. 1t should be pointed out that nearly
all of the sheaf theory presented in this chapter depends only on M being a
paracompact Hausdorff space. The differentiable structure on M will be
invoked only in a few examples and in the discussions of the de Rham
cohomology (5.28) and the differentiable singular cohomology (5.31); and,
in addition, the locally Euclidean structure will be invoked in the discussion
of the singular cohomology (5.31). Otherwise, M need only be a paracompact
Hausdorff space.

162
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Throughout this chapter, K will be a fixed principal ideal domain. We
shall treat sheaves of K-modules over M. The most important cases to keep
in mind are these:

(i) K is the ring of integers Z, whence a K-module is simply an abelian
group.

(i) K is the field of real numbers R, whence a K-module is simply a real
vector space.

For the first few sections of this chapter, K could be any ring. The additional
property that K is a principal ideal domain will be used first in 5.13.

SHEAVES AND PRESHEAVES

5.1 Definitions A sheaf S of K-modules over M consists of a topological
space 8 together with a map =: 8§ — M satisfying:

(a) mis a local homeomorphism of § onto M.
(b) 7 (m) is a K-module for each m € M.

() The composition laws are continuous in the topology on 8.

We elaborate on (c). Let S o 8 be the subspace of 8§ X § consisting of all
pairs (s;,5;) such that =(s,) = m(s;). Then (c) requires that the map
(81,8) 5, — 5, of 808 — 8 be continuous, and that each of the maps
s—ks of § > 8 for ke K be continuous. It follows easily that the
maps s+ (—s) and (s,,5,) — 5, + 5, also are continuous. Sheaves of K
algebras are defined similarly, with the additional requirement in (c) that
the map (s,,5;) — 5, - 5 of 8 © § — 8 be continuous.

The map = is called the projection; and the K-module 8,, = =~1(m) is
called the stalk over me M. Let U < M be open. A continuous map
f: U— 8 such that = o f = id is called a section of S over U. The 0-section
is the section which associates with m € U the zero element of §,,. We let
I'(8,U) denote the set of sections of § over U. We make I'(8,U) into a
K-module as follows. Let f and g belong to I'(8,U), and let k € K. We
define the sum of f and g to be the section

(f+8)m) =f(m) +gm)  (meU),
and we define a section kf by setting

(kf)(m) = k(f(m)) ~ (meU).

With these operations, I'(8,U) becomes a K-module. The module of sections
of 8 over M (global sections) will simply be denoted by I'(S). Observe that
since = is a local homeomorphism, sections are open maps; and if sections f
and g agree at m € M, then they must agree on a neighborhood of m.
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5.2 Examples The most elementary example of a sheaf over M is that
of a so-called constant sheaf ¥ = M x G, where G is a K-module with the
discrete topology and % is given the product topology. Here the projection
is simply 7(m,g) = m.

A less trivial example is the following. Let F,, denote the set of germs of
C* functions at m € M (as in 1.13), and let

(1) €=(M) = U F,,.
meM

When it will introduce no confusion, we shall denote € (M) simply by €.
We define the projection : ¥ — M in the obvious fashion so that f € F,,,.
Associate with each open set U in M and each C* function f on U the set

Uf, =%~

meU
where f,, is the germ of fat m. The collection of these sets forms a basis for
a topology on ¥ which makes ¥~ into a sheaf of real vector spaces (in
fact, a sheaf of algebras since each F,, has an algebra structure). €*(M)
is called the sheaf of germs of C* functions on M. Similarly, one constructs
the sheaf €7(M) of germs of functions of class C? on M for each integer

p>0.

5.3 Remark One should be cautioned that sheaves are generally not
Hausdorff spaces. A simple example is provided by the sheaf €°(R) of
germs of continuous functions on the real line. Let g(z) =0, let f(r) = 0
fort < 0, and let f(¢) = ¢ for ¢t > 0. Then the germs of fand g at the origin
are distinct elements of €°(R); however, f and g have the same germ for
each r < 0. It follows that the germs of fand g at the origin cannot be separ-
ated by disjoint open sets in €%(R).

5.4 Definitions Let 8 and 8’ be sheaves on M with projections 7 and
=’ respectively. A continuous map ¢: 8§ — 8’ such that 7’ o ¢ = = is called
a sheaf mapping. Observe that sheaf mappings are necessarily local homeo-
morphisms, and they map stalks into stalks. A sheaf mapping ¢ which is a
homomorphism (of K-modules) on each stalk is called a sheaf homomorphism.
A sheaf isomorphism is a sheaf homomorphism with an inverse which is
also a sheaf homomorphism.

An open set Z in the sheaf 8§ such that the subset Z,, =# N §,, is a
submodule of §,, for each m € M is called a subsheaf of 8. It is clear that a
subsheaf of 8, with the natural topology and the projection map which it
inherits from §, is again a sheaf.

Let ¢: 8 -7 be a homomorphism of sheaves. The kernel of ¢ (ker ¢)
is the subset of 8 which maps under ¢ into the 0-section of 77, and is in fact
a subsheaf of 8. The subsheaf ¢(8) = J is called the image of ¢ (im ¢).
In the case in which ¢ is one-to-one, we shall often identify § with ¢(8)
and speak of the subsheaf § of 7.
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Let # be a subsheaf of 8. For each m € M, let 7, denote the quotient
module S, /#,,, and let
(1) I =UIT,.

meM

Let 7: § -7 be the natural map which associates with each element of
8,, its coset in J,,, for each m, and give 7 the quotient topology. That is,
aset Uin J will be open if and only if +-(U) is open in 8. Then, with this
topology and with the natural projection which maps each element of .,
to m, J is a sheaf over M and 7: 8 -7 is a sheaf homomorphism. We
leave the details as an exercise. 7 is called the quotient sheaf of 8 modulo #.

If 9: 8 -7 is a homomorphism of sheaves, then it is easily checked
that the natural map 8/ker ¢ — im ¢ given by (s + (ker ¢ | 8,,)) — o(s) for
s € 8, is a sheaf isomorphism.

A sequence of sheaves and homomorphisms

(2) 8,8, >8>

is called exact if at each stage the image of a given homomorphism is the
kernel of the next. Exact sequences of K-modules are defined similarly.
Observe that (2) is exact if and only if for each m € M the induced sequence
of homomorphisms of the stalks over m, namely,

(3 > (8)m = (8w = (Biadm =,

is exact. If # is a subsheaf of 8, and .7 is the quotient sheaf §/#, then the
natural sequence of homomorphisms

4 0>A—>8>T >0

is exact, where 0 denotes the constant sheaf over M whose stalk over each
point is the trivial K-module consisting of only one element. Exact sequences
of the form (4) consisting of only five terms with the first and last being
the O sheaf are called short exact sequences. Short exact sequences of
K-modules are defined similarly.

5.5 Presheaves A presheaf P = {Sy;py, v} of K-modules on M consists
of a K-module Sy for each open set U in M and a homomorphism
pu.yv: Sy — Sy for each inclusion U < ¥V of open sets in M, such that
pu.u = id, and such that whenever U < V < W, the following diagram
commutes:

Sy w5
(1) U PUV

Sy
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A typical example of a presheaf is the following. Associate with each
open set U in M the algebra C*(U) of C* functions on U, and let py
be the map which restricts a C function on V to a C* function on U.
This yields a presheaf {C*(U);py p} of real vector spaces (in fact algebras)
on M. Similarly, one could associate with U the vector space of p-forms
on U for some fixed p and again let py;  be the restriction mapping.

Let P = {Sy;py.v} and P’ = {Sy;py.y} be presheaves on M. By a
presheaf homomorphism of P to P’ we mean a collection {¢;;} of homomor-
phisms ¢y : Sy — Sy such that

2 PUV ° Py = Py ° Pu.y

whenever U < V. A presheaf isomorphism is a presheaf homomorphism
{¢y} in which each ¢y is an isomorphism of K-modules.

5.6 The Relationship between Sheaves and Presheaves Each sheaf
8 gives rise canonically to a presheaf {I'(S,U);py }. Here we associate
with each open set U in M the K-module I'(8,U) of sections of 8 over U,
and to each inclusion U < ¥V of open sets in M we associate the homo-
morphism

) pov: T'(8,V)—T(8,U)

which maps a section of 8§ over V to its restriction to U. We shall denote
this map of sheaves to presheaves by «. We call a(8) the presheaf of sections
of the sheaf 8.

Conversely, we shall now show that each presheaf canonically determines
a sheaf, which we call its associated sheaf. In practice, many sheaves will
in this manner arise naturally from presheaves. The best example to keep
in mind during the following construction is the presheaf {C*(U);py y};
its associated sheaf will be the sheaf of germs of C* functions on M.

Let P = {Sy;py,y} be a presheaf of K-modules on M. Let me M,
and let S}, be the disjoint union of each of the modules S, for whichm € U.
If we set f'€ Sy equivalent to g € Sy, if and only if there is a neighborhood W
of mwith W < U N V sugh that py, yf = pyy pg, We obtain an equivalence
relation on S},. The set §,, of equivalence classes of elements of S* will
be the stalk of the associated sheaf over m. If me U, let p,, y: Sy — §,,
be the natural projection which assigns to each element of Sy, its equivalence
class. Let fe Sy and g € S, be representatives of classes s, and s, in §,,
respectively. There exists a neighborhood W of m such that W< U N V.
Define addition in §,, by setting

(€) s1+ 852 = pu,wlow,uf + Pw v8);
and define multiplication by k € K by setting
@ ks, = pum,u(kf)-
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It is easy to check that the operations in (3) and (4) are well-defined and give
S,, the structure of a K-module such that the maps p,, ¢y are all homo-
morphisms. §,, is known as the direct limit of the modules Sy for U
containing m. Now let

(5) 8= Sn,

meM

and let 7: 8 — M be the obvious projection such that =(8,) =m. We
topologize 8 by taking for a basis of the topology the collection of subsets
of 8 of the form

(6) 0; = {p,,uf: pe U}

for the various f€ Sy and the various open sets U in M. This collection
does indeed form a basis for a topology on 8, forif s€ O, N O,, say s =
pp.uf = pp.vg, then there is a neighborhood W of p with We UNnV
for which py vf = pw rg, from which it follows thatse 0, , < 0, NOo,.

We claim that 8 is a sheaf over M with projection . Now wisa local
homeomorphism since it is a homeomorphism on each O,. Each stalk §,,
has been given the structure of a K-module, so finally we need only check
that the composition operations are continuous. Consider first multiplica-
tion by ke K. Let s€ 8, and let O be an open neighborhood of ks. Let
s = p, uf- Then Oy, is also an open neighborhood of ks. Let ¥ be a neigh-
borhood of p contained in 7(0, N 0). Then O, . is an open neighborhood
of s which maps under multiplication by k mto the open neighborhood
0,, 4 <O of ks. Finally, we show that the map (s, ;) 5, — 5, of
808 — 8 is continuous. For let O, be an open neighborhood of s, — s,
say s; — S, = p, pf, and let s, = p, pg and s, = p, yh. Then there exists
an open neighborhood Q of p with Q < U N ¥V N W such that

M po.uf = Po.vg — Po.wh
It follows that the open neighborhood
®) OPQ,VF X OPQ.Wh N§o8

of (s, , 5;) maps into O,. Thus the composition operations are continuous,
and 8 is a sheaf over M with projection w. 8 is called the sheaf associated
with the presheaf P. We shall denote this map of presheaves to sheaves by
B; thus 8 = B(P).

Clearly, each sheaf homomorphism ¢: 8§ —.7 gives rise to a presheaf
homomorphism between the presheaves of sections «(8) and «(J") by com-
posing elements of I'(8,U) with ¢. Conversely, a presheaf homomorphism
{@y} from P to P’ canonically induces a homomorphism ¢ of the associated
sheaves B(P) and B(P’) such that

) Po,U °PU = @ ° Ppu
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for each open set U in M and each p € U. Moreover, in going in either direc-
tion, from homomorphisms of sheaves to homomorphisms of presheaves,
or vice versa, the composition of two homomorphisms induces the composi-
tion of the corresponding homomorphisms.

Suppose now that we start with a sheaf 8, take its presheaf «(8) of sections,
and then form the associated sheaf #(«(8)), thus obtaining the sheaf of germs
of sections of 8. Then the sheaves 8 and f(«(8)) are canonically isomorphic.
Indeed, let & € B(«(8)) be the germ at p of some section f of § over an open
set U containing p; that is, & = p, yf for feI'(§,U). Then &+ f(p)
determines a well-defined map f(«(8)) — 8 which is a sheaf isomorphism.
We leave the details as an exercise.

Generally, however, if we start with a presheaf P and take the presheaf
«(B(P)) of sections of the sheaf associated with P, we may get a presheaf
quite distinct from P. For example, let P = {Sy;py .} where Sy is the
principal ideal domain X for each U, and all restrictions py; - for U & V are
identically 0. Then the presheaf «(8(P)) assigns to each open set U in M the
zero K-module. The conditions of the following definition are clearly
necessary if P is to be isomorphic with «(8(P)), and it will be shown in 5.8
that they are also sufficient.

5.7 Definition A presheaf {Sy;py .} on M is said to be complete if
whenever the open set U is expressed as a union |J U, of open sets in M,
the following two conditions are satisfied: “

(C,) Whenever fand g in Sy, are such that py;, of = py, g forall «,
then f=g.

(C;) Whenever there is an element f, € Sy, for each « such that
PUAUpUSe = PU,nU,q.Upfp for all « and f, then there exists
S €Sy such that f, = py,_ yf for each «.

5.8 Proposition If P is a complete presheaf, then «(B(P)) is canonically
isomorphic with P.

PROOF Let P = {Sy;py ). We define a presheaf homomorphism
from P to «(B(P)) as follows. For each open set U in M we map

1) Sy — T(8(P),U)
by sending the element f of Sy to the section

@ P pyuf

of B(P) over U. To prove that this presheaf homomorphism is an
isomorphism, we need to prove that each of the homomorphisms (1)
are isomorphisms. Injectivity follows from 5.7(C,), for if fin Sy, maps
to the O-section, then there exists a cover {U,} of U such that py; yf =
pu,.v(0). Therefore f=0e Sy by (C,). To prove surjectivity, let ¢
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be a section of B(P) over U. Then for each p € U, there is a neighborhood
U, of p and an element f, € Sy, such that

3 Po.v, o = ¢(q)

for all g e U,. It follows from (3) and 5.7(C,) that for each p and ¢
in U,

4) PU,AUUS» = PU, AU, U S
Thus, according to 5.7(C,), there exists f € Sy such that

(5 fo=ru,uf

for each p € U. 1t follows from (5), (3), and (2) that f maps to ¢ under
the homomorphism (1).

5.9 Tensor Products Before we define the tensor products of sheaves
and presheaves, we need a few preliminary remarks. The definition of the
tensor product S ® T of K-modules S and T is completely analogous to
that for the special case 2.1 of tensor products of R-modules. If f: § — §’
and h: T— T’ are homomorphisms of K-modules, then their tensor product
f® h is the homomorphism of S ® T into S’ ® T’ uniquely associated by
the universal mapping property 2.2(a) with the bilinear map

M (s,) = f(s) ® h(1)
of $ x Tinto '@ T".

Observe that if S is a K-module, then there is a canonical isomorphism
2 S®K~S.

Indeed, let f: S ® K — S be the homomorphism determined by the bilinear
map (s,k) - ks of S x K— S. Then fis clearly surjective, and is also injec-
tive since Y (s;Q k;) = (z kis,-) ®1, so if f (E (s; ® ki)) = 0, then
S k,s; = 0, which implies 3 (s, ® k;) = 0.

i

Now let P = {Sy;py.p} and P’ = {Sy;;py .y} be presheaves on M.
Then their tensor product is the presheaf

(3) PR P = {Sy ® Sy; puv ® Py}

If {oy}: P— Q and {@y}: P'— Q' are homomorphisms of presheaves
(5.5(2)), then their tensor product {py} ® {¢y} is by definition the homo-
morphism {¢y ® ¢} of P® P’ into Q ® Q'

If 8 and J are sheaves over M, we define their tensor product 8 ® 7
to be the sheaf associated with the tensor product of the presheaves of sections
of 8 and J. Thatis,

“ 807 = B(«(8) ® ().
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Moreover, if ¢: 8 -7 and y: 8’ — 7" are sheaf homomorphisms, and
if {oy}: a(8) > () and {yy}: a(8’) > a(J’) are the corresponding
homomorphisms on the presheaves of sections, then we define the tensor
product ¢ ® y to be the homomorphism 8 ® 8’ -7 ® J' associated
with the presheaf homomorphism

) {ev} ® {ru}: «(8) @ a(8) = a(T) @ u(T).
The reader should check that there is a canonical isomorphism
(6) BRIy 28,8 T s

so in particular if " is the constant sheaf M x K, then in view of (2) there
is a canonical isomorphism

@) SQ A ~8.

Moreover, if ¢ and y are sheaf homomorphisms as above, then the reader
should check that

® (@M |(8®8),=¢|8,®8§,

One might ask, “Why not define 8§ ®  and ¢ ® y by (6) and (8) rather
than going to presheaves and back 7’ We could indeed proceed in this way,
but it would involve a considerable duplication of previous work. The
reason is that if we define the tensor products by (6) and (8), then we would
also have to define the topology on 8 ® 9 and check that the properties
5.1(a) and (c) are satisfied, and would also have to prove that ¢ ® y is
continuous. In defining 8 ® J and ¢ ® y by going to presheaves and back,
the work of showing that 8§ ® J is really a sheaf and that ¢ ® y is a sheaf
homomorphism has already been carried out in the analysis of the maps
o and B of 5.6.

5.10 Fine Sheaves A sheaf 8 over M is said to be fine if for each locally
finite cover {U;} of M by open sets there exists for each i an endomorphism
/; of 8 such that:

(@) supp(l) < U.

b > =id

Here, by supp(/,) (the support of /;) we mean the closure of the set of points in
M for which /; | 8,, is not zero. We shall call {/;} a partition of unity for §
subordinate to the cover {U;} of M.

An example of a fine sheaf is the sheaf €°(M) of germs of C* functions
on M. If{U,} is alocally finite open cover of M, let {¢,} be a partition of unity
on M subordinate to this cover (Theorem 1.11). We obtain endomorphisms

I, of the presheaf {C*(U);p,, -} by setting
1) I(f) = (¢;| U)-f for fe C*(UV).

The associated sheaf endomorphisms /; of € (M) form a partition of unity
subordinate to the cover {U,} of M.
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Let S and .7 be sheaves over M, with 8 fine. Then $ ® .7 is itself a fine
sheaf. Indeed, if {/;} is a partition of unity for 8 subordinate to the cover
{U,} of M, then {/; ® id} is a partition of unity for S ® .7 .

5.11 A sheaf homomorphism ¢: 8§ —~.7 gives rise to a homomorphism
I'(8) — I'(7") of the modules of global sections by composing sections of 8
with @. We leave as an exercise the fact that a short exact sequence

1) 0-8>8—>8 -0
gives rise to an exact sequence
2 0—I'(8")—I'(8) > I'(8").

However, the homomorphism I'(8) — I'(8") is generally not surjective.
Consider the following example.

Let 8, ,, be the “‘skyscraper” sheaf over a connected M whose stalk
is the zero K-module over each point except over the distinct points p, and
e where the stalk is K. (Note that the topology on 8, ,, is uniquely deter-
mined by the requirement that 8, , be a sheaf.) Let 2" as usual be the
constant sheaf with stalk K. There is an obvious homomorphism of ¢’
onto 8, .., namely, the homomorphism is zero on all stalks of /¢~ except
on those over p; and p, where it is the identity map. However, the associated
map ['(X)—TI(S, ,) cannot be surjective for I'(#)~ K, whereas
I's,,.,) =Ko K.

Exactness of (1) is a purely local property, whereas exactness of (2) is a
global property. We will see that certain sheaf cohomology modules will
provide an extension of the exact sequence (2) and thus will provide a
measure of the extent to which I'(8) — I'(8") fails to be surjective.

5.12 Theorem Let ¢: 8—.7 be a surjective sheaf homomorphism with
kernel #. Suppose that X is a fine sheaf. Then the homomorphism
I'(8) > I'(9) is surjective.

PROOF Let ¢ be a global section of 7. We must construct a section s
of 8 such that ¢ o s = ¢. By the continuity of ¢ and # and by the property
5.1(a) of 8 and J there is a covering {U,} of M by open sets and, for
each /, a section s, of 8 over U, such that

(1) ‘P°Si=t|Ui-

Since M is paracompact, we can assume that the cover {U,} is locally
finite. The difference

)] S =8 — 5

is a section of the kernel # over U; N U;, and on U; N U; N U, the
differences satisfy

(3) Sij + Sik = Six.
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Now, let {/;} be a partition of unity for # subordinate to the cover
{U;} of M. Consider the section J; - s;; of #Z over U; N U;. Since the
support of /; lies in U;, we can extend the section /;0s;; to be a
continuous section of # over U; by defining it to be zero on points of
U;—U;. Let

“ s,’~=Zl,-os,«,-.
7
Then s; is a section of # over U;, and by (3) and (4) the difference
(%) sé—s;'=zlk”ik—%lk”fk:zlk”ﬁ:su
k k

over U; N U;. Thus
(6) §;— 8;=18; — §;

on U; N U;. It follows that if we set s(m) = (s; — s;)(m) for me U,,
then s is a well-defined global section of 8§ such that ¢ o5 = 1.

5.13 Definitions A K-module X is torsionless if there is ne non-zero
element x € X for which there exists a non-zero element k € K such that
kx = 0. A sheaf of K-modules is said to be torsionless if each stalk is a
torsionless K-module.

We shall need the following basic lemma concerning tensor products
and exact sequences. This is the first of two fundamental algebraic proposi-
tions which we shall need in this chapter for which we shall not provide
proofs. (The second proposition is the Kunneth formula, which we shall
need in 5.42.) The proofs are rather long, are not of particular interest for
our purposes, and would tend to obscure the main goals of the chapter.
The interested reader can find a proof of the following lemma in Spanier
[28, pp. 215, 221].

5.14 Lemma Let
1) 0—>A">4A—-A4A"—0

be an exact sequence of K-modules, and let B be a K-module. Then the induced
sequence
2 A®B—>ARB—-A"®B—>0

(whose homomorphisms are the homomorphisms of (1) tensored with the
identity homomorphism of B) is exact, but A’ ® B— A ® B is not necessarily
injective. If, however, either A" or B is torsionless, then the full sequence

3) 0>A4A®B>A®B—>A"®B—0

is exact.
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(We should point out that (3) is the first place in this chapter where the
fact that the ring K is actually a principal ideal domain is used.)
5.15 Theorem Let
1) 0>8—>8->8->0

be an exact sequence of sheaves over M, and let I be also a sheaf over M.
Then if either T or 8" is torsionless, then the sequence

?2) 0->80T >80T -8 QI -0

is exact. If, in addition, either I or §' is a fine sheaf, then the sequence
3) 0-TET)->TERI)->T("®T)—>0

is exact.

PROOF The exactness of (2) follows from 5.14. If either J or §' is
fine, then, according to 5.10, 8’ ® J is fine; and this together with
(2) above, 5.11(2), and 5.12 proves that (3) is exact.

COCHAIN COMPLEXES

5.16 Definitions A cochain complex C* consists of a sequence of K-
modules and homomorphisms

(1) e > 0Tl 5 O Ol e e

defined for all integers g such that at each stage the image of a given homo-
morphism is contained in the kernel of the next. The homomorphism
C?— (ot (which we shall refer to as d¢, or simply d if the index ¢ is not
needed for clarification) is called the gth coboundary operator. The kernel
Z%(C*) of d* is the module of gth degree cocycles of the cochain complex
C*, and the image B*(C*) of d*! is the module of gth degree coboundaries.
The gth cohomology module H(C*) is defined to be the quotient module

@ H(C*) = Z*(C*)|B(C*).
Let C* and D* be cochain complexes. A cochain map C* — D* consists

of a collection of homomorphisms C? — D? such that for each ¢, the diagram

CQ+1 —_— Dq+1

©) T 1

C?1—— D1

commutes. It follows from (3) that a cochain map sends the module of
g-cocyles of C* into the module of g-cocycles of D* and maps the module of
g-coboundaries of C* into the module of g-coboundaries of D*, and thus
induces a homomorphism of the cohomology modules

@ HY(C*) —~ H*(D*).
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The composition C* — E* of two cochain maps C* — D* and D* — E*
induces on the cohomology modules the homomorphism H*(C*) — HY(E*),
which is the composition of HY(C*) — H*(D*) and HY(D*) — HY(E*).

A sequence of cochain maps

) 0—>C*—D*¥ _>E*— >0
forms a short exact sequence if for each ¢,
6) 00— Cl—s DI >F1— 50

is a short exact sequence of K-modules. A homomorphism between short
exact sequences 0 — C* — D* —~ E* -0 and 0 — C* — D* — E* 0 of
cochain complexes consists of cochain maps C* — C*, D* - D*, and
E* — E* such that we have a commutative diagram:
0—->C*¥—>D*->FE*->0

@) ! ! !
0—>C*—>D*—>E*—>0.

5.17 Proposition  Given the short exact sequence 5.16(5) of cochain
maps, there are homomorphisms
0
) HY(E*) —> HH1(C*)
Sfor each q such that the sequence
@ a ?
c++ > HEY(E¥) > HY(C*) — HY(D*) — HY(E*) > HHH(C*)—> - - -

is exact, and such that given the homomorphism 5.16(7) of short exact sequences
of cochain complexes, the diagram

2
HY(E*) ——> He+1(C*)

T

?
HY(E*) ——> Het(C*)
commutes.

