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Lay summary

The contents of this thesis lie at the intersection of noncommutative ring theory and
Lie theory: the main objects of interest are infinite-dimensional Lie algebras and their
universal enveloping algebras.

In mathematics, a ring is a structure where there is a notion of addition and multipli-
cation. The prototypical example of a ring is the set of integers, in other words, positive
and negative whole numbers (including zero). A ring is commutative if we can switch
the order of multiplication, that is, if a X b = b x a. In this thesis, we study a certain
class of noncommutative rings, where this property no longer holds. Noncommutativity
is ubiquitous in mathematics, physics, computer graphics, and in many other contexts.

One of the main focuses of this thesis is the noetherian property of rings. This is
a fundamental property named after the renowned mathematician Emmy Noether. For
example, the ring of integers is noetherian. Roughly speaking, this means that we cannot
keep dividing forever: if we divide an integer enough times we will eventually get to 1,
at which point we cannot divide further. Noetherianity is a sort of finiteness condition,
meaning we can describe certain aspects of a noetherian ring with a finite amount of
information. As a result, one of the most important questions when studying a ring
is to investigate whether it is noetherian, because noetherian rings have a well-behaved
structure which makes them easier to work with.

The rings considered in this thesis are built from Lie algebras, which are used to model
the symmetries of a geometric object. When we say symmetry, we mean an operation
which leaves some property of the object unchanged. For example, if we rotate a square
by 90 degrees it will look the same. Lie algebras give a unified framework to encode sym-
metries of certain objects, allowing us to understand symmetries by studying algebraic
properties of Lie algebras. There is a concept of “size” for Lie algebras, known as dimen-
siton, which can be finite or infinite. Infinite-dimensional Lie algebras encode symmetries
of infinite-dimensional spaces. They often arise in quantum mechanics, where physicists
have to consider infinite-dimensional spaces to perform delicate computations.

There is a process which turns Lie algebras into noncommutative rings, called the
universal enveloping algebra. Enveloping algebras of finite-dimensional Lie algebras are
fundamental examples of well-behaved noncommutative rings. For example, it is well-
known that they are always noetherian.

On the other hand, enveloping algebras of infinite-dimensional Lie algebras are fa-
mously mysterious. It has only been within the last ten years that we have begun to
understand their ring theoretic properties. It is not known whether it is possible for such
an algebra to be noetherian. This long-standing question first appeared in Amayo and
Stewart’s book on infinite-dimensional Lie algebras [AS74] fifty years ago. Given their
extremely large size, it is widely believed that these rings are never noetherian, but this
is surprisingly difficult to prove: there are very few examples whose (non-)noetherianity
is known. This thesis makes progress on this important question.
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Abstract

Let k be a field of characteristic zero. In this thesis, we study Lie algebras of derivations
and answer various Lie theoretic and ring theoretic questions about them. One of the
main fundamental questions which motivates this thesis is whether it is possible for the
universal enveloping algebra of an infinite-dimensional Lie algebra to be noetherian.

We show that the universal enveloping algebra of the Lie algebra of derivations of
any infinite-dimensional affine commutative algebra is not noetherian. This extends a
result of Sierra and Walton on the Witt algebra (the Lie algebra of derivations of the
ring of Laurent polynomials). The most difficult case is when we have a Lie algebra of
derivations on an integral domain of Krull dimension 1. Such a Lie algebra is known as a
Krichever—Novikov algebra, and can be studied using techniques from algebraic geometry.

We then focus on subalgebras of the general Cartan type Lie algebras (also known
as Cartan type W Lie algebras), defined as W,, = Der(k|xy,...,z,]). In particular, we
study Lie subalgebras g of W,, of maximal Gelfand—Kirillov (GK) dimension, that is, with
GKdim(g) = n.

For n = 1, we completely classify such g. We first define a new family of subalgebras
of W (denoted by L(f), where f € k[t]), and then prove that, up to a finite-dimensional
vector space, all infinite-dimensional subalgebras of W; are of the form L(f) for some
appropriate choice of f. As a corollary of the classification, we obtain a new proof that
W, satisfies the Dixmier conjecture, in other words that End(W;) \ {0} = Aut(W,), a
result first shown by Du. Our proof is more conceptual, following from the classification
of subalgebras by showing that W; does not have any proper simple subalgebras.

For arbitrary n, we show that if g is a GK-dimension n subalgebra of W,,, then U(g)
is not (left or right) noetherian. For n = 1, this is a consequence of the classification of
subalgebras. For n > 2, our method is different: in this case the key is to introduce a
chain of subalgebras g;; of g and study the dimensions of successive quotients g;;/g; j+1-

We finish by analysing Lie theoretic properties of subalgebras of the Witt algebra
W = Der(k[t,t7!]) and the one-sided Witt algebra W; = Der(k[t]). We first study
finite codimension subalgebras of W, by computing their derivations and one-dimensional
extensions. These correspond to Ext%](g)(M ,8), where g is a subalgebra of W; and M is
a one-dimensional representation of g. We find that these subalgebras exhibit a kind of
rigidity: their derivations and extensions are controlled by the full one-sided Witt algebra.
As an application of these computations, we prove that any isomorphism between finite
codimension subalgebras of W; extends to an automorphism of W.

Finally, we explain the observed rigidity by defining a notion of “completely non-split
extension” and proving that W; is the universal completely non-split extension of any of
its subalgebras of finite codimension. In some sense, this means that even when studying
subalgebras of W; as abstract Lie algebras, they remember that they are contained in
W;. We also consider subalgebras of infinite codimension, explaining the similarities and
differences between the finite and infinite codimension situations.
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Chapter 1

Introduction

1.1 Overview

In this introduction, for simplicity we assume k is an algebraically closed field of charac-
teristic zero.

Enveloping algebras of finite-dimensional Lie algebras are fundamental examples of
well-behaved noncommutative rings, sharing many properties with polynomial rings in
finitely many variables. For example, it is well-known that they are always noetherian
[Dix77, Corollary 2.3.8]. The study of enveloping algebras of finite-dimensional Lie al-
gebras has a rich history, going back to work of Dixmier, Duflo, Conze, Moeglin, and
others [Dix59, Dix63, Con68, CD70, CV71, Duf75, Moe76]. Indeed, many techniques in
noncommutative algebra were originally developed to study them. On the other hand,
enveloping algebras of infinite-dimensional Lie algebras remain mysterious, even though
these Lie algebras are of central importance in many areas of physics, including conformal
field theory and string theory. It has only been within the last ten years that we have
begun to understand their ring theoretic properties.

One of the most important open questions regarding enveloping algebras of infinite-
dimensional Lie algebras is the question of noetherianity: it is not known whether it is
possible for such an algebra to be (left and right) noetherian. This long-standing question
has been posed by many authors (see, for example, [GW04, p. xix], [Bro07, Question B],
[Gool3, p. 2] [BG14, Question C], and [And23, Question 4]), but its earliest appearance
was fifty years ago in Amayo and Stewart’s book on infinite-dimensional Lie algebras
[AS74, Question 27]. It is widely believed that these rings are never noetherian, but there
are very few examples whose (non-)noetherianity is known.

Conjecture 1.1.1 ([SW14, Conjecture 0.1]). Let g be a Lie algebra. Then U(g) is noethe-
rian if and only if g is finite-dimensional.

The first significant milestone was Sierra and Walton’s proof that the enveloping alge-
bra of the Witt algebra W := Der(k|[t, t7']) = k[t, t7!]0 is not noetherian [SW14, Theorem
0.5], where 0 = %. Remarkably, their proof relied heavily on techniques from noncom-
mutative algebraic geometry, even though these enveloping algebras are very large and
difficult to understand.

Most of the work in this thesis is motivated by Amayo and Stewart’s noetherianity
question, although we are also interested in Lie algebraic properties of infinite-dimensional
Lie algebras, including cohomology and representation theory. In particular, we make

significant contributions to the understanding of noetherianity of enveloping algebras by



studying Lie algebras of derivations. This is a large and important class of infinite-
dimensional Lie algebras which we tackle from several different directions.

Since their introduction, enveloping algebras of infinite-dimensional Lie algebras have
remained drastically under-explored, mainly because of their inherent complexity and lack
of techniques to study them. The results presented in this thesis not only expand our
knowledge of enveloping algebras, but also provide new techniques to study Lie algebras of
derivations. With the recent advancements over the past decade, we are hopeful that the
study of enveloping algebras of infinite-dimensional Lie algebras will continue to develop
and benefit from new insights.

In the subsequent sections of the introduction, we give an overview of the main results
of this thesis and contextualise our work by summarising the history of the problems
we consider and outlining some related research. In Section 1.2, we outline the early
history of enveloping algebras of infinite-dimensional Lie algebras. In Section 1.3, we
summarise more recent results on the enveloping algebra of the Witt algebra and present
our work on enveloping algebras of Lie algebras of derivations. In Section 1.4, we discuss
some classification results of certain classes of infinite-dimensional Lie algebras, including
our classification of subalgebras of the one-sided Witt algebra. We also mention how
each classification result yields consequences regarding the noetherianity of enveloping
algebras. As we discuss in Section 1.5, an interesting application of our classification
of subalgebras is that the one-sided Witt algebra satisfies the Dixmier conjecture (first
proved in [Du04]). In Section 1.6, we present our results on Lie algebraic properties of
subalgebras of the Witt algebra. In Section 1.7, we briefly discuss the perspective of Hopf
algebras. Finally, in Section 1.8, we outline the general structure of this thesis.

1.2 Early work on enveloping algebras of infinite-
dimensional Lie algebras

Enveloping algebras provide a powerful framework for studying the representation theory
of Lie algebras and Lie groups through ring theory. Understanding the algebraic structure
of enveloping algebras can lead to insights into the representation theory of Lie algebras.
For instance, one might try to study a Lie algebra through its irreducible representa-
tions. However, this problem is frequently intractable, so Dixmier suggested the study
of primitive ideals (annihilators of simple modules) of enveloping algebras instead. For
a finite-dimensional Lie algebra g, while the set of irreducible g-representations is very
large, the set of primitive ideals of U(g) is completely calculable [Dix77]. We will see later
in this introduction that the principle of studying the representation theory of g through
the ring theory of U(g) also holds in the infinite-dimensional case.

Furthermore, enveloping algebras give a rich source of interesting noncommutative
rings. Their study has contributed significantly to understanding some classes of non-
commutative algebras. In a certain sense, they are among the simplest noncommutative
rings and, as Dixmier argues in [Dix77], they provide a good starting point for noncom-
mutative algebra, particularly in cases where techniques from algebraic geometry can be
applied.

Despite their pivotal role, one of the most basic and fundamental questions regarding
the ring theory of enveloping algebras remains unanswered: we do not know whether it is
possible for an enveloping algebra of an infinite-dimensional Lie algebras to be noetherian.
Indeed, these rings remain largely unexplored, with limited advancements in the last five



decades. This is mainly because their structure is very complicated and they are very
large (i.e. they have infinite Gelfand—Kirillov (GK) dimension [Smi76]).

The simplest example of an infinite-dimensional Lie algebra, an abelian one, has a
non-noetherian enveloping algebra. This is because the enveloping algebra is isomorphic
to a polynomial ring in infinitely many variables, which is clearly non-noetherian.

Amayo and Stewart themselves proved that enveloping algebras of infinite-dimensional
solvable Lie algebras are not noetherian [AS72, Corollary 2.4]. They also showed that a
Lie algebra g satisfies the ascending chain condition on subalgebras if U(g) is noetherian.
Therefore, any Lie algebra containing an infinite-dimensional abelian subalgebra has a
non-noetherian enveloping algebra.

