MATH 140A - HW 5 SOLUTIONS

Problem 1 (WR Ch 3 #8). If }_ a, converges, and if {b,} is monotonic and bounded, prove that

Y anb, converges.

Solution. Theorem 3.42 states that if
(a) the partial sums of }_ a,, form a bounded sequence;
(b) bo=by=by=-+;
(c) ,}ggo b, =0,

then ) a, b, converges.

First of all, since ) a, converges, that means the sequence of partial sums {Z’rj:l a} is a con-
vergent sequence, so by Theorem 3.2(c) it is bounded, and thus part (a) is satisfied.

The problem with using this theorem with {b,} is that it doesn’t necessarily converge to 0.
However, we can create a new sequence {c,} based on {b,} which has the properties we need to
apply the theorem. Since {b,} is monotonic and bounded, it converges by Theorem 3.14. Let

b =1lim b,,. Now we have two cases:

Then b, must be decreasing, so define the sequence ¢, = b, — b, which is monotonic de-

creasing as well, so it satisfies (b). Also, notice that

lim C”:,}ilgo(b"_b):(,}i_l,gob”)_b:b_b:o’

n—oo

so it satisfies (c). Therefore, }_ a, c, converges. Then we note that

Zancn:Zanbn—Zanb e Zanbn:Zancn+bZan,

and the right side of the equation consists of two convergent sequences, so Y a,b, con-

verges.

Then b, must be increasing, so let ¢,, = b— b, which is monotonic decreasing, so it satisfies

(b). Once again, lim ¢, =0, so it satisfies (c), so }_ a, ¢, converges. Then
n—oo

Zancn:Zanb—Zanbn = Zanbn:bZan—Zancn,

so ). anb, converges.

Problem 2 (WR Ch 3 #9). Find the radius of convergence of each of the following power series:



(@) Y niz"
1

Solution. By Theorem 3.39, the radius of convergence of the power series is given by R = -

where « is defined as

3
a =limsup V/|n3| = lim nn :(lim n%) =13=1,
n—oo

n—o0 n—oo
so the radius of convergence is R = é =1.
2”
(b) X 552"
Solution. Using the ratio test, the series converges if
2n+l n+l
. an+1 G @l 2]z
limsup |——| = lim . = <1,

nooo | an n—oo  23|zn n—oon+1

which is true for all z € C, so the radius of convergence is R = co.

© Yz

Solution. Using Theorem 3.39 again,

i 2 2 2 2 _,
a =limsu “|l=lim—=—">" == =2
"ﬂoop n?| n=oo 2 (lim n%)z v

so the radius of convergence is R = é =

NoI—

@ x ?—EZ”
Solution. By Theorem 3.39,

. 113
ot (fmer) s
a=limsup {/|—|= lim = ==
n—oo 3" n—oo 3 3 3 3

so the radius of convergence is R = é =3.

Problem 3 (WR Ch 3 #10). Suppose that the coefficients of the power series }_ a,z" are integers,

infinitely many of which are distinct from zero. Prove that the radius of convergence is at most 1.

Solution. To prove the radius of convergence is at most 1, we must show that if |z| > 1, then }_ a, 2"
diverges. Notice that

lz2l>1 = lanz"|=lanllzl" > |anl.

Next, note that if an integer a is nonzero, then |a| = 1. Therefore, since there are infinitely many

n € N such that a;, # 0, there are infinitely many n € N such that
lanz"| > lan 21,

so r}im lanz" #0, and thus }_ a,z" diverges by the divergence theorem (3.23).
—00



Problem 4 (WR Ch 3 #11). Suppose a, >0, s, = a +---+ ay, and )_ a, diverges.

(a)

(b)

Prove that ¥ 72~ diverges.

an
1+ay,

converges. Then —22- — 0 by The-

Solution. Assume (by way of contradiction) that }_ Tra,
orem 3.23. Since a, # 0, we can divide the top and bottom of this fraction by a, to get

11+1 — 0, which implies that aln — o0, which again implies that a,, — 0. This last result

an
means that for any € > 0, there exists some Nj € N such that |[a,, — 0| <€ for all n = Nj. Let

€ =1, and choose N; € N so that |a,| <1 for n = Nj.

Aan
1+ay,

} converges in R as we increase 7 to oo, so it is a Cauchy sequence.