PROOF To define @, we consider the commutative diagram (4), where
for convenience we have labeled particular homomorphisms. Let ¢
be a cocycle in E% Since « is surjective, there is an element & € D¢
such that «(6) = 0. Since the square (D) is commutative, and since
o is a cocycle, it follows that d(5) maps to zero in Eet1; therefore,



Cochain Complexes 175

T T A

0 > (2 L4 > Daet2 > Fat2 5 (
T o dA 4

C)) 0 Catl A Datl > Fatl > 0
A

[ od o

0—> Co D: N Ee >0
T

by the exactness of the horizontal sequences, d(6) must be in the image
of 8. Thus there is an element ¢’ € C¢*! such that f(¢") = d(G). It
follows from the commutativity of the square @), the injectivity of
y, and the fact that dod =0 that ¢’ is a cocycle. Now, ¢’ is not
uniquely determined by o because of the choice involved in the selection
of & € D7 such that «(6) = 0. However, it is easily seen by a quick
chase around the square () that o’ is uniquely determined by ¢ up to a
coboundary. Thus we have a well-defined map

3 ZU(E*) > H(C¥),

which is easily seen to be a homomorphism. It is also readily seen that
Bi(E*) is in the kernel of (5); hence (5) yields a homomorphism defined
on the quotient ZE*)/B(E*). This by definition is the desired homo-
morphism (1).

Checking the exactness of (2) involves checking exactness at H(C*),
at HY(D*), and at H*(E*)—and at each of these three stages we have
to check two inclusion relations. These six steps in the proof of the exact-
ness of (2) can be verified by simple chases around the diagram (4).
We leave the details to the reader.
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To prove (3), we have to follow some elements around the above
commutative lattice.

We start with a cocycle o € E? and lift it back to & € D? which we
map to d(G) € D!, which we have seen is the image of an element
¢’ € C**, which in turn we map to o’ € Cet1, Then ¢’ is a cocycle in
Cet and is a representative of the cohomology class in H**1(C*) into
which the cohomology class of ¢ in H?(E*) is mapped under the composi-
tion HY(E*) 2, H*1(C*) — H*(C*). On the other hand, we can
first map o to &€ E¢, then lift back to &€ D¢, map to d(&) € D+,
and lift back to ' € Ce*1. Then @' is a cocycle in ¢t which represents
the cohomology class in H**}(C*) into which the cohomology class of
o is mapped under the composition HY(E*) — HY(E*) LN H©1(C*).
To prove (3), we need only check that ¢’ — & is a coboundary. Now
& € D? maps to an element & € D%, and elements & and & of D¢ both
map to G € £7; hence there is an element y € C? which maps to (& — ).
One can easily check that dy = ¢’ — &, which completes the proof of
Proposition 5.17.

After a few trials the reader should find that these proofs by ‘“diagram
chase” become quite routine, albeit tedious. In the future we shall leave all
such proofs as exercises.

AXIOMATIC SHEAF COHOMOLOGY

5.18 Definition A sheaf cohomology theory H# for M with coefficients
in sheaves of K-modules over M consists of

(I) a K-module H%(M,S) for each sheaf § and for each integer g,

(I) a homomorphism H%(M,8) — H(M,S') for each homomorphism
8 — 8’ and for each integer ¢, and



Axiomatic Sheaf Cohomology 171

(II1) a homomorphism H*(M,8") — H**'(M,§’) for each short exact
sequence 0 — 8’ — 8§ — 8” — 0 and for each integer ¢,

such that the properties (a)-(f) hold:

(@) HYM,8) =0 for g <0, and there is an isomorphism H%(M,S) =~
I'(8) such that for each homomorphism 8§ — 8’ the diagram

HY(M,S) =~ T'(8)

! !
HY(M,$") = I'(§)

commutes.
(b) HYM,S) = 0forallg > 0if § is a fine sheaf.
(c) If0—8 — 8—8"—0is exact, then the following is exact:
-+« — HY(M,8) > HYM,8) > H'(M,8") > H*'(M,§)— - -

(d) The identity homomorphism id: 8 - 8 induces the identity
homomorphism id: H%(M,8) — H(M,8S).

(e) If the diagram

§ —— > §

Sll
commutes, then for each ¢ so does the diagram

HY(M,8) ————— H(M,$)

T

HY(M,8").
(f) For each homomorphism of short exact sequences of sheaves

0 > 8’ > 8 > §” > 0

R

0O—>9J ' —>T —> I " —>0,

the following diagram commutes:

HY(M,8") — H(M,$)
! !
H(M,T") — H¥Y(M,T).

The module H%M,S) is called the gth cohomology module of M with
coefficients in the sheaf S relative to the cohomology theory 57
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5.19 Definition An exact sheaf sequence
) 0—>A >Cy—>C,— .-

is called a resolution of the sheaf o/. The resolution (1) is called fine
(respectively torsionless) if each of the sheaves %; is fine (respectively
torsionless).

With each resolution (1) of & and each sheaf § we associate a cochain

complex
(2) ..._,0_,1“(%0@)S)-»F((gl®8)—>F((€2®S)—>-..

which we shall denote by I'(¥* ® §). For ¢ > 0 the module of g-cochains
is I'(¢, ® §), whereas for ¢ < 0 the module of g-cochains is the zero
module. Note carefully that this cochain complex does not contain the
module I'(&Z ® §). The homomorphisms in (2) are those induced by the
homomorphisms €, ® 8§ — %;,; ® § which are the tensor product of the
homomorphisms of (1) with id: 8§ — 8. The exactness of (1) implies that in

(3) ..._,0_>(go®8—>‘€1®8—+‘52®8—>"'

the image of each homomorphism is contained in the kernel of the next,
and this in turn implies that (2) is indeed a cochain complex.

A homomorphism 8 — 8’ when tensored with the identity homomorph-
isms of the sheaves €, yields homomorphisms €; ® § > %, ® 8. These,
in turn, induce homomorphisms I'(%; ® 8) — I'(¥; ® §’), which commute
with the coboundary homomorphisms of the respective cochain complexes
and thus determine a cochain map

@ T(&* © §)—T(%*® §).

5.20 Existence of Cohomology Theories We shall now show that
each fine torsionless resolution of the constant sheaf " = M x K,

€)) 0-H >C—>FC,—>C—- -,

canonically determines a cohomology theory for M with coefficients in sheaves
of K-modules over M. The existence of such resolutions will be amply
demonstrated in the later sections in which the classical cohomology theories
are discussed. In particular, see 5.26(7) and (11). We therefore assume that
we are given a fine torsionless resolution (1). Then we obtain a cohomology
theory as follows:

(I) With a sheaf 8 and each integer ¢ we associate the gth cohomology
module of the cochain complex I'(¢* ® §); that is, we set
H'(M,8) = H(I'(¢* ® 8)).
(I) With each homomorphism 8 — 8" and each integer ¢ we associate
the homomorphism H‘(M,8)— H%(M,8’) induced, according to
5.16(4), by the cochain map I'(¥* ® 8) — I'(¥* ® §’) of 5.19(4).
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(II) Each short exact sheaf sequence
0-8—>8—-8 >0

induces, in view of Theorem 5.15 and the fact that the %, are fine
torsionless sheaves, a short exact sequence of cochain maps

0> T(#*® 8)—>T(#*® 8) > T(#*® 8) -0

with which, according to 5.17(1), there is associated a homomorphism
H(I'(%* ® 8")— H*Y(I'(¢* ® §")). This, by definition, is the
homomorphism HY(M,8") — H**'(M,S§") that we associate with the
short exact sequence 0 — 8’ — 8 — 8" — 0 and the integer g.

The fact that axiom 5.18(d) for a cohomology theory is satisfied is immedi-
ately apparent. The remark immediately following 5.16(4) implies that
axiom (e) is satisfied. Axioms (c) and (f) are consequences of 5.17.

Now let &, be the kernel of €, — €,,;. Then it follows from the exact-
ness of (1) that

2) 02, —-¢,—~>Z,,—0

is exact; and since Z, is a subsheaf of the torsionless sheaf €,, then &, is
also torsionless. It follows from Theorem 5.15 that for any sheaf § the
sequence

(3 0-Z,88->%,08>Z,,88->0
is exact; and from (3) and 5.11(2) we obtain the exact sequence
4 0-I(Z,®8) 1'%, 8) > I'(Z,,,® ).

In particular, I'(Z, ® 8) — I'(¢, @ 8) is an injection, so since the homo-
morphism

©) I'(%,©8)—>T(%,.©8)
is the composition
(6) [, ® 8) > I'(Z,, ® 8) > (€. © 9),

it follows from (4) that the kernel of (5) is simply the submodule I'(Z, ® 8)
of I'(¢, ® 8). Thus forq > 0,

() H(M,S) = H{(T(%* @ 8)) = [(Z, @ §)[Im(I(%,_, ® S)).

Now, if 8 happens to be a fine sheaf, then according to Theorem 5.15
the full sequence

8) 0-INZ,,08)->T?#_,98)>TI(Z,8 8 >0
is exact; and (8) together with (7) implies that
HY(M,8) =0 forq>0.

Thus axiom (b) is satisfied.
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Finally, it is evident that H%(M,8) = 0 for ¢ < 0, and for ¢ = 0 the
isomorphism

&) H—>Z, <%
induces, for an arbitrary sheaf §, an isomorphism
(10 SN QR8S=>2,8

and thus an isomorphism
I'S) =->TI'(Z, ® 8) = H'(M,$),
which clearly satisfies

I'(8) = H'(M,9)

! !
I'(8) = HY(M,S")

for each homomorphism 8§ — 8’. Thus axiom (a) is satisfied.

5.21 Definition Let # and # be two sheaf cohomology theories on M
with coefficients in sheaves of K-modules over M. A homomorphism of the

cohomology theory  to the theory 5 consists of a homomorphism
)] HY(M,8) — H(M,8)

for each sheaf 8 and for each integer g, such that the following conditions
hold:

(a) Forg = 0, the diagram
HY(M,8) = I'(8)
! l
A%(M,8) =~ I'(8)
commutes.
(b) For each homomorphism § —J and each integer ¢ the diagram
H'(M,8) > H(M,J)
| !
A(M,8) -~ A(M,T)
commutes.
(c) For each short exact sequence of sheaves
0>Z>8—->9 -0
the following diagram commutes for each integer q:
HY(M,T) —> Hen (M, )

Lo,
A(M,T) — AY(M,R).
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An isomorphism # — # is a homomorphism in which each of the
homomorphisms H%(M,8) — H%(M,S) are isomorphisms. The identity
homomorphism of 3 with itself is the homomorphism # — 5 which assigns
the identity homomorphism H%(M,8) — H(M,S) to each sheaf S and each
integer q.

We are now going to prove that there is a unique homomorphism
between any two sheaf cohomology theories on M. However, first we need
to introduce the notion of the sheaf of germs of discontinuous sections of a
sheaf 8.

5.22 The Sheaf of Germs of Discontinuous Sections of §  Let Sbe
a sheaf on M. By a discontinuous section of § over the open set U = M we
mean any map f: U-— 8, continuous or not, such that = of=1id. The
assignment to each open set U < M of the module of all discontinuous
sections of 8 over U yields a presheaf whose associated sheaf §, is called the
sheaf of germs of discontinuous sections of 8.

The important property of §, that we shall need is that §; is always a
fine sheaf. For let {U,} be a locally finite open cover of M. Choose a refine-
ment {V,} such that ¥, < U, for each i (Exercise 3, Chapter 1). (For such
a refinement on a general paracompact Hausdorff space, see [13, Ch. 5,
Problem V(a)].) Associate with each point of M a set V; containing it, and
then for each i define a function ¢; on M to have the value 1 at all points
associated with V, and to have the value O elsewhere. It follows that
supp ¢; < U; and Y ¢, = 1. We associate with ¢, an endomorphism Z
of the presheaf of discontinuous sections of 8 by defining

M I(s)(m) = @i(m)s(m)

for each discontinuous section s of 8§ over an open set U < M and each
me U. The presheaf endomorphisms I; induce endomorphisms /; of the
sheaf 8, of germs of discontinuous sections of 8. It is immediate that the
{/;} forms a partition of unity of 8, subordinate to the locally finite cover
{U;} of M. Thus 8§, is a fine sheaf, as claimed.

There is a natural injection of 8 into 8§,; namely, each element of the
stalk §,, is the value at m of a (continuous) section s of 8 defined on some
neighborhood of m, and we map s(m) to the germ of s at min §,. If we let
§ denote the quotient sheaf 8,/8, then for each sheaf § we have constructed
a short exact sequence

2) 0—>8—>8,—>8—0
in which the middle sheaf is fine.

5.23 Theorem Let # and # be cohomology theories on M with coefficients
in sheaves of K-modules over M. Then there exists a unique homomorphism of

H to H.
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PROOF We first prove uniqueness. Suppose that we have a homo-
morphism of J# to S, and let a sheaf S be given. Then it follows
from the axioms 5.18 and 5.21 applied to the exact sequence 5.22(2),
in which, you recall, the sheaf 8, is fine, that we have a commutative
diagram

I'(8y) — I'(8) - H'(M,8) —> 0
ey {id lid l

I'(8y) — I'(8) - AY(M,8) > 0;

and for each ¢ > 2 we have a commutative diagram

0 — H*Y(M,8) —~ HY(M,S) — 0
) L
0 — AY(M,S) —~ HY(M,8)— 0.

Note that in both (1) and (2) the rows are exact. Now uniqueness of the
homomorphisms 5.21(1) follows for ¢ = 0 from 5.21(a), follows for
g = 1 from (1), and follows inductively for ¢ > 1 from (2).

We now show the existence of a homomorphism of the theory .
to the theory #. We define the homomorphisms for ¢ = 0 by 5.21(a),
and it follows immediately that 5.21(b) is satisfied for the case ¢ = 0.
We define the homomorphisms 5.21(1) for ¢ = 1 by (1), and inductively
for ¢ > 1 by (2). To prove that this indeed defines a homomorphism
of J# to S, it remains to show that 5.21(b) holds for ¢ > 0 and that
5.21(c) holds for all q.

Now, 5.21(b) follows for g = 1 from the following lattice constructed
from two copies of (1):

In the lattice, the commutativity of the right-hand face (D is forced
by the apriori commutativity of all the other faces, and 5.21(b) follows
inductively for ¢ > 1 from the analogous lattice constructed from (2.
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As for 5.21(c), suppose that a short exact sequence
4) 0-Z%—>8—-9F =0

is given. Let %, and §, be the sheaves of germs of discontinuous
sections of # and § respectively. The composition £ — § — §, is an
injection of Z into §,; let ¥ be the quotient sheaf S;/#. As in 522,

let Z = Ry/R. Then there are uniquely determined homomorphisms
T — % and # — 9 such that the following diagram, in which the rows
are exact, commutes:

0

Y
_>°WD(___—_ o
4

> XA

lid

®) 0 > A
Tid

0—> B ——> Ry——> & —> 0.

It follows from the cohomology axioms 5.18 applied to (5) that there
are commutative diagrams

e IS —I'I)— H M, H) —— - -
id
6) o I(8y) —> I(9) —> A (M, X)) ——> 0
id
coi s (AR —> T(F) —> (M, %) —— 0
and (forg > 1)
<ot — H(M,8) —> H'M,T ) —> HH'(M,B) —— - -+
l lm
(7) 0 —> HY(M,%) —> H*\(M,%) —> 0
o
0 —> HYM, &) —> H"(M,R) —> 0.
It follows from (6) that the homomorphism H(M,7) > HY(M,%) is
the composition
(8) HYM.T) 5 T(T)— [(F)/ImI(S,) < I'(&)ImI(#y) > HY(M,R),

and it follows from (7) that the homomorphism HY(M,7) — H**\(M, %)
for ¢ > 1 is the composition

9)  HYM,T) - H(M,%) < H(M,Z)

= HOY (M, R).



184  Sheaves, Cohomology, and the de Rham Theorem

From (8) and the corresponding sequence for the /# theory we obtain
the diagram

H(M,T) 5 T(T) — T(%)/ImI(8,) < [(F)/ImT(#,) > HY(M,R)
(10) l lid lid lid

H(M,T) 5 T(T) — T(%)/ImI(S;) < I'(#)/ImI(R,) > A (M. %)
in which the first and last squares commute by the definitions of the
homomorphisms H*(M,7) - H(M,7) and HYM,%)-> H (M, %),

and the middle two squares trivially commute. Thus 5.21(c) is proved

for ¢ = 0. From (9) and the corresponding sequence for the 5 theory
we obtain the diagram

HYM,T) — H(M,%) «— H'M,&) —> H*'(M,R)
an L !

AM,T) > H(M,%9) «— A(M,F) —— H+ (M ,R)
in which the last square commutes by definition of the homomorphism
H"Y (M, %) — H**'(M,#), and the first two squares commute by

5.21(b). Thus 5.21(c) follows for g > 1, and the proof of Theorem
5.23 is complete.

Corollary A homomorphism of the cohomology theory H# to the theory H#
must necessarily be an isomorphism. Consequently, any two cohomology
theories on M with coefficients in sheaves of K-modules over M are uniquely
isomorphic.
PROOF Assume that a homomorphism 3# — # is given. By Theorem
5.23 there must also exist a homomorphism # — #. The composi-
tion # — H# — A must necessarily, by uniqueness, be the identity
homomorphism of #, and similarly the composition # — # — #
must be the identity homomorphism of . It follows that the homo-
morphisms # — # and J# — # are both isomorphisms.

5.24 Assume that
0->H >C—>C, —~C,— -

0 T
0—»%—»‘%09%1%(;2—»"-

is a commutative diagram in which the rows are fine torsionless resolutions
of the constant sheaf #". We have seen in 5.20 that each of these resolutions
determines a cohomology theory. Denote the cohomology theory obtained
from the top resolution by 5 and that obtained from the second resolution

by H#. We claim that the “homomorphism” (1) between these two fine
torsionless resolutions canonically induces a homomorphism, and therefore,
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by the corollary of 5.23, induces an isomorphism, # — #. For each
sheaf 8, (1) induces a cochain map I'(¢* ® 8) — I'(€* ® S) from which we
obtain a homomorphism H%(M,8) — HY(M,S) for each integer g. That the
axioms 5.21(a), (b), and (c) for a homomorphism of cohomology theories
are satisfied is easily demonstrated and will be left to the reader as an
exercise. This procedure for obtaining a homomorphism of cohomology
theories will be used in 5.36 to obtain an explicit isomorphism of the
de Rham and differentiable singular cohomology theories for a differentiable
manifold M.

5.25 Theorem  Assume that J# is a cohomology theory for M with
coefficients in sheaves of K-modules over M. Let

4} 0>8>C > —>C— -
be a fine resolution of the sheaf S. Then there are canonical isomorphisms
2 H(M,S) >~ H(T'(¢*)) forallq.

PROOF From the exactness of (1) it follows that 0 — I'(8) — I'(%,) —
['(¢)) is exact, whence H°(M,8)~ I'(§) =~ H*(I'(¥*)). Now let
X, be the kernel of €, — %,,, for ¢ > 1. Then the exactness of (1)
implies that

(3) 0—>A'—> €~ w10
is exact for g > 1, and that
4 0>8>%—>A,—>0

is exact. It follows from the long exact cohomology sequence for (4)
and from the fact that %, is a fine sheaf that

5) H'(M,8) ~ HY(M,";) forg>1
and
©) HY(M,8) = T(A )[Im T(%,) = HY(T($*)).

By repeated application of the long exact sequence associated with (3)
and of the fact that the sheaves %, are fine, we obtain for ¢ > 1

(1) HM,8) =~ H" M, )) = H¥M,H )~ - - =~ H(M, X ,_y)
= (A )Im T'(%,-,) = H/(T(€*)).

This completes our development of axiomatic sheaf cohomology except
for the multiplicative structure, which is discussed in 5.42. We shall now
consider four sheaf cohomology theories for a differentiable manifold M—the
Alexander-Spanier, de Rham, singular, and Cech. In view of the corollary
of 5.23, these theories will be uniquely isomorphic. We shall also define the
classical versions of these theories, and prove that they are canonically
isomorphic with sheaf cohomology with coefficients in constant sheaves.
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THE CLASSICAL COHOMOLOGY THEORIES

Alexander-Spanier Cohomology

5.26 For the Alexander-Spanier theory, M need only be a paracompact
Hausdorff space. Let U < M be open, and as usual let K be a fixed principal
ideal domain. We use U”'! to denote the (p + 1) fold cartesian product
of U with itself. Let A?(U,K) denote the K-module of functions U?*! — K
under pointwise addition. For each p > 0 we define a homomorphism

0 d: A*(U,K) — A**(U,K)
by setting
7+1 v PR
(2) df(m05 L] mp+1) = z (—1)7(7”0, s My, n1p+1)
i=0
for each fe A?(U,K) and (m,, ..., m,,;) € UP*2, where —~ over an entry

means that that entry is to be omitted. It is a straightforward exercise to
check that d o d = 0, so for each U < M we have a cochain complex

d d d
3) coo >0 — AYU,K) —> AW(U,K) —> AX(U,K) —> - - -

which we shall denote by 4*(U,K), and in which the modules of g-cochains
for g < 0 are all assumed to be zero modules. If V' < U, then V7t < Ur+l,
and there is a corresponding restriction homomorphism

4 pr.u: A?(U,K) — A*(V K).
The collection
(%) {4*(U.K);py.p}

forms a presheaf of K-modules on M called the presheaf of Alexander-
Spanier p-cochains. Observe that these presheaves satisfy 5.7(C,), but for
p > 1 do not satisfy 5.7(C,).

The associated sheaf of germs of Alexander-Spanier p-cochains we denote
by &/?(M,K). The homomorphisms d give presheaf homomorphisms
{A*(U,K);py v} — {A*"Y(U,K);py.p} for each p >0, and induce sheaf
homomorphisms (which we shall denote by the same symbol d):

(6) d: A*(M,K) — " (M,K) (p 2 0).

These homomorphisms, together with the natural injection of the constant
sheaf A" — o/°(M,K) which sends k € %", to the germ of the constant
function k at m, give us a sequence

d d d
(N 0> H —>AL(MK)—> A(MK) —> L*(MK) > - - -
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We claim that (7) is a fine torsionless resolution of the constant sheaf
. The elements of &/?(M,K) are equivalence classes of functions with
values in K, and K is an integral domain; hence &/?(M,K) is torsionless.
To prove that &/*(M,K) is a fine sheaf, let {U,} be a locally finite open cover
of M, and take (as in 5.22) a partition of unity {¢,} subordinate to the cover
{U;} in which the functions ¢, take values 0 or 1 only. For each i we define

an endomorphism /; of A?(U,K) by setting
8) (N, .. omy) = o mo)f (my, ..., m).

The endomorphisms I, commute with restrictions and thus determine
presheaf endomorphisms of {4?(U,K): py }. Letl;: #*(M,K)— Z?(M,K)
be the sheaf endomorphism associated with ;. Then it follows readily that
supp /; = U, and that > /; = 1. Thus the sheaves &/?(M,K) are fine. The
exactness of (7) follows directly from the fact that we have exactness on the
presheaf level. That is, if U = M is open, then

d d d
(9) 0— K — A%U,K) —> AYU,K) —> AX(U,K) —> - - -

is exact. Here K is injected into 4°%(U,K) by sending k € K to the function
that has the constant value k on U. That (9) is exact is apparent at K and at
A%U,K), and follows elsewhere from the fact that dod = 0 and that if
fe A*(U,K) with p > 1 and df = 0, then f = dg, where g € A?"}(U,K) is
defined by

(10) g(m09~'-’mp-—l) =f(m’m0,---’mp—1)

for some arbitrary but fixed m € U. Thus (7) is a fine torsionless resolution
of A'.

The explicit exhibition of the fine torsionless resolution (7) of the constant
sheaf " completes the proof in 5.20 of the existence of a cohomology
theory for M with coefficients in sheaves of K-modules. Thus by setting
(as in 5.20(1))

(1) HY(M,8) = HY(D(/*(M,K) ® 8)),

we obtain a cohomology theory with which, according to the corollary of
5.23, any other sheaf cohomology theory for M with coefficients in sheaves
of K-modules is uniquely isomorphic.

We shall now define the classical Alexander-Spanier cohomology modules
of M with coefficients in a K-module G, and show that they are canonically
isomorphic with the cohomology modules H(M,%) with coefficients in the
constant sheaf ¥ = M x G. We let A?(U,G) denote the K-module of
functions U?*! — G, and similarly replace K by G and " by ¥ in the con-
structions (1) through (7). Let

(12)  A2(M,G) = {f € A"(M,G): p,.5(f) = O for all m € M}.
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Recall that p,, 5, is the homomorphism which assigns to each element
of A?(M,G) its equivalence class in the stalk over m of the associated
sheaf &/?(M,G). A%(M,G) is a submodule of A?(M,G), and the extent
to which A2(M,G) is not zero measures the extent to which the presheaf
{4?(U,G);py v} fails to satisfy 5.7(C;). The homomorphism (1) restricted
to A2(M,G) has range in 42*1(M,G) and thus yields homomorphisms on

quotients
(13) A*(M,G)| Ay(M,G) — A*(M,G)| AT (M, G).