Theorem 1.2.1 ([AS72, Proposition 2.3]). Let g be a Lie algebra such that U(g) is
noetherian. Then g satisfies the ascending chain condition on Lie subalgebras, in other
words, subalgebras of g are finitely generated. In particular, all abelian subalgebras of g
are finite-dimensional.

For example, Theorem 1.2.1 can be applied to show that all affine Kac—-Moody al-
gebras have non-noetherian enveloping algebras. Beyond these early results, progress in
understanding the noetherianity of enveloping algebras remained limited for a long time.

1.3 The Witt algebra and generalisations

The Virasoro algebra is of central importance in conformal field theory, string theory,
integrable systems, and various other areas of mathematics and physics (see, for example,
[Kac90, GROT7]). This Lie algebra and its representation theory have been extensively
studied, often linking different fields of mathematics. The Virasoro algebra is the uni-
versal central extension of the Witt algebra W = Der(k[t,¢']), which is often called the
centerless Virasoro algebra for this reason.

In [DS90], Dean and Small considered the enveloping algebra of the Witt algebra.
They argued that a systematic study of the ring theory of U(W) could provide powerful
tools to study the representation theory of the Witt algebra. Indeed, by exploiting the
natural map from the Witt algebra to the first Weyl algebra, they constructed new families
of irreducible representations of the Witt algebra, which they achieved through the theory
of noetherian rings and idealisers.

Dean and Small also believed that the enveloping algebra of the Witt algebra was not
noetherian, but could not prove it. This question turned out to be a formidable challenge,
resisting all attempts at proof for over two decades. Sierra and Walton finally provided
an answer, demonstrating that the enveloping algebra of the Witt algebra is, indeed, not
noetherian.

Theorem 1.3.1 ([SW14, Theorem 0.5]). The universal enveloping algebra U(W') of the
Witt algebra is not noetherian.

In fact, the kernel of the natural map from U(W) to the first Weyl algebra is an
ideal which is not finitely generated as a left or right ideal [SW16, Theorem 3.12], even
though it is principal as a two-sided ideal [CMO07, Theorem 1.2]. Therefore, it is the most
“obvious” ideal of U(W) which is not finitely generated as a one-sided ideal, although
proving this was not easy at all.

A noetherian enveloping algebra of an infinite-dimensional Lie algebra would be sur-
prising and exciting, and would provide counterexamples to many conjectures in ring

3



theory. For example, Stephenson and Zhang proved that noetherianity poses restrictions
on the growth of graded algebras.

Theorem 1.3.2 ([SZ97, Theorem 1.2]). If A is a graded locally finite left or right noethe-
rian algebra, then A has sub-exponential growth.

However, it is not known whether every connected graded left or right noetherian
algebra has finite GK-dimension [SZ97, Remark after Example 1.4]. The enveloping
algebra of the positive Witt algebra W, := t*W, was seen as a potential counterexample.
This is because W, is “very far” from being abelian, in the sense that the centraliser
of any element of the Witt algebra is one-dimensional, and thus the ideals of U(W})
(both one- and two-sided) should be large. This leads to the general heuristic “the more
noncommutative, the more noetherian”. This is a common theme throughout this thesis:
it is easier to show that a “more commutative” ring is non-noetherian.

There are many ways in which the Witt algebra can be generalised. One such way is
the following: let I' be an additive subgroup of k. The generalised Witt algebra Wr is the
Lie algebra with basis {e, | v € I'} and bracket

[e’ya 66] = (5 - ’Y)E,YJF(;.

The usual Witt algebra is W = Wy. In [SS17], it was shown that enveloping algebras of
generalised Witt algebras are not noetherian.

Theorem 1.3.3 ([SS17]). Let T be an additive subgroup of k. Then U(Wr) is not noethe-
rian.

Another way to generalise the Witt algebra is to consider Lie algebras of derivations
on a more general class of algebras, not just the ring of Laurent polynomials. This is what
we do in Chapter 3: we are motivated by the problem of extending Theorem 1.3.1 to any
Lie algebra of derivations. Our main result is the following.

Theorem 1.3.4 (Theorem 3.3.1). Let A be an infinite-dimensional finitely generated
commutative k-algebra. Then U(Der(A)) is not noetherian.

One of the key techniques used not only in the proof of Theorem 1.3.4, but also
throughout the thesis, is that if h C g are Lie algebras and U(g) is noetherian, then
U(h) is also noetherian [SW14, Lemma 1.7]. One might ask when the converse is true,
that is, when is the noetherianity of U(h) equivalent to that of U(g)? The following
proposition shows that this is the case when h has finite codimension in g. This result is
used throughout the thesis and may also be of independent interest.

Proposition 1.3.5 (Proposition 3.2.1). Let h C g be Lie algebras such that b has finite
codimension in g. Then U(h) is noetherian if and only if U(g) is noetherian.

The most difficult case of Theorem 1.3.4 is when A is an integral domain of Krull
dimension 1. This is because Der(A) is “much more abelian” when Kdim(A) > 2, in the
sense that Der(A) has many subalgebras whose abelianisations are infinite-dimensional.
This is not true if Kdim(A) = 1, making the situation much more complicated. As the
following lemma states, a Lie algebra with an infinite-dimensional abelianisation has a
non-noetherian enveloping algebra.

Lemma 1.3.6 (Lemma 3.4.2). Let g be a Lie algebra whose abelianisation g** = g/|g, g
is infinite-dimensional. Then U(g) is not noetherian.

4



Furthermore, if A is not a domain, then we can reduce the proof of non-noetherianity
of U(Der(A)) to proving that U(Der(A/P)) is not noetherian, for some appropriately
chosen minimal prime P.

Therefore, we have reduced to the case where A is a domain such that Kdim(A) = 1.
In this case, the proof is achieved by viewing Der(A) as the Lie algebra of (algebraic)
vector fields on the affine curve C' := Spec(A), which we denote £(C'). The Lie algebra
L(C) = Der(A) is then known as a Krichever—Novikov algebra.

Krichever-Novikov algebras are generalisations of the Witt algebra. The Witt algebra
can be viewed as the Lie algebra of meromorphic vector fields on P! with possible poles
at 0 and oo. Krichever and Novikov introduced a natural extension of the Witt algebra
by considering vector fields on arbitrary smooth projective curves [KN87b, KN87al, from
which physical theories can be built in a genus other than zero. As with the Witt algebra,
they only allowed the vector fields to have poles at two points. Schlichenmaier later
introduced a further generalisation, with poles allowed at arbitrarily many points [Sch90].
This has an interpretation in string theory, where the projective curve acts as the world
sheet and the distinguished points represent incoming and outgoing strings.

Note that, given a projective curve C' with a finite set of points X C C, we can view
meromorphic vector fields on C' with possible poles on X as vector fields on the affine
curve C = C'\ X. Therefore, Schlichenmaier’s definition of a Krichever-Novikov algebra
is equivalent to the one used in this thesis, except we allow the underlying curve to be
singular.

The structure of Krichever—Novikov algebras is difficult to understand in general, so
we seek to relate them to the well-understood Witt algebra. To this end, we exploit
techniques from algebraic geometry to identify when it is possible to pull back vector
fields on smooth affine curves when we are given a dominant morphism. This is our main
result concerning the Lie algebraic structure of Krichever—Novikov algebras.

Proposition 1.3.7 (Proposition 3.3.12). Let 7: X — Y be a dominant morphism of
nonsingular affine curves. Then there exists an injective Lie algebra homomorphism

p: Lo(Y) = LX),
where L,(Y') consists of vector fields on Y wvanishing at the branch points of .

When applied to a dominant morphism 7: C' — A'! from a smooth affine curve C to the
affine line, Proposition 1.3.7 yields an injective Lie algebra homomorphism fW; — L£(C),
where f € k[t] is a polynomial which vanishes at the branch points of .

Corollary 1.3.8. Let C' be a nonsingular affine curve. Then L(C) contains a subalgebra
isomorphic to fWy for some f € Kk[t]. O

It then follows from Corollary 1.3.8 that U(L(C')) is not noetherian if C' is nonsingular.
If C' is singular, we can relate the Lie algebra of vector fields on C' to the Lie algebra of
vector fields on its normalisation C'. Specifically, there is a common Lie subalgebra of

both £(C') and £(C') which has finite codimension in both. Using the non-noetherianity
of U(L(C)), it follows that U(L(C)) is not noetherian upon applying Proposition 1.3.5.
As well as the Lie algebra of vector fields, there are other Lie algebras known as
Krichever—Novikov type algebras associated to an affine curve. These generalise the Lie
algebra k[t,t7!] x W of differential operators on A! \ {0} of degree < 1, and the loop

algebras g ® Kk[t,t], where g is a finite-dimensional Lie algebra. Central extensions of



the Krichever—Novikov type loop algebras yield analogues of affine Kac—-Moody algebras.
They are known as affine Lie algebras of Krichever—Novikov type (see [Sch14, Chapter

9)).

Corollary 1.3.9 (Corollary 3.3.14). Let £ be a Krichever—Novikov type algebra or an
affine Lie algebra of Krichever—Novikov type. Then U(L) is not noetherian.

1.4 Classification results

While the classification of simple finite-dimensional Lie algebras is a well-established and
celebrated result, attempting a classification of infinite-dimensional simple Lie algebras
is too difficult. There are simply too many of them to classify, so the best we can hope
for is a classification of infinite-dimensional Lie algebras satisfying additional properties.
Consequently, the focus is often on exploring various families of infinite-dimensional Lie
algebras.

Despite being significantly less developed than their finite-dimensional counterparts,
the study of infinite-dimensional simple Lie algebras has a similarly long history, going
back to the 19" century. The first four classes of infinite-dimensional simple Lie algebras
were introduced by Sophus Lie, and Cartan later completed the work by answering some
of the questions left open by Lie [Car09]. This resulted in the Lie algebras now known
as the Lie algebras of Cartan type. There are four families: the general W,, special
Sn, Hamiltonian H,,,, and contact Ky, Cartan type Lie algebras (their definitions
can be found in [dSLO4]). All of these are Lie algebras of derivations, since they are
subalgebras of the general Cartan type Lie algebras W,, := Der(k[z1,...,z,]|). The Lie
algebra Wy = Der(k(t]) = k[t]0 is also known as the one-sided Witt algebra.

Although Cartan type Lie algebras remained mostly unexplored in their first sixty
years of existence, they saw a surge in interest in the 1960s [SS65, KN65, GQS66, Kac68]
and are now one of the most widely studied classes of Lie algebras (see, for example,
[BKM15, Zhal9, CO23, PSTZ23]|). Remarkably, in a series of three papers, Mathieu
proved that the Lie algebras of Cartan type, together with the Witt algebra and loop
algebras, form a complete list of simple Z-graded Lie algebras of polynomial growth
[Mat86b, Mat86a, Mat92], proving a conjecture of Kac [Kac68, Kac82, Kac83].

Theorem 1.4.1 ([Mat92]). Let g be a Z-graded simple Lie algebra of polynomial growth.
Then g is isomorphic to one of the following:

o A finite-dimensional simple Lie algebra.

o A loop algebra.

o A Cartan type Lie algebra W,,, S,,, Hs,,, or Ko, 1 1.
o The Witt algebra W .

Using Mathieu’s classification results, Sierra and Walton extended their result on the
enveloping algebra of the Witt algebra to any Z-graded simple Lie algebra of polynomial
growth.

Theorem 1.4.2 ([SW14, Corollary 0.6]). Let g be an infinite-dimensional Z-graded simple
Lie algebra of polynomial growth. Then U(g) is not noetherian.



Almost all of the infinite-dimensional Lie algebras in Mathieu’s list contain infinite-
dimensional abelian subalgebras, but the (one-sided) Witt algebra does not, making it by
far the most difficult Lie algebra to work with in the context of noetherianity of enveloping
algebras.

