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Nilpotent and Solvable Lie algebras Section 3.1 37

—

\\'sz" solvbasic || Proposition 3.2 Let g be a Lie algebra which is k step nilpotent resp. k
step solvable. The following are some basic facts:

(a) g; C g for all i. In particular, g is solvable if it is nilpotent.

{5 (,Q,\\.e«)\ ow 1> (b) ¢° and g; are ideals in g.
(c) If g is nilpotent, then {gk_l} lies in the center. If g is solvable, {gi_1}
\ CX““D* , is abelian.
\-% VS 0 (d) A subalgebra of a nilpotent (solvable) Lie algebra is nilpotent (solv-
able).
(R '7\ (e) If a C b is an ideal of the Lie algebra b, we let a/b be the quotient

algebra. If a is solvable (nilpotent), a/b is solvable (nilpotent).

[\A ‘;\ solvexact (f) Let

0—-a—>b—c—0

be an exact sequence of Lie algebras. If a and ¢ are both solvable,
then b is solvable. In general the corresponding statement is not true
for for nilpotent Lie algebras.

(g) Let a, b be solvable (nilpotent) ideals, then the vector sum a+ b is a
solvable (nilpotent) ideal.

Proof We only present the proof of some of them, since most easily follow
by using the Jacobi identity and induction on +.

(b) The Jacobi identity implies that g’ is an ideal in g, and similarly g; is
an ideal in g;—1. To see that g; is an ideal in g, one shows by induction on
k that g; is an ideal in g;

(f) Let ¢: a — b and ¢: b — ¢ be the Lie algebra homomorphisms in the
exact sequence. Clearly, 1(bg) C c;. Since ¢ = 0 for some k, exactness
implies that by C Im(a) and since a,, = 0 for some m, we also have b,, = 0.

(g) Consider the exact sequence of Lie algebras

0—a—a+b—(a+b)/a—0.

Since (a+b)/a~b/(anb), and since b, aN b are solvable ideals, (a + b)/a
is a solvable ideal as well. Thus (f) implies that a + b is a solvable ideal.

The nilpotent case follows by showing that (a + b C Z al N ph

induction. O

Example 3.3 a) The set of n X n upper-triangular matrices is an n-step
solvable Lie subalgebra of gl(n,R), and the set of n x n upper-triangular
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