The sequence of modules and homomorphisms given by (13) for p > 0
form a cochain complex which we shall denote by 4*(M,G)/A;(M,G),
and in which the modules of ¢ cochains for ¢ < 0 are as usual all assumed
to be zero. The classical Alexander-Spanier cohomology modules for M with
coefficients in the K-module G are given by definition by

(14) HY_§(M;G) = H(4*(M,G)|A¥(M,G)).

Since the sequence (7) with K replaced by G and ¢ by ¢ is a fine resolu-
tion of ¢, it follows from 5.25 that there are canonical isomorphisms

(15) HY(M,%) >~ H(I'(&*(M,G))).

That there are canonical isomorphisms

(16) HY §(M;G) = H'M,%)

follows from (14) and (15) and from the fact that the natural cochain map
17 A*(M,G)|A3(M,G) — I'(/*(M,G))

is an isomorphism. This in turn is an immediate consequence of the following

proposition.

5.27 Proposition Let {Sy;py v} be a presheaf on M satisfying 5.7(C,),
and let 8 be the associated sheaf. As in 5.26(12), let

(1) (SM)O = {S € SJI: P,m']u(s) = O fOI‘ all me M}.
Then the sequence

¢) 0= (Sap)o— Sy = T'(8) ~ 0

is exact.

PROOF Since y is the homomorphism which sends s € S, to the global
section m > p,, 3/(s) of 8, the exactness of the sequence (2) at S,
is the result of the definition of (S,;),. Thus we need only prove that
y is surjective. Let ¢ € I'(8). Then there is a locally finite open cover
{U,} of M, and there are elements s, € Sy;, such that

A3) }’(Sa) = t| U,.
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Let {V,} be a refinement such that 7, < U,. Let I, be the (finite)
collection of all those indices o for whichm € V. Choose a neighborhood
W, of m such that

(@) WonV,=0 if p¢l,,

(b) W, <= NV,

aclm
(C) me,Ua(sa) = PH’m,Ua'(Sa’) if o, o' € Im-
Let s,, € Sp- be the common image of the elements in (c). Then for
allnand min M,
4 PW o0 W Sm) = Pwaw, W, (Sn)-

For let pe W,, N W,. Then it follows from (a) that I, < I, N 1I,.
So let « € I,. Then according to (c),

(%) S = PW,,,.Ua(sa) and Sp = PW".U,(Sa)’
so that
(6) PW,,,nW,,.W,,,(Sm) = PW,,,nW,,.U,(Sa) = PW’mﬁW".W"(sn)’

which proves (4). It follows from (4) and the property 5.7(C,) that there
is an element s € S, such that

(7 pw .. u(8) = Spm;

and it follows from (7), (5), and (3) that y(s) = +.

de Rham Cohomology

5.28 In this section we shall take the principal ideal domain K to be the
real number field R. Let U < M be open. The set of differential p-forms
on U forms a real vector space, which we have denoted by E?(U). These
real vector spaces together with ordinary restriction homomorphisms
py.y form a presheaf

4y {E*(U)spy v}

which satisfies both 5.7(C,) and (C,) and thus is complete. From the exterior
derivative operator d we obtain presheaf homomorphisms

@ (E(U)ipp v}~ (B (U)ipy ) (p 2 0).

We shall denote the associated sheaf of germs of differential p-forms by
&?(M), and we shall retain the symbol d for the sheaf homomorphisms
induced by (2). The constant sheaf Z = M x R can be naturally injected
into £°(M) by sending a € £, to the germ at m of the function with constant
value a. Thus we have a sequence
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(3 0—> Z— &(M) N EYM) N EXM) A

We claim that (3) is a fine torsionless resolution of the constant sheaf #.
Partitions of unity can be constructed for the sheaves £7(M) exactly as they
were constructed in 5.10 for €°(M) = &°(M). Thus the sheaves &?(M)
are all fine. They are certainly torsionless since they are sheaves of real
vector spaces. The sequence (3) is clearly exact at Z and at £°(M). Since
the exterior derivative operator satisfies d o d = 0, the same is true of the
sheaf homomorphisms in (3); hence the image of each homomorphism is
contained in the kernel of the next. That the sequence is actually exact,
and therefore a resolution, is a consequence of the corollaries of the Poincaré
lemma 4.18. We shall return to the resolution (3) in a moment. First,
we comment about the structure of the Poincaré lemma.

5.29 Remark The collection of operators 4, in the Poincaré lemma
4.18 is an example of a very useful tool in the cohomology theory of cochain
complexes called a homotopy operator. We shall have further occasion to
make use of such operators. They arise generally in the following situation.
Suppose that we have two cochain maps, call them fand g, between cochain
complexes C* and D*, and suppose that we want to show that f and g both
induce the same homomorphisms of the cohomology modules. This will
follow if we can find homotopy operators for f and g, namely, homo-
morphisms /,: C¥ — D*! such that

hk+1°d+ d°hk=fk—gk

on C* (where d indicates the coboundary operators in both C* and D*).
For then if o € C* is a cocycle, then f(0) = g;(0) up to a coboundary,
50 f,(o) and g;(0) lie in the same cohomology class. In the Poincaré lemma,
we found homotopy operators (for k¥ > 1) between the identity cochain map
of the cochain complex

d d d
¢ >0 — EYU) —> EYU) —> E¥U) —> - - -

and the zero cochain map, with U the open unit ball in Euclidean space.
Consequently, all of the cohomology groups of this cochain complex vanish
for k > 1.

5.30 Since 5.28(3) is exact, it is therefore a fine torsionless resolution of the
constant sheaf #. According to 5.20, the resolution 5.28(3) gives rise to a
cohomology theory for M with coefficients in sheaves of real vector spaces
by setting

1 H'M,7) = H(T'(6*(M) ® 7))

for ¢ > 0 and for J a sheaf of real vector spaces over M. In view of the

corollary of 5.23, this theory is uniquely isomorphic with the theory we
constructed in 5.26(11).
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If we take .7 to be the constant sheaf %, then

) H' (M, %) = H(I'(6*(M) ® #)) =~ H(T'(&*(M))).
Consider now the cochain complex I'(6*(M)):
&) cor >0 D(E(M)) - TD(E* (M) —> T(EA( M) — - - -

and the cochain complex E*(M):

@ o 00 (M) L B1(00) > E2(M) > -

In view of the fact that the presheaves {E?(U);py -} are complete, it follows
from 5.8 (or is easily seen directly in this special case) that the natural
homomorphisms

(5) EP(M)— T (67(M))

are isomorphisms. Since the homomorphisms (5) commute with the co-
boundaries of the respective cochain complexes (3) and (4), they induce a
cochain map E*(M)— I'(6*(M)) which is .an isomorphism of cochain
complexes. Thus there are canonical isomorphisms

(6) HY(L(6*(M))) = HY(E*(M)).

But HY(E*(M)) is the classical gth de Rham cohomology group Hj (M)
for M which we introduced in 4.13(1), namely, the quotient of the vector
space of closed g-forms (those annihilated by d) modulo the vector space of
exact g-forms (those in the image of d). Thus from (2) and (6) we obtain
canonical isomorphisms

@) HYM,%) =~ Hi.r(M).
Singular Cohomology

5.31 In this section we again take K to be an arbitrary principal ideal
domain, and we let U < M be open. In 4.6 we introduced differentiable
singular simplices for the theory of integration on manifolds. Now we need
continuous singular simplices. We review the definitions. Recall that for
each integer p > 1 we let

b4
6)) A? = {(ay,...,a,)€ER?: > a;<1 and each aq; >0}
i=1

A? is called the standard p-simplex in R?. For p = 0 we set A® equal to the
1-point space {0}; and A°is the standard O-simplex. A (continuous) singular
p-simplex ¢ in U is a continuous map o: A? - U. If p > 1, we define a
differentiable singular p-simplex in U to be a singular p-simplex o which can
be extended to be a differentiable (C*) map of a neighborhood of A? in
R? into U.
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We shall let S,(U) denote the free abelian group generated by the singular
p-simplices in U. Elements of S,(U) are called singular p-chains with integer
coefficients. 1f o is a singular p-simplex in U, with p > 1, then its boundary
is defined as in 4.6(4) to be the singular (p — 1) chain

Q) oo = f;(—l)"a"

where ¢ is the ith face of o (see 4.6(3)). The boundary operator extends to
a homomorphism of §,(U) into S, ;(U) for each p > 1, and satisfies
(as in 4.6(7))

A3) 900 =0.

Let S?(U,K) denote the K-module consisting of functions f which assign
to each singular p-simplex in U an element of XK. Such an fis called a singular
p-cochain on U. Scalar multiplication and addition in the module S?(U,X)

are defined by
@ (kf)(0) = k(f (),
(f + &)(0) = f(0) + g(0)-

Each cochain in $?(U,K) canonically extends to a homomorphism of S,(U)
into K. In fact, this determines an isomorphism of S?(U,K) with the K-
module of homomorphisms of S,(U) into K. For convenience we shall at
times regard elements of S?(U,K) as such homomorphisms. If V' < U,
we let

(5) Pr.U: Sp(UsK) - Sp(VsK)

be the homomorphism which assigns to each f'e S?(U,K) its restriction to
singular p-simplices which lie in V. Then

(6) {S*(U.K);py.v}

forms a presheaf on M called the presheaf of singular p-cochains. Observe
that these presheaves, for p > 1, satisfy 5.7(C,) but not (C,), and that the
presheaf {S°(U,K);py y} (which can be canonically identified with the
presheaf {4°(U,K);py y} of 5.26 since each singular O-simplex in U can be
identified with a point of U) is complete.

For p > 1, we let S, (U,K) denote the K-module cons1stmg of functions
J which assign to each differentiable singular p-simplex in U an element
of K. Such an fis called a differentiable singular p-cochain on U. With
restriction homomorphisms defined as in (5), we obtain the presheaf
{S%(U.K);py,p} of differentiable singular p-cochains on M. Since the
developments of the differentiable and the continuous singular cohomology
theories are nearly word-for-word the same, we shall primarily discuss
the continuous case. Just keep in mind that analogous constructions apply
if $3(U,K), for p > 1, is substituted for S?(U,K). When substantial
differences arise they will be discussed.
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A coboundary homomorphism

) d: $?(U,K) — S**1(U,K)
is defined by setting
®) df(e) = f(90)

for fe SP(U,K) and for ¢ a singular (p 4 1) simplex in U. It follows from
item (3) that

)] dod=0.

Since d commutes with restriction homomorphisms, d yields a presheaf
homomorphism

(10) {S*(U,K);pp v} —> (S (U,K);pp 1}s

and at the same time, in view of (9), d makes

d d d
(11) v =>0— S%U,K) — SY(U,K) — SH(U,K) —> - - -

into a cochain complex (where the modules of g-cochains are zero for ¢ < 0)
which we denote by S*(U,K).

We denote the associated sheaf of germs of singular p-cochains by
8?(M,K) (and by 8% (M ,K) in the differentiable case) and retain d to denote
the induced sheaf homomorphisms

(12) SP(M.K) —> SP(M,K).

Observe that 8°(M,K) is simply the sheaf of germs of functions on M with
values in K. The constant sheaf " can be canonically injected into 8°(M,K)

by sending k € ", to the germ at m of the function on M with constant
value k. Thus we have a sequence '

d d d
(13) 0= X — SYM,K) —> SYM,K) —> S*M,K) —> - - -

and an analogous sequence with 8?(M,K) replaced by 8% (M,K) for p > 1.
We claim that in both the continuous and the differentiable cases, the sequence
(13) is a fine torsionlcss resolution of the constant sheaf #". That the sheaves
8?(M,K) (and 8%(M,K) for p > 1) are all torsionless is a consequence
of the fact that they are all sheaves of germs of certain types of functions with
values in K, and X is an integral domain. To see that the sheaves 8?(M,K)
(and 82,(M,K) for p > 1) are all fine sheaves, let a locally finite open cover
{U;} of M be given, and take (as in 5.22) a partition of unity {¢,} subordinate
to the cover {U;} in which the functions ¢, take values 0 or 1 only. For

each i, we define an endomorphism ; of $?(U,K) by setting
(14) (@) = 9o(0)f (),

where if p > 1, then O denotes the origin in R?. The endomorphisms l:
commute with restrictions, and thus determine presheaf endomorphisms
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of {S?(U,K);py ;3. Letl;: 8*(M,K) — 8?(M,K) be the sheaf endomorphism
associated with ;. Then it follows readily that supp/; = U; and that
> I;=1. Thus the sheaves 8?(M,K) (similarly 8% (M,K) for p > 1) are
fine sheaves. The exactness of (13) is apparent at ¢" and 8°(M,K), and we
know that dod = 0. For the exactness of (13), it remains to be shown that
at each stage 8?(M,K) for p > 1 the image of the preceding homomorphism
contains the kernel of the next. This will follow if we can prove that for
“sufficiently small” open sets U, if f is a singular p-cochain on U such that
df = 0 and if p > 1, then there is a singular (p — 1) cochain g on U such
that f = dg. Here we shall make use of the fact that M is a manifold and is
therefore locally Euclidean. It suffices to assume that U is the open unit ball
in R¥™ M To prove that if df = 0 then there is a g such that dg = f, we
need only find a homotopy operator (see 5.29)

(15) h,: S*(U,K) — S*(U,K) p21
such that
(16) doh,+ h, ,od=1id

We define 4, as follows. Let fe S?(U,K), where U is the open unit ball in
RAmM M and let o be a singular (p — 1) simplex in U. Define

17 hy(f)(0) = f(,(0))

where /,(0) is the singular p-simplex in U which maps the origin in A?
to the origin in U, and which is defined for (a,, ..., a,) # 0 by

(18) h(o)ay,...,a,) = (éai) . o(az/gplai, cesa izilai).

Geometrically, /,(0) is the cone in U obtained by joining o radially to the
origin:

h,, extends to a homomorphism S, ,(U) — S,(U). It follows from (18)
and the definition 4.6(4) of the boundary operator 0 that

(19) id=08ohy, +hod
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on §,(U) for p > 1. Before checking (19) in general, try the case in which
p =1, where it turns out that

(20 o= (52(0))2 - (flz(g))l + (52(0))0 + /;1(0'0) - /;1(01),

and where the corresponding picture is

':;’z(f’)) !
() R |
= (ha(o))!

hy(®)

Now, (16) follows from (19) and (17) and from the definition (8) of the co-
boundary operator d. However, here is one point where the treatment of
the continuous case does not quite suffice for the differentiable case. For
if o is a differentiable singular (p — 1) simplex with p > 2, and if 4,(0)
is defined as in (18), then /(o) will be a continuous but generally not a
differentiable singular p-simplex—there are differentiability problems
at the origin. For example, if o were a differentiable singular 1-simplex in
U, then for h(o) as defined in (18) to extend to be a smooth mapping on a
neighborhood of the origin in R2, one would at least have to have the image
of o contained in a 2-dimensional plane passing through the origin in U.
This, of course, may not be the case. The defect is easily remedied by means
of a ““smoothing” function. Let ¢ denote the real-valued C* function on the
real line defined by 1.10(3). Then ¢(#) takes values between 0 and 1, and has
the value 1 for + > 1 and the value O for r < 0. Then if p > 2, and if ¢
is a differentiable (p — 1) simplex, we define /,(o) by

QU hyfe)ay,...,a,) = cp(élai) : o(ag/élai, o a,,/élai),

where, as in (18), we assume that /,(¢) maps the origin in A? to the origin
in U. Now extend o to be differentiable on all of R?* so that ¢ and each
of its derivatives is bounded. Then ,(c)is defined on all of R?, providing

~ ) .
that we agree that /i,(¢) maps any point where > a, = 0 to the origin in U.
- i=1
Moreover, h,(o) is differentiable of class C* on all of R?. The only points
by
where problems arise are those for which Y a; = 0; and since ¢(¢) and all

i=1

of its derivatives vanish faster than any polynomial in ¢ as ¢t — 0, and since
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o and each of its derivatives is bounded on [R?71, it follows that all derivatives
of h,(0) of all orders exist, and are continuous, and are zero at points where

ED a; = 0. This completes the proof that (13) is a fine torsionless resolution

cl)flthe constant sheaf ¢, both for the continuous and for the differentiable
singular theories.

Thus both resolutions (13), for the continuous and the differentiable cases,
give rise, as in 5.20, to cohomology theories if we set

HY(M,S) = H(T'(8*(M,K) ® 8)),
HYM,8) = HY(T'(S*(M,K) ® §))

for each integer ¢ and for 8 any sheaf of K-modules over M. In view of the
corollary of 5.23, these theories are uniquely isomorphic and, moreover, are
uniquely isomorphic with the theories 5.26(11) and 5.30(1).

(22)

5.32 Let G be a K-module. We let S?(U,G) denote the K-module consisting
of functions which assign to each singular p-simplex in U an element of G.
Similarly, we may replace K by G and ¥ by the constant sheaf & in the
constructions 5.31(4)—-(13).

The classical singular cohomology groups of M with coefficients in a K-
module G are defined in the continuous and differentiable cases by:

i{(M;G) = H*(S*(M,G)),
Hi=(M;G) = H(S%(M,G)).

We shall now show that the classical cohomology groups (actually
K-modules) are canonically isomorphic with the sheaf cohomology modules
HY(M,%). It follows from Proposition 5.27 that

ey

) 0 — S§(M,G) — S*(M,G) - I'(8*(M,G)) —~ 0

is a short exact sequence of cochain complexes (with a similar sequence in
the differentiable case). Thus if we prove that

3) HY(S§(M,G))=0 forall ¢

(also in the differentiable case), then it follows from the long exact sequence
5.17(2) that there are canonical isomorphisms

H(S*(M,G)) =~ H(I'(8*(M,G))),

HY(S%(M,G)) =~ HY(T'(8%(M,G))).

Thus it follows from (1) and (4), and from 5.25 (applied to the fine resolutions

of ¥ obtained by replacing K by G and " by ¢ in 5.31(13)) that we have
canonical isomorphisms

&) HY(M;G) > H'(M,9) == H{=(M,G).

4)
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The proof of (3) for the continuous singular theory goes as follows.
(The differentiable case is identical.) It is trivially satisfied for ¢ < O since
in this range the modules of the cochain complex Sy(M,G) are all zero.
The module SJ(M,G) is also zero since the presheaf {S°(U,G);py y} is
complete. Thus H°(S3(M,G)) = 0. It remains to prove (3) for ¢ > 1. Let
U = {U,} be an arbitrary open cover of M. Let S}(M,G) be the cochain
complex consisting of modules Sf(M,G) of singular cochains f, with values
in G, defined only on “U-small” singular p-simplices, that is, defined only
on those singular p-simplices whose ranges lie in elements of U. Each
element of S?(M,G) determines an element of S{(M,G) by restriction to
U-small simplices. The restriction homomorphisms jy: S?(M,G) — S{(M,G)
yield a surjective cochain map

(6) Jut S*(M,G) — S{(M,G).
The kernels of the homomorphisms j, form a cochain complex K;f such that
) 0 — K§ — S*(M,G) — S§(M,G) -0

is an exact sequence of cochain complexes. The key ingredient in the proof
of (3) is the fact that the cochain map j,; induces isomorphisms in cohomology.
Let us assume this for the moment. It follows from the long exact cohomology
sequence for (7) that

®) HYK) =0 forallq.

So now letg > 1, and let ' be a cocycle in S§(M,G); that is, df = 0. Then,
by the definition of S§(M,G), there is an open cover U of M consisting of
sufficiently small open sets so that fe K. It follows from (8) that there
exists g € K{* < S¢1(M,G) such that dg = f, which proves (3).

Now we return to the proof that the cochain map j;; induces isomorphisms
of the cohomology. Since we will work with a fixed cover U of M, we drop
the subscript U from j;. To prove that j: S*(M,G) — Sy (M,G) induces
isomorphisms of the cohomology modules, we shall construct a cochain
map

9) k: S¥(M,G) — S*(M,G)
such that
(10) Jjok =id,

whence the cochain map j must induce surjections of the cohomology modules,
and such that there exist homotopy operators h,: S*(M,G) — S*~1(M,G)
for all p such that

(1) hpnod+doh, =id — k,oj,,

whence k - j induces the identity on cohomology, which implies that j must
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induce injections. Hence it will follow from (10) and (11) that j induces
isomorphisms on the cohomology modules. The definitions of 4 and k
require a few preliminary constructions. The details become a little technical,
but the general idea is this. Let fe S§(M,G). Thus f is defined only on
U-small singular p-simplices. We want to define k(f) to be an element of
S?(M,G); that is, k(f) is to be defined on all singular p-simplices. We will
define an operation “subdivision” to break large singular p-simplices into
chains of smaller ones. By subdividing any singular p-simplex sufficiently
many times, we will obtain a chain of U-small singular p-simplices to which
we can then apply /. So we will define k(f) on the large singular simplex to
be f on the subdivided ones. Simplices which are already U-small will not
be subdivided at all. The technical difficulty which arises will be due to
the fact that the number of times that a singular p-simplex ¢ needs to be
subdivided in order to obtain a chain of U-small simplices depends on o.
Let g > 1. A linear p-simplex in A? is a singular p-simplex of the form

P
(12) (al,...,a,,);—-»<1—-Zai)vo+alvl+--'+a,,vp

=1
(0 v, for p = 0), canonically determined by the ordered sequence of
points vy, . . . , v, in A% Weshall denote such alinear simplex by (v, . . . , v,).
The identity map of A? onto itself is a linear g-simplex in A? which we shall
denote simply by A? The free abelian group generated by the linear p-
simplices in A? we shall denote by L,(A?. The barycenter of a linear p-

simplex o = (v, . .., v,) in A?is the point
1
13 by=——1vy+ "+ vy
= p+1" p+1"
Given a linear p-simplex o = (v,,...,v,) in A? and a point v € A?, we

define the join vo of v and o to be the linear (p + 1) simplex (v, vy, . .. , V)
in A% The join operation extends by linearity to L,(A?). A direct calculation
shows that if p > 1, then

(14) 0(vo) = o — v(d0).

We define subdivision homomorphisms Sd: L,(A% — L,(A%) by setting
Sd = id for p = 0 and by setting

(15) Sd(o) = b,5d(00)
for ¢ a linear p-simplex in A? with p > 1, and extending linearly to L,(A9).

We define homomorphisms R: L,(A?%) — L,,,(A%) by setting R =0 for
p = 0 and by setting

(16) R(0) = b,(c — Sd(0) — R(20))

for ¢ a linear p-simplex in A? with p > 1, and extending linearly to L (A9).
It follows from (13), (14), (15), and (16), using an elementary induction
argument, that
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0.Sd =Sd- 0,

(17)
0°R+ Rod=id— Sd

on L, (A% with p > 1. (The collection of modules L, (A% and homomor-
phisms 9: L, (A% — L, ,(A) form what is called a chain complex in contrast
with a cochain complex 5.16(1) in which the homomorphisms go the other
direction. The first formula in (17) says that subdivision Sd is a chain map of
this chain complex with itself. The second formula in (17) shows that R
is a homotopy operator for the chain maps id and Sd, from which it follows
that Sd induces the identity map on the homology groups (ker d,/Im d,,,)
of this chain complex.)

We define homomorphisms Sd: S, (U) - S,(U) and R: S, (U)—
S,+1(U) for p > 0 by setting

Sd(o) = o o Sd(A?),
R(0) = 00 R(A?)

(18)

for o a singular p-simplex in U, and then extending linearly to S,(U). It
follows easily that formulas (17) hold on S,(U) for p > 1.

Now let 0 = (v, . .., v,) be a linear p-simplex in A?. Then the diameter
of each simplex of Sd(o) is at most p/(p + 1) times the diameter of o, for
the diameter of a linear simplex o is the maximum distance between any
two of the vertices v;. Of any two vertices in a simplex in Sd(o), at least
one must be of the form [1/(k + l)](v,»o +:-+v) for 1 <k < p. The
distance from this vertex to the other vertex is less than or equal to the
distance to some v;, and

1
—— (v, + ) — v
(v ) — v,

1 r
= — v; — U,
k+1 t=zo( i)

g—k diam ¢ < P_ diamg.
k+1 p+1

We are now ready to construct the maps 4, and k,. Let o be a singular
p-simplex in M. The open cover ¢~*(U) of A? has a Lebesgue number &
[26, p. 122]. It follows that for s large enough, the diameter of each simplex
in (Sd)*(A?) is less than 6 where (Sd)* is the s-fold composition of Sd with
itself. Thus each singular p-simplex in the chain (Sd)*(o) lies in an element
of the cover U. Now let s(o) be the smallest of those positive integers s > 0
for which each simplex of (Sd)*(o) lies in an element of U. Then we can define
homomorphisms k,: Sf(M,G) — S?(M,G) by setting k, = id for p <0,
and for p > 1 by setting

19)  ky(f)(o) = f((Sd)S("’(o) + i(—l)"R( > (Sd)‘(aj))).

j=0 slei)<i<s(a)—1
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Note that Sd raised to a negative power is to be interpreted as the zero
homomorphism, and (Sd)® =id. We also define homomorphisms
h,: S?(M,G) — S*(M,G) by setting h, = 0 for p < 1 and

0<i<sig)—-1

(20) hy(f)(©) =f(R( ) (de-(a)))

for p > 2. That (10) holds is obvious, and (11) follows immediately from a
straightforward calculation. Finally, the fact that the homomorphisms
k, yield a cochain map (9) follows from (11). For from (11) we obtain

(21) do kp °fp = km—l © 1 © d.