Next, since we assumed that )

of the series {Y.}_, lf’;k

converges, that means the sequence of partial sums

This is equivalent to the statement that for any € > 0 there exists some N> € N such that

m
a
_Z k <€ forall n,m = N,

or, equivalently,
am an

+...+
1+a,, 1+ay,

<€ forall n,m = Ns.

Now, if we set N = max(N;, N»), then for any k = N we have a; <1, so

a a a
m +...+ n < m +...+
1+1 1+1 l+anm 1+ay,

<e forall n,m= N,

but this proves that }_ % is Cauchy, and thus }_ a, converges, contradicting our assumption

that it diverges.

Prove that

anN+1 a SN
Loy N+k>1

SN+1 SN+k SN+k

and deduce that ¥ $* diverges.

Solution. Since Sy 4 i = SN+k—1 = SN+k—2 = -+ = Sy, we have

a a a a ans1+--+a SN+k—S N
N+1+...+ N+k2 N+1+”'+ N+k _ 9N+1 N+k _ °N+k N:1_ N '
SN+1 SN+k  SN+k SN+k SN+k SN+k SN+k
Now assume (by way of contradiction) that }_ % converges. Then it’s Cauchy, so for any e > 0
n

there is some N € N such that

am an
— ++—<e€ for all n,m = N.
Sm Sn

Letting € = %, m= N, and n = N + k for some positive integer k, we get

1 _anw an+k SN
> Fop—=>1— ,
2 SN+l SN+k SN+k

and doing some arithmetic this means

SN

1
> — for any positive integer k.
SN+k 2



However, since }_ a,, diverges and a;, > 0, we have that sy, — oo as k — oo, and this implies

that - — 0 as k — oo, contradicting the fact that =2 > L forall keN.
N+k SN+k 2

Problem 5 (WR Ch 3 #14). If {s,} is a complex sequence, define its arithmetic means o, by

(a)

(b)

So+--+Sp

o, = (n=0,1,2,...).
n+1

Iflim s, = s, prove thatlimo, = s.

Solution. We want to show that for every € > 0 there exists an N € N such that |0, —s| <€
for all n = N. Since we already know that lim s, = s, then there is some N; € N such that
|sp— S| < % for all n = N;. Also, since {s,} is a convergent sequence in a metric space (C), it’s
bounded, so there exists some M > 0 such that |s,, — s| < M for all n. Putting all this together,

we have

Sot+-+ S, ‘
—_— =S
n+1
So+-+sp—(n+1)s
n+1
(So—8)+---+(sp—9)
n+1
So—S|+--+[sp—s
SIo | |sn — sl
n+1
_Iso=sl+-tlsma=sldswy = sl+--+ s sl
n+1 n+1
MM (-Ni+1)§

< +
n+1 n+1
MM,
“n+l 2

|0'n_s|=‘

In the last step, we let choose N> to be the smallest positive integer such that N, > M -1

)

so that
NiM

n+1

< forall n= N>.

€
2
Therefore, continuing from before, if we set N = max(Ny, N»), then

MM
+1

o, — sl < +t5<5+5=¢ foralln= N,

finishing the proof thatlimo, = s.

Construct a sequence {s,} which does not converge, although limo,, = 0.
Solution. Let s, = (—1)". Then

n

n
0 if nis odd

So+ -+ Sy % if nis even
B n+l1

so limo, =0, but s, does not converges.



(c) Canithappen that s, > 0 for all » and that limsup s,, = oo, although limo,, = 0?

Solution. Let

0 ifn=0
Sp= % +¥n  if n= k3 for some integer k
1 otherwise

Since the number of cubic numbers in {1,..., n} is given by | {/7n], which is the largest integer
less than n, then we have

Csotets,  L+n(y)+1Vn) (V) 2+n3

n= = —

n+1 n+1 T n+1

as n — oo. Therefore limo,, = 0. Lastly, we check that

= OQ.

1
limsups, = lim (— +vn
n—oo\ n

(d) Put a;, = s, — su—1, for n= 1. Show that

1 n
Sp—0pn= kay. (%)
n+1;=

Assume thatlim(na,) = 0 and that {0} converges. Prove that {s,} converges.
Solution. We prove the first part by induction.

So + S1

1 1
S1—01=81-— s(81=%0)=5a.

This establishes the base case. Next, assume that s;, — 0, = % ZZ:I kay, and we have

P E— kay = kay+ (n+1)(Sp+1— Sn)
(n+D+13 n+2\o

1
= (n+1)(sp—0u)+(n+1)(Sps1—Sn))
n+2

1
=——m+1)(spy1—04)
n+2

_(m+D)sp1—(so+---+8p)

n+2
_(n+2)sp1—(So+---+ Sp+ Sp+1)
B n+2
N (So+--++ Sp+1)

n+2

= Sn+1 — O n+1-

This completes the induction. Now, since {na;} is a complex sequence, and lim na, = 0,

then by part (a) the limit of the arithmetic means of {na,} must also be 0, so to restate this,

n
kak) = lim a;, =0.
=1 n—oo

1
lim (
n—oo\n+1



Therefore,
1

n+

lim(s,—o0,) = nh_rl.lo(

n
Z kak) =0,
Lo

by (%), and thus lims, =limo, (and o, converges), so finally we have shown that {s,} con-

verges.

Problem 6 (WR Ch 3 #16). Fix a positive number a. Choose x; > v/a, and define x, x3, x4,... by

the recursion formula
1 ( N o )
Xpi1=—|xn+—].
n+1 2 n *n
(a) Prove that {x,} decreases monotonically and that lim x, = /a.

Solution. If a, b € R, then

a? + b?
2

(a-b?=0 = a*—2ab+b*=0 > ab,

with equality holding iff a = b. We will use this last inequality to show that {x,} is bounded

below by v/a. We do so by induction. xy > « is given. Assuming that x, > «, we have

1 a va
Xpel == |Xn+—|>VXpn- =Va.
n+1 2( n xn) n —xn \/_

Now we who that {x,} is a decreasing sequence.

1( +a) 1( a) 1(x,%—a)>0
Xp—=Xpi1=Xn——|x,+—|==x,——|== X
noAnt oo Xn 2\ Xn 2 Xn

using the fact that x2 > a in the last inequality, so we have proven that x, — x,,4+1 > 0 or
equivalently that x,, > x,.;. Since {x,} is a strictly decreasing, bounded sequence, it must

converge. Let x = lim x,,. Notice that x = /a > 0, so

a . 1 a
Xnt1 =7 | Xn+ — - lim x;41 = lim = |x, + —
2 Xn n—oo n—oo 2 Xn
1 a
= xX=- (x+ —)
2 X
X «
> —_— = —
2 2x
fr— x2 =Qa
= X = \/E
(b) Pute, = x, —/a, and show that
& _ &
1
n+ 2%, 2\/5

so that, setting § = 2V/a,



Solution.

X=2ny/ata - vVa?_ e €
2xp 2%, 2%, 2Va

— _1 a _
€n+1—xn+1_\/a’—§(xn—z)—\/a’—

2
since x, > v/a. So €41 < %”, and applying this n times we get

(c) This is a good algorithm for computing square roots, since the recursion formula is simple
and the convergence is extremely rapid. For example, if @ = 3 and x; = 2, show thate;/ < %
and that therefore

e5=4-10716,  ¢5<4-10732.
Solution.

€1 _2-v3_ 1 N S §
B 2v3 2V32+v3) 6+4v3 10

24
€
es<Bl—=| <2v3-107'%<4.10716,
p

25
€< p il <2V3-107%% <4.107%,
B

Problem 7 (WR Ch 3 #18). Replace the recursion formula of Exercise 16 by

-1 a —p+1
Xn+ —X,

Xn+1 =
where p is a fixed positive integer, and describe the behavior of the resulting sequences {x;,}.

Solution. If the limit exists, let x =lim x;,. Then

-1 a —p+1 . . - a —p+1
Xp+1 = xn+—xnp = r}lnoloxn+1:nllnolo P Xp+— np
— x=P i Een
p p
X «a
fr— —_ = —
p px
= x=a
= x=Va.

To show the limit exists, we’ll show again the sequence is bounded and decreasing. First we show

it's bounded. To do so, we'll have to use Young’s Inequality. It says that if % + % =landifa,b>0,



11
then§+%za‘be.Thus,lettinng%,wehave%+%=1, and so
1 L ob
b- a —p+1_ _q @F
Xps1 = Xn+—=x,"" > x0 == = Va,
x,"
so {x,} is bounded. Next,
-1 a _pi1  Xp a X, —Q
Xn—Xn+1=Xp — Xn+— np = -1 p—1 >0,
p b px, px,

so {x,} is decreasing.