While preparing the final version of this thesis, a new result appeared generalising
Theorem 1.4.2 to arbitrary Z"-graded simple Lie algebras (notice there is no restriction
on the growth of the Lie algebra).

Theorem 1.4.3 ([AM24, Theorem 1.3]). Let n > 1 and let g be an infinite-dimensional
Z"-graded simple Lie algebra. Then U(g) is not noetherian.

There is no classification of Z"-graded simple Lie algebras of arbitrary growth (even
for n = 1), but Andruskiewitsch and Mathieu were still able to prove this remarkable
result.

As well as Mathieu’s classification result (Theorem 1.4.1), there have been many other
attempts at classifying large families of infinite-dimensional Lie algebras. One such exam-
ple is Fialowski’s classification of positively graded 2-generated Lie algebras whose graded
components are all one-dimensional.

Theorem 1.4.4 ([Fia83b]). Let g = ;- 9; be a graded Lie algebra generated by g, and
g2, where dim(g;) = 1 for all i. Then g is isomorphic to one of the following:

e The positive Witt algebra W, .
o The maximal residually nilpotent subalgebra ny of the affine Kac—Moody algebra 5A[2.

o The m(a)m'mal residually nilpotent subalgebra ny of the tunsted affine Lie algebra of
type A22 )

e The Lie algebra my with basis x1, %2, T3, ... and Lie bracket given by [x1,x,] = Tp41
forn > 2, and [z, xm) =0 for n,m > 2.

e The Lie algebra my with basis x1, %, T3, ... and Lie bracket given by [x1,x,] = Tp41
formn > 2, [x9, x| = xpio forn >3, and [x,, x| =0 for n,m > 3.

o A Lie algebra gy, where A = (Ag, M2, A6, - - .) with Ay, = [auy, : Bax] € P, Letting
X1, %9, T3, ... be a basis for g, the Lie bracket is given by

[1717 (L'4] = 07 [x37$4] - 07 [l'anxm] = 07

{551737%71] = Q4T 4k, [36’2,9041472] = BurTag,

where n, k > 2 and m > 1. The remaining brackets can be deduced from the above
using the Jacobi identity.

It is easy to see that, with the exception of W, all Lie algebras in Fialowski’s list have
infinite-dimensional abelian subalgebras, so their enveloping algebras are not noetherian.
Once again, it is the enveloping algebra of the Witt algebra which is the most difficult to
work with.

Corollary 1.4.5. Let g = @2, 9; be a graded Lie algebra generated by g1 and g2, where
dim(g;) =1 for all i. Then U(g) is not noetherian. O



In Chapter 4, we focus on subalgebras of general Cartan type Lie algebras, with the
aim of proving that infinite-dimensional subalgebras of W,, have non-noetherian envelop-
ing algebras. The first step is understanding the subalgebra structure of W,,. To this
end, in the one-variable case we completely classify infinite-dimensional subalgebras of
W;. As a consequence of this classification, we achieve our goal of showing that infinite-
dimensional subalgebras of W; have non-noetherian enveloping algebras. For arbitrary n,
we make some progress in understanding the subalgebra structure of W,,, and prove that
subalgebras of W,, of maximal GK-dimension have non-noetherian enveloping algebras.

The most “obvious” Lie subalgebras of W, = k[t|0 are those which are also k[t]-
submodules (which we call submodule-subalgebras). They are of the form fW; = {g0 |
f divides g}, where f € k[t], and have finite codimension in W;. In fact, all finite codi-
mension subalgebras of W; are “essentially” submodule-subalgebras.

Theorem 1.4.6 ([PS23, Proposition 3.2.7]). Let g be a Lie subalgebra of Wy of finite
codimension. Then there exist f € k[t] and n € N such that

J"W; C g C fW,y.

Not much was known about subalgebras of W; of infinite codimension. Certainly, since
W is a graded Lie algebra, it has Veronese subalgebras, but there were no other known
subalgebras of infinite codimension. The first step in the classification of subalgebras of
W, was to define a new family of subalgebras (denoted by L(f), where f € k[t]). The sub-
algebra L(f) is a k[f]-submodule of W; and has infinite codimension in W, if deg(f) > 2.
Furthermore, these subalgebras are not contained in Veronese subalgebras in general (see
Example 4.2.13). The subalgebras L(f) were the key to classifying general subalgebras of
W1, since they are infinite codimension analogues of submodule-subalgebras, in the sense
below.

Theorem 1.4.7 (Theorem 4.3.2). Let g be an infinite-dimensional subalgebra of W.
Then there ezist f € k[t] \ k and a k[f]-submodule b of L(f) such that

hCgCL(f)
In particular, g has finite codimension in L(f).

The classification of Theorem 1.4.7 allows us to achieve our original goal: it immedi-
ately follows that enveloping algebras of infinite-dimensional subalgebras of W; are not
noetherian.

Theorem 1.4.8 (Corollaries 4.4.2 and 4.4.3). If g be an infinite-dimensional subalgebra
of Wy, then g is isomorphic to a subalgebra of Wy of finite codimension. In particular,
U(g) is not noetherian.

Subalgebras of W,, for arbitrary n are more difficult to describe. In Section 4.6, we
therefore focus only on “large” subalgebras of W,,, that is, subalgebras of W, of GK-
dimension n.

Theorem 1.4.9 (Theorem 4.6.1). Let n > 1 and let g be a subalgebra of W,, of GK-
dimension n. Then U(g) is not noetherian.

We end this section by summarising the state of knowledge on the noetherianity of
enveloping algebras.



Theorem 1.4.10. The enveloping algebra U(g) of an infinite-dimensional Lie algebra g
1s mon-noetherian if g is:

Abelian;

Solvable;

o [ree;

A Lie algebra with infinite-dimensional abelianisation;

A Kac—Moody algebra,

A Z"-graded simple Lie algebra;

A positively graded Lie algebra generated in degrees 1 and 2 whose graded components
are all one-dimensional;

Der(A), where A is an infinite-dimensional finitely generated commutative k-algebra;

A Krichever—Novikov type algebra;

A subalgebra of W,, of GK-dimension n.

Furthermore, if g is of one of the types above, then U(h) is non-noetherian if either g C b
or if h C g such that dim(g/h) < co.

Beyond this, the noetherianity of enveloping algebras of infinite-dimensional Lie alge-
bras remains mysterious. Although the Lie algebras listed in Theorem 1.4.10 form a large
class of infinite-dimensional Lie algebras, we are still very far from being able to prove
Conjecture 1.1.1.

1.5 The Dixmier conjecture

The Dixmier conjecture for Weyl algebras states that all nonzero endomorphisms of Weyl
algebras are automorphisms [Dix68]. It is open for all Weyl algebras (we do not even know
what endomorphisms of the first Weyl algebra look like!). By an abuse of terminology, we
say that a (Lie or associative) algebra A satisfies the Dizmier conjecture if End(A)\ {0} =
Aut(A).

In 1998, Zhao conjectured that the Lie algebras of general Cartan type satisfy the
Dixmier conjecture.

Conjecture 1.5.1 ([Zha98, Conjecture 1]). Letn > 1. Then End(W,)\ {0} = Aut(W,,).

Conjecture 1.5.1 is exceptionally difficult and has deep implications: Zhao himself
proved that it implies the famous Jacobian conjecture, which goes back to Keller [Kel39].
Zhao’s conjecture and the Jacobian conjecture are both open for two or more variables.

Theorem 1.5.2 ([Zha98, Theorem 4.1]). Let n > 1 and suppose End(W,) \ {0} =
Aut(W,,). Then the n-dimensional Jacobian conjecture holds.



Furthermore, it is a well-known result of Tsuchimoto and Belov-Kanel-Kontsevich
that the Jacobian conjecture in 2n dimensions implies the Dixmier conjecture for the
n'™ Weyl algebra [Tsu05, BKKO07]. Therefore, proving that W, satisfies the Dixmier
conjecture would prove that the n'" Weyl algebra satisfies the Dixmier conjecture.

As a consequence of the classification of subalgebras from Theorem 1.4.7, we deduce
that W, satisfies the Dixmier conjecture. This was already known [Du04], but our proof
is more conceptual, following from the classification of subalgebras of W; by showing that
W, has no proper simple subalgebras.

Theorem 1.5.3 (Corollary 4.4.5). The one-sided Witt algebra satisfies the Dizmier con-
jecture. In other words, End(W;) \ {0} = Aut(W;).

Our proof of Theorem 1.5.3 provides new techniques to tackle Conjecture 1.5.1. It
would be interesting to see whether a similar study of the subalgebra structure of Wy
yields any information about Zhao’s conjecture in two variables. This would improve
our understanding of the two-dimensional Jacobian conjecture, as well as the Dixmier
conjecture for the first Weyl algebra. Given our proof of Theorem 1.5.3, having a good
understanding of the subalgebra structure of Wy is essential and would have exciting
applications.

Since W, is simple, the image of a nonzero endomorphism of W,, is isomorphic to W,,.
Therefore, in order to tackle Zhao’s conjecture by studying the subalgebra structure of
W,,, we only need to consider subalgebras of maximal GK-dimension (i.e. GK-dimension
n). This is precisely the situation we consider in Section 4.6 when proving Theorem 1.4.9.
Although our focus is on enveloping algebras, we still prove some results on the subalgebra
structure of W, for arbitrary n.

1.6 Properties of subalgebras of the Witt algebra

The structure of the Lie algebra of vector fields on a variety or manifold has strong
geometric implications. For example, Pursell and Shanks proved that smooth manifolds
are uniquely determined by their Lie algebras of vector fields [PS54, Theorem 3]. Since
then, many authors have considered similar questions for Lie algebras of vector fields
on other geometric objects. For example, Grabowski proved that affine varieties are
determined by their admissible submodule-subalgebras.

Theorem 1.6.1 ([Gra78, Theorem 5.5]). Let Ay and Ay be commutative algebras and
let Ly and Ly be admissible submodule-subalgebras of Der(A;) and Der(As), respectively.

If o: Ly — Ly is a Lie algebra isomorphism, then there exists a k-algebra isomorphism
d: Ay — A; such that

p(d)(a) = d(®(a))

for all d € Li,a € Ay. Consequently, ¢ extends to an isomorphism @: Der(A;) —
Der(As) given by p(d) = @1 odo ® for d € Der(A).

In the statement above, a submodule-subalgebra of Der(A) is a Lie subalgebra which
is also an A-submodule, while the definition of an admissible submodule-subalgebra is
given in [Gra78, Definition 3.7]. Grabowski himself later considered an analogous ques-
tion for foliation-preserving vector fields on manifolds [Gra93|, also using properties of
submodule-subalgebras. Similar results about submodule-subalgebras of vector fields on
affine varieties were then established by Siebert [Sie96, Theorem 3].
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Inspired by the results of Grabowski and Siebert, in Chapter 5 we consider the ques-
tion of when two finite codimension subalgebras of the (one-sided) Witt algebra can be
isomorphic. Submodule-subalgebras of W and W; are always finite-codimensional, so
this is a more general question than restricting to submodule-subalgebras. In order to
answer this question, we compute derivations of subalgebras of W and W;. Note that,
for a Lie algebra g, we have H'(g; g) = Der(g)/Inn(g), where Inn(g) is the space of inner
derivations of g.

In this introduction, we focus on subalgebras of Wy, but almost all the results that
follow also hold for W with the obvious changes.

Theorem 1.6.2 (Theorems 5.3.2 and 5.7.4). Let g be an infinite-dimensional subalgebra
of Wi. Then
Der(g) = {ad,, | w € Wy such that ad,(g) C g}.