But j is a cochain map. Thusdok,oj, =k, ,odoj,. Sincejis surjective,
it follows that do k, = k,,, o d. This completes the proof that j induces
isomorphisms in cohomology.

Cech Cohomology

5.33 In the Alexander-Spanier, de Rham, and singular cases we obtained
a sheaf cohomology theory by exhibiting explicit fine torsionless resolutions
of a constant sheaf, and we then proved that there were canonical iso-
morphisms of the classical cohomology modules with the sheaf cohomology
modules. The Cech theory, by contrast, arises from a direct construction
that does not involve finding a fine torsionless resolution of . We will
define modules H(M,8) for 8 a sheaf of K-modules over M, and show that
the axioms 5.18 for a cohomology theory are satisfied. We again direct your
attention to the comment in the introduction to this chapter that for much of
the chapter, M need not be a differentiable manifold. In particular, M in
this section need only be a paracompact Hausdorff space.

Let ¥ = {U,} be an open cover of M. A collection (Uy, ..., U,) of
members of the cover such that UyN-:-- NU,# @& will be called a
g-simplex. If ¢ = (U,, ..., U,)is a g-simplex, its support |o]| is by definition

@ ol =Uy, N> N,

The ith face of a g-simplex ¢ = (U, ..., U,) is the (¢ — 1) simplex o¢ =
Wos ..., Uiy, Uy, ..., Up). Let C4(U,8), for ¢ > 0, be the K-module
consisting of functions which assign to each g¢-simplex o an element of
I'(8,o]), and let C%(U,8) = 0 for ¢ < 0. Elements of CU,S) are called
g-cochains. With a coboundary homomorphism

@ d: C(U,8) > C*(U,8)
defined by

[

3 df (o) = Z('(—l)ipl,|,,,«|f(a‘),

1=l
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one obtains a cochain complex C*(U,8) whose gth cohomology module,
which we denote by H%(1L,8), is called the gth Cech cohomology module of
(M, W) with coefficients in 8. A homomorphism § — 8’ induces by composi-
tion a cochain map C*(U,8) — C*(U,8’) and thus induces homomorphisms

@) H(U,8) -~ H'(W,8)

for each q.
A cochain f belongs to C°(U,8) if and only if / assigns to each open set
U, € U a section of 8 over U,. f'is a 0-cocycle, that is df = 0, if and only if

® 0 =df (U,,U,) = PUaor\Ual.Ualf(Ua,) - PUaonUal.Uaof(Uao)

for every 1-simplex (U,,,U, ). Thus fis a 0-cocycle if and only if f defines a
global section of ‘8 over M. Thus

(6) Ho(U,8) = I'(8).

We now consider the effect of refining the cover U. If a cover B is a
refinement of the cover U, then there exists a map u: B — U such that
Ve u(V)foreach Ve B.1If o = (V,, ..., V,)is ag-simplex of the cover B,
then we let u(o) denote the g-simplex (u(Vy), ..., u(¥,)) of the cover U.
Now, u induces a cochain map u: C*(U,8) — C*(B,8) if we set

™ #()(0) = i, juien f (1(0))

for fe C*(U,8) and for ¢ a g-simplex of the cover B. This cochain map
induces homomorphisms

®) pet HYQUS) — HY(B,8)

of the cohomology modules. We claim that if z and = are both refining maps
of B into U, then u; = 77 for each ¢q. As usual, we prove this by finding
a homotopy operator. If o = (V,,..., V) isa (¢ — 1) simplex of the
cover B, we let

) 6, = (u(Vy), ..., u(Vy, V), oo s T(Vy).
We then define homomorphisms 4,: C%(U,8) — C*-1(B,8) by setting

e-1

(10) ho(f)0) = 3 (= 1) p1ay 15, £(5))-

=0
From a straightforward calculation, one obtains

(11) ha+1°d+d°ha=7q—/"a’

from which it follows that u} = 7¥ for each integer g. Thus if B is a refine-
ment of U, which we shall denote by B < U, then there are canonical
homomorphisms H?(U,S) — H%($B,8). Since the set of coverings of M forms
a directed set under the relation < of refinement, and since if S < B < U
then the homomorphism H9(U,8) - HY(S,S) is the composition of the
homomorphisms H%U,8) - HY(B,S) and HY(B,8) -~ HY(S,8)—then the
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collection of modules H*(U,S) and refinement homomorphisms forms a
direct system. Thus one can form the direct limit module

(12) H(M,S8) = diru lim H°(1,8).

(Construction is completely analogous to the construction of the module

§,, from the modules Sy, in 5.6.) H9(M,S) is the qth Cech cohomology
module for M with coefficients in the sheaf of K-modules 8. The classical

qth Cech cohomology module H(M ;G) of M with coefficients in a K-module G
is by definition H(M,¥), where ¥ is the constant sheaf M x G.

We shall now show that the Cech cohomology modules (12) give a sheaf
cohomology theory in the sense of 5.18. It is apparent that H(M,S) = 0
for ¢ < 0, and it follows from (6) that H(M,S) = I'(S); thus 5.18(a) is
satisfied. The homomorphisms (4) induced from a homomorphism 8§ — §

commute with the refinement homomorphisms (8) and thus induce homo-
morphisms

(13) HY(M,S) — H(M,S).

It is immediate that these homomorphisms satisfy 5.18(d) and (e).

Consider now a fine sheaf 8 and an integer ¢ > 0. Since every cover of
M has a locally finite refinement, in order to prove that HY(M,S) =0, it
suffices to prove that H%(1,8) = 0 for each locally finite open cover U. Let
{/,} be a partition of unity for 8 subordinate to the locally finite open cover
U = {U,} of M. We shall define homomorphisms h,: C?(U,8) — C*-1(1,8)

foreach p > 1. Let fe C?(U,S), and let 0 = (U,, ..., U,.)bea (p—1)
simplex of the cover U. Then /o (f(U,, U,,...,U,,)) has support
in U, NUy N+ NU,,, so we can extend /,° (f(U,, U,, ..., U,))
to a continuous section of S over U, N - - - N U,_, by extending it to be zero
outside U, N Uy N+ N U,_,. We consider /, ° (f(U,, U, ..., U,_y)
as this section over Uy N - - N U,_;. Now define

(14) hp(f)(a) = z la ° (f(Ua’ UO’ L] Ug—l))'

It follows that

(15) doh,+h,,0d=id forp>1.

So if f is a g-cocycle with ¢ > 0, then there is a (g — 1) cochain g, namely
g = h(f), such that dg = f. It follows that H%(U,8) = 0. Thus axiom
5.18(b) is satisfied.
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A short exact sheaf sequence 0 — 8 — 8§ — 8" — 0 induces exact
sequences

(16) 0~ C*(U,8) — C*(U,8) — C*(U,8").

Let C?(U,8") be the image of C(U,8) in C%(U,S"). Then the short exact
sequences

) 0 — C*(U,8") — C*(U,8) - C4(U,8") — 0
yield a short exact sequence of cochain complexes
(18) 0— C*(U,8) — C*(U,8) - C*(U,8") 0.

A refining map u: 8 — U induces a homomorphism of short exact sequences
of cochain complexes

0 — C*(U,8") — C*(U,8) — C*(U,8") — 0
(19) l# lu lu
0 — C*(B,8) — C*(B,8) - C*(B,8") -0

and thus by 5.17 induces a commutative diagram of the associated cohomology
sequences

(20)
q 2 . = o
Ee Hq—l(u’s”) - H(I(u’sl) - H(](u,s) —)Hq(u,S") i HQ+1(u,S’) —_— e
l“:" l": l"? lﬂ:‘ lu:ﬂ
e _,-ﬁq—l(gg’su)iﬁq(ﬂ},sl) — HQ(SB,S) __,ﬁq(m,su)il_‘jqﬂ(%’s/) e,
On passing to the direct limit, we obtain a long exact sequence
@1) - —> A(M,8") 2> HY(M,$)
NG H‘I(M,S) — EQ(M,S") _a_> I“?‘H'I(M,S') e,

We shall now prove that the inclusion cochain map C*(U,8") — C*(U,8"
on passage to the direct limit in cohomology induces isomorphisms

(22) HY(M,S8") => HY(M,S").
These isomorphisms, together with (21), will then yield a long exact sequence

@3) - —> HeU(M,S") 2> H(M,S)
— > HYM,S) —> HY(M,S") 2> H(M,8) —> -+,
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which proves axiom 5.18(c). The quotient modules
24 Cu () = C4(U,8")/(C4(U,8")

together with the induced coboundary homomorphisms form a cochain
complex C*() such that

(25) 0— C*(U,8") — C*(U,8") — C*() — 0

is exact. It follows from the long exact cohomology sequence for (25),
upon passage to the direct limit, that (22) will follow if we prove that the
direct limit of the modules H?(C*(!)) is O for all . So let U be a locally
finite cover of M. That the direct limit of the modules H*(C*(W)) is 0 will
certainly follow if we prove that for an arbitrary fe C%,8") there is a
refinement u: B — U such that w(f)e CU(B,8"). Choose a refinement
D ={0,} of U = {U,} such that O, < U, for each «. For each pe M
choose a neighborhood V, such that

(a) ¥V, < 0, for some a.
b fv,no,# @,then vV, < U,.
(c) V¥, lies in the intersection of the U, containing p.

(d) If o is a g-simplex of the cover U, and p € |g| (so V, < |o]), then
Py,.ie1.f (0) is the image of a section of 8 over V,.

It is possible to satisfy (d) since there are only finitely many g-simplices of the
cover U which contain p. Now let B be the cover {V,}, and for every p
choose 0,€ 9D and U, e U such that V, € O, < U,. Thus we have a
refinement p: B— U. Now let ¢ = (V,,,..., ¥, ) be a g-simplex of the
cover B. Then V, N O, # &,0<Li<q,s0by (b), V,, = U,. Thus
Voo © Upy, N+ N U, = |u(o)|. Therefore

’u'l(f)(o) = Pl“l,lﬂ(ﬁ)lf(Ul’o’ cer UW)

= Plol,¥ 20 ° PPy lutel (Ungs - <+ Up);

hence by condition (d), g, (f) € C(B,8").
Finally, axiom 5.18(f) follows readily from the above construction of
(23) by making use of 5.17(3).

Thus the Cech cohomology satisfies the axioms 5.18 for a sheaf cohomology
theory.
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THE DE RHAM THEOREM

5.34 Convention Since according to the corollary of 5.23, any two
sheaf cohomology theories on M are uniquely isomorphic, we shall consider
them as identified via their unique isomorphisms, and shall henceforth use
H?(M,S8) to denote the pth cohomology module of M with coefficients in the
sheaf 8. With this convention,

(M H*(M.8) = H*(M.8);

and given any fine torsionless resolution

)] 0>H >Cy—>€,—>C,— -,
we have

3) H*(M,S) = H*(T'(%* ® 8)).

5.35 In the preceding sections we have obtained canonical isomorphisms
) H}_s(M;G) = H{(M;G) = H}=(M;G) =~ H"(M;G)

of the classical Alexander-Spanier, singular, differentiable singular, and
Cech cohomology modules of a differentiable manifold M with coefficients
in a K-module G over a principal ideal domain K. We have seen that each
of these is canonically isomorphic with the sheaf cohomology module
H?(M,%) with coefficients in the constant sheaf 4. If we take K to be the
field of real numbers, we can add the de Rham cohomology group HE, 5 (M)
to the above list of isomorphisms. In particular, we have canonical iso-
morphisms

(2 H3er(M) = HY(M, %) == HE=(M;R).

We shall now prove, with the help of 5.24, that the explicit homomorphism
from the de Rham to the differentiable singular cohomology theory obtained
from integration of forms over differentiable singular simplices yields the
canonical isomorphisms (2).

We define homomorphisms

€) ky: EP(M)— S5,(M,R)
for each integer p > 0 by setting

“4) k,(0)(0) = f w

for each differentiable p-form w on M and differentiable singular p-simplex
o in M. It is an immediate consequence of Stokes’ theorem 4.7 that the
homomorphisms k, induce a cochain map

5) k: EX(M) — S*(M,R).
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Let
(6 ky: Hier(M) — Hi=(M;R)

denote the induced homomorphism of the cohomology modules (real
vector spaces). Kk} is called the de Rham homomorphism.

5.36 The de Rham Theorem The de Rham homomorphism k% is
the canonical isomorphism 5.35(2) for each integer p.

PROOF The homomorphisms 5.35(3) can be defined for arbitrary open
sets in M, and yield presheaf homomorphisms

{E*(U);py v} —> {S%(U,R);py »}

which commute, by Stokes’ theorem, with the coboundary homo-
morphisms 5.28(2) and 5.31(10). Thus the induced homomorphisms
of the associated sheaves form a commutative diagram:

0>#—> (M) —> E'M) —> (M) —---
(1) id ko k1 k2

0> % — 8,(M,R) — 8,(M,R) - 8, (M,R) — - - -

Consider now the following commutative diagram of cochain complexes
in which the rows, according to 5.30(5) and 5.32(2), are exact:

0— E*M)—E— 1(&*M)) — 0

2 e +®

0— S* (MR)—> SE¥M,R)S> TI'(S4(M,R))— O.
The cochain map @ induces the isomorphisms Hj, (M) =~ H*(M,%).
We proved in 5.32(4) that @ induces the isomorphisms H%.(M;R) =~
H?(M,%). That @ induces isomorphisms on cohomology follows from
the corollary of 5.23 applied to the homomorphism of sheaf cohomology
theories induced according to 5.24 by the homomorphism (1) of fine
torsionless resolutions of #. Thus from the uniqueness of the iso-
morphism between sheaf cohomology theories, @ induces the identity
isomorphism of H?(M,%). It follows that k* is the canonical isomor-
phism 5.35(2) for each integer p.

5.37 Earlier, in 4.17, we stated a slightly different version of the de Rham
theorem in terms of singular homology instead of cohomology. We shall now
see that there is a natural isomorphism

M Ho(M;R) — H,(M;R)*

which composed with k yields the isomorphism 4.17(1). (For the definition
of the real differentiable singular homology group ,H,(M;R) and other
relevant notation, the reader should review section 4.16.) The map (1) is
defined as follows. If f represents a cohomology class in Hiwo(M;R),
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then f can be considered as a linear function on the vector space ,,S,(M;[R)
of real differentiable singular p-chains in M. In particular, f is a linear
function on the subspace of ,S,(M;[R) consisting of the p-cycles, and f
vanishes on the p-boundaries in ,,.S,(M;R) since df = 0; hence f determines
a linear function on the homology group ,H,(M;R). Since a real differen-
tiable singular coboundary necessarily vanishes on all p-cycles, each coho-
mology class in HR«(M ;R) determines a well-defined element of , H,(M;R)*
independent of the representative f chosen. This defines the map (1). We
leave it to the reader as an exercise to establish that (1) is actually an iso-
morphism. Clearly the composition of (1) with k% is exactly the homomor-
phism 4.17(1). Thus 4.17(1) is an isomorphism.

5.38 Remark The singular cohomology groups H;(M;R) are topo-
logical invariants; that is, homeomorphic spaces have isomorphic real
singular cohomology (see Exercise 19). As a consequence of this and the
isomorphisms 5.35(1) and (2), the de Rham cohomology groups are also
topological invariants of a differentiable manifold.

MULTIPLICATIVE STRUCTURE

In the case in which 8 is a sheaf of K-algebras over M, we shall make the
direct sum of the cohomology modules > H?(M,8) into an associative algebra

D
over K. But first we need a few preliminary constructions.

5.39 Definitions Let C* and 'C* be cochain complexes. Their tensor
product C* @ 'C* is the cochain complex whose rth module is the direct
sum

(1) 2 C,®'C,

p+a=r
and whose rth coboundary homomorphism is the direct sum

) > (d, ® '(id), + (=1)*(d), ® 'd,).

DH+g=r7

If 0€Z?(C*) and 7€ ZY('C*), then o ® 7 € ZP*(C* ® 'C*); whereas if
o € B*(C*) and 7€ Z%('C*) (or vice versa, if o € Z?(C*) and 7 € BY('C¥)),
then ¢ @ 7 € B*H(C* ® 'C*). Thus there is a well-defined homomorphism

(3) H?(C*) ® HY('C*) — HPH(C* ® 'C*).

5.40 Lemma  The tensor product of two torsionless K-modules, for K a
principal ideal domain, is again a torsionless K-module.
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PROOF Let 1 # 0 €K, and let K/A be the K-module whose elements
are {k/A: k € K}, and in which addition and multiplication by K are
defined by

ky[d + kofd = (ky + k3)/A,
k(ky[2) = kky[2.
Let 4 be a K-module. We define a sequence of homomorphisms

2) A>KAi®@ A—>K® A— A.

M

The first homomorphism is defined by a— (4/2) ® a, the second by
SkJH)®a >k, ®a;, and the third by Dk, Qa;—~ ka;.
The second homomorphism obviously has an inverse, so is an isomor-
phism; and the third is an isomorphism according to 5.9(2). The
composition (2) sends a € 4 to da € A. By definition, 4 is torsionless
if and only if the composition (2) has kernel zero for each 4 = 0 € K.
Thus A is torsionless if and only if

3) 0>A—->(KH)®A

is exact for each 4 ¢ 0 € K. Now let 4 and B be torsionless K-modules,
and let 1 2 0 K. Then (3) is exact, and so since B is torsionless it
follows from 5.14 that

O] 0>4AB—>(KIH)QAQB

is exact, whence 4 ® B is torsionless.

5.41 Definition The definitions of the direct sum 8 & J of sheaves
and the direct sum § @ — 8’ @7’ of sheaf homomorphisms 8§ — 8§’
and J —.7 are obtained by replacing ® by @ in 5.9(3)-(8), with the
deletion of 5.9(7). Observe that the direct sum of fine sheaves is a fine sheaf.

5.42 The Multiplicative Structure  Consider a resolution
1) 0—»%9%‘,?—0* 13?235»"'.
By the tensor product of the resolution (1) with itself we mean the sequence

(2 0>H >C, €~ (¢, 2%) D (%1% —> -
NN z gz’@%q__)...

D4g=r

in which the homomorphism " — %, ® %, is the composition F =
H @ A — €, ® €, and in which the homomorphism whose domain is
> %, ® ¥, is the direct sum

pta=r

3) 2 (4, ® (id), + (=1)"(id), ® d,).

P+a=r
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If (1) is a fine torsionless resolution of ", we claim that (2) is also a fine
torsionless resolution of J#”. That the sheaves in (2) are fine is a consequence
of the fact that tensor products and direct sums of fine sheaves are also
fine sheaves. From 5.40 and the observation that direct sums of torsionless
K-modules are torsionless, it follows that the sheaves in (2) are torsionless.
That (2) is exact, therefore a resolution, is easily seen at 4 and at €, ® %, ,
and is proved elsewhere by applying the Kunneth formula to the cochain
complexes obtained for each m € M from

@4 > 0-5FRCE>(EC)D(E 0F) >
“e z (gp®(gq__,,..
P+a=r

by restricting to the stalks over m. The extensive algebra necessary for a
proof of the Kunneth formula, which expresses the cohomology of the tensor
product of cochain complexes in terms of the cohomology of the individual
complexes, would not be particularly illuminating for our purposes, so we
shall simply refer the interested reader to Spanier [28, Ch. 5, §4, THEOREM 2],
where the Kunneth formula is proved in detail.

Let S be a sheaf over M. From the resolution (2) we obtain as in 5.19(2)
a cochain complex which we shall denote by I'(¥* ® €* ® §). If 8§ is a
sheaf of algebras over M, then the natural homomorphism 8§ ® 8§ - 8
determined by the multiplicative structure of the stalks induces homo-
morphisms

6) IT€,289)l¥%,®8)->TI¥¢,0¢,3808)->T'(¢,0%,Q89)
which in turn induce a cochain map
(6) N&* 2 8) @ I'(F* ® 8§) - I'(¥* ® €* ® §).
We have, according to 5.39(3), a well-defined homomorphism
) H*(M,8) ® HY(M,8) > H**(I'(¥* @ 8) @ I'(¥* ® §)).

In the case in which 8 is a sheaf of algebras over M, the cochain map (6)
induces, together with (7), a homomorphism

(8) H*(M,S) ® HY(M,S) — H**(M,8).

This will define the multiplicative structure in sheaf cohomology. But first
we need to show that the multiplication defined by (8) is independent of the
resolution (1) with which we began. Consider another fine torsionless

resolution
9 0>H >Cy—>C,—>Cy—

By tensoring the resolution (1) with the resolution (9) (construction com-
pletely analogous to the tensor product of (1) with itself given in (2) and (3)),
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we obtain another fine torsionless resolution

(10) 0> H > C®Fo— (%@ %1) D (%1 Co)—> -
> Y C, 06, > .
PHe=r
A homomorphism of the resolution (1) to the resqlution (10), in the sense
of 5.24, is generated by the homomorphisms

€04 >€,8%— 2 €%,
r+s=p

where the last map is inclusion. This homomorphism of resolutions induces
a cochain map I'(¢* ® 8) > I'(¥* ® €* ® S) which, according to 5.24
and the corollary of 5.23, induces the identity map HY(M,S) — HY(M,S).
By applying these constructions to various resolutions and then tensoring
resulting cochain complexes, one obtains a commutative diagram of cochain
complexes and cochain maps

(11)

I%*28) eT@*®8) — >T(FE*RF* R S)
l i
NE*R€*08)QNE*RE€*R®8)——> INE*F*QE* @ €* ® S)
1 1
N€*8) eN(€*®8) — > T(E*R%*® 8)

from which is induced the following commutative diagram on cohomology:

(12) ‘ H(T(%* @ §) ® I(%* © 8))

H?(M,$) ® HY(M,S) — H*(I'%* ® €* @ 8) ® T(@* ® €* ® §)) > H**(M,S)
T /
\)‘ Hp+q(F(g* ® 8) ® I“(@* ® 8))

From (12) it follows that the multiplicative structure (8) is independent of
the choice of (1).

It follows from the construction of (8) and the associativity of tensor
products that the multiplicative structure induced on > H?(M,S) by (8)

»
is associative. Thus (8) makes > H?(M,8) into an associative algebra over X.

The homomorphisms (5: ®€,—~%, 0%, defined by ¢,®c,—
(—=1)"c, ® ¢, induce a homomorphism of the resolution (2) with itself in
the sense of 5.24. According to 5.24, this homomorphism of (2) induces a
homomorphism of cohomology theories which by the corollary of 5.23 must
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be the identity isomorphism. But the induced homomorphism H?+(M,8) —
H?+(M,S) sends u-v into (—1)*-u if ue H?*(M,S) and v € HY(M,S).
Thus the multiplicative structure of > H?(M,S) satisfies the anti-commuta-
tivity relation »

(13) uv= (=D u (ue H*(M,S); v € HY(M,S)).

5.43 The de Rham Cohomology Algebra  Exterior multiplication of
differential forms induces, by mapping ¢ ® «+> o A «, a cochain map

(1) E*(M) ® E*(M) > EX(M)

which together with the natural homomorphisms

(2 Hi.n(M) ® Hi.r(M)— H"**(EX(M) ® E*(M))

of 5.39(3) induces homomorphisms

3 Hi.r(M) ® Hier(M) — HEIR(M),

which make the direct sum 3 H?, (M) into an associative algebra over R.

P
This is the classical multiplicative structure in de Rham cohomology.
Now, > H% p(M) also inherits an associative algebra structure from the

»
algebra structure 5.42(8) in sheaf cohomology via the canonical isomorphism

2 Hior(M) = 3 H (M. Z).

We shall now prove that these two algebra structures on Y H3, 5(M) are

?
identical. For each open set U = M, exterior multiplication induces homo-
morphisms

) E*(U) ® E“(U) — E**(U)

which commute with appropriate restrictions and thus yield presheaf
homomorphisms

®) {E*(U);py v} © {E(U)spp v} — {EP*(U)spp v}
which in turn induce sheaf homomorphisms
(6) (M) ® &(M) — EP(M).

The homomorphisms (6) induce, as is easily checked, a homomorphism (in
the sense of 5.24) of the tensor product of the resolution 5.28(3) with itself
into itself:

0—> X — E(M) @ EAM)— (6°(M) ® EY(M)) & (EX(M) @ EX(M))— -+

% lid l

0—> B —> E(M) EY(M) yu
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The homomorphism (7) induces a cochain map I'(6*(M) ® &*(M))—
I'(6*(M)) which, according to 5.24 and the corollary of 5.23, induces
the identity map HYM,%Z)— H'(M,%). Consider now the following
commutative diagram of cochain complexes:

T'(£*(M)) ® T(&*(M))— D(E*(M) ® £*(M))— T(E*(M))
(3 1 i
E*(M) ® E*(M) > E*(M)

The diagram (8), together with 5.39(3), induces the following commutative
diagram on cohomology:

HY (M%) © H(M,%) — H(I'(6*(M)) ® I'(§*(M))) — H* (M, %) ~> H " (M, )

S | |

der(M) ® Hi,r(M) —> H""(EX(M) ® EX(M)) > Higw(M).

The composition of homomorphisms in the top row of (9) gives precisely
the multiplicative structure 5.42(8) in sheaf cohomology; whereas the compo-
sition in the bottom row of (9) is precisely the classical multiplicative structure
(2), and the first and last vertical arrows are the canonical isomorphisms.
Thus the classical algebra structure on Y H3, x(M) is identical with that

induced from the algebra structure on she;f cohomology.

5.44 The Singular Cohomology Algebra This section will be written
in terms of the continuous singular cohomology. All considerations,
however, apply in exactly the same manner to the differentiable singular
theory. Let fe S?(M,K) be a singular p-cochain, and let g € SY(M,K) be
a singular g-cochain. We shall define a singular (p + q) cochain f— g
called the cup product of fand g. Let o be a singular (p + ¢) simplex in M.
Define

(1 (f - g)o)

— p+e—1 p+e-2 ., ., . ? p+e—1 p+e—2 _ ., , q
=flookyig © kpiaso o kyi1g(o o kg o kg ° ° ko%),

where if ¢ = 0, then the first factor on the right-hand side of (1) is f(0);
and if p = 0, then the second factor on the right-hand side of (1) is g(o).
The k’s are the mappings defined in 4.6(2). In other words, (1) says that we
start with o and take the top face ¢ times to get a p-simplex to which we apply
J, and we start with o and take the 0-face p times to get a g-simplex to which
we apply g. The multiplication on the right-hand side of (1) takes place in
the principal ideal domain K. Associativity, namely,

() f-@E@—-h=(—-g~—h
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follows from (1) and from the identity

pq+r—1 _ | q+r g+r-1 _ q
(3) kg ° o kgt o kg o o kg1
— kpta+r—lo...0 fp+d o fpte—lo...0} @
- kp+a+r kr+a+1 ko ko

which follows from repeated applications of 4.6(5). The bilinear map
(f.g) — f — g induces a homomorphism

4 S?(M,K) ® SY(M,K)— S**(M,K).
We claim that
©) @) ~ g+ (=1 — (dg) = d(f — g).

We suggest that the reader check (5) first for the case in which f and g are
I-cochains and o is a 3-simplex. In this case some simple pictures will aid in
following the computation. In general, let = be a singular (p + g + 1)
simplex. Then from (1) and 5.31(8), and from repeated applications of
4.6(5), we obtain

ptatl

d(f— g)(7) = ,Z, (—DUf = g7 o k¥*9)

p+g+1

- th:) (=Df(re kpte kﬁig_l orrokpy) glrokito k2t oo kD)

P
= 2 (~ Dok ez e o k) glre kB oo ko)
=0

p+a+l

+ 2 (DY@ okid e okp) gro ko o k§ o ki,
l=p4+1
»
= 2 (DY (et o kI o e T e k) glr e Koo ko)
1=0

g+1

+ (—=D*f(ro kﬁgH oo k,’,,’+1) ng(—l)"g(’r o kg+q oo kﬁ“ ° k,.")

p+1
= Zo (=D (rokptonekpie oo kpiao k) glrokgt®o -+ o ky?)
1=

g¢+1

+ (D (rokptagor o kp) X(—1)g(rokft@o- o ki o k)
i=0

= (df — &)(7) + (=D — dg)(7).



214  Sheaves, Cohomology, and the de Rham Theorem

It follows from (5) that the homomorphisms (4) determine a cochain map
(6) S*(M,K) ® S*(M,K) — S*(M,K).

The cochain map (6) together with the natural homomorphisms

™ HX(M;K) ® Hy(M;K) — HP*(S*(M,K) ® S*(M,K))

of 5.39(3) induces homomorphisms

©) HZ(M;K) ® H{(M:K) - H{"(M;K)

which give the direct sum Y HX(M;K) the structure of an associative algebra

?
over K. This is the classical multiplicative structure of singular cohomology.
Now, > HX(M;K) also inherits an associative algebra structure from the

V4
algebra structure 5.42(8) on sheaf cohomology via the canonical isomorphism
> HX(M;K)=~ > HX(M,X'). The proof that these two algebra structures

» »
on > HZ(M;K) are identical is exactly the same as the proof of the corre-

spo;ding statement for the de Rham cohomology as given in 5.43(4)
through (9), but with the replacement of £*(M) by 8*(M,K) and E*(M)
by $*(M,K), and so on.

The results of 5.43 and 5.44 provide the following more complete version
of the de Rham theorem 5.36.

5.45 The de Rham Theorem  The de Rham homomorphism
(0 k*: 3 Hien(M)— 3 HE=(M,R)
b4 D

is an algebra isomorphism.

SUPPORTS

5.46 Definition A family of supports on M is a family ® of closed
subsets of M satisfying:

(a) The union of any two members of ® is again in ®.
(b) Any closed subset of a member of @ is also a member of ®.
() Each member of ® has a neighborhood whose closure is in ®.

Let @ be a family of supports on M. We recall that M is assumed to be
at least a paracompact Hausdorff space and where necessary is actually a
differentiable manifold. If 8 is a sheaf over M, we let I'(S) be the set of
sections of 8§ whose supports are members of ®. It follows from condition
(a) that I'y(8) is a submodule of I'(8). It follows from (b) that a sheaf
homomorphism 8 — 8’ induces a homomorphism I'(8) — ['¢(8").
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Theorem 5.12 has an exact analog with supports. One needs only to
make a slight modification in the proof by using condition (c) to help choose
a cover which will guarantee that the resulting section of § actually lies in
T'p(8). The details are left to the reader as an exercise.

A cohomology theory ¢ for M with supports ® and with coefficients
in sheaves of K-modules over M is defined exactly as in 5.18, with the excep-
tions that I'(8) is replaced by I'¢(8) in 5.18(a) and the cohomology modules
are now denoted by o H?(M,S). The entire development of this chapter can
be carried through for cohomology with supports with very few modifica-
tions. We shall briefly sketch those modifications.

The proof of existence and uniqueness of a cohomology theory with
supports (which will make use of the support version of Theorem 5.12)
proceeds as in 5.18 through 5.25 with the exception that when given a fine
torsionless resolution 0 — 4 — €, — €, — €, — - - -, we now define the
sheaf cohomology modules by setting

M SH'(M,8) = H(T4(€* @ 8)).

Let {Sy;py.p} be a presheaf with associated sheaf S. We let 45, be
the submodule of S, consisting of those elements mapping into I',(8) under
the canonical homomorphism S;, — I'(8). It then follows from Proposition
5.27 and the definition of S, that 5.27 holds if we replace 5.27(2) by

) 0> (Sy)o— oSy — ['e(8) ~ 0.
The classical cohomology theories with supports are defined by:

oHY%_s(M;G) = H*(,4*(M,G)[AF(M,G)),
Ong R(M) = HG(OE*(M))’
@ SHI(M;G) = H(oS*(M,5)),
(bHZoo(M;G) = Hq(QS:O(MsG))

In the Cech theory, the support of a g-cochain fe C9(1,8) is by definition
the union of the supports of the sections f (o) as o runs over the g-simplices
of the cover W. If we set ,C%U,8) equal to the module of g-cochains with
supports in @, then the development of the Cech theory proceeds as before and
yields the Cech cohomology modules ,H%(M,8) with supports.

The resultant cohomology theories will depend on the family of supports
chosen. Ordinary cohomology is the same as the special case of cohomology
with supports in which ® is taken to be the family of all closed sets.

The isomorphism theorems and the development of the multiplicative
structure all proceed for supports exactly as before. In particular, we have
the de Rham theorem with supports:

4) k*: ongeR(M)Eonzw(M;R)

D

is an algebra isomorphism.
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EXERCISES

1

10

11

12

13

Let 8 be a sheaf over M. Prove that the mapping m+—0¢€§,
(the “O-section’) is continuous.

Prove that sections of sheaves are local homeomorphisms and there-
fore are open maps.

Prove that if two sections of a sheaf agree at one point, then they
agree on a neighborhood of that point. Conclude that the set of
points on which a section is not zero is a closed set.

A C® function on M determines a cross section of the sheaf of germs
of C* functions ¥€°(M). The set of points in M on which a C®
function is not zero is an open set; whereas, according to Exercise 3,
the set of points in M where a section of €*(M) is not zero is a
closed set. Can you reconcile these two facts? Consider examples.

Prove that sheaf mappings are local homeomorphisms, and therefore
are open maps.

Prove that if two sheaf mappings agree at a point then they agree
on a neighborhood of that point. Conclude that the set of points
where a sheaf mapping is not zero is a closed set.

Complete the details of the construction in 5.4 of quotient sheaves.

Complete the details of the proof begun in 5.6 that f(«(S)) is
canonically isomorphic with 8.

Prove that there is a canonical isomorphism (8§ ® 7),, =~ §,, ® 7 ,,.

Prove that the tensor product of two complete presheaves need not
be a complete presheaf.

Let ¢ be a C* function on M. Define a mapping €°(M) — €~ (M)
by sending f,, — ¢(m) - f,,. Here, as usual, f,, denotes the germ at
m of a C* function f defined on a neighborhood of m. Prove that
this mapping is not in general continuous and therefore cannot be a
sheaf homomorphism. (Caution: Errors are often made at this
point in the construction of partitions of unity on sheaves—review
the correct procedure for the construction of a partition of unity on
€*(M) given in 5.10.)

Make the necessary modifications in the proof of Theorem 5.12
to prove that if @ is a system of supports on M and 8§ -7 is a
surjective sheaf homomorphism with its kernel a fine sheaf, then
I'e(8) = I'y(7) is a surjection.

Carry out the details in the proof of the exactness of 5.17(2).
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Complete the details of 5.24.

Prove that the presheaves 5.26(5) satisty 5.7(C,), but for p > 1 do
not satisfy 5.7(C,).

Give an example of an exact sequence of modules
0>4—->B—>C—0
and a module D such that

043 D—>BD—->CRD—>0
is not exact.

Find an example of a fine sheaf which has a subsheaf which is not
fine.

Prove that if you tensor a long exact sequence of torsionless sheaves
with a sheaf 8, then the resulting long sequence is still exact.

Prove that a continuous map f: M — N induces in a natural way
a homomorphism
[« HX(N;G) — HX(MG)

such that if g: N — X, then
&) =Fe°8
(id), = id.

Conclude that homeomorphic spaces have isomorphic singular
cohomology.

and such that

Prove that 5.37(1) is an isomorphism. Keep in mind that these
vector spaces are generally infinite dimensional.

Prove that if o and 7 are closed differential forms all of whose
periods are integer-valued (see 4.17), then o A = has integer periods.
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Throughout this chapter, M will be a compact oriented Riemannian manifold
of dimension » unless otherwise indicated. We will see that the ordinary
Laplacian (—1) > 0?/0x,2 has a generalization to an operator A on differential

forms, known as the Laplace-Beltrami operator. Our main objective in this
chapter is a proof of the Hodge decomposition theorem, which says that
the equation Aw = « has a solution w in the smooth p-forms on M if and
only if the p-form « is orthogonal (in a suitable inner product on E?(M))
to the space of harmonic p-forms (those for which Ap = 0). From the
Hodge decomposition theorem we will conclude that there exists a unique
harmonic form in each de Rham cohomology class. As another simple
application we will obtain the Poincaré duality theorem for de Rham
cohomology and, from it, the Poincaré duality theorem for real singular
cohomology. To prove the Hodge theorem, we shall give a complete self-
contained exposition of the local theory of elliptic operators, using Fourier
series as our basic tool. The eigenfunctions of the Laplace-Beltrami operator
and their use in a proof of the Peter-Weyl theorem are discussed in the
exercises at the end of this chapter.

THE LAPLACE-BELTRAMI OPERATOR

6.1 Definitions Recall (from 4.10(6) and Exercise 13 of Chapter 2)
that there is a linear operator * which assigns to each p-form on M an
(n — p) form and which satisfies

1 *x = (—1)?(n-2),
We define an operator ¢ from p-forms to (p — 1) forms by setting
@ 5 = (—D)rPHag,

On O-forms, d is simply the zero linear functional. The Laplace-Beltrami
operator A (Laplacian for short) is defined by

3) A = 6d + db,

and is a linear operator on E?(M) for each p with 0 < p < n. We leave it
220
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to the reader as an exercise to check that on E°(R™), that is, on C % functions

on Euclidean space R, the Laplacian is simply the operator (—1) 3 0%/dx 2.
=1

Also, it is a straightforward exercise to check that the Laplacian commutes

with *, that is,

4 *A = Ax,

We define an inner product on the vector space E?(M) of p-forms on M
by setting

) () = jM« AsB fora, f e EX(M),

and we denote the corresponding norm by |«|. It follows from (6) of Exer-
cise 13 in Chapter 2 that the bilinear form defined in (5) is actually symmetric
and positive definite. We extend the inner products (5) for 0 < p < ntoan

inner product on the direct sum i E?(M) simply by requiring the various
E?*(M) to be orthogonal. P=0

6.2 Proposition 9 is the adjoint of d on i E?(M); that is,

20
) (do,B) = {«,08).

PROOF By linearity, and the orthogonality of the E*(M), the proof
reduces to consideration of the case in which « is a (p — 1) form and
g is a p-form. In this case,

2 d(a A xf) = do A xf + (—1)P"1a A df
=du A *xf — a A *¥6B.

By integrating both sides over M and applying the special case of Stokes’
theorem contained in the corollary of 4.9 to the left-hand side, we obtain

3) 0 =j (do A *f — o A %0p) = (da,ff) — {(«,0f).
M
Thus
“) (du,B) = («,08).
Corollary A is self-adjoint, that is,
®) (Aa,By = («,AB)  (x, B E*(M);0 < p < ).

6.3 Proposition A« = 0 if and only if dx = 0 and da = 0.
PROOF Clearly Aa = 0 if do = 0 and da = 0. Now,
€)] (Aa,a) = {((dd + dd), a) = (da,00) + (du,do).
Thus if Ax = 0, it follows that do = 0 and da = 0.
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Corollary The only harmonic functions (Af = 0) on a compact, connected,
oriented, Riemannian manifold are the constant functions.

THE HODGE THEOREM

6.4 Definition We shall let A* denote the adjoint of the Laplacian on
E?(M). This operator is, of course, precisely A itself since the Laplacian is
self-adjoint on E?(M), and usually we make no distinction between A and
A*. However, this distinction will be important for the form of the following
definition.

We shall be interested in finding necessary and sufficient conditions for
there to exist a solution w of the equation Aw = «. Suppose that w is a
solution of Aw = «. Then

) (Aw,@) = («,9) for all ¢ € E*(M),
from which it follows that
) (w,A*@) = (a,¢) for all ¢ € EP(M).

Now, (2) suggests that we can view a solution of Aw = « as a certain type
of linear functional on E?(M), namely, w determines a bounded linear
functional / on E*(M) by

©) I(B) = (0,8);
and in view of (2), the functional / satisfies
“) I(A*¢) = (a,p) for all ¢ € EP(M).

This view of a solution turns out to be extremely useful, for it will allow us
to bring various techniques of functional analysis to bear on the problem
of solving Aw = «. We shall call such a linear functional a weak solution
of Aw = «. Thatis, a weak solution of Aw = « is a bounded linear functional
I: E*(M) — R such that

) I(A*¢) = (a,9) for all g € E?(M).

Later we will deal with weak solutions of a general partial differential
operator L defined on an open set in Euclidean space, and in place of A*
in (5), there will be the formal adjoint L* of L (see 6.24(3) and 6.31).

We have seen that each ordinary solution w e E?(M) of Aw = «
determines a weak solution by (3). It turns out that the major effort of this
chapter will be to prove a regularity theorem which says that the converse
of this is true; that is, each weak solution determines an ordinary solution.
The main step in proving this converse is to show that if / is a weak solution
of Aw = «, then [ is represented by a smooth form w in the sense that there
is a form o € EP(M) such that (3) holds. That the form e is then an
ordinary solution follows from the fact that
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(6) (Bo,f) = (w,A*f) = I(A*B) = (.B)
for all § € E*(M), which implies that Aw = «.

6.5 Regularity Theorem Let « € E?(M), and let | be a weak solution of
Aw = «. Then there exists w € E*(M) such that

I(B) = (w,B)
for every p € E*(M). Consequently, Aw = a.

We shall assume Theorem 6.5 for the moment as well as the following.

6.6 Theorem Let {a,} be a sequence of smooth p-forms on M such that
o, | < ¢ and ||Aa,ll < ¢ for all n and for some constant ¢ > 0. Then a
subsequence of {a,} is a Cauchy sequence in E*(M).

We will begin the machinery necessary for the proofs of Theorems 6.5
and 6.6 in the unit beginning with 6.15. We eventually return to the proofs
of Theorems 6.5 and 6.6 in 6.32 and 6.33 respectively. Meanwhile, we shall
assume the two theorems as proved and shall proceed to the Hodge theorem.

6.7 Definition We let
0] H* = {we E*(M): Aw = 0}.

The elements of H? are called harmonic p-forms.

6.8 The Hodge Decomposition Theorem  For each integer p with
0 < p < n, H? is finite dimensional, and we have the following orthogonal
direct sum decompositions of the space E*(M) of smooth p-forms on M:

) E*(M) = A(E®) @ H?
= di(E?) ® dd(E?) & H?
= d(E*Y) @ 8(EP™) @ HP.

Consequently, the equation Aw = « has a solution w € E>(M) if and only if
the p-form o is orthogonal to the space of harmonic p-forms.

PROOF If H” were not finite dimensional, then H? would contain an
infinite orthonormal sequence. But by Theorem 6.6, this orthonormal
sequence would contain a Cauchy subsequence, which is impossible.
Thus H? is finite dimensional.

It is sufficient to prove the decomposition in the first line of (1),
for the other two lines of (1) then follow from 6.1(3), 6.2, and 6.3.
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Let w,, ..., w, be an orthonormal basis of H?. Then an arbitrary
form « € E(M) can uniquely be written

#)) a=p+ é(aawi>wi

where § lies in (H?)*, the subspace of E?(M) consisting of all elements
orthogonal to H?. Thus we have an orthogonal direct sum decomposi-
tion

(3) E*(M) = (H?)* @ H".

The theorem will be proved by showing that (H?): = A(E?). We
let H denote the projection operator of E?(M) onto H? so that H(x) is the
harmonic part of .

Now A(E?) < (H?)L. For if w € E? and « € H?, then

(Aw,a) = (w,Aa) = 0.
Conversely, we claim that (H?)L < A(E®). In order to prove this, we

first need the following inequality.
We claim that there is a constant ¢ > 0 such that

@ I8l < clABl forall fe(H?)™

Suppose the contrary. Then there exists a sequence f; € (H?)1 with
I8;l =1 and ||AB;| — 0. By Theorem 6.6, a subsequence of the f;,
which for convenience we can assume to be {;} itself, is Cauchy. Thus
lim {B;,p) exists for each yp € E?(M). We define a linear functional /

on E?(M) by setting

(5) I(yp) = lim B,y for e EYM).

Now [ is clearly bounded, and

(6) I(Ag) = }i‘m (B;,A¢) = lim (AB;, ¢) = 0,
- o0 Fiad

so / is a weak solution of Af =0. By Theorem 6.5, there exists
p € E?(M) such that I(y) = (f,p). Consequently, g,— f. Since
18, =1 and B, € (H?)*, it follows that ||8]| = 1 and B € (H?)!. But
by Theorem 6.5, Af = 0, so f € H?, which is a contradiction. Thus
(4) is proved.

Now we shall use (4) to prove that (H?)L < A(E?). Let a € (H?)L.
We define a linear functional / on A(E?) by setting

@) I(Ap) = (a,p) for all ¢ € EP(M).

Now [ is well-defined; for if A, = Ag,, then ¢, — ¢, € H?, so that
(&, @; — @g) = 0. Also /is a bounded linear functional on A(EP?), for let
@ € E?(M) and let y = ¢ — H(¢p). Then using (4), we obtain
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(8) H(Ag)| = [H(Ay)| = Ky < e iyl
<clafl Ayl = c ol [Ag].

By the Hahn-Banach theorem [26, p. 228], / extends to a bounded
linear functional on E?(M). Thus / is a weak solution of Aw = a.
By Theorem 6.5, there exists w € E?(M) such that Aw = «. Hence

) (H?)*" = A(E?),

and the Hodge decomposition theorem is proved.

6.9 Definition We define the Green’s operator G: E*(M) — (H?)! by
setting G(a«) equal to the unique solution of Aw = « — H{(a) in (H?)'.
We leave it to the reader as an exercise to prove that G is a bounded self-
adjoint linear operator which takes bounded sequences into sequences
with Cauchy subsequences.

6.10 Proposition G commutes with d, 8, and A. In fact, G commutes
with any linear operator which commutes with the Laplacian A.

PROOF Suppose that TA = AT with, say, T: E?(M) — E‘(M). Let
my» L denote the projection mapping of E?(M) onto (H?)*. By
definition, G = (A | (H?)* ) o 7 ys 1. Now, the fact that TA = AT
implies that T(H?) < H?; and since (H?)* = A(E?), it implies also that
T((H?)') = (HY*. It follows that

(1) T o TP L = 7T(Hq)_l_ ° T,

and on (H?)+,

(2 To(A|(H) )= (A|(H)) T,
and hence on (H?)*,

(3) To(A|(H?)) = (A|(HY) - T.

It follows from (1) and (3) that G commutes with 7.
6.11 Theorem Each de Rham cohomology class on a compact oriented
Riemannian manifold M contains a unique harmonic representative.

PROOF Let o be an arbitrary p-form on M. From the Hodge decomposi-
tion theorem and from the definition of the Green’s operator G, we have

()] o = ddGa + ddGo + Ha.
Since G, by 6.10, commutes with d, we have
?2) o = déGa + 0Gdo + Ho.

Thus if « is a closed p-form,
3) o = déGo. + Ha,
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so Ha is a harmonic p-form in the same de Rham cohomology class as is
«. If two harmonic forms «; and «, differ by an exact form df, then
we have

0=dp+ (2, — o).

But df and («; — a,) are orthogonal since
<dﬂ’ o — o) = <ﬂs 6“1 - 6“2) = <.B’0> = 0.

Thus df = 0 and «, = a,. Thus there is a unique harmonic form in
each de Rham cohomology class.

Corollary The de Rham cohomology groups for a compact, orientable,
differentiable manifold are all finite dimensional.

PROOF Any differentiable manifold can be equipped with a Riemannian
metric (Exercise 23 of Chapter 1), and so the corollary follows immedi-
ately from Theorem 6.11 and from the finite dimensionality (6.8) of the
spaces H” of harmonic forms.

6.12 Let M be a compact, oriented, differentiable manifold of dimension .
We define a bilinear function

1) Hier(M) x High(M) — R

by sending

2 ({eh{v}) > f A Y,
M

where ¢ and y are closed forms representing the cohomology classes {¢} in
HZ, 3 (M) and {y}in HE2(M). Observe that the bilinear map (2) is well-
defined. For example, if ¢, is another representative of the de Rham class
{9}, then @, = ¢ + d& for some form &, and by the special case of Stokes’
theorem which is contained in the corollary of 4.9,

3 f<91/\w=fq>/\w + deAw
M M M

=fM<P Ay + fMd(E Ay) =ch? Ay

Observe also from its definition that the bilinear function (2) depends on the
orientation on M.

6.13 Theorem (Poincaré duality for the de Rham cohomology of
a compact oriented n-dimensional manifold M) The bilinear function
6.12(2) is a non-singular pairing and consequently determines isomorphisms
of HZ(M) with the dual space of HE, x(M):

1) HSR(M) =~ (HE, n(M))*.
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PROOF Given a non-zero cohomology class {¢} € HZ, g(M), we must
find a non-zero cohomology class {y} € Hi2(M) such that ({¢},{y}) #
0. Choose a Riemannian structure on M. We can assume, according
to 6.11, that ¢ is the harmonic representative of {p}. Since the cohom-
ology class {¢} is not zero, ¢ is not identically zero. Since *A = As,
it follows that x¢ is also harmonic, and therefore closed by 6.3, and
so *¢ represents a cohomology class {x¢} € HL2(M). Now

® ({61061 = o126 = ol 0.

Thus the pairing 6.12(2) is non-singular, and the isomorphism (1)
follows from 2.7.

Corollary If M is a compact, connected, orientable, differentiable manifold
of dimension n, then H}, x(M) ~ R.

6.14 Remark The real continuous singular homology groups H,(M;R)
are defined just as in 4.16, with the exception that all continuous simplices
in M are allowed, not just differentiable simplices. The isomorphism 5.37(1)
holds for the continuous case exactly as for the differentiable theory. By
combining 6.13 with the de Rham theorem 5.36, with the canonical isomor-
phism 5.32(5) of the differentiable with the continuous real singular cohom-
ology of M, and with the isomorphism 5.37(1) for the continuous real
cohomology and homology, we obtain the Poincaré duality between the real
singular cohomology and the real singular homology of M:

m H(M;R)~ H, (M;R).

SOME CALCULUS

We now begin to develop the machinery necessary for the proofs of Theorems
6.5 and 6.6.

6.15 Notation We shall be using multi-index notation & = (&, . .., «,)
where the «, are integers. We let |«| denote the ordinary Euclidean norm of
o; that is,

(1) lof = (o + -+ + a2,
and if the «, are all non-negative, then we let
@) (] =y + -+ a,.

If « and 7 are both n-tuples of integers, then

3 n* = - -y, where we set 00 = 1.
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We shall use x; for the ith canonical coordinate function on R*, and let
(4) x=(x1’--'9xn)'

The ath derivative operator D* is defined for each n-tuple « of non-
negative integers by
[a] [a]
(5) Dy = (l) a u

. t]
i/ Ox,%t---0x,

where i = /—1. (The addition of the factor of i will be convenient later.)

We let & denote the complex vector space consisting of C* functions
defined on R» which have values in complex m space C™ and are periodic
of period 2= in each variable. I would suggest that the reader assume m to
be 1 for the first reading of this section since that case contains all of the
essential ideas and the computations are somewhat simpler. We will arrange
the notation so that it is essentially the same for general m. One note of
caution concerning the notation is this. If y, € C™, then y - # means the
Hermitian product 71;3: + -+ YmPBm. If m happens to be 1, then y - §
means yB. The associated norm is denoted by |y|.

If ¢, pyeP, then ¢ -y is the complex-valued function which is the
Hermitian product of ¢ and y; that is,

(6) e Y=o+ + Pu¥n
We let |y| denote the real-valued function
Q) Iyl = (- p)*=

If e and if fis a periodic complex-valued C* function on R* (all
periods always 27), then ¢f shall denote the element of # whose ith com-
ponent function is ¢, f; that is,

® of = (9fs s Puf).
Let Q < R~ be the open cube
9) Q={peR"0<x(p)<2mi=1,...,n.

We shall be introducing a number of different norms on 2. By |y| we
shall mean the ordinary L, norm of y over Q,

1 1/2
10 Iyl = —— . ,
(10) Iyl (21,),,,2( fo"’ v)
and (y,¢) shall denote the L, inner product,
1
11 Q) = * Q.
(11) (9, 2 fow ¢

The norm ||y]||, shall denote the uniform norm of yp,

(12) Iylle = sup lvl.
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6.16 Some Facts about Fourier Series If ¢e€Z and if &=
(&,,...,&,) where the &, are integers, then the &th Fourier coefficient
¢, € C™ is defined by

1 f —int
x)e """ dx,
2m)y Qcp( )
where x - &£ = x, &, + - + x,¢,.
First we are going to show that the Fourier series Y ¢,e

(D P =

=€ of @ converges
uniformly to ¢. Let an integer k > 0 be given. By iniegrating (1) repeatedly
by parts, differentiating ¢ and integrating ¢ *“%, and observing that the
boundary terms drop out since the integrand is periodic, one sees that there
is a constant ¢, depending on ¢ and its derivatives up to order at most
2nk such that

2) lpel < ——= H5 o forall & #* 0,

where J]¢; denotes the product of all the non-zero &;. It follows that there
is a constant ¢, such that

C
3 < —=% — forall &
(3) el T or a

Consider now the question of convergence of the series z (1 + [&1D)7*
If we let

(4) SJ'= 5=(£13"'a n) max|5|—]

1<i<n

then the number of elements of S; is at most 2n(2j + 1)*~%, and for each
£eS;, |&2 > j2, so that

1 <2+ D e

) s; = < ; <gq
’ 5ezs,~(l +I1EP T A+
for j > 1, where c is a constant depending only on n. Consequently,
1 0
6 — = 142s; < 1+c¢
( ) 52(1 + |§|2)k ’gl J z 1+2k —n ’

and so the series > (1 + |£|?)~* converges for 1 + 2k — n > 1, or in other
words, for ¢

Q) k> B] +1,

where [n/2] denotes the greatest integer less than or equal to n/2. It would
be an interesting exercise for the reader to reach the same conclusion by
using an integral test.
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It follows from (3) that if we take k > [n/2] + 1 as in (7), then the Fourier
series

converges uniformly to some continuous function ®. We claim that ® = ¢.
This is of course due to the completeness of the trigonometric system and
may be deduced as follows from the Stone-Weierstrass theorem [13], [26].
Let y = ¢ — @, and let t€Z be a trigonometric polynomial; that is,
t is a finite linear combination of terms of the form aEe‘”'f for a,e C™.
Then since ¢ and ® have the same Fourier coefficients,

) foy) -t=0.

Now if &€ > 0 is given, then by the Stone-Weierstrass theorem there is a
trigonometric polynomial ¢t € # such that |y — ||, < &. Thus, using (9),
we see that

(10) Ifow'w’=‘fow'(w—t)

Consequently |lyp]| < e. But £ > 0 was arbitrary and y is continuous, so
p = 0. Thus the Fourier series of a periodic C* function ¢ converges
uniformly to ¢,

< &2m)" | vl.

(11) p(x) = 6chge"“'ﬁ

It follows from integration by parts that the &th Fourier coefficient of
Do is &%+ - 5,,"*:95. Thus

12) Dig(x) = 3 Fppe’™!

From (11) and the orthogonality of the trigonometric system, we obtain
the Parseval identity:

(13) | o= e S e
Applying (13) to D*p, we obtain
(14) ID%] " = 3, &% ol".

§
It follows from (14) that given a non-negative integer ¢, there is a constant
¢ greater than zero and depending only on ¢ and » such that

t
(15) c;(1+|5|2)t|<95l2 < []Z=0I|D“<Pll2 < §(1+|E|2)‘I<P;l2-



Some Calculus 231

6.17 The Sobolev spaces H, Let 8 denote the complex vector space
consisting of all sequences of complex vectors in C™ indexed by n-tuples of
integers & = (§,,...,¢,). Thusifue 8, u= {u,} where £ runs over all
n-tuples of integers and where each u, € C™. For each integer s (positive,
negative, or zero) the Sobolev space H, is the subspace of § defined by

) H, = {u €8: 3 (1+ I lu* < oo}.

It follows from the Schwarz inequality that

(2) g(l + I§l2)(s+t)/2u§ ‘g S (; (1 + l§l2)s |u§|2) (g(l + |§l2)t 'U§|2)§

hence the left-hand side of (2) is finite whenever each member of the right-
hand side is finite. We can therefore define an inner product on H, by

A3) (u,0), = §(1 + 1&1%)ug - v
The associated norm is
©) lull, = (uu)y

It also follows from (2) that (u,v), exists if ue H, and v € H, , where
@+ )2 =s

Since Hj is simply an /;-space in which the measure space is the set of
all n-tuples of integers &, and the measure is the counting measure weighted
by (1 + |£]?)*, it follows that H, is a Hilbert space.

We define a linear transformation K* on 8 for each integer ¢ by setting

©) (K'u) = (1 + |€9)'u;.

Finally, we identify & with a subspace of § by associating with each
¢ € 2 its sequence of Fourier coefficients {¢,}. In view of 6.16(12) we can
extend the derivative operator .D* from & to all of 8 by setting

) (D*u)e = E%u,.

The inequality 6.16(3) together with 6.16(7) shows that the more differen-
tiable a function is, the greater the order s of the Sobolev space H, in which
its sequence of Fourier coefficients lies. In particular, # < H, for each s.
Moreover, & is dense in each H, since each u € H, for which all but a finite
number of the u, are zero belongs to #. We consider elements of the Sobolev
spaces H, as formal Fourier series or “generalized functions.” A fundamental
lemma due to Sobolev says that if u € H, for sufficiently large s, then the
formal Fourier series determined by u actually converges to a function with
a certain number of derivatives depending on s. This lemma will be one of
the key steps in the proof of the regularity theorem, for it will allow us to
conclude that a generalized solution of a partial differential equation which
belongs to a sufficiently high Sobolev space is an actual solution.
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Some salient features of the H, spaces are collected in the following
theorem, which is divided into parts (a)-(j).
6.18 Theorem

(a) Let s be a non-negative integer. Then there are constants c¢ and c’,
depending at most on s and n, such that

0 ¢ llels S[]Z_oll D%l < ¢'lielly for all o € 2.

Moreover, for the case s = 0, we actually have the equality

) loll = lollo forall ¢ €.

(b) If t<s, then |ull, < |luly, so H, < H,. Thus the union of the H,
spaces over all integers s is a subspace of S, which we denote by H_,, .

(c) 2 is a dense subspace of H, for each s.

(d) Kt is an isometry of H, onto H,_,, with inverse K7,
Y t

3 luelly = 1K ulls—2 5

and K* maps Z into P. If € P andt > 0, then

4) K* =(1 - ii)tcp.
S10x?

Moreover, for all s and t
) () = (U,K'v);_, = (K'u,v)sy foru,ve H,.
(¢) Schwartz Inequality Ifue H, ,andve H,_,, then

[Cu,0)s < Nutllsre N0llg—s-
(f) IfueH,,, then

[(u,0),|

lullgs = sup ——— .
';’Gga—t lolls—

(g) “Peter-Paul” Inequality Given integerst’ <t <t"and e > 0, there is
a constant c(€) > 0 such that
lull ® < & llull* + c(e) [lul,?

Jorallue H,.. (We refer to this inequality as the Peter-Paul inequality
in view of the comparison with part (b), although the morality has
been twisted around. Rather than robbing Peter to pay Paul, here we
are paying Paul (||u/,) in order to rob Peter (J|u],-).)

(h) D" is a bounded operator from H, ., to H, for each s; indeed,
"Ddu"a < "u“H—[a] fOI‘ all u EH;+[¢]-



()

0

Some Calculus 233

Let w be a C* complex-valued periodic function on R*. Then given
an integer s, there are positive integers c and c’, with ¢ depending only
on s and n, and ¢' depending on s, n, and on o and its derivatives,
such that

(6) logl, < cllol, ¢l + ¢ I, for oeP.

In particular, there is a constant ¢” depending on v, s, and n such that
Q) lwells < ¢ llols,

so multiplication by o extends by continuity to a bounded operator on H,.

Let w be a C* complex-valued periodic function on R™. Then given an
integer s, there is a positive constant c¢ such that

) [(wu,v) — (u,ov)| < c(llully 0lls—y + lulls—y lI0]s)
for each u, v € H;. For the case s = 0, we have
(9) <wuav>0 = <uya)v>0'
PROOF The inequality (1) follows from 6.16(15) and the fact that
whenever a,, . . ., a, are positive numbers, then
1 n 2 n n 2
(10) Y(Za)<Zar < (3a).
n \i=1 i=1 i=1

The equality (2) is simply the Parseval identity 6.16(13).

Part (b) is obvious. The fact that 6.16(3) holds for each integer
k > 0 implies that {¢.} € H, whenever ¢ € 2, and as we have already
indicated in the remarks immediately preceding the theorem, Z is
dense in H, since each u € H, for which all but a finite number of the U,
are zero belongs to 2.

The identities (3) and (5) in (d) are obvious; that the inner products
are all well-defined follows from the remark immediately following
6.17(4). Let 9 € 2. We have K'¢ = {(1 + |§®)'¢,}. It follows from
6.16(3) and (7) and from the fact that there exists the inequality

(11) £ < (1 4 [§H
that the series
(12) §u+wmw”

and all its formal derivatives
(13) 3 D1+ (£ pee™™f = T &1 + () ppe™?

3 3
converge uniformly. Thus (12) converges to a periodic C* function and
therefore is an element of #. Hence K! maps & into #. For (4),
simply observe that the £th Fourier coefficient of the right-hand side
equals (1 + |&®)e,.
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The Schwartz inequality (¢) is none other than 6.17(2). It follows from ()
that

[, 0)s]
fullgr; > sup —.
vel,—¢ [|0]],—,
2#0

To prove the equality in (f), let v = K*u. Then by (d),

— <u’u>3+t = <usv>s
”u"s+t ”u"s+t “Urs__t .

To prove the Peter-Paul inequality (g), first observe that for any
positive number y,

1 -t
(14) 1<yt + (—)
y

since either y or 1/y is greater than or equal to 1. If in (14) we let

y = /(1 4 |&?),
we obtain
(1 + |§l2)t S 8(1 + |§|2)t” + E(t’—t)/(t”—t)(l + IEIz)t”
from which the Peter-Paul inequality follows with

c(s) — s(t’—t)/(t”—t)'

The inequality in (h) follows from the inequality (11).

In part (i), the inequality (7) follows immediately from part (b) and
inequality (6). To prove (6), we first consider the case in which
5> 0. Let ¢ € Z. Then by applying (1), we obtain

lowel, < const 120 | D*we]|

< const > [|wD%)| + const > | D*we — wD%)
[a]=0 [2]=0

s—1

< ¢ ol el + const[,?.:ollD’qﬂll

S cllols el + ¢ ol

At the third stage we have used the fact that D*w¢ — w.D*¢ only contains
derivatives of ¢ up to order [x] — 1. For s < 0 we have

(15) ool = (wp,09), = (0WK~*K’9,K we),
= (K~ 0K’9,K°0p), + (K™ — K~'w)K"p,K 0p),

—25—1

> a,D*K* ,K’wcp>o

[2]=0

< (K~ 0K 'p,K o) + l<

bl
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where the a, are combinations of derivatives of w. Now, by the case

s > 0 of (i) we obtain

(16) [(K~wK*9,K'09)| = (0K ¢,K'we)_| < oK 'el_, |Kwp]_,
< (cloly 1Kl + £ K¢l ) (I Kwel_,)
= (clloly llols + & 9ll-1) ool

As for the last term in (15),

—~25—1 —2s—1

< > aaD“K’<p,K3w<p> ‘S const > [(D*K’p,K wep)|
[e]=0 0 (120

(17)

—23—1

< const[z I DK%, | K wel|_

a]=0
—25—1

< const ]2_0 1Ko | K00 ]|
< const || K[|y [ K*we|l_,

< const [[lls—y [l

Thus for s < 0, (6) follows from (15), (16), and (17).

It is sufficient to prove (8) and (9) in part (j) on the dense subspace &
of H,. Observe that (9) follows immediately from the fact (2) that the
Ly-norm is identical with the Sobolev norm | |, onZ. Let ¢, p € Z.
We consider the case of (8) in which s is negative. Using part (d) and
equation (9), we obtain

(0o, p), = (wK*K*9,K*y),
= (K=K*9,0K"p)o = (K*0,K~*®K)y
= (9,09); + (K*9,(K*d —dK~*)K’y),.

It follows as in (17) that
Kwe,p)s — (@,09)| < const o], [l
By symmetry we also have
Keoo,p), — (@,0p),| < const lp[ ], .

Thus (8) is proved for s negative. The proof is similar for s positive.
The proof of Theorem 6.18 is complete.

6.19 Difference Quotients If ¢ € 2, then the &th Fourier coefficient
of the translate o(x + k) of ¢ by an element he R" is e™*p,. Thus if
u € 8 and h € R”, we define the translate of u by h to be the element

T(u) = {e"u,} € 8.
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The difference quotient of u determined by a non-zero h is the element
— he§
) o= T —u {(e 1) u;} €8S.
|h| |k
So if ¢ € 2, then T,(¢)(x) = ¢(x + h) and

_ o+ h) =)

h,
¢'(x)
|h|
Observe that if u € H, then

3) ITa@)ls = llulls,

so T, is an isometry on H,. Thus, in particular, if u € H,, then also u" € H,
for each h. It follows from the inequality

@) eri — 1 2= (cosh- & —1 2+ sinh- & 2= 2(1 —co:h-é)
|h| |h| |l |h|
4sin’Gh- &) _ (h- &)} 2
- < <
e S <A+ 1€
that if u € H,,,, then the »* are uniformly bounded in the s-norm. In fact,
) 'y < Nutllga -

We shall need the converse of this, as follows.

6.20 Lemma Let u € H,, and assume that there is a constant k such that
lutlly < k for all non-zero he R*. Thenue H,,,.

PROOF For each positive integer N we let u, be the element of H,
obtained by truncating u at N; that is,

M (=[N
u =
Y 7o otherwise.
We need only prove that the [uy|,,, are uniformly bounded. Let
(e;, . .. ,e,) be'the standard orthonormal basis of R, and let h = te; .
Then
» eih-é‘ -1 2 eifé'i -1 2
(2) = — & as t—0.
|h
Since there are only finitely many £ with |§] < N, and since by hypothesis
D (14 (&) |ugl <K,
HER |h|

it follows from (2) that
S (4 1817 Jugl® 184 < K2
1§I<N
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Thus fluyllsm = E (4 + [EFY M ug® < nk* + lull, so the Jluyl,, are

uniformly bounded and consequently u € H,,,.

6.21 Associate with each u € H_,, the series 3 u.e”%. It will be of funda-
mental importance in what follows to know when this series converges, and
(if it converges) how differentiable its limit is. The answer is supplied by the
following lemma due to Sobolev.

6.22 Sobolev Lemma If t > [nf2] + 1 and ue€ H,, then the series
D u.e't converges uniformly. Thus eachu € H, for t > [n|2] + 1 corresponds
&

to a continuous function.

PROOF It is sufficient to demonstrate that the series converges absolutely,
2 lu,| < 0. Now,

2 lugl 2 (L4 1ERT + 181" fug

1§1<N <N

1/2

(IE!Z<N(1 * lEIz)_t) (I§|Z<N(1 * l§|2)t IuElz)

IA

< ( S A+ |s|2>"‘)1/2 Jul,.

1§]<N
Thus the result follows from 6.16(7).

Corollary (a) Ifue H, where t > [n[2) + | + m, then D*u = Y &u,e™t
converges uniformly for [a] < m. Thus eachu € H, for this range of t corre-
sponds to a function 3 u,e™* of class C™.

PROOF With ue H, for t > [n/2] + 1 + m and with [«] < m, it
follows from 6.18(h) that D*ue H, (,,, where t — [a] > [#/2] + 1.
Thus it follows from the Sobolev lemma that 2 E“uge“”é converges
uniformly. Now this series is the ath “formal” derivative of the series
> ue™t. Thus 3 ue™* is of class C™.

Corollary (b) From the proof of 6.22 it follows that if t > [nf2] + 1,
then there is a constant ¢ > 0 such that if ¢ € P, then

€Y el < ¢ lell,-
Applying (1) to D*¢ and using 6.18(h), we obtain

(2 D%l < € ll@llsrgar-
6.23 Rellich Lemma Let {u'} be a sequence of elements of H, with

luil, < 1. If s < t, then there is a subsequence of {u‘} which converges in H,.

PROOF By assumption,

) g(l + &P |ugl* < 1.
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For each fixed £, elements of the sequence {|(1 + [£[2)"2u}} are all
bounded by 1, so the sequence {(I + |£[%)¥%}} has a convergent sub-
sequence in C™. By the usual diagonal process, one can select a sub-
sequence {u’*} such that the sequence (1 + |£|?)2uf’ converges in Cm
for each fixed £&. We claim that {#} is Cauchy, and therefore convergent,
in H,if s < 1. Let ¢ > 0 be given. Now,

@ -t = 3 T O - e
+ 3 (DA ED Juf — up
1¢I=N
The second sum in (2) is bounded by
N0 3+ IR QET + 2 lufl ]+l D),

which is <4N%e-% in view of (1). Since s — ¢ < 0, 4N¥26~% can be
made less than ¢/2 by taking N large enough, say N = N,. The first
sum in (2) is then bounded by
3 2 (4 6P ud — uf?,

161 <No
and since there are only a finite number of terms in this sum and since
the sequences (1 + |£|2)"2u’§" converge for each fixed &, there is a
constant J > 0 such that if j; and j, are greater than J, then (3) is less
than ¢/2. Thus for j;, j, > J, we have |lu* — u’*||,2 < &, and the proof
is complete.

6.24 Definitions A (linear) differential operator L of order | on the
Cm-valued C* functions on R* consists of an m x m matrix (L,;) in which

l
¢)) L;= 2 a;; D°,
{a]=0

and the af; are C* complex-valued functions on R", with at least one
ag; # 0for some i, jand for some « for which [«] = /. A differential operator
L is a periodic differential operator, or an operator on 2, if, in addition,
the a; are periodic functions.

Let L be a periodic differential operator, and let ¢ € & with component
functions ¢, ..., ¢,. Then

() Ly = (Z Li®s - o s 2 Lmj‘P:')~
7 J
It follows from integration by parts that if we define the operator L* on # by

1 —
©)) LY = 3 D'aj;

[2]=0
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so that the ith component of L*g is given by

m 1 e
(4) (L*¢): =2 3 D%aje)),
=0 [a]=0
then in the L, inner product on & we have
) (Le,p) = (9,L*y)

for ¢, ye #. L*is called the formal adjoint of L. The word “formal” is
used here to emphasize that L* is not the adjoint of L on a Hilbert space.
It is simply the adjoint relative to the L, inner product on Z.

6.25 Proposition Let L be a partial differential operator on P of order I,
and let s be an integer. Then there are positive constants c, k, and c¢’, where c
depends only on n, m, I, and s, where k is a bound on the absolute values of
the coefficients of the highest order terms in L, and where ¢’ depends onn, m, I,
s and on all the coefficients of L and their derivatives up to order I, such that

(1) ILells < ck [ @llsrr + € N Pllosit
for all ¢ € &. In particular, there is a constant c” such that
@) ILel, < " l@llsts

for all o € P, 50 L extends by continuity to a bounded operator from H,,
to H, for each s.

PROOF The inequality (2) is an immediate consequence of (1) and
6.18(b). As for (1), the case m = 1 (in which elements of & are C!
valued functions and the operator L is a single partial differential
operator Y a*D* rather than a matrix) follows immediately from

6.18(h) ana (i). The inequality (1) for general m follows from the case
m = 1 and from the inequality ||Lo|, < const 3 || L;¢;|,, where
i

¢ = (91, ..., Pm) € Z, and the constant depeﬂds only on m.
6.26 Remark If L is an operator on & of order /, and if w is a C®
complex-valued function on R=*, then the operator M = wL — Lw, where

Mo = w(Lg) — L(w9), is of order at most / — 1. Consequently, given s,
there is a positive constant such that

Y IMell; < const || @llss
for all ¢ € £.

6.27 Lemma Ifw isareal-valued periodic C* function,and L is a differen-
tial operator of order | on P, then there is a positive constant such that
Y (L(w?), Lu), — | L(ww)] ¥ < const (lullypy llttllgs1-1)

forallue H,.
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PROOF [(L(w*u), Lu), — (L(wu), L(wu)),|
< KowL(wu), Lu), — {(L(wu), oLu),|
+ (L(wu), (wL — Lo)u),|
+ (Lo — wL)(wu), Lu),|,

and (1) follows by applying 6.18(j), 6.25(2), and 6.18(7) to the first
term and applying the Schwartz inequality, 6.26(1), 6.25(2), and 6.18(7)
to the last two terms.

ELLIPTIC OPERATORS

6.28 Definition Let L be a partial differential operator of order /.
We write L as

M L=P(D)+ -+ Py(D),

where P;(D) is an m x m matrix each entry of which is a differential operator

> a,D? homogeneous of order j, and where the a, are C* complex-
[a)=s
:alued functions on R*. We let P;(£) denote the matrix obtained by sub-

stituting & for D* in P,(D), where & = (§,,..., &,) is a point in R~
L is said to be elliptic at the point x € R if the matrix P,(§) is non-singular
at x for each non-zero &. L is elliptic if it is elliptic at each x. Observe that
ellipticity is a condition on the highest-order part of L only. Observe also
that L is elliptic at x if and only if

0] L(¢'u)(x) # 0

for each C™-valued C® function u such that u(x) % 0 and each smooth
real-valued function ¢ such that ¢(x) = 0 but dp(x) # 0, since for each such
¢ and u,

€) L(¢'u)(x) = P(D)(¢'u)(x) = Py(dpl,)(u(x))-

The advantage of this criterion (2) for ellipticity is that it generalizes to a
coordinate-free definition of ellipticity on manifolds, as we shall see later.

The basic analytic property of an elliptic operator that we shall need is
the following.

6.29 Fundamental Inequality Let L be an elliptic operator on P of
order 1, and let s be an integer. Then there is a constant ¢ > 0 such that
) lullsrs < e(lLull, + lull)
forallueH,,,.
PROOF It is sufficient to prove (1) for all ¢ € . The proof consists

of several parts. We first consider the case of an elliptic operator L,
on # with constant coefficients. which, consists of the leading term
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P,(D) only. If ue R with u 3 0, and if & 5 0, then since P,(&) is
non-singular, we have |P;(&)u|> > 0. It follows from the compactness
of the unit sphere in [R* that there is a constant ¢ > 0 such that

[P(&)ul* > c
for all u and & such that |u| = |&| = 1. From this it follows that
(2 [P, (E)ul® 2> c| & |ul?

for all ¥ and & in R”. Thus for ¢ € 2, it follows from (2) and the fact
that L, has constant coefficients that

A3) ILopll,* = gll"z(f)@gl2 (1 + 187

> const E 161 loel*(1 + |£1%)".
Hence ’

) (ILoplls + lell)* > ILegl,* + lll,®
2 3 logl*(1 + [£%)°(1 + const |&]*)

> const 3 ol (1 + &)
3

= const [[gl)%,;.

Secondly, consider a general periodic elliptic operator L of order /,
and let p € R». We shall prove that there is a neighborhood U of p
such that (1) holds for all ¢ € & with support in U. (By a slight abuse
of terminology we say that the support of a periodic function ¢ lies
in U if the support of ¢ lies in the union of U with all of the periodic
translates of U.) Let L, denote the constant coefficient elliptic operator,
homogeneous of order /, determined by the highest-order part of L
at the point p. Then it follows from (4) that for each ¢ € 2,

(5) ll¢llss: < const (| Loells + lolls)
< const (| Lelly + (Lo — L)olls + liell,)-

Let k denote the constant in (5). Then choose a positive ¢ smaller
than 1/(2ck), where ¢ denotes the constant ¢ of 6.25. On a small enough
neighborhood of p the coefficients of the highest-order part of L, — L
are less than ¢ in absolute value. Let L be a periodic operator agreeing
with L, — L on a possibly smaller neighborhood U of p and with
coefficients in the highest-order part everywhere less than ¢ in absolute
value. Then it follows from (5), 6.25(1), and the choice of &, that for
an element ¢ € & whose support lies in U,

Iollers < const (ILel, + I Lel, + l9lls)
< const [|L9lls + % 9lls4s + const [|@lly—1 + const ||,
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Applying the Peter-Paul inequality to the term | ¢ll,,,_,, we obtain
ll@lls+s < const |[Loll, + 2 [l @lls + const || ¢,

which proves (1) for these ¢.

Let 7" be the torus obtained as the quotient of R™ by the lattice
consisting of all points 27&, where £ is an n-tuple of integers. The open
sets U obtained above for each p € R™ project to an open cover of 7.
Let Uy, ..., U, be a finite subcover, and let w,, . .., w, be a partition
of unity fitting this cover, of the special form

(6) z w,-2 =1.
This is easily arranged-—see the proofs of 1.11 and 1.10. Now consider

the w; as periodic C* (real-valued) functions on R"™. Let ¢ € 2.
Then by (6), and by 6.18(i) and (j),

el = (@@ers = <Z wf<9,<p>s+

S Z <wicpswicp>s+l + const "(P"s-H "<P"s+l-—1 .

12

Now since w,¢ has support in one of the small open sets U obtained
above, and since there are only finitely many of the w,, there are
constants such that the last displayed line above is

< const ; | Loospll,® + const ||o|l,2 + const ||,y 1P llss1-1

< const 3 (L(9), L), + const gl + const s holss-s

= const [|Le||,? + const [|o]l,2 + const [|p]lyss [9llysss (by 6.27)
< const | Lo|,* + const [, + % [l + const ]2,

< const [[La|,* + const o[, + # flol3; + const [l9]l,%,
(by the Peter-Paul inequality).

It follows that (1) holds for all ¢ € £ and hence for all u € H,,, .

6.30 Theorem (Regularity for Periodic Elliptic Operators) Let L
be a periodic elliptic operator of order |. Assume thatue H__, v e H,, and

)

Lu=v.

Thenue H,,,.
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prOOF It is sufficient to prove that if ue H, and v = Lue H,_,,,,
thenu e H,,,. Let he R» with h # 0, and let L* represent the operator
obtained from L by replacing each coefficient « by its difference quotient

o(x + h) — a(x)
|h| '

Then it follows for ¢ € &, and hence by continuity for all ue H_,,,
that

2 L(u") = (Lu)* — LM(T,u)  (cf. 6.19).
It follows from (2) and the Fundamental Inequality 6.29(1), that
() luly < const [ L(u")s— + const [|u*],_,

< const [|[(Lu)*||s—; + const || L*(Tyu)lls—; + const [[u*,—; .

Now since the coefficients of the operator L are periodic C* functions,
their difference quotients are uniformly bounded, so that

4) ILM(T30) 51 < comst | T ()]s

where the constant does not depend on A. It follows from (3), (4),
and 6.19(3) and (5) that

lutlls < const || Lul;—yy + const [jull,

where the right-hand side is independent of 4. Thus, by 6.20, u € H,,,
and the theorem is proved.

REDUCTION TO THE PERIODIC CASE

6.31 Remarks Before beginning the proof of Theorem 6.5 we need to
establish some convenient notation and to make a few observations.

We are going to let C* denote the set of all complex m-space valued C*
functions on R». Cg will denote those of compact support, and Cg’(V)
those whose compact support lies in V. By the L, inner product on Cy
we shall mean

O (u,0) =

! f u-v,
2m" Jr"

where u - v as before denotes the Hermitian product uyv; + « * + + u,v,,.

Let ¥ be an open set in R with V contained in some 27 cube. Then by
extending periodically we can (and do) identify Cg’(V) with a subspace
of 2. Observe that the L, inner product on Cg’ (V) agrees with the L,
inner product on Cg’ (V) considered as a subset of &, which in turn agrees
with the Sobolev inner product | ||,.
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Now suppose that L is an elliptic partial differential operator of order /
on C” (no assumption of periodic coefficients). L has a formal adjoint
L* on Cy, with respect to the ordinary L, inner product on Cy’, obtained by
integration by parts. Just as in 6.24, if L = (L;) where L; = > a% D%,
then L* = (L¥) where L}, =Y Dea,. L* is also a differential operator
of order .

Now let p e R». Then there is a sufficiently small neighborhood ¥V of
p and a periodic elliptic operator L such that L agrees with L on V. For let
L, denote the constant coefficient operator determined by L at p. Then
since L is elliptic at p, there is some ¢ > 0 such that any operator whose
coefficients are everywhere within ¢ in absolute value of the corresponding
coefficients of L, is elliptic. So let U be a neighborhood of p, small enough
to be contained in some 27 cube @, on which the coefficients of L differ from
the corresponding coefficients of L, by at most &; and let V < V < U.
Choose a C” function ¢ with 0 < ¢ < 1 such that ¢ is 1 on ¥ and has
support in U. Then the operator

o L+ (1 —9)L,

is elliptic on all of [R” and clearly can be extended from Q to be a periodic
elliptic operator L which agrees with L on V.

We shall need the following slight extension of the formal adjoint property
of L*. Letue H,, and let ¢ € CZ(¥). Then
2 (Lu, @Yo = (u,L*¢),.

For let y; — uin || ||, with y; € #. Then

(Lys )0 = (Ly;,0) = (Ly;, )
= (y;,L*@) = (;,L*¢),
so that
Kzus<P>o — (U, L* )| = l(Z(u = ¥;)s Plo — (U — p;, L¥p),]
SIZ@ = Yy Nploerr + lu = w5l [ L* o],
< const 0 = p;lls lollsrs + lu — wills 1L*o]s,

which converges to zero as j — co.
Let V, as above, be an open set whose closure lies in some 27 cube.
Let u and v belong to H,. Then we shall say that u and v are equal on V if

(3) —10,9)=0

for all ¢ € Cy° (V). We shall say that a periodic operator L has support in V
if the coefficients of L belong to Cy’(V) < #. Now, if L has support in
V, and if the elements # and v of H, are equal on V, then

4 Lu = Lv.
For by 6.18(f), it is sufficient to prove that
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(5 (L(# — v), 9) =10

for all ¢ € #. But applying (2) (with L = L), we obtain
(L(u = v), 9o = ((u — v), L*¢),

which is zero by (3) since L*¥p € Ci°(V) = .

6.32 Proof of the Regularity Theorem 6.5 We are going to restate
Theorem 6.5 in slightly different notation, adapted to the local problem in
R* to which the theorem will immediately be reduced. We shall use
(, )" to denote the inner product 6.1(5) on E?(M). We shall prove:

(1) Given a C* p-form fon M and a bounded linear functional I’: E*(M) — R
such that I'(A*@) = (f,@)’ for every ¢ € EP(M), then there exists a C*
p-form u on M such that I'(t) = (u,t)’ for every t € E*(M).

We note that the last statement of Theorem 6.5, which says that Au = f,
is an immediate consequence of (1), since, as we have already observed in
6.4(6), (Au,@)" = (u,A*q@) = I'(A*q) = (f,¢) for all ¢ € EP(M).

We now reduce Theorem 6.5 to a local problem. Let U be a coordinate
patch on M with coordinate map y such that y(U) = R*. Via this co-
ordinate system, differentiable p-forms become vector-valued functions from

R*to R™ <™ where m = (;) We adopt the notation of 6.31. So via

the coordinate system (U.,y), p-forms on M yield elements of C*; and in the
reverse direction, each element of Cy’ extends by zero to a complex-valued
p-form on all of M. The Laplacian A induces a partial differential operator
L of order 2 on C*. The basic fact that we shall need concerning L is that
L is an elliptic operator. This we assume for the moment and shall establish
in 6.35. We let L* denote the formal adjoint of L with respect to the L,
inner product on C¢.

We extend the inner product ( , )’ to complex-valued p-forms in the obvi-
ous way, so that if u;, u,, v, and v, are real-valued p-forms, then

Uy + iy, vy + 10y)" = (Uy,0y)" + (Uy,09)" + I((hy,01) — (Uy,05)").

Then by transferring this to Euclidean space we obtain another inner product
( , ) on Cy induced from the inner product on complex-valued p-forms on
M. 1t follows from the observation that both the L, inner product ( , )
and the inner product ( , )’ on Cy are integrals of pointwise inner prod-
ucts, that there exists a matrix 4 of smooth functions on R*, Hermitian
and positive definite at each point, such that

(2) (o,9) = (@, Ay)
for all ¢, y € C7.
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The adjoint of L on Cy’ with respect to ( , )’ is simply A* restricted to
Cy. We claim that for ¢ € Cy°,

3) L*p = AA*A 1.
Indeed, for arbitrary y € Cy°,

(L*o,y) = (o,Ly) = (A7 ¢,Lyp)’
= (A*A719, p) = (40*A7'g, y).
We extend the linear functional /': E*(M)— [R complex linearily to

complex-valued differential forms, and we define a complex-valued linear
functional / on Cg° by setting

4) (o) =1'(47"9).

We claim that / is locally represented by a C* function. Precisely, we shall
prove:

(5) If pe R™, then there is a neighborhood W, of p and an element u, € #
such that I(t) = (u,,t) for every t € Ci°(W,).

First we show that (5) implies (1). It follows from (5) that for each
p-qE R u, |W,n Wy =u| W, n W,since both u, and u, have the same
L, inner product with all elements of Cy(W, n W,). Thus the u, piece
together to give u € C* such that u |W, = u,| W, for each p e R*. Now
let {¢,} be a partition of unity on R" subordinate to the {W,}. Then if
teCy, (1) =3 lpit) =3 (u,P:t) = (u,t). Now if ¢ is a smooth p-form
on M with sup};ort in U,Ithen I'(¢) = l(A9) = (u,A9) = (u,). By the
same argument as above, the «’s for various coordinate systems on M piece
together to form a C* p-form u (necessarily real-valued) on M such that
I'(g) = (u,9)’ for every @ € EP(M). Thus we have reduced the proof of (1)
to the proof of (5), which follows.

Let p € R" be fixed, and let Q' be some open 27 cube containing p.

Choose an open set ¥ such that pe ¥ = ¥ < @', and let
(6) I=1]cew).
First of all, we observe that / is a bounded linear functional on CZ(V).
For since V is compact, the matrix norms ||4,7}|| have a maximum as x
ranges over 17, and thus, using the fact that /” is bounded, we obtain
(@) = ll(9)] = 1A ¢)| < const [ A g’

= const ({47 1,4 1p)")!/2 = const (¢@,4 1p)V/2

< const ([lo] |47 ¢[)"2 < const | ¢l
for all ¢ € C¥ (V). Second, we observe that it follows from (6), (4), (3),
(2), and (1) that

(1) L*¢) = I'(471L*g) = I'(A%Ag) = (f,A2e) = (f,¢)
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for all ¢ € CZ (V). Thus Tis a weak solution of Lu =f.

Since [ is bounded, 7 extends to a bounded linear functional on H,.
It follows that there is an element & € H, such that
8) I(t) = (@i,1), forallteH,.

Our task is to show that on a small enough neighborhood of p, the element i
agrees with an element of 2.

Choose a neighborhood O, of p with O, < ¥ small enough so that there
exists a periodic elliptic operator L which agrees with L on O, (cf. 6.31).

Choose a neighborhood O of p such that 0 < 0,, and then choose a sequence

of neighborhoods O, of p such that 0c 0,and 0, < O,_, for each n =
1,2,.... For each integer n > 1, choose a C*” function w, which is
identically equal to 1 on O,,, has values between 0 and 1, and has support
in 0,_,. Let

©)] v, = wyii € Hy.

Then

(10) Lv, = Lwii = o,Lii + M,i,
where

(11) M, = Lo, — w,L.

In order to apply 6.30, we must first determine to which Sobolev space the
right-hand side of (10) belongs.
First, we claim that

(12) o Lii = o,f,



248  The Hodge Theorem

from which it follows that w,Lii € CP(0,) and thus belongs to H, for each
s. Now both sides of (12) belong to some H,, and it follows from 6.18(f)
that for (12) to hold, it is sufficient to prove that

(13) (0, Lii — oy f, ¢)y =0
for all ¢ € #. We compute, using (7), (8), 6.18(9), and 6.31(2):
(@, L — o f, @) = (0,Li,0)g — (@1f,9)
= (Lil,0:9)0 — (f,019)0
= ({l,L*w, )y — 7(L*w1<p)
= i(L*w,0) — (L*w,@) = 0.

Thus (12) holds. Now since L (and hence L) is an operator of order 2,
then M, is of order 1; hence M,ii € H_,. Thus the right-hand side of (10)
belongs to H_,. It follows from the periodic regularity theorem 6.30 that
v, € H;. Now we let

(14) Uy = wyil.
Then
(15) sz = w2Zﬁ + Mzﬁ = w2Zﬁ + M2Ul,

where the last equality follows from 6.31(4) since M, = Lo, — w,L has
support in O, and # = v; on O,. Now, arguing as before, we see that the
right-hand side of (15) lies in H,. Thus by 6.30, v, € H,. Continuing in the
same manner, we obtain

(16) v, =0, withv,eH,.

Finally, let W, be an open neighborhood of p with W, < 0, and let » be
identically 1 on W, with values between 0 and 1, and with support in O.
Then wit = ww,i for each n; and so by (16), wit € H,, for every n. By the
corollary to the Sobolev lemma 6.22, wii represents a C® function u € 2.
Now if t € C5° (W), then

Ity = I(1) = (1), = (@w1)
= (0il,f), = (u,1),

and (5) is proved. Except for a proof of the fact that L is elliptic, this
completes the proof of Theorem 6.5.

6.33 Proof of Theorem 6.6 It suffices to show that if m € M, then
there is some neighborhood of m such that if ¢ is any C* function on M
with support in that neighborhood, then {¢a,} has a Cauchy subsequence.
For then we simply cover M by a finite number of such neighborhoods
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and take a partition of unity ¢,, ..., ¢, subordinate to this cover. One can
select a subsequence o, such that ¢;a, is Cauchy for each j. Then {«, } is
Cauchy for

“ank - a’m” =

N N
' zlcpi(ank - mm) S zlncpjo"ﬂk - Cp,-O(mH .
j= j=

We reduce the problem to Euclidean space by choosing a coordinate
neighborhood of m with m going to p € R™. We continue with the notation
and setup as developed in 6.31 and 6.32; in particular, the norm on M and
the corresponding induced norm on Cg° will now be denoted by | ||
Let ¢ be a real-valued C* function with support in O,. It suffices to show
that the sequence {¢u,} of elements of & has a Cauchy subsequence {oa, }
in the 0-norm, since the 0-norm and the L,-norm agree on Cg°(0,), and the
Lynorm and the norm || |’ are equivalent on Cg’(O,). According to the
Rellich lemma 6.23, in order to prove that {¢a,} has a Cauchy subsequence
in the 0-norm, it is sufficient to show that the sequence is bounded in H;.
It follows from the Fundamental Inequality that

(1) lpayls < const (| Looyly + ligot,l_y)

= const ([ Lpa,ll_1 + [lpa,ll-1)

< const [[@La,|_y + const (Lo — @L)a,[_, + const | pa,|_;.
Now

(2) Loyl < Il@Layllo = lloLa,|
< const || pLa,||” < const || Lo,||” < const [|Ad,|’.

Let 7 be a C* function with values between 0 and 1 which equals 1 on O,
and has support in V. Then

(L(P - (PL)OL” = (L(P - <\OL)(TOCn)’

so that
3 (Lo — eL)ayll_y = (Lo — oL)(7a,)ll

< const [|7a,]lo = const [[Ta,]|

< const ||Ta,|” < const [o,]l".
Finally,
4) lpayll1 < Npaallo = [Pyl < const [[pa,ll” < const [loc,[l”.
So from (1), (2), (3), and (4) we obtain
(5) lpa,lly < const ([|Aa,]” + flacy]l’).

But by assumption |Ae,[| and |«, |’ are bounded. Therefore, the sequence
{oa,} is bounded in H;, and the proof of Theorem 6.6 is complete (assuming
the ellipticity of L).
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ELLIPTICITY OF THE LAPLACE-BELTRAMI OPERATOR

6.34 Remark We shall make use of the following observation. Let
U, V, and W be finite dimensional inner product spaces, and suppose that

U—A——>V——B——>W

is exact. Let A*: V— U and B*: W— V be the adjoints of 4 and B
respectively. Then B*B 4 AA* is an isomorphism on V. For let v be a
non-zero element of V. We need only show that (B*B + AA*)v # 0. Now

((B*B + AA*)v, v) = (Bv,Bv) + {A*v,A*v).

If Bv # 0, then (B*B + AA*)v # 0. If Bv =0, then by the exactness,
vlies in the image of A. But A* is injective on the image of A. Thus A*v 5 0,
which implies that (B*B + AA*)v # 0.

We shall apply this to the special case in which U, ¥, and W are
A, (MF), A (M?*), and A,,,(M2) respectively, with the inner products

(w,7) = *(w A *7),

and with 4 and B both left exterior multiplication by £ € M} :
O Ay oM7) 5 Ay(M7) 25 Ao (M).

According to Exercise 15 of Chapter 2, the sequence (1) is exact; and accord-
ing to Exercise 14 of Chapter 2, the adjoint of &: A, (M%) — A, ,(M*)is

@) (=)™ én: Ay (M7) — Ay (M),

Thus it follows from the above remarks that

(3) (—1)""*5*5 + (—1)"“’—1)5*5*

is an isomorphism on A ,(M%}).

6.35 The Laplacian is Elliptic In order to complete the proofs of
Theorems 6.5 and 6.6, we need to prove that the operator L of 6.32 induced
on Euclidean space by the Laplace-Beltrami operator A via a coordinate

system is elliptic. Proving this, according to 6.28(2), is equivalent to showing
that for each me M,

(1) A(e*a)(m) # 0

for each smooth form a such that a(m) 7 0 and for each C* function ¢ on
M such that o(m) = 0 but do(m) % 0. Assume that « is a p-form, and let
0 % dp = £e M. Recall that

A = (_ 1)75(1}+1)+1d*d* + (—l)””"‘l*d*d.

We compute the left-hand side of (1), keeping in mind at each stage that
¢(m) = 0. Thus
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dxdx(9%a)(m) = (dxd(@®)*a)(m) = (2d*p(de)*a)(n)
= (2(d@)s(de)sa)(m) = 2&xEx(a(m)).
Similarly,
*dxd(g2a)(m) = 2x&xE(a(m)).
Thus
A(@?a)(m) = =2[(—1)"?x&x&E + (—1)" PV Exés](a(m)),

which is not zero, according to 6.34(3). Hence A is elliptic, and the proof of
the Hodge theorem is at last complete.

6.36 Remark We have seen that for each &in M there is a well-defined
linear transformation o, (&) on A (M2) defined by

M a:(8)(v) = A(9*x)(m),

where v € A (M}), where « is any p-form such that a(m) = v, and where
@ is any C* function such that ¢(m) = 0 and do(m) = &. This linear trans-
formation o, (&) is known as the symbol of the operator A. The ellipticity of
all the operators L on R" obtained from A via coordinate systems is
equivalent to the property that the symbol ¢,(£) is an isomorphism at each
point m for each non-zero § € M* . Our computations in 6.35 contain a proof
of the fact that the symbol of the exterior derivative operator d, namely
0,(6): A(M*) — A(M?), is simply left exterior multiplication by &; whereas
the symbol of the adjoint ¢ of d is the adjoint of left exterior multiplication
by &. In the theory of general partial differential operators on vector bundles
over M, ellipticity is defined, as above, in terms of the symbol.

EXERCISES

1 Prove that *A = Asx,

2 (a) Prove that the Green’s operator G is a bounded linear operator
(b) Prove that G is self-adjoint on (H?)*.
(c) Prove that G takes bounded sequences into sequences with
Cauchy subsequences.

3 By using an integral test, prove that the series > (1 + |&|?)7*,
where £ ranges over all n-tuples of integers (&, ..., &,), converges
for k > [n/2] + 1. (Hint: Induct on n, and evaluate the appro-
priate integrals in terms of spherical coordinates.)

4 Prove in detail the inequality 6.16(15).

5 Establish the existence of the matrix A of 6.32(2) together with its
stated properties.
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6 Derive explicit formulas for d, *, d, and A in Euclidean space. In

particular, show that if

o = z O(IdxilA"'Adxip,
1< 0 <dp

then
n azal
Aa=(-1) 3 [(2=L)dxyA--Adx,,.

i< e <dp \i=1 axf

Let ¢ belong to the C* periodic functions & on the plane. Prove
that

9%
ox dy

The Rellich lemma 6.23 says that the natural injection i: H, — H,
for s < tis a compact operator; that is, it takes bounded sequences
into sequences with convergent subsequences. Ananalogousexample
of this phenomenon is the following. Let C denote the Banach
space of periodic continuous functions on the real line, say with
period 27, and with norm the supnorm || ||,,. Let C* be the subset
of C consisting of functions with continuous first derivative. As
a norm for C! we take

1Al =1 e + u%

“ <1 Aqll.

Use the Arzela-Ascoli theorem [27, p. 126] to prove that the natural
injection i: C*— C is a compact operator.

We shall consider a number of elliptic equations of the form Lu = f
on the real line. In each case, f will be smooth and periodic of
period 1, and we look for solutions u also periodic of period 1.
This restriction to periodic functions makes this in essence a problem
on a compact space, the unit circle. We let u’ = du/dx, etc.

(a) w =f. This is the simplest example of an elliptic operator
which exhibits all of the essential ingredients of the theory.
What is the formal adjoint of this differential operator?
Show that there is a solution u (periodic) if and only if f is
orthogonal to the kernel of this adjoint.

(b) w —u=f What is the kernel (in the periodic functions)
in this case? What are the necessary and sufficient conditions
on f for there to exist a periodic solution?

(c) u"=f Show that this operator is formally self-adjoint.
Show that there is a periodic solution if and only if fis orthog-
onal to the kernel; and using the fact that

ﬁz(ff(s) ds) dt =J;zf(s) (Jj dt) ds,
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show that the unique solution orthogonal to the kernel is
z 1
u(x) =f ix — Df(Hdt + f x(t — D) f(t) dt
0 x
1 1
- = J 1t — 1f(1)dt.
2Jo

This explicitly exhibits the Green’s operator for this case.

(d) u" +4n% = f. Showthatthisoperator is formally self-adjoint.
What is its kernel ? Derive an explicit formula for the solution
u, and show that u is periodic if and only if fis orthogonal to
the kernel.

In Theorem 6.11 we used the fact that the Green’s operator commutes
with d in proving that each closed form on a compact orientable
Riemannian manifold differs from a harmonic form by an exact
form. Give a proof of this result directly from the Hodge decomposi-
tion theorem without using the Green’s operator.

A periodic distribution I is a linear functional on & for which there
exists some integer k > 0 and a positive constant ¢ such that

O el < ‘ IE;@IID“@HO0

for all ¢ € #. Prove that if / is a periodic distribution, then there
is an element v € H_, such that

) () = (u,0)0

for all ¢ € #. Conversely show that every element of H_, deter-
mines a periodic distribution via (2).

Let « and § be n-forms on a compact oriented manifold M™* such that
far @ = [ B- Prove that o and § differ by an exact form.

Show that Theorem 6.6 cannot be strengthened to the assertion of
the existence of a subsequence which is convergent in E?(M).

One should observe that in the course of proving Theorem 6.5
we have proved the following regularity theorem. Let L be an
elliptic operator on C* (the complex m-space valued smooth functions
on R"). Suppose that u is sufficiently differentiable for Lu to make
sense, and suppose that Lu = f where f€ C*. Thenu e C*.

In fact, we have proved more—every weak solution I is smooth.
Precisely: Let I be a linear functional on Cy which is bounded on
Cy (V) whenever Vis compact, and which satisfies I(L*¢) = (f,¢)
for every @ € Cy°. Then | is smooth in the sense that there exists
u e C* which represents l; that is, I(t) = (u,t) for every te€ Cg.
Such a smooth representative u of a weak solution | is an actual
solution, Lu = f.
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15 Observe that the Cauchy-Riemann operator (9/0x) + i(9/dy) is

16

elliptic. Conclude from the general theory of elliptic operators that
every holomorphic function is C*. Prove that every holomorphic
function is a complex-valued harmonic function on the plane, and
use Green’s Ist identity (Exercise 5, Chapter 4) to prove that a
holomorphic function with compact support must be identically
zero.

The Eigenvalues of the Laplacian This is an extended
exercise in which the fundamental properties of the eigenfunctions
and eigenvalues of the Laplacian are developed. Proofs for the more
difficult parts are outlined, and in some cases are given nearly in
full.

Consider the Laplace-Beltrami operator A acting on the p-forms
E?(M) for some fixed p. A real number A corresponding to which
there exists a not identically zero p-form u such that Au = Au is
called an eigenvalue of A. If A is an eigenvalue, then any p-form
u such that Ay = Au is called an eigenfunction of A corresponding to
the eigenvalue 4. The eigenfunctions corresponding to a fixed 4
form a subspace of E?(M) called the eigenspace of the eigenvalue A.

(a) Prove that the eigenvalues of A are non-negative.
(b) Prove that the eigenspaces of A are finite dimensional.
(c) Prove that the eigenvalues have no finite accumulation point.

(d) Prove that eigenfunctions corresponding to distinct eigenvalues
are orthogonal.

(e) Existence. In order for the above statements to have substance
we must prove that there exist eigenvalues of A. First of all,
zero is an eigenvalue if and only if there are non-trivial har-
monic p-forms on M, and the corresponding eigenspace is
precisely the space H? of harmonic forms. We shall now estab-
lish that A has a positive eigenvalue—in fact, a whole sequence
of eigenvalues diverging to 4+ co. Consider A to be restricted
to (H?)L. Then we have A: (H?)1 — (H?)+, and also we have
the Green’s operator G: (H?): — (H?), and AGa = «,
GAa = o for all ae(H?)+. Observe that the eigenvalues
of G | (H?)* are the reciprocals of the eigenvalues of A | (H?)*.
Let

n = sup |Gel.
lfoll=1
eslH")L
Then n > 0 and ||Go| < 7 |¢| for every ¢ € (H?)-. We shall
prove that 1/n is an eigenvalue of A. Let {¢;} € (H?)* be a
maximizing sequence for #; thatis, ||¢;| = 1 and |Ge;|| — 7.
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First, we claim that ||G2¢; — 7n%q,|| — 0, for

1G%; — n2;l2 = |G2q;|2 — 29%G?¢;,9;) + 7*
S PG> — 272 |Gesfl* + n* — 0.

Second, we claim that ||Go; — n¢;|| — 0. For if we let
¥ = Go; — 79;, then

0« (y;, G_2<Pa' ~ 7%9;)
= (y;, Gy; + ny;)
= (y;,Gy;) + 1 ly;l2 = 7 lly;l%,

where we have used the fact that (y;,Gy;) > 0. (Why?)
Now there is a subsequence of the ¢;, call it {¢,}, such tha
{Gg;} is Cauchy. Define a linear functional / on E?(M) by
setting

I(p) = lim n(Gey,;,p) for peE"(M).
j= o
Prove that / is a non-trivial weak solution of

(A= (/m)u=0.

From this and the fact that A — 1/y is elliptic, conclude that
A = 1/n is an eigenvalue of A.

Existence of Other Eigenvalues. Suppose that we have eigen-
values 4, < 4, < --- < 4, and corresponding eigenfunctions
Uy, Uy, ...,u, (orthonormalized) for A | (H”)L. Let R, be
the subspace of (H?)* spanned by {u,, ..., u,}. Observe that
G and A map (H? ® R,)! into itself, then define

Ny = sup  [Gol
llell=1
ee(H?O R,
and proceed as in part (e) to establish that 4,,, = 1/7,,, is an
eigenvalue of A. Clearly, 4,,, > 4,.

L, Completeness. Let A, < A, < -+ be the eigenvalues of
A on E?(M), where each eigenvalue is included as many times
as the dimension of its eigenspace, with a corresponding
orthonormalized sequence of eigenfunctions {u,}. Let a€
E?(M). Then

lim = 0.

n—+oo

n
% = z <a’ui>ui
i=1

For the proof, let k be the dimension of H?. Then there exists
k
B € (H?)L such that Gf = o — > (au;)u;. It follows that

=1
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o — i (CATHUE

i=1

= HG(ﬂ - i <ﬂ,ui>uz-)

i=k+1

for n > k. But, by the definition of 4,4,

“ o - S (Buou)

i=k+1

B — ) 2": (Buiu;
i=k+1

)"n-l—l

< I8l -0 as n— 0.
A’n+1

(h)  Uniform Completeness. The uniform norm |« is defined on
E?(M) by

lellp = sup (¥t A %) ()™
meM
From the Sobolev inequality 6.22(1) and the compactness of

M, one can conclude that there exists a large enough integer k
and a constant ¢ > 0 such that

lelo < el + A)all
for every a€EP(M). Let acE?(M), and let P, («) =
}n: (a,u;)u;, where we are continuing with the notation of
;alrt (g). Now AP, = P A, so that
o = Pu(@lleo < €Il 4+ AY e — Py()]l
=l — Po[ —0,
where ¢ = (1 + A)*a.
17 We define the operator A?: EP(M) — EP(M) by A%(x) = A(Ax).
Discuss the solvability of AZx = §.

18 Consider the operator

n

L=3a, - +30 2+

id=1 ax, Ox; =1 0x;

acting on C%(R»). Show that there is no loss of generality in
assuming that a;; = a;;, and prove that L is elliptic at a point x if
and only if the matrix (a;(x)) is (positive or negative) definite.
In particular, show that the wave equation

is not elliptic, and give an example where

Ou=feC® but u¢C®.
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19 Consider A: E?(M)~— E?(M). Prove that if A is the minimum

20

21

eigenvalue of A, and if ¢ > —A4, then (A + c)a = # can be solved
for every f € EP(M).

The Peter-Weyl Theorem The representative ring of a compact
Lie group G is the ring generated over the complex numbers by
the set of all continuous functions f for which there is a continuous
homomorphism p: G — Gl(n,C) for some n such that f= p; for
some choice of / and j. The Peter-Weyl theorem states that the
representative ring is dense in the space of complex-valued continuous
functions on G in the uniform norm. That is, if g is a complex-
valued continuous function on G, and if ¢ > 0 is given, then there
is a function fin the representative ring such that | f(0) — g(o)| < ¢
for all ¢ € G. We outline a proof of this theorem which is based on
the uniform completeness of the eigenfunctions of the Laplacian.
One can choose a Riemannian structure on G such that each of the
diffeomorphisms /_ for ¢ € G (left translation by o) is an isometry
(that is, (v,w), = (dl v,dl w),, for all 7€G and all v,weG,).
Since the C* functions are dense in the space of continuous functions
in the uniform norm, and since by Exercise 16(h) the direct sum of
the eigenspaces of the Laplacian is dense in the space of C* functions
in the uniform norm, it suffices for the Peter-Weyl theorem to prove
that each eigenfunction of the Laplacian A: C*(G) — C*(G)
belongs to the representative ring.
Now, G acts on the C* functions on G by

o(f)=fol, foroeG.

Prove that since the / are isometries, this action commutes with
the Laplacian:

A(feol) = (Af)-1, (0 € G).
Let V, be the (finite dimensional) eigenspace associated with the
eigenvalue 4 of A: C*(G) — C*(G). Prove that the action of G
leaves V, invariant. Then let ¢, ..., ¢, be a basis of V,, and let
o(p,) = Z 8;i(0)e; .
J

Then o — {g,;(0)} is a homomorphism of G — G/(n,[R). Prove that
this homomorphism is continuous. Then observe that

9i0) = 9; o l,(e) = z g;i(o)p(e),
7
so that ¢, belongs to the representative ring.

The reader who is familiar with the theory of vector bundles should
observe that the results in this chapter on the Laplace-Beltrami
operator are valid for general elliptic operators on vector bundles.
We outline the statements of the results in this situation:
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Let E and F be (real or complex) vector bundles over a compact
orientable manifold M. Let C*(E) and C®(F) denote the vector
spaces of smooth sections of E and F respectively. A (linear)
differential operator L of order I from E to F is a linear map from
C*(E) to C*(F) which when expressed in terms of local trivializa-
tions of E and Fyields an ordinary linear partial differential operator
of order /. The operator L is elliptic if it is locally elliptic. Equiv-
alently, ellipticity of L can be defined in terms of the symbol as in
6.36. Observe that for L to be elliptic, the fibre dimensions of E and
F must be equal. Choose inner products in the fibres E,, and F,,
which vary smoothly with m, and choose a Riemannian structure
and an orientation on M with respect to which smooth functions
can be integrated over M. By integrating the fibre inner products
over M, we obtain inner products on C*(E) and C®(F). Let
L: C*(E) — C*(F) be a differential operator. Prove that L has a
formal adjoint L*: C*(F) — C*(E). Assume that L is elliptic.

(a) Prove that ker L and ker L* are finite dimensional.

(b) Prove that C*(E) and C*(F) have the following orthogonal
direct sum decompositions:

C>(F) = L(C*(E)) ® ker L*,
C*(E) = I*(C*(F)) @ ker L.

Leto,,forn=1,2,3,..., be a periodic C* function on the plane
which agrees with log log(l/(r + (1/n))) for 0 <r <}, where

r = +/x2 4+ y*. Show that there is no constant ¢ > 0 such that
[enlle < ¢ llpully  for all a.

This shows, in the case n = 2, that the restriction ¢ > [n/2] + 1
in Corollary (b) of the Sobolev lemma 6.22 is essential.

Let L be a (linear) elliptic operator on the C* functions on a compact
oriented Riemannian manifold M. Let y be a diffeomorphism of M
which preserves the volume form on M. We say that a C* function f
on M is invariant under y if f o y = f, and we say that the operator L
is invariant under y if Lu o y = L(u o y) for all C* functions ¥ on M.
Suppose that L and f are invariant under y and that f'is orthogonal
to the kernel of L*. Prove that there is an invariant solution u
of Lu = f.
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Action of Lie groups, 112, 123

Adjoint representation, 112 ff.

Ado’s theorem, 101

Affine motions, group of, 83

Alexander-Spanier cohomology, 186 ff.
with supports, 215

Alternating multilinear maps, 56 ff.
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with supports, 214 ff.
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differentiable singular, 154
of a p-simplex, 142

Cartan lemma, 80 (Ex. 16)
Cartesian product of
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mappings, 3
sets, 3
Cauchy-Riemann operator, 254 (Ex. 15)
Cech cohomology, 200 ff.
with supports, 215
Centered coordinate system, 5
Chain, 142
Chain complex, 199
Chain rule, 17
Class C*, 5-6
Class C*
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mapping, 8
Classical cohomology theories. See
Cohomology theories.
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tensor product of, 207

Cochain map, 173

Coframe field, 149
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176 ff.

Cohomology theories
Alexander-Spanier, 186 ff., 215
Cech, 200 fT., 215
differentiable singular, 191 ff., 205-207,

212-215, 227
de Rham, 153 ff., 189 ff., 205-207,
211-215, 217 (Ex. 21), 225-227
singular, 191 ff., 205, 212-215, 217
(Ex. 19)

Commutative diagram, 3

Completely integrable distribution, 42

Complex analytic structure, 6
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connectedness, 136 (Ex. 25)
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15), 135 (Ex. 22)
polar decomposition, 136 (Ex. 24)
subgroups, 107-108

Complex manifold, 6
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Complex number field, 4, 83
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Complex projective space, 128
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Constant sheaf, 164

Coordinate functions on Euclidean space, 4

Coordinate functions, S

Coordinate map, 5

Coordinate system, 5
centered, §
cubic, 5
slice of, 27
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Cotangent bundle, 19
Countability, second axiom of, 6, 8 ff.
Cover, 8
locally finite, 8
open, 8
refinement, 8
subcover, 8
Covering spaces, 98 ff., 132 (Ex. 7)
base, 98
covering, 98
evenly covered set, 98
from Lie group homomorphism, 100
Cube in Euclidean space, 4
Cubic coordinate system, 5
Curve, 17
integral, 36 ff.
piecewise smooth, 34
smooth on [a,b], 34
tangent vector to, 17
Cycle, differentiable singular, 154

de Rham. See under R-listing.
Derivation
on functions, 12
on forms, 61
Derivative, 4
exterior, 65 ff.
Lie, 69 ff.
partial, 4
Determinants, 79 (Ex. 12)
Diffeomorphism, 22-23
Difference quotients, 235 ff.
Differentiable (see also Class C*®), 6
Differentiable manifold (see also
Manifold), 5 ff.
Differentiable singular cohomology,
191 ff., 205-207, 227
multiplicative structure, 212-214
with supports, 215
Differentiable structure, 5-6
of class C*, 5
of class C®, 5
of class Co, 6
complex analytic, 6
Differential
of a function, 16-17
of coordinate functions, 17
higher order, 20-22

of a map, 16

Differential forms, 62 ff.
closed, 153
differential ideals, 74
exact, 153

exterior derivative, 65

independent 1-forms, 73

interior multiplication by vector fields,
68

left invariant, 88 ff.

Lie derivative, 70 ff.

effect of mappings, 68

Differential forms (cont)
Maurer-Cartan forms, 88
periods, 155
de Rham cohomology, 153 ff., 189 ff,,
205 ff., 211, 215, 226
Differential ideal, 74
integral manifold, 74-75
maximal integral manifold, 74-75
Direct limit of K-modules, 167
Distributions, 41 ff.
annihilating forms, 73
annihilating ideal, 73
Frobenius theorem, 42, 48, 75
integral manifold, 42
involutive (completely integrable), 42,
74
maximal integral manifold, 48, 75
Divergence of a vector field, 150
Divergence theorem, 151, 157 (Ex. 4)

Effective action of a Lie group, 123
Elliptic equations, simple examples, 252
(Ex. 9)
Elliptic operators, 240 ff.
fundamental inequality, 240
on vector bundles, 257 (Ex. 21)
invariant solutions, 258 (Ex. 23)
Equivalence of submanifolds, 26
Euclidean space, 4
integration on, 140-141
as a Lie group, 83
as a manifold, 6
de Rham cohomology of, 156, 158
(Ex. 10)
standard orientation, 140
Exact sequences, 165
Exponential map, 102 ff., 116
for general linear group, 105 ff., 134
(Exs. 10, 14, 15), 135 (Ex. 22)
relation between subgroup and
subalgebra, 104
Extension of vector field, 39-40
Exterior algebra, 56 ff.
anti-derivations, 61
derivations, 61
dualities, 58 ff.
endomorphisms of degree k, 61
inner products on, 79 (Ex. 13)
interior product, 61
star operator, 79 (Ex. 13)
universal mapping property, 57-58
Exterior k-bundle, 62
Exterior algebra bundle, 62
Exterior derivative, 65 ff.
Exterior (wedge) product, 56, 60

Family of supports, 214

Fine resolution, 178

Formal adjoint, 239

Forms, See Differential forms.



Fourier series, 229 ff.
Frame field, 149
Frobenius theorem, 42, 48, 75
classical, 45-46
Function, 3
coordinate, 4, 5
component, 4
independent, 23
Fundamental group, 98
Fundamental inequality, 240
Fundamental Theorem of Calculus, 143

General linear group, 7, 83, 86-88
components, 131
exponential map, 105 ff., 134 (Ex. 10)
polar decomposition, 131, 136 (Ex. 23)
subgroups, 107-108
See also Complex general linear group.

Germ of a function, 12

Gradient, 150

Graph of a map, 75
as integral manifold, 75 ff.

Grassmann manifold, 130

Green'’s identities, 158 (Ex. 5)

Green’s operator, 225

Harmonic function, 222
Harmonic form, 223
Hilbert’s Fifth Problem, 110
Hodge decomposition theorem, 223
Homogeneous manifolds, 120 ff., 125 ff.
Homology

real continuous singular, 227

real differentiable singular, 154, 206
Homomorphism

Lie algebra, 90

Lie group, 89

of sheaf cohomology theories, 180 ff.
Homotopy operator, 157, 190, 194, 199,

202

Identity map, 3
Imbedding, 22
Immersion, 22
Implicit function theorems, 30 ff.
classical, 30
Independent set of functions, 23
Injective mapping, 3
Integral curve, 36 ff.
Integral manifold, 42, 74
maximal, 48, 74
Integration, 140 ff.
over chains, 141 ff.
in Euclidean space, 140
of n-forms in Euclidean space, 141
on Lie groups, 151 ff.
on oriented manifolds, 145 ff.
on Riemannian manifolds, 149 ff.
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Interior multiplication, 61
by vector fields, 68
Invariant differential operators, 258 (Ex.
23)
Invariant solutions, 258 (Ex. 23)
Inverse function theorem, 23
Involutive distributions, 42, 74
Isotropy group, 123

Jacobi identity, 36, 84
Jacobian, 17

K-modules, 163
direct limit, 167
tensor product, 169
torsionless, 172, 207
Kronecker index, 4

L, norm, 228, 243
Laplace-Beltrami operator, 220 ff.
eigenvalues, 254 (Ex. 16)
ellipticity, 250-251
in Euclidean space, 158 (Ex. 5), 252
(Ex. 6)
symbol, 251
Laplacian, 158 (Ex. 5), 220 ff.
Left invariant forms, 88-89, 90-92
Left invariant vector fields, 84 ff.
completeness, 103
Left multiplication, 61
Left translation, 84
Lie algebra, 36, 84
abelian, 84
center, 116
homomorphism, 90
isomorphism, 90
of a Lie group, 86
of n X n matrices, 84, 86-88, 107-108
representation, 90
subalgebra, 93
Lie bracket, 36, 78 (Ex. 6), 84
as Lie derivative, 70
Lie derivative
of differential forms, 70
of vector fields, 69
Lie group, 82 ff.
abelian, 116, 135 (Ex. 18)
action on manifolds, 112-113, 123
adjoint representation, 112 ff.
associated with each Lie algebra, 101,
117
automorphism, 89
automorphism group, 119, 135 (Ex. 20)
bi-invariant metric, 158 (Ex. 9)
center, 116
closed subgroup, 93, 110 ff., 135 (Ex.
17)
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Lie groups (cont)
closed subgroup topology, 97
connectivity, 130
continuous homomorphism, 109
examples, 83, 86-88, 107-108
exponential map, 102 ff.
faithful representation, 101
fundamental group, 134 (Ex. 12)
as a homogeneous manifold, 124
homomorphism, 89 ff.
homomorphism as a covering map, 100
homomorphism with simply connected
domain, 101
identity component, 83
identity element, 82
integration on, 151 fT.
left invariant forms, 88 ff.
left invariant vector fields, 84 ff.
left translation, 84
Lie algebra of, 86
Lie subgroup of, 92 ff.
normal subgroup, 115
1-parameter subgroup, 102
orientation, 140
products of, 83
relation between subgroups and
subalgebras of the Lie algebra,
94 ff., 104
representations, 89, 152-153
right invariant vector fields, 135 (Ex.
16)
right translation, 84
second countability, 83
simply connected, 101
simply connected covering group,
99-101
structural constants, 89
subgroup (see Lie subgroup)
unimodular, 152
Lie subgroup, 92 ff.
closed, 93, 110 ff., 135 (Ex. 17)
closed subgroup topology, 97
equivalence of, 93, 95-97
normal, 115
1-parameter, 102
relation between Lie subgroups and
subalgebras of the Lie algebra,
94 ff., 104
uniqueness of, 93, 95-97
Lifting, 34
Linear differential operator, 238
Linear isotropy group, 123
Local 1-parameter group of a vector
field, 39
Locally Euclidean space, 5
with no differentiable structure, 23
with non-diffeomorphic structures, 23

Manifolds, 5 ff.
homogeneous, 120 ff.

Manifolds (cont)
integral of a distribution or differential
ideal, 42, 74
integration on, 140 ff.
maximal integral, 48, 74
metrizability, 8
normality, 8
open submanifold, 7
orientable, 138
paracompactness, 8-9
product manifold, 7, 52 (Ex. 24)
Riemannian, 52 (Ex. 23), 149-151,
220 ff.
second axiom of countability, 6, 8 ff.
slices, 27
submanifold, 22, 26-27
Manifold structure, 6
Mappings
cartesian product of, 3
commutative diagram, 3
composition, 3
diffeomorphism, 22
factoring through submanifolds, 25-26,
47

function, 3
identity, 3
imbedding, 22
immersion, 22
non-singular, 16
one-to-one (injective), 3
onto (surjective), 3
restriction, 3
submanifold, 22
Matrices, 7, 83, 84, 86-88, 107-108,
125-132, 136 (Ex. 25)
exponential map, 105 ff., 134 (Exs. 10,
14, 15), 135 (Ex. 22)
polar decomposition, 131, 136 (Exs.
23, 24)
positive definite, 131
Maurer-Cartan forms, 88
Maximal integral manifold, 48, 74
Modular function, 152
Multi-index notation, 5, 227

Neighborhood, 4
Non-singular mapping, 16
Non-singular pairing, 58
Norms

L,, 228,243

Sobolev, 231

1-parameter group of a vector field, 39
1-parameter subgroup, 102
Orientation, 138 ff.
vector space, 79 (Ex. 13)
Orthogonal group, 33, 108, 119, 125-131
components, 130



Pairing, 58
Paracompactness, 8
for manifolds, 9
Partial derivatives, 4
Partition of unity
existence, 10
on manifolds, 8
subordinate to a cover, 8
for sheaves, 170
Periodic differential operator, 238
support of, 244
Periodic distribution, 253 (Ex. 11)
Periodic functions, 228
norms on, 228
Periods of forms, 155, 217 (Ex. 21)
Peter-Paul inequality, 232
Peter-Weyl theorem, 257 (Ex. 20)
Poincaré duality, 226-227
Poincaré lemma, 155
Polar decomposition, 131, 136 (Exs. 23,
24)
Presheaf, 165 ff.
associated sheaf, 166 ff.
complete, 168
homomorphism, 166
isomorphism, 166
tensor product, 169
Product manifolds, 7, 52 (Ex. 24)

Quotient sheaf, 165

Real continuous singular homology, 227
Real differentiable singular homology,
154, 206
Real projective space, 128
orientation, 140, 157 (Ex. 2)
Real special linear group, 108
Regular domain, 145 ff.
Regularity theorem, 223, 242, 245 ff.,
253 (Ex. 14)
Rellich lemma, 237
Representations of Lie groups, 89
orthogonal and unitary, 152-153
Resolution, 178
de Rham cohomology, 153 ff., 189 ff.,
205-207, 217 (Ex. 21), 225-227
of Euclidean space, 156, 158 (Ex. 10)
other examples, 158 (Exs. 10, 11), 159
(Exs. 16, 17), 160 (Exs. 18, 19)
multiplicative structure, 211
supports, 215
of the unit circle, 153
de Rham theorem, 154-155, 205 ff., 214,
215
Riemannian manifold, 52 (Ex. 23), 220 ff.
integration on, 149 ff.
volume, 149
volume form, 149, 158 (Ex. 6), 160
(Ex. 20)
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Riemannian structure, 52 (Ex. 23)
Right invariant vector field, 135 (Ex. 16)
Right translation, 84

Schwartz inequality, 232
Second axiom of countability, 6, 8 ff.
Semi-locally 1-connected, 98
Set notation, 24
sgn of a permutation, 56
Sheaf, 162 ff.
associated presheaf, 166 fI.
constant, 164
direct sum, 208
fine, 170
of germs of C* functions, 164
of germs of discontinuous sections, 181
homomorphism, 164
isomorphism, 164
of K-modules, 163
mapping, 164
partition of unity, 170
projection, 163
quotient, 165
resolution, 178
section, 163
subsheaf, 164
stalk, 163
tensor product, 169
torsionless, 172
Sheaf cohomology theory, 176 ff.
existence, 178 ff.
homomorphism of, 180 ff.
multiplicative structure, 207 ff,
with supports, 215
uniqueness, 181 ff.
*‘p, q shuffle,” 60
Simplex, 141, 191
boundary of, 142
continuous singular, 191
differentiable singular, 141
face of, 142
oriented, 146
regular, 146
standard, 141
Simply connected space, 98
Lie group, 99, 101
Singular cohomology, 191 ff., 205, 217
(Ex. 19)
multiplicative structure, 212
with supports, 215
Skew-Hermitian matrices, 107-108
Skew line on torus, 51 (Ex. 21)
Skew-symmetric matrices, 107-108
Skyscraper sheaf, 171
Slices, 27
Smooth (class C®), 6
Sobolev lemma, 237, 258 (Ex. 22)
Sobolev spaces, 231 ff.
Special linear group, 107-108
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Special orthogonal group, 108, 130
Special unitary group, 108, 130
Sphere, 7, 33
as homogeneous manifold, 125 ff.
orientation, 140
de Rham cohomology of, 153, 159
(Exs. 16,17)
Star operator, 79 (Ex. 13), 220 ff.
Stiefel manifold, 129
Stokes’ theorem, 144, 148, 151
Submanifolds, 22
equivalence of, 26
factoring maps through, 25-26, 47
C® functions on, 29
as slices, 27-29
as subset, 26-27
topology and differentiable structure,
27

uniqueness, 27
Support

of a function, 4

of a sheaf homomorphism, 170
Surjective mapping, 3
Symbol of a differential operator, 251

Tangent bundle, 19-20
Tangent space, 12
Tangent vector, 11 ff.
from coordinate system, 14-15
to curves, 17
higher order, 20-22
Tensors, 55 ff.
decomposable, 56
homogeneous, 56
type (r,s), 55
Tensor algebra, 55 ff.
dualities, 58 ff.
Tensor bundle of type (r,s), 62
Tensor fields, 63 ff.
Lie derivative, 70
Tensor product
of cochain complexes, 207
of K-modules, 169
of presheaves, 169

Tensor product (cont)
of resolutions, 208
of sheaves, 169
universal mapping property, 55
of vector spaces, 54-55
Topological group, 110
Torsionless resolution, 178
Torus, 51 (Ex. 21), 83, 135 (Ex. 18)
Trace 0 matrices, 107-108
Transitive action, 123

Unitary group, 107-108, 130, 135 (Ex.
21)
Universal mapping property
of exterior algebra, 57-58
of tensor algebra, 55

Vector fields, 34 ff.
complete, 39
along a curve, 34
local C* extension, 3940
acting on functions, 35
integral curves, 36 ff.
as liftings into T(M), 34
left invariant, 84 ff.
Lie bracket, 36
Lie derivative, 69 ff.
local 1-parameter group, 39
along a mapping, 39
1-parameter group, 39
¢-related, 41
Vector space
as a manifold, 7, 86
orientation, 79 (Ex. 13)
Volume, 149
Volume form, 149, 158 (Ex. 6), 160 (Ex.
20)

Wave equation, 256 (Ex. 18)
Weak solution, 222
Wedge (exterior) product, 56, 60
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