
 

Remarks

F system abstract root system

If A C Y is the root system We have that

fmpretions definition historically
V L P E A

4
it is called

p th d EA
P A E I a f system

Plo 92 0

with
p a np 2BBÉ

e mayused a

In particular p 214g a e a
wrong order

si iI
TheobsenationisifBli is viewed as an

inner product Sacp P 24 4 is the

reflection w r t to Pa x x 4 0

Yr
The abstract root system only requires A is invariant

thereflections
una s

i Ee.sp.IEtogetherwith i

ii only multipleof a E O is a

iii p Sep
is an integer multiple of a Not requiring in o



The Weyl abstract group

W A the group generatedby Sal thereflection above

For the case g Koe n ta it can be shown

It also satisfies many nice properties
t i

i Wo acts transitively on the Weyl Chambers

ii HH regular I re Wcg

614 s a o H E F

Iii V a E A I o EWCA A E F

in WCA is generenated by Sa with a E f

V If F is another Fundamental root set then I re Wcg

r F'I F

This is mainly proved in Serre 5.10 Humphreys ios

maximal root

i It dependsthe ordering choice

Ii I several definitions I will try to use

the pairingwith Ho the regular vector in YR

I



I maximal if
Def p is called a maximal root if ant 13 At KpeotGot
Ho 13 Ho 7 Cd Ho V LED

For a simple lie algebra ofP
an element in It with maximal height

his m

Namely ht dm help HPEAt
ChtLa E nisi diet hi o

Ln is unique

If 13 2 midi Edt mi o

Miani

In particular if p La p am

Listhuniquenggximal
root i Ot

H2 Eni if a Enix Lie F

Since It NEAT Such an expression exists

it is unique due to Lila forms a basisofMr

We first show if an has the maximal height then

Ln is maximal satisfies A

in the sense that it

If du has maximal height Luthi At

WeSay CA holds
Hence CA holds if ht p 1

Now we prove it by induction
on http

Assume it holds for hteplek Namely th holds



Lemmy ftp.qktcpkktl I 4 EF and P'eat
such that p p't Lj k 1

PI H P pl o

P Enjaj Lj EF

Enj dj pl
fence Ij Such that nj o dj pl o

otherwise
nj j P

to

pick such j P Y 70 13 dj.CA

But P E hj2j Enjoy t nj go
jtj Yo

pl Engg't ly J E A E At

ftp.g D

write p p't d with help Kk a EF

via the henna



Igf X E Ya Xp
E 9ps Theorem4 8D

P p o x xp'THE 9
Moreover if ant P E At

Xu Ka Tho
But

xx xp X Xp Xu Ka
l

since atp At o data at
help'l k ga at ht 1 case

This is a contradiction

Hence fr da which has maximal htlan A holds

Namely Ltp At t BEAT dm is Cal maximal

had
the F

A
i 0

F O UA

Az dit ng o

Ln Nj Ed
H Jj E Az

Since Ln g Chidi Lj Fo

Lito htldnt2j

But In 4 Do otherwise g g p
tht

CA holds is enough N

Lm Lj 0 But Ki g so

hi o



hi 47 0 FLEA g ED

This Day is disconnected unless g simplest

connected

Now we showdaisanigneone which
has ht du is maximum

If pm is another element in At

uchthat pm also has the maximal height
http held

peep
either Lu p E o or Pu Le o

2 Rt L R P 2 t Ra
Eg EAT

All contradicts to Maximal in ht maximal in
y

ii if can pit E g P

But Lepp Kj P l
o Peo

ftp.QE eG Mg p.ko PntdjEA Pais Not of
maximal height

iii If Can Pico Lat R Ed

neither of them istmaxima height
to

The contradictionforcesanEnt

If p a pest
implies holds at ht Cpk ht can

hetuniquenesspart
Also if ht p l it holds



Now if htcpl i.ch
Clai

7diEFBtdiEAtotherwise we have p satisfies CAby theproofof

fence alpplies E
Em.tt mIx

p
satisfies

Also 13 2 by arguement LEP
Pm am CA

Hence pl Bedi has http in

holds for p by induction assumption

It also holds for P Namely mis ni

Corollary of is

dm Ho Z P Ho Since Li Ho o

Moreover if p an 4 Ho P H

lamely dm is maximal interms of b H H H

Follows by the construction

Weight Weight spaces the maximal weight
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This proves of Theorem

One can consult Hsiang's book for a proof of
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We covered before the Cartan Weyl Hopf theorem