In other words, derivations of g are restrictions of derivations of Wq. Consequently,
H'(g;9) = Nw,(g)/g, where Ny, (g) is the normaliser of g in W,.
In particular,

Der(fW;) = {ad,, | w € rad(f)W;} = rad(f)W,
for [ € klt], where rad(f) = [[¢cy (s (t — &). As a result,
dim H'(fWy; fW,) = deg(f) — deg(rad(f)).

Note that H'(g;g) = ExtlU(g) (k,g), where k is the one-dimensional trivial representa-
tion of g. Therefore, we can generalise Theorem 1.6.2 by computing Ext%](g)(M ,8), where
g is a subalgebra of W; of finite codimension and M is an arbitrary one-dimensional rep-
resentation of g. An element of Ext}](g)(M , @) can be viewed as a non-split short exact
sequence of g-representations,

0—-g—>9g— M —0.

We study such short exact sequences, and prove that g is a Lie algebra which can be
canonically embedded in Wj.

Proposition 1.6.3 (Lemma 5.4.1 and Proposition 5.4.6). Let g be a Lie subalgebra of
Wy of finite codimension and let

0—=g—=9g—M—=0

be a short exact sequence of g-representations, where dim(M) = 1. Then g is a Lie algebra
which can be uniquely embedded in Wy in a way that the diagram

g —— W,
g
commutes.

In the case where g = fW; is a submodule-subalgebra, we can explicitly compute
ExtlU( le)(M , fW1): surprisingly, even though one-dimensional fW;-representations are

parametrised by A%8() only finitely many give rise to nontrivial extensions. These
correspond to inclusions fW; C &Wl, where f(£) = 0.
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Theorem 1.6.4 (Theorem 5.4.3). Let f € k[t] \ {0} and let M be a one-dimensional
U(fWy)-module. If M =W, /(t — )Wy for some £ € V(f) with orde(f) =1, then

dim (Bxtyy ) (W1 /(t — Wy, fW;)) = 1.

In this case, the unique non-split extension of Wy /(t — &)Wy by fWy is ﬁWl. If M=k
18 trivial, we have

dim(Extyr gy, (k, fW1)) = deg(f) — deg(rad(f)).
Otherwise, Extllj(fwl)(M, fWy) =0.

Thanks to the above results, we are able to prove that isomorphisms between subal-
gebras of Wy of finite codimension are restrictions of automorphisms of W;.

Theorem 1.6.5 (Theorem 5.5.1). Let g1 and g be subalgebras of Wy of finite codimension
and suppose there is an isomorphism of Lie algebras ¢: g1 — g2. Then ¢ extends to an
automorphism of Wi.

The above results suggest that subalgebras of W, of finite codimension are “rigid”, in
the sense that they inherit their Lie algebraic properties from W;. This can be explained
by showing that W; can be intrinsically built from any of its subalgebras of finite codi-
mension as the universal completely non-split extension, which is an abstract Lie algebraic
property (see Definition 5.6.1).

Theorem 1.6.6 (Theorem 5.6.3). Let g be a subalgebra of Wy of finite codimension.
Then Wy s the universal completely non-split extension of g: if g is another completely
non-split extension of g, then g can be uniquely embedded in W1 such that the following
diagram commutes:

g —— W,

%

1.7 Hopf algebras

In addition to the above, enveloping algebras of Lie algebras are fundamental examples of
Hopf algebras. Since the focus of this thesis is not on Hopf algebras, we only give a brief
overview for context.

Enveloping algebras are examples of connected Hopf algebras (for the definition of
a connected Hopf algebra, see [Mon93, Definition 5.1.5]). Connected Hopf algebras of
finite GK-dimension are known to be noetherian [Zhul3, Corollary 6.10] — the argument
is very similar to the proof of noetherianity of enveloping algebras of finite-dimensional
Lie algebras. However, the converse is unknown. Therefore, as a generalisation of the
question of noetherianity of enveloping algebras, one might ask:

Question 1.7.1 ([BG14, Question K]). Let H be a connected Hopf algebra. If H is
noetherian, must H have finite GK-dimension?

12



A positive answer to Question 1.7.1 would prove Conjecture 1.1.1, since U(g) has finite
GK-dimension if and only if g is finite-dimensional [Smi76].

As well as being connected, enveloping algebras are one of the most important classes
of cocommutative Hopf algebras, the other important class being group algebras. Hall
proved that if a group G is polycyclic-by-finite, then kG is noetherian [Pas85, Corollary
10.2.8]. In fact, there is no known example of a noetherian group algebra of a group
which is not polycyclic-by-finite, so the analogous question to Conjecture 1.1.1 for group
algebras is the following.

Question 1.7.2. Let G be a group. If kG is noetherian, must G be polycyclic-by-finite?

There has been much work done on this question (see, for example, [KL19]), but we
are still far from being able to answer it.

Enveloping algebras and group algebras are essentially all examples of cocommutative
Hopf algebras: if H is a cocommutative Hopf algebra then H is the smash product of
an enveloping algebra with a group algebra (this is the Cartier—Kostant—Gabriel theorem
[Mon93, Corollary 5.6.4 and Theorem 5.6.5]). Thus, Conjecture 1.1.1 and Question 1.7.2
together are not far from the question of noetherianity of a general cocommutative Hopf
algebra of infinite GK-dimension.

1.8 Plan of this thesis

In this section, we outline the organisation of this thesis. In Chapter 2, we review some
background material, including definitions and results from the literature which are nec-
essary for the later chapters.

In Chapter 3, we study enveloping algebras of Lie algebras of derivations, with a focus
on Krichever-Novikov algebras. The main result of this chapter is Theorem 1.3.4.

In Chapter 4, we investigate the subalgebra structure of Lie algebras of general Cartan
type. In the one-variable case, we prove Theorem 1.4.7 and give some consequences,
including Theorems 1.4.8 and 1.5.3. In the general case, we focus on subalgebras of
maximal GK-dimension, proving Theorem 1.4.9.

Finally, in Chapter 5, we study Lie algebraic properties of subalgebras of the (one-
sided) Witt algebra, including derivations (Theorem 1.6.2) and one-dimensional exten-
sions (Theorem 1.6.4). We also consider when two subalgebras of W, can be isomorphic
and prove Theorem 1.6.5, which allows us to determine the automorphism groups of
submodule-subalgebras of W and W;. We finish by proving Theorem 1.6.6.

Chapter 3 is based on the first half of the paper [Buz23]. The second half of [Buz23],
together with joint work between the author and Jason Bell [BB23], form the content of
Chapter 4. Finally, Chapter 5 is drawn from [Buz24] with almost no changes.
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Chapter 2

Background

2.1 Introduction

In this chapter, we establish notations and definitions that we will use throughout this
thesis. In Section 2.2, we briefly outline some conventions we use. In Section 2.3, we
introduce Lie algebras of derivations, which are the main Lie algebras of interest in this
thesis. In Section 2.4, we give some basic results on universal enveloping algebras of Lie
algebras and mention a result from [SW14] which we use throughout the thesis. Finally,
in Section 2.5, we adapt results from [SS17] to give a short self-contained proof that the
enveloping algebra of the Witt algebra is not noetherian, which was first proved in [SW14].

2.2 Conventions

In this thesis, the set of natural numbers N includes zero.

Throughout, k denotes a field of characteristic zero. Unless otherwise stated, k is
not assumed to be algebraically closed. All vector spaces are k-vector spaces. All rings
are assumed to be associative and unital. When we say k-algebra, we mean a unital
associative algebra over k. A k-algebra is said to be affine if it is finitely generated as a
k-algebra.

For brevity, we say that a k-algebra is noetherian if it is left and right noetherian.
Note that the universal enveloping algebra of a Lie algebra is left noetherian if and only if
it is right noetherian [Dix77, Proposition 2.2.17]. Therefore, when referring to universal
enveloping algebras there is no need to distinguish between left and right noetherianity.

We reserve the lowercase fraktur letters for Lie algebras, most commonly denoted g
or b.

Unless it may cause confusion, we use the notation [—, —] for the Lie bracket of any
Lie algebra. If necessary for clarity, we write [—, —]; for the Lie bracket of a Lie algebra
g.

For brevity, we often omit the word “universal” when referring to universal enveloping
algebras of Lie algebras.

For a Lie algebra g, the notations End(g) and Aut(g) mean Lie algebra endomor-
phisms and automorphisms of g, respectively. In particular, we do not consider k-linear
endomorphisms of g which are not Lie algebra homomorphisms.
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2.3 Lie algebras of derivations

Lie algebras of derivations give rise to some of the most natural examples of infinite-
dimensional Lie algebras. These Lie algebras (and their subalgebras), defined below, are
the main Lie algebras of interest in this thesis. Although we only define derivations of

associative algebras here, in Chapter 5 we also consider derivations of Lie algebras (see
Definition 5.2.2).

Definition 2.3.1. Let A be a k-algebra. A derivation of A is a k-linear map d: A — A
which satisfies the Leibniz rule

d(ab) = ad(b) + d(a)b

for all a,b € A. The set of all derivations of A is denoted Der(A). It is a Lie algebra with
bracket given by the commutator

[d17d2] =dyody —dyody,
where dy, dy € Der(A).

Note that, given two derivations di, dy of a k-algebra A, the composition d; o dy is not
a derivation in general. For example, < is a derivation of k], but j—; does not satisfy the
Leibniz rule. However, it is straightforward to check that the commutator d; ody — ds o d;
always satisfies the Leibniz rule.

Given a k-algebra A, its Lie algebra of derivations Der(A) is naturally a module over
the center of A. Indeed, given d € Der(A) and z € Z(A), we get a derivation zd € Der(A)
given by (zd)(a) = z - d(a) for all a € A. It is easy to see that zd satisfies the Leibniz
rule and is therefore a derivation of A. Given this module structure, the most natural Lie

subalgebras of Der(A) that we can consider are those that are also Z(A)-submodules.

Definition 2.3.2. Let A be an associative algebra. A submodule-subalgebra of Der(A) is
a Lie subalgebra of Der(A) which is also a Z(A)-submodule.

Remark 2.3.3. Submodule-subalgebras of Lie algebras of derivations have been con-
sidered by many authors and have gone by various different names. For example, in
[Gra78|, submodule-subalgebras of Der(A) are referred to as A-Lie subalgebras, while
in [Gra93, Sie96], they are called modular Lie algebras. They also appeared in [MRO1,
Chapter 15], but were only referred to as “A-submodules of Der(A) closed under the Lie
product”. We opt to call them submodule-subalgebras for brevity and to avoid confusion
with Lie algebras in positive characteristic, which are usually also called modular Lie
algebras.

Much of this thesis is focused on Lie algebras related to the Witt algebra, which we
define next.

Definition 2.3.4. The general Cartan type Lie algebras are defined as follows: for n > 1,
we write

W,, = Der(klzy, ..., z,]) = k[z1, ..., 2,)00 + ... + K[z1, ..., 24] 00,

where 0; = % denotes differentiation with respect to x;.
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The Lie algebra W, is also called the one-sided Witt algebra. To simplify notation, we
write Wy = k[t]9, where & = £. For f € k[t], we write

JWy =Kk[t]f0 = {g0 € W, | f divides g}.

It is clear that fW; is both a Lie algebra and a k[t]-module, so it is a submodule-subalgebra
of W;. In fact, all submodule-subalgebras of W, are of this form. We write W,, = "W,
for n € N.

The Witt algebra is W = Der(Kk[t,t7']) = Kk[t,t7']0. It is sometimes known as the
centerless Virasoro algebra or the classical Krichever—Novikov algebra. We view W as a
subalgebra of W in the obvious way. Similarly to W;, we denote submodule-subalgebras
of W by

fW =k[t,t ' fo={g0 € W | f divides g},

where f € k[t,t71].

We will also consider the Lie algebras k(t)d and k((¢71))d, and view W; and W as
subalgebras of both of these. The Lie bracket in k((¢7'))d is given by

[f0,90] = (fg' = ['9)0,
where f,g € k((t71)).

Remark 2.3.5. Letting e, = t"7'9 € W for n € Z, we see that {e, | n € Z} is a basis
for the Witt algebra and

[e’ru em] = (m - n)en-l—m
for all n,m € Z. The notation Ws,, comes from the fact W, is the Lie subalgebra of W

spanned by {e,, | m > n}. The positive Witt algebra W, := W+, is another noteworthy
subalgebra of the Witt algebra.

The Witt algebra is a graded Lie algebra, where we say that a Lie algebra g is graded
if it can be decomposed as g = @, g; such that [g;,g;] C giy; for all i,j € Z. We
write deg(x) =i if x € g;. The spaces g; are called graded components, while elements of
g; are called homogeneous. In the case of the Witt algebra, the graded components are
W,, = ke,, for n € Z.

2.4 Universal enveloping algebras

The universal enveloping algebra of a Lie algebra, defined below, is a ring constructed
from the Lie algebra to capture the algebraic structure and Lie bracket of the original
Lie algebra. It serves as a powerful tool in representation theory, providing a way to
study representations of Lie algebras in a broader algebraic framework. Furthermore, this
construction provides a source of many interesting noncommutative rings.

Definition 2.4.1. Let V' be a vector space. The tensor algebra of V is
TV)=kaVae(VaV)a(VeVeaV)a...

as a vector space, with multiplication given by tensoring.
Let g be a Lie algebra. The universal enveloping algebra of g is

T(g)

V) = =~y ey
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Given a Lie algebra g, the composition of the natural maps g — T'(g) — U(g) gives
an injective map g — U(g) [Dix77, Proposition 2.1.9], called the canonical mapping of g
into U(g). Throughout this thesis, we implicitly identify g with its image in U(g) under
the canonical mapping. In this way, the Lie bracket of two elements in g is simply their
commutator when viewed as elements of Ul(g).

The well-known Poincaré-Birkhoff-Witt (PBW) theorem gives a description of a basis
for an enveloping algebra.

Proposition 2.4.2 ([Dix77, Lemma 2.1.8]). Let g be a Lie algebra with basis {x; | i € I},
and let < be a total order on I. Then

{ziTiy ...z, | n €N andi; € I such that iy <iy <...<i,}
is a basis for U(g).
Universal enveloping algebras satisfy the following universal property.

Proposition 2.4.3 ([Dix77, Proposition 2.2.1]). Let g be a Lie algebra and let A be
a k-algebra. If p: g — A is a Lie algebra homomorphism, where we view A as a Lie

algebra with commutator bracket, then there exists a unique homomorphism of k-algebras
®: U(g) — A such that (I)‘g = .

Given Proposition 2.4.3, we describe homomorphisms out of enveloping algebras by
only giving their values on the underlying Lie algebra. It will then suffice to check that
the homomorphisms preserve Lie brackets, which is usually straightforward.

As an immediate consequence of Proposition 2.4.3, representations of a Lie algebra g
naturally correspond to modules over the enveloping algebra U(g) [Dix77, Corollary 2.2.2].
We therefore use the terms “g-representation” and “U(g)-module” interchangeably.

Another consequence of Proposition 2.4.3 is the following.

Proposition 2.4.4 ([Dix77, Propositions 2.2.4, 2.2.6, and 2.2.14]). Let g and b be Lie
algebras and let ¢: g — b be a homomorphism of Lie algebras. Then there exists a unique
homomorphism of k-algebras ®: U(g) — U(h) such that <I>|gl = . Furthermore, if ¢ is

injective (respectively, surjective), then ® is also injective (respectively, surjective).

If b is a subalgebra of a Lie algebra g, then U(g) is a free (left or right) module
over U(h) with the basis of U(g) as a U(h)-module coming from the PBW theorem. In
particular, U(g) is faithfully flat over U(h), which implies the following result.

Lemma 2.4.5 ([SW14, Lemma 1.7])). Let h C g be Lie algebras. If U(g) is noetherian
then U(h) is also noetherian.

Therefore, in order to prove that the enveloping algebra of a Lie algebra g is not
noetherian, it suffices to prove this for a subalgebra of g. We will use this fact extensively
to greatly simplify some proofs.

2.5 The enveloping algebra of the Witt algebra is not
noetherian

We finish the chapter by stating and proving one of the fundamental results motivating
this thesis.
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Theorem 2.5.1 ([SW14, Theorem 0.5]). The universal enveloping algebras U(W') and
U(W;) are not noetherian.

Although the original proof of Theorem 2.5.1 is complicated, the argument can be
simplified significantly using techniques developed in [SS17]. We adapt the work of Sierra
and Spenko in this section to provide a short self-contained proof of Theorem 2.5.1. We
only prove that U(W) is not noetherian, but the same proof can be adapted for U(W,).

Notation 2.5.2. Let 0 € Aut(k[z,y]) be defined by f7(x,y) = f(x + 1,y). Define
T = K[z, y][t*}; 0], i.e. as a vector space

T = @ k[z, y]t",

nez
with tf(z,y) = f7(z,y)t = f(x + 1,y)t.

We define a homomorphism from U (W) to T first constructed in [SS17]. Although this
map was originally defined by applying a general technique to create ring homomorphisms
from shift-invariant families of modules, it is straightforward to define this map and prove
that it is a homomorphism directly.

Lemma 2.5.3. The linear map
po: W =T
en — —(z + ny)t"
defines a homomorphism ®: U(W) — T.

Proof. 1t suffices to check that ¢([e,, en]) = p(en)p(em) — @lem)p(ey,) for all n,m € Z.
Indeed,
plen)plem) = plem)plen) = ( +ny)t™(z +my)t™ — (x +my)t™ (z + ny)t"
= (z+ny)(z+my +n)t"™" — (2 + my)(z + ny + m)t""
= ((n —m)x + (n* — m?)y)t"+m
= (m—n)(—z — (n + m)g)t

((m - n)ener)
(

This concludes the proof. n

We now aim to show that B := ®(U(W)) is not left or right noetherian, which is
enough to prove Theorem 2.5.1. We start by constructing some “nice” elements of B: for
n € Z\ {0}, let p, = epes, — €3, — neq,.

Lemma 2.5.4. We have ®(p,) = n?y(1 — y)t*".

Proof. We compute

D(pp) = ®(enesn — €3, — Neun)
= (z + ny)t"(z + 3ny)t*" — (2 + 2ny)t*" (z + 2ny)t*>" + n(z + dny)t*"
= ((z +ny)(z + 3ny +n) — (z + 2ny)(z + 2ny + 2n) + n(z + dny) ) t*"
= n?y(1 —y)t*",

so we are done. O
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We now fix m € Z \ {0} and let I = B®(p,,)B. We aim to show that [ is not finitely
generated as a one-sided ideal of B, even though it is principal as a two-sided ideal. The
next result gives a description of I.

Lemma 2.5.5. For all n € Z we have y(1 — y)t" € I. In particular, I does not depend
on the choice of m. Consequently, I = y(1 —y)T.

Proof. By Lemma 2.5.4, y(1 — y)t'™ € I. We have

D(en—am)y(1 — y)t*™ — y(1 — y)t"" @ (en—am)
= —(z 4 (n = 4m)y)t"""y(1 — y)t*" + y(1 — )t (z + (n — dm)y)t" ="
=(—(x+ (n—4m)y) + z + (n —4dm)y + 4m)y(1 — y)t"
= 4my(1 — y)t"

and therefore y(1 — y)t" € I for all n € Z.

Let S = k|z] [til;a‘km], i.e. S is the subring of T' generated by z, t and t~*. Note
that I C y(1 —y)T', and since y(1 —y) € I and z = P(ey) € B, we have y(1 —y)S C I.
Since also (z + ny)t™ € B, we easily obtain by induction on k that y(1 — y)y*S C I for
all k£ > 0, and thus y(1 —y)T C I. O

We are now ready to prove that B is not noetherian.

Proposition 2.5.6. The ideal I is not finitely generated as a left or right ideal of B.
Consequently, B is not left or right noetherian.

Proof. We will show that I is not finitely generated as a left or right ideal of B. Forn € Z,
let T,, = k[z,y|t™ C T. This defines a grading of 7', with x and y being homogeneous
of degree 0, and ¢ being homogeneous of degree 1. By Lemma 2.5.5, [ = @, _, I, is a
graded ideal of B, where I,, = y(1 — y)T,,.

Assume, for a contradiction, that I is finitely generated as a left ideal of B. Since
I is graded, we may assume that all generators are homogeneous. Then there exist
ma,...,my € Z such that [ = B(I,,, + ...+ Ly, ). Take m # m;, 1 <i < k. We claim
that I, = (B(Ipm, + ... + I, ) N T}, is contained in (x,y)y(1 — y)t™, where (x,y) is the
ideal generated by = and y in k[z,y|. By the choice of m, an element of I,,, needs to be
multiplied by at least one element of the form ®(e,) € B in order to get an element in
I,,. Therefore, it suffices to show that ®(e,_m,)y(1 —y)t™ € (x,y)y(1 — y)t™. Indeed,

nez

(@ +y(m —m) )" "y (1 = y)t™ = (z +y(m —m;))y(1 —y)t™ € (z,y)y(1 - y)t".

Hence, I,, C (x,y)y(1 — y)t™. In particular, this implies that y(1 — y)t™ & I,,,, a contra-
diction to Lemma 2.5.5.

Now assume that [ is finitely generated as a right ideal of B. Similarly to before,
there exist my,...,my € Z such that I = (I,,, + ...+ L, )B. Take m #m,;, 1 <i < k.
We claim that I, = (L, + ... + I;m,)B) N1, is contained in t"y(1 — y)(z,y — 1). As
before, it suffices to show that y(1 — y)t" ®(ep—m,;) € t"y(1 —y)(z,y — 1). Indeed,

y(1—=y)t™ (x+y(m—my))t" ™ =t"y(1—y)(a+ (b—1)(m—m;)) € t"y(1—-y)(z,y —1).

Hence, I,, C t"y(1—y)(xz,y—1). Again, this implies that y(1—y)t™ & I,,, a contradiction
to Lemma 2.5.5. ]

Theorem 2.5.1 now follows immediately from Proposition 2.5.6, since B is a homo-
morphic image of U(W).
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Chapter 3

Enveloping algebras of Lie algebras
of derivations

3.1 Introduction

In this chapter, we are motivated by the long-standing question of whether it is possible
for an infinite-dimensional Lie algebra to have a noetherian universal enveloping algebra.
As mentioned in Chapter 1, this question has been posed by many authors, but its earliest
appearance was fifty years ago, in Amayo and Stewart’s book on infinite-dimensional Lie
algebras [AS74, Question 27].

In [SW14], Sierra and Walton proved that the universal enveloping algebra of the Witt
algebra W = Der(k[t,t7']) is not noetherian, providing the first nontrivial example of
a non-noetherian enveloping algebra. The question of whether U (W) is noetherian first
appeared in print in [DS90], over twenty years before being answered.

Sierra and Walton’s work naturally leads to the question of noetherianity of enveloping
algebras of arbitrary Lie algebras of derivations. This is the motivating question of this
chapter.

We begin by proving the following result, which will be useful throughout the thesis,
and may be of independent interest.

Proposition 3.1.1 (Proposition 3.2.1). Let h C g be Lie algebras such that b has finite
codimension in g (i.e. dim(g/h) < oo). Then U(h) is noetherian if and only if U(g) is
noetherian.

The proof is achieved by constructing a positive filtration of U(g) with the property
that the associated graded ring is noetherian if U(h) is noetherian, which is enough to
conclude that U(g) is noetherian.

Inspired by Sierra and Walton’s proof that the enveloping algebra of the (one-sided)
Witt algebra is not noetherian, we consider Lie algebras of derivations of commutative
algebras in Sections 3.3 and 3.4. Recall that W = Der(k[t,t"']), so it is natural to ask
whether enveloping algebras of Lie algebras of derivations of infinite-dimensional affine
commutative algebras are noetherian as a generalisation of Sierra and Walton’s work. We
show that they are not, providing a large class of infinite-dimensional Lie algebras with
non-noetherian universal enveloping algebras.

Theorem 3.1.2 (Theorem 3.3.1). Let A be an infinite-dimensional affine commutative
algebra. Then U(Der(A)) is not noetherian.
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In order to prove Theorem 3.1.2; we first note that, by Lemma 2.4.5, it suffices to show
that Der(A) has a Lie subalgebra with a non-noetherian universal enveloping algebra. We
then split the proof of Theorem 3.1.2 into several cases depending on the form A takes.
We first consider the case where A is a domain of Krull dimension one, in other words
A = k[C], where C' := Spec(A) is an affine curve. In this case, Der(k[C]) is known as a
Krichever—Novikov algebra. Krichever—Novikov algebras are generalisations of the Witt
algebra (for the general theory of Krichever-Novikov algebras, see [Sch14]). This allows
us to use standard techniques from algebraic geometry to study Der(k[C]), which can be
viewed as the Lie algebra of (algebraic) vector fields on C.

When C' is nonsingular, we construct an injective Lie algebra homomorphism from a
finite-codimensional subalgebra of W, to Der(k[C]). By Proposition 3.1.1, this subalgebra
has a non-noetherian universal enveloping algebra, therefore proving that U(Der(k[C]))
is not noetherian.

The injective Lie algebra homomorphism is constructed as follows: let 7: C' — Al
be a dominant morphism. We show that any vector field v on A! which vanishes on the
branch point locus of 7 extends uniquely to a vector field v on C. The map v +— v is the
injective homomorphism we need.

If C'is singular, we require a different argument. Let £ = Der(k[C]). We consider the
normalisation C of C" and let L be the Lie algebra of vector fields on C. We construct a
Lie subalgebra of £ which is also a subalgebra of £ and further prove that the enveloping
algebra of this subalgebra is not noetherian. This is enough to conclude that U(L) is not
noetherian.

At the end of Section 3.3, we further show that some related Lie algebras known as
Krichever—Novikov type algebras (see Definition 3.3.13) also have non-noetherian envelop-
ing algebras.

Theorem 3.1.3 (Corollary 3.3.14). Let £ be a Krichever—Novikov type algebra. Then
U(L) is not noetherian.

We finish the chapter by completing the proof of Theorem 3.3.1. First, we consider
the case where A is an integral domain of Krull dimension at least 2. Similarly to before,
we view A as the Lie algebra of vector fields on the affine variety X = Spec(A). The
case where dim(X) > 2 turns out to be significantly easier than the case where X is a
curve (i.e. the Krichever-Novikov case). Indeed, when dim(X) > 2 the Lie algebra of
vector fields on X has many subalgebras which are “almost abelian”, in the sense that
their abelianisations are infinite-dimensional.

Proposition 3.1.4 (Proposition 3.4.1). Let A be an affine integral domain of Krull di-
mension at least 2. Then there exists a Lie subalgebra g C Der(A) such that dim(g*”) =
00.

It is straightforward to show that the enveloping algebra of an “almost abelian” Lie
algebra is not noetherian (see Lemma 3.4.2), from which we can deduce that U (Der(k[X]))
is not noetherian. This proves that U(Der(A)) is not noetherian when A is an infinite-
dimensional affine integral domain.

To conclude the proof of Theorem 3.3.1, we consider the situation where A is not
necessarily a domain. To do this, we exploit standard results about minimal primes of
noetherian rings. In particular, we use the fact that minimal primes of a noetherian ring
are associated, in other words, we can write a minimal prime P of A as P = Ann(x) for
some z € A. This allows us to construct derivations of A starting from derivations of
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the domain A/ P, which are well-understood. The other key fact we use is that minimal
primes are invariant under derivations. Using this, we can canonically define a Lie algebra
homomorphism Der(A) — Der(A/P). We prove that the image of this homomorphism
has a non-noetherian enveloping algebra, from which we deduce that U(Der(A)) is not
noetherian.

The results of this chapter are based on the first half of [Buz23].

3.2 Lie subalgebras of finite codimension

Recall Lemma 2.4.5: if b is a Lie subalgebra of g and U(g) is noetherian, then so is U(h),
which is a consequence of the faithful flatness of U(g) over U(h). It is much less clear
when the converse implication holds. The main purpose of this section is to prove that
when b has finite codimension in g, then the noetherianity of U(h) is equivalent to the
noetherianity of U(g). We will use this result extensively in later parts of this thesis.

Proposition 3.2.1. Let h C g be Lie algebras such that by has finite codimension in g.
Then U(h) is noetherian if and only if U(g) is noetherian.

The key technique in the proof is to construct a filtration of U(g) whose associated
graded ring is noetherian if U(h) is noetherian'. This filtration will be constructed with
the help of the following useful ideal of b.

Lemma 3.2.2. Let b C g be Lie algebras such that b has finite codimension in g. Then
t={keb|[kz|eh foralxecg}
15 an ideal of b of finite codimension.

Proof. Consider the linear map

w: b — gl(g/b)
h>—>(ph

induced by the adjoint action of h on g. In other words,
on(x+b)=[h,x]+b

for all x € g. We claim that ¢ is a well-defined Lie algebra homomorphism. Consider the
adjoint map

ad: h — gl(g)
h +— ady, .

Then ¢p(z +b) = ady(z) + b for all h € h. As ady, preserves h for h € b, it follows that
¢ is well-defined, as claimed.

Note that € = ker(¢p), so € is an ideal of h. Since gl(g/b) is finite-dimensional, it follows
that h/€ = p(h) C gl(g/h) is finite-dimensional. O

We now prove Proposition 3.2.1.

!The idea of this proof is due to Pavel Etingof, in personal correspondence with Susan Sierra and
Chelsea Walton. We thank Prof. Etingof for allowing us to include it.
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Proof of Proposition 3.2.1. By Lemma 2.4.5, it suffices to prove that if U(h) is noetherian
so is U(g).

Suppose U(h) is noetherian. Let € C b be as in Lemma 3.2.2 and let 21 + ¢,..., 2z, + ¢
be a basis for b/, where x; € h. Similarly, let y; +b, ...,y + b be a basis for g/h, where
y; € g. Define a filtration F = (F;);eny on U(g) as follows:

F; = span{wy, ... Ty, Yo, - - Yo, | w € U(L), 1+ 25 < i}

We claim that F;F; C Fj,;, so that F is indeed a filtration. First, we let & € £ and
consider x,k for some /:
l‘gk = kﬁﬁg + [%g, k‘]

in U(g). Note that [z, k] € € since £ is an ideal of h. Therefore, z,k € F;. Inductively,
we see that xyw € F for all w € U(#).
Now consider yk:

yek = kye + [ye, K]

in U(g). Since [yp, k] € h C F, and ky, € Fy, it follows that ysk € Fy. Inductively, we see
that yyw € Fy for all w € U(¥).
Finally, consider y,z, for some ¢, ('

Yoy = TpYe + [Ye, T

in U(g). It follows similarly to before that y,x, € Fs. By induction, yzy, ... 2., € Fria.
Let z € F;. Combining the above, we see that x,2 € Fj;; and y,z € Fjio for all £.
Now, consider 2z’ € F; of the form

! .
2= Wy o Ty Yoy - - Yoo, T 25 < i

Since z,,z € Fj4; and y,,z € Fjyo, it now follows by an easy induction that 2’z € Fj ;.
Therefore, F;F; C Fi,;, as claimed.

Note that Fy = U(¥), x; € [y \ Fy and y; € Fy \ Fy, so that h C F} and g C F.
Consider the associated graded ring

grrU(g) = @ E/Fia.
ieN

Let T3 = a; + Fy € grrU(g) and ; = y; + F1 € grrU(g). By definition of the filtration,
it follows that U(¢) C grrU(g), and gry U(g) is generated by U(#) and the Z; and ¥; as
a k-algebra. We have

T T — 75 T = [, 5] + B

But [z;,x;] € b C F, so [z;,z;] + F1 = 0 and therefore Z; and Z; commute in gr-U(g)
for all 4, 5. Similarly, we have

VY — Y Y=Yy + F3=0,
T — Y T = @,y + Fy =0,

since [y;,y;] € g C F» C Fy and [z;,y;] € g C F>.
Now let k € £\ {0} C Fy. We have
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since [k, z;] € € C Fy by Lemma 3.2.2 and [k, y;] € h C F by definition of ¢.
Hence, the elements 7; and 7; are central in grr U(g), so we see that

grzU(g) =U®)[T1,.. ., Tn, U1y - -+ Urn)-

Since U(bh) is noetherian, it follows by Lemma 2.4.5 that U(¥) is noetherian. By Hilbert’s
basis theorem, gr» U(g) is noetherian. Therefore, U(g) is noetherian since it has a positive
filtration whose associated graded ring is noetherian. O

3.3 Krichever—Novikov algebras

The main goal of this chapter is to prove that enveloping algebras of Lie algebras of
derivations of infinite-dimensional affine commutative algebras are not noetherian. This
provides a new class of infinite-dimensional Lie algebras with non-noetherian enveloping
algebras, and generalises Sierra and Walton’s result on the Witt algebra (Theorem 2.5.1).

Theorem 3.3.1. Let A be an infinite-dimensional affine commutative k-algebra. Then
U(Der(A)) is not noetherian.

In this section, we focus on universal enveloping algebras of Lie algebras of vector
fields, which we define below.

Definition 3.3.2. Let A be a k-algebra and let X be an affine variety. A vector field on
X is a derivation of the coordinate ring k[X]. The Lie algebra of vector fields on X is
denoted by L£(X) = Der(k[X]).

It turns out that the most difficult case of Theorem 3.3.1 is when A is a domain of
Krull dimension 1 (which means that Der(A) = £(C'), where C' = Spec(A) is an affine
curve). In this case, the Lie algebra of vector fields on an affine curve C' is known as
a Krichever—Novikov algebra. We study Krichever—Novikov algebras in this section, and
leave the case where Kdim(A) > 2 or A is not a domain for Section 3.4.

Proposition 3.3.3. Let C be an affine curve. Then U(L(C)) is not noetherian.

Remark 3.3.4. The standard definition of a Krichever-Novikov algebra assumes that
the underlying curve is nonsingular (see, for example, [Sch14]). However, in this thesis
we also consider Lie algebras of vector fields on singular curves and also refer to them as
Krichever—Novikov algebras.

Note that the one-sided Witt algebra W; = L(A!) and the Witt algebra W =
L(A'\ {0}) are both examples of Krichever-Novikov algebras. Indeed, the Witt alge-
bra is sometimes referred to as the classical Krichever—Novikov algebra, and many facts
about the Witt algebra have analogous statements for general Krichever-Novikov algebras
(see [Sch14]). We will exploit Theorem 2.5.1 and the close relationship between W; and
general Krichever-Novikov algebras to prove Proposition 3.3.3.

Specifically, the proof of Proposition 3.3.3 will go as follows: if C' is nonsingular, we
will show that there is an injective Lie algebra homomorphism

fW; — L(C),
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for some f € k[t]. We also show that U(fW;) is not noetherian, which is enough to
conclude that U(L(C)) is not noetherian, thanks to Lemma 2.4.5.

If C' is singular, we will consider the normalisation C of C, and construct a Lie sub-
algebra L' of both £(C) and L£(C) which has finite codimension in both. The non-

noetherianity of U(£') will follow from the non-noetherianity of U(£(C)) by Proposition
3.2.1, allowing us to conclude that U(L(C)) is not noetherian.
It follows from Proposition 3.2.1 and Sierra and Walton’s work that W; and its sub-

algebras of the form fW; have non-noetherian universal enveloping algebras.
Corollary 3.3.5. Let f € k[t] \ {0}. Then U(fW;) is not noetherian.

Proof. Since W, C Wy, it follows that U(W;) is not noetherian by Lemma 2.4.5 and
Theorem 2.5.1. Note that dim(W,;/fW,) = deg(f) < oo, so U(fW;) is not noetherian
by Proposition 3.2.1. [

In order to construct the homomorphism fW; < £(C') for the proof of Proposition
3.3.3, some technical results about vector fields are required. We will need to consider
dominant morphisms between affine curves, and localisations of coordinate rings. We
recall these notions below.

Definition 3.3.6. Let X and Y be affine curves. A morphism 7: X — Y is dominant if
7m(X) is dense in Y (in the Zariski topology).

Remark 3.3.7. Let X, Y be affine curves, and let A =k[X|,B=k[Y]. If 7: X - Y is
a dominant morphism, then the homomorphism

B — A
fr—=fom

is injective, so we make the identification B = 7*(B) C A.

Definition 3.3.8. Let 7: X — Y be a dominant morphism of nonsingular affine curves.
Let A =k[X] and B =k[Y] C A. Let K = Q(A) and L = Q(B) C K be the fields of
fractions of A and B, respectively. Let P € X and ) = w(P), and let

AP:{geK‘fageAag(P)%0}7

BQ:{geL\f,geB,g(Q);éO}gAp.

The rings Ap and By, are discrete valuation rings, so let s and ¢ be uniformising parameters
of Ap and By, respectively. Let vp be the discrete valuation on K associated to Ap (i.e.
vp(as®) = k for a € A} and k € Z). The ramification index ep of 7 at the point P is
defined as

Ep = Vp(t) Z 1

where t is viewed as an element of Ap. If ep > 1, we say that 7 is ramified at P and that
Q@ is a branch point of . If ep = 1, we say that w is unramified at P.

The following is a standard result from algebraic geometry which states that the
branch point locus of a dominant morphism of curves is a finite set, a fact that we will
use implicitly from now on.
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Proposition 3.3.9 ([Har77, Proposition IV.2.2(a)]). Let 7: X — Y be a dominant mor-
phism of nonsingular affine curves. Then m is ramified at only finitely many points.

The next result is a technical lemma about restricting derivations to the local ring Ap.

Lemma 3.3.10. Let X be a nonsingular affine curve, let A =k[X], and let K = Q(A).
Let P € X, and let s € Ap be a uniformising parameter. Then a derivation v € Der(K)
restricts to a derivation of Ap if and only if v(s) € Ap.

Proof. Suppose v € Der(K) such that v(s) € Ap. Let m = (s) be the maximal ideal of
Ap, and consider the completion

Ap = lim Ap/m" = k[[s]].

keN
Then v extends uniquely to a derivation © of Q(Zl;) =~ k((s)). We have
(s) =v(s) € Ap C Ap.
It follows that ’&(;17:) C Ap, since Ap = k[[s]] and v is k-linear. Hence, we have
v(Ap) = 0(Ap) =9(ApNK)C ApNK = Ap,
and therefore v restricts to a derivation of Ap. O

Definition 3.3.11. Let X be an affine curve. We say that a vector field v € L£(X)
vanishes at x € X if v(f)(z) =0 for all f € k[X]. If S is a finite subset of X, we denote
the Lie subalgebra of £(X) consisting of vector fields which vanish on S by Lg(X).

The following proposition shows that if we have a dominant morphism 7: X — Y of
nonsingular curves, a vector field on Y induces a vector field on X provided it vanishes
on the branch point locus of . This gives an injective homomorphism from a subalgebra
of L(Y') to L(X), which will be one of the main ingredients in the proof of Proposition
3.3.3.

Proposition 3.3.12. Let X and Y be nonsingular affine curves, and let m: X — Y be
a dominant morphism. Let S CY be the branch point locus of w. Then any vector field
v e Lg(Y) extends uniquely to a vector fieldv € L(X) and the map

p: Ls(Y) = L(X)
V0
defines an injective Lie algebra homomorphism.

Proof. Let A =k[X] and B =k[Y] C A. Let v € L(Y) = Der(B) be a vector field which
vanishes on S. Since 7 is dominant, we identify B with 7*(B) C A. Let K = Q(A)
and L = Q(B) C K be the fields of fractions of A and B, respectively. Then v extends
uniquely to some vy, € Der(L). Since 7 is dominant, it follows that dim; K < oo, so vp,
extends uniquely to some vg € Der(K). Let v: A — K be the restriction of vg to A. We
claim that v(A) C A, so that v € Der(A) = L(X).

For P € X, let Ap = {g e K| f,ge A g(P)#0}, and let sp € Ap be a uniformising
parameter of Ap. By Lemma 3.3.10, vk (Ap) C Ap if and only if vi(sp) € Ap. Since

A=) Ap,

PeX
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it then follows that that v(A) C A if and only if vk (sp) € Ap for all P € X. Hence, it
suffices to show that vk (sp) € Ap for an arbitrary P € X.

Fix P € X and let Q = 7(P) € Y. Let Bo ={. e L| f,g € B,g(Q) # 0}, and let
t € Bg be a uniformising parameter of Bg. For simplicity of notation, let s = sp. Since
t € Bg C Ap is a uniformising parameter of By, it follows that ¢ = as® for some a € A,
where e = ep is the ramification index of 7 at P. Furthermore, v(t) € Bg so v(t) = bt/
for some b € By and some f > 0. Note that f is the order of vanishing of v(t) at the
point @, so in particular f > 1 if v vanishes at Q. L

As in the proof of Lemma 3.3.10, consider the completion Ap = k[[s]] and the unique
extension of v to a derivation ¢ of Q(f/l;) = k((s)). Similarly, the completion EZ) C Ap
is isomorphic to k[[t]]. Now, we have

t=s° Zozisi € Ap (3.3.1)
120
vty =ty it € By (3.3.2)
>0

for some «;, 5; € k with ag, Sy # 0. From (3.3.1), we get

v(t) = o(s° Zaisi) = vg(s)s? Z%si, (3.3.3)

i>0 i>0

where 7; = (e + i)y € k. Since vy = ey # 0, the element H = Zizo Vst € ;1; is
invertible in Ap = k[[s]]. Let F=H '€ Ap.
We can also combine (3.3.1) and (3.3.2) to get

v(t) =t Zﬂiti = s/ Zuisi, (3.3.4)

i>0 i>0

for some puy € k. L

Let G = >"..,uis' € Ap. Equating (3.3.3) and (3.3.4), we get vi(s)s*'H = s9/G,
and therefore

vi(s) = s VHLPG,

If e=1, then e(f —1)+1 > 0since f > 0. If e > 2, then the point P is ramified, so v
vanishes at () by assumption. Therefore, f > 1 and e(f — 1) +1 > 1. In either case, we
see that e(f — 1) +1 > 0. Hence, vg(s) = sV D+ FG € Ap.

But we also know that vk (s) € K, so that

vi(s) € ApNK = Ap.

We conclude that v € Der(A), as claimed.

It follows that the map ¢: Ls(Y) — L£(X) defined in the statement of the proposition
is a Lie algebra homomorphism by uniqueness of the extension: if vy,ve € Lg(Y), then
the vector field

(61,55 = T 0 5 — Ty 0 11 € L(X)
restricts to

HB =] 00Uy — Vg0 = [Uy,09] € Lg(Y).

By uniqueness of the extension, we conclude that

[v1, 02

[p(v1), p(va)] = [V1, V2] = @([v1, va]).

Furthermore, ¢ is clearly injective since v is an extension of v. O]
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We now have all the necessary tools to prove Proposition 3.3.3.

Proof of Proposition 3.3.3. First we consider the case where C'is nonsingular. There is an
injective homomorphism k[t] < k[C], which induces a dominant morphism 7: C' — Al
Let S = {x,...,x,} be the branch point locus of 7, and let f = (t—x1) ... (t—x,) € k[t].
Consider

‘CS(A1> = fwlv
and let
P: ES(Al) — L(C)
V=0

be the injective Lie algebra homomorphism from Proposition 3.3.12. By Corollary 3.3.5,
we know that U(Lg(A')) = U(fW;) is not noetherian, and therefore U(L(C)) is not
noetherian. B

Now suppose C'is singular, and let C' be its normalisation. Set the following notation:

A=K[C], A=K[C],
L=CL(C), L=°r).

We will view A as a subring of A. Let
I=Amny(A/A) ={ac A|aAC A}.
Then I is an ideal of both A and A. Letting v € Land a e I, we have that
av(A) C A.

It follows that av is a derivation of A, that is av € L. Therefore, 1 LCL.
We can check that

[Cbl’Ul, CLQUQ] = a10Q2 [Ul, UQ] -+ aiv ((IQ)UQ — CLQ’UQ((ll)Ul c IE,

where a1, ay € I and vy, vy € L. Hence, IL is a Lie subalgebra of both £ and L.

Since £ and L are rank 1 torsion-free modules over A and A respectively, it follows
that I£ has finite codimension in both £ and £. We have already shown that U ([,) is not
noetherian, so it follows that U(I£) is not noetherian by Proposition 3.2.1. Therefore,
U(L) is not noetherian. O

We finish this section by briefly mentioning some other related Lie algebras.

Definition 3.3.13. Let C' be an affine curve and let g be a finite-dimensional Lie algebra.
We define the following Lie algebras:

1. The Lie algebra of differential operators of degree < 1 on C'is defined as the semidi-
rect sum D'(C) = Kk[C] x £L(C). In other words, D'(C) = Kk[C] & L(C) as a vector
space, with Lie bracket given by

[(f1,01), (fa, v2)] = (vi(f2) — valf1), [v1, va]),
where f1, fo € k[C] and v, vy € L(C).
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2. The current algebra g(C) = g @ k[C] has Lie bracket

[ ® fy®g]=lz,y]® fyg,
where z,y € g and f, g € k[C].

These Lie algebras, as well as L£(C), are called Krichever—Novikov type algebras (cf.
[Sch14, Definition 2.21]).

An easy consequence of Proposition 3.3.3 is that the enveloping algebra of a Krichever—
Novikov type algebra is not noetherian.

Corollary 3.3.14. Let L be a Krichever—Novikov type algebra. Then U(L) is not noethe-
rian.

Proof. Let C' be an affine curve and let g be a finite-dimensional Lie algebra. Consider
9(C) and DY(C).

To see that U(g(C)) is not noetherian, we simply note that g(C') has an infinite-
dimensional abelian Lie subalgebra, which clearly has a non-noetherian enveloping al-
gebra. For example, we can take the subalgebra spanned by {z ® f™ | n € N}, where
z e g\{0}and f € k[C]\ {0}.

The non-noetherianity of U(D!(C)) follows directly from Proposition 3.3.3, since
D'(C) contains L(C) as a Lie subalgebra. O

3.4 Derivations of affine commutative algebras

We now continue the proof of Theorem 3.3.1 by considering Lie algebras of vector fields
on affine varieties of dimension at least 2. That is, our goal is to prove that if X is an
affine variety with dim(X) > 2, then U(L(X)) is not noetherian. In fact, we will prove
a stronger result: if g is a submodule-subalgebra of £(X) (recall Definition 2.3.2), then
U(g) is not noetherian.

Proposition 3.4.1. Let X be an affine variety such that dim(X) > 1 and let g be a
submodule-subalgebra of L(X). Then U(g) is not noetherian.

We will see that the proof of the non-noetherianity of U(L(X)) when dim(X) > 2 is
significantly easier than when X is a curve. This is essentially due to the following useful
lemma.

Lemma 3.4.2. Let g be an infinite-dimensional Lie algebra. If the abelianisation g* =
g/lg, 0] of g is infinite-dimensional then U(g) does not satisfy the ascending chain condi-
tion (ACC) on two-sided ideals. In particular U(g) is not noetherian.

Proof. The abelianisation g** = g/[g, g| is infinite-dimensional and abelian, so U(g*")
does not satisfy ACC on two-sided ideals, since it is isomorphic to a polynomial ring in
infinitely many variables. The natural map U(g) — U(g®") is surjective, so U(g) also does

not have ACC on two-sided ideals. O]

In some sense, Lemma 3.4.2 says that Lie algebras that are “almost abelian” have
non-noetherian enveloping algebras. When X is an affine variety of dimension at least
2, its Lie algebra of vector fields £(X) has many such subalgebras, as we will see in the
proof of Proposition 3.4.1. On the other hand, when C' is a curve, the abelianisation of
any subalgebra of £(C) is finite-dimensional (see Proposition 3.5.1). This explains why
the proof of Proposition 3.4.1 is so much simpler when dim(X) > 2.
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Proof of Proposition 3.4.1. If X is a curve then g has finite codimension in £(X). There-
fore, U(g) is not noetherian by Propositions 3.2.1 and 3.3.3. So, assume that the dimension
of X is at least 2.

Let f € k[X]\ {0} be a non-unit. Then (f), the ideal of k[X| generated by f, has
infinite codimension in k[X]. Let d € fg\ {0}, and let h = k[X]d. This is a Lie subalgebra
of g with Lie bracket

l9d, hd] = (gd(h) — d(g)h)d.

Since d € fL(X), we see that gd(h) — d(g)h € (f). Hence, the derived subalgebra [h, b]
is contained in (f)d and therefore has infinite codimension in h. By Lemma 3.4.2, U(h)
is not noetherian. It follows that U(g) is not noetherian by Lemma 2.4.5. O

Thanks to Proposition 3.4.1, we have proved that U(Der(A)) is not noetherian when-
ever A is an affine integral domain. We complete the proof of Theorem 3.3.1 by considering
the case where A is not necessarily a domain.?

Proof of Theorem 3.3.1. Let P be a minimal prime of A such that dim(A/P) = co. Such
a P must exist, since A has Krull dimension 1. Indeed, if A/Q is finite-dimensional for
all minimal primes @ of A, then Kdim(A) = 0, a contradiction. In this way, Der(A/P) is
an infinite-dimensional Lie algebra.

Now, P is a minimal prime and A is noetherian, so P is associated. In other words,
there exists © € A such that P = Ann(z). Given d € Der(A/P), we define a derivation
d € Der(A) as follows: if d(a + P) = b+ P, where a,b € A, then we set d'(a) = bx. It is
easy to see that d’' is a well-defined derivation of A. Let

7: Der(A/P) — Der(A)
d—d.

We emphasise that 7 is only a k-linear map, not a homomorphism of Lie algebras.

We claim that 7 is injective. Let d € ker(7) and let a,b € A such that d(a+P) = b+ P.
Since d’ = 0, we have 0 = d'(a) = bz, so b € Ann(z) = P. But then d(a+ P) =b+ P = 0.
Now, this holds for any a € A, so we conclude that d = 0. Hence, ker(7) = 0, as claimed.

Suppose x € P, in other words, 2> = 0. Note that, by definition of d’, we have
d'(x) =0 for all d € Der(A/P). Let dy,ds € Der(A/P) and a € A. Let b, c € A such that
di(a+ P)=0b+ P and dy(a + P) = c+ P. Then

[dy, dy)(a) = dy(d5(a)) — dy(dy(a)) = di(cx) — dy(bx)
=dy(c)x + cdi(z) — dy(b)x — bdy(x) = 0,
since d(z) = 0 and d/(c), d,(b) € Az. Therefore, [d},dy] = 0 for all d;,dy € Der(A/P). It
follows that a = Im(7) C Der(A) is an infinite-dimensional abelian Lie algebra, since 7 is
injective. Hence, U(Der(A)) is not noetherian, by Lemma 2.4.5.
Therefore, we may assume that ¢ P. By [MRO1, Proposition 14.2.3], P is invariant

under any derivation of A. Therefore, any d € Der(A) induces a derivation d of A/P as
follows: for a € A, we let

d(a+ P) =d(a) + P.
This gives a Lie algebra homomorphism
¢: Der(A) — Der(A/P)
d— d.

2This proof is joint work with Jason Bell [BB].
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Let g = Im(¢) C Der(A/P). We claim that g is a submodule-subalgebra of Der(A/P).
Indeed, if d € Der(A) and a € A, then (a + P)d = ad € g.

Note that g # 0: if d € Der(A/P)\ {0}, then ¢(7(d)) = (x+ P)d is a nonzero element
of g, since x ¢ P and A/P is a domain. Now, g is a nonzero submodule-subalgebra of
Der(A/P), so we can apply Proposition 3.4.1 to deduce that U(g) is not noetherian. Since
U(Der(A)) surjects onto U(g), it follows that U(Der(A)) is not noetherian. O

3.5 Abelianisations of Krichever—Novikov subalgebras

We finish by proving that the abelianisation of any subalgebra of £(C') is finite-dimensional,
where C'is a nonsingular affine curve, which completes the explanation for why the proof
of Proposition 3.4.1 is different depending on whether dim(X) = 1 or dim(X) > 2. We will
need some results from [Sch14|, which assumes that the underlying field is C. Therefore,
for simplicity, we assume that k = C in this section.

Proposition 3.5.1. Let g be a subalgebra of L(C'), where C' is a nonsingular affine curve.
Then g*" is finite-dimensional.

We will need the following result of Schlichenmaier, which says that, although £(C')
is not graded in general, it is still (non-uniquely) “almost-graded”.

Theorem 3.5.2 ([Sch14, Theorem 3.12, Proposition 3.16, and Section 3.8]). Let C' be
a nonsingular affine curve and write L = L(C). Then there exist { € N and subspaces
L, C L, each of dimension 0 or 1, such that L = @,,c, L, and

n+m

Lo Ln] € P L

k=n+m—¢
Defining L<,, = @mgn L., we have L<, C L<pt1 and
[L<n: Lm] € Lpsm,
50 (L<p)nez defines an ascending filtration of L.
Theorem 3.5.2 allows us to make the following definition.

Definition 3.5.3. Let C be a nonsingular affine curve, write £ = £(C'), and let L<,, be
as in Theorem 3.5.2. For v € L(C), we say v has degree n if v € L<,, \ L<,—1, and write
deg(v) = n.

By a result of Schlichenmaier, the degree of a bracket of vector fields is the sum of the
degrees of the vector fields, provided the vector fields have distinct degrees.

Proposition 3.5.4 ([Sch14, Proposition 3.17]). Let C' be a nonsingular affine curve and
let u,v € L(C) with deg(u) # deg(v). Then deg([u,v]) = deg(u) + deg(v).

The following result gives a way of generating elements of high degree in a subalgebra
g C L£(C) whenever g has elements of positive degree.

Lemma 3.5.5. Let g be a subalgebra of L(C), where C is a nonsingular affine curve.
Let u,v € g and write n = deg(u), m = deg(v). Suppose n,m > 1 and n # m, and let
d = ged(n,m). Then there exists k € N such that for all ¢ > k, there is an element w,; € g
with deg(w,) = 4d.
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Proof. For all i, j > 1, by taking Lie brackets of v and v we see that there is an element
hij € g such that deg(h;;) = in + jm. For example, we can set h;; = ad’ " (ad’,(v)).
By the Euclidean algorithm, there exist a,b € N such that

an —bm =d.

Let 7 =% let s = n+4 ((r —1)b+ 1)m, and let k = 5. Setting wy, = hy (r—1)p+1 € @, We see
that deg(wy) = s = kd.
Let ¢ € N such that £ < /¢ < k+r, and let ¢ = ¢ — k. We have

ld=(k+qd=s+qd=(n+((r—1)b+1)m)+ qlan — bm)
=(ga+1)n+((r—q—1b+1)m

with ga+1>1and (r—qg—1)b+1> 1, since 0 < ¢ < r. Setting

Wy = hqa+1,(r—q—1)b+1 €y,

we see that deg(w,) = ld.
Now consider £ > k + r. There exists N € N such that £k < /¢ — Nr < k+ r. We have
already constructed w,_y, € g. Define w, = adfy (we—nr) € g. Then

deg(wy) = ({ — Nr)d+ Nn ={4d — Nrd+ Nn = ld,
since rd = n, so we are done. O

Certainly, by inverting degrees in Lemma 3.5.5, we can also generate elements of
high negative degree if g has elements of negative degree. We are now ready to prove
Proposition 3.5.1.

Proof of Proposition 3.5.1. If g is finite-dimensional, then the proof is immediate, so as-
sume that g is infinite-dimensional.

If g has at least two elements of distinct positive degrees, then Lemma 3.5.5 implies
that [g, g] contains elements of all large enough positive degrees in the set {deg(v) | v € g}.
Similarly, if g has at least two elements of distinct negative degrees, we can also deduce
that [g, g] contains elements all large enough negative degrees in the set {deg(v) | v € g}.
Since there is at most one element of each degree in g, it follows that [g, g] has finite
codimension in g. O]

3.6 Further work

In this section, we briefly mention some conjectures and open questions about enveloping
algebras of Lie algebras of derivations.

3.6.1 Derivations of larger classes of algebras

Theorem 3.3.1 only considers Lie algebras of derivations of affine commutative algebras.
It is therefore natural to ask about the possibility of extending this result to include a
larger class of algebras. One such way to extend Theorem 3.3.1 is to consider arbitrary
noetherian commutative algebras.
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Conjecture 3.6.1. Let A be an infinite-dimensional noetherian commutative algebra such
that Der(A) # 0. Then U(Der(A)) is not noetherian.

The condition that Der(A) # 0 is necessary to exclude situations such as k = Q and
A = Q, in which case A does not have any k-linear derivations.

Although algebras such as k() or k[[¢]] are not included in the statement of Theorem
3.3.1, our methods still work to show that the enveloping algebras of their Lie algebras of
derivations are not noetherian. This is because W, naturally embeds into Der(k(t)) and
Der(K[[1]).

Furthermore, if A is a noetherian commutative domain of Krull dimension at least
two, then the proof of Proposition 3.4.1 works to show that U(Der(A)) is not noetherian.
However, it is not clear what happens for arbitrary commutative noetherian domains of
Krull dimension zero or one.

Another natural way to generalise Theorem 3.3.1 is to consider Lie algebras of deriva-
tions of noncommutative affine k-algebras.

Conjecture 3.6.2. Let A be an infinite-dimensional affine k-algebra. Then U(Der(A))
s not noetherian.

In fact, in the noncommutative case, we have access to inner derivations, so we can
ask the same question about Lie algebras of inner derivations.

Definition 3.6.3. Let A be a k-algebra. An inner derivation of A is a derivation of the
form ad, for some a € A, where

ad,(b) = ab — ba
for b € A. The Lie algebra of inner derivations of A is denoted Inn(A).

Note that Inn(A) = A/Z(A) as Lie algebras, where Z(A) denotes the center of A, and
A is viewed as a Lie algebra with commutator bracket. Therefore, we can ask whether
U(Inn(A)) is noetherian when Inn(A) is infinite-dