
 

Two very good
books Serve Semisimple complex lie

algebra
Humphreys Intr to Lie algst representation

theory
The 2nd explains the 1st Occasionallymake it worse so use ist also

Nilpotent Solvable Semi simple Lie algebras

of is defined as g g 4 19.91 ex

a b
a b span

u u ta Eb two ideals

Nilpotent of step k if y o of o

FI ay A E Max I a j o Visits

51 n t z s a

III

a a
92,53

u see

of 7
m

bserve Ky Kin Taj 0

if jsiest K E Y E

k its

i rest ftp.lisi ndgd o

G y j
o f je ist

X y E Y ist



Similarly Y K Y Kaj

BEEF j use is necessary

to have Ly c
is

0

This shows
Ig
Yes C Years

Hence ya is a step n t nilpotent lie algebra

a fi n a step 0

adiato
It iseasy to see of

is n s i step nilpotent lie algebra

maisie at
n

Shableliealfbra of is defined as

9 of Te Yet Tee lol

k spsolvable if off of o

Clearly Y C of Nilpotent must
be solvable



Yu A I a j o Hi j

s y sin

I
say

k

0 HI
Y x Fame form gu

ox

IG C 9 in the last example

Now 9 C

Talc
In fact i Yes

9 C

of is solvable

Lie'stharen KS Y HIM 0 then 5cg is liketheexample

Y issolvableabove

Namely one mayput gig upper triangular

Pf See Hum Pib

Prop3.2 of Ziller lists some useful facts



Nilpotent and Solvable Lie algebras Section 3.1 37

Proposition 3.2 Let g be a Lie algebra which is k step nilpotent resp. ksolvbasic

step solvable. The following are some basic facts:

(a) gi Ω gi for all i. In particular, g is solvable if it is nilpotent.
(b) gi and gi are ideals in g.
(c) If g is nilpotent, then

©
gk°1

™
lies in the center. If g is solvable, {gk°1}

is abelian.
(d) A subalgebra of a nilpotent (solvable) Lie algebra is nilpotent (solv-

able).
(e) If a Ω b is an ideal of the Lie algebra b, we let a/b be the quotient

algebra. If a is solvable (nilpotent), a/b is solvable (nilpotent).
solvexact (f) Let

0! a! b! c! 0

be an exact sequence of Lie algebras. If a and c are both solvable,
then b is solvable. In general the corresponding statement is not true
for for nilpotent Lie algebras.

(g) Let a, b be solvable (nilpotent) ideals, then the vector sum a + b is a
solvable (nilpotent) ideal.

Proof We only present the proof of some of them, since most easily follow
by using the Jacobi identity and induction on i.

(b) The Jacobi identity implies that gi is an ideal in g, and similarly gi is
an ideal in gi°1. To see that gi is an ideal in g, one shows by induction on
k that gi is an ideal in gi°k.

(f) Let ¡ : a ! b and √ : b ! c be the Lie algebra homomorphisms in the
exact sequence. Clearly, √(bk) Ω ck. Since ck = 0 for some k, exactness
implies that bk Ω Im(ak) and since am = 0 for some m, we also have bm = 0.

(g) Consider the exact sequence of Lie algebras

0! a! a + b! (a + b)/a! 0.

Since (a + b)/a ' b/(a \ b), and since b, a \ b are solvable ideals, (a + b)/a
is a solvable ideal as well. Thus (f) implies that a + b is a solvable ideal.

The nilpotent case follows by showing that (a + b)k Ω
X

i

ai \ bk°i via

induction.

Example 3.3 a) The set of n £ n upper-triangular matrices is an n-step
solvable Lie subalgebra of gl(n, R), and the set of n £ n upper-triangular
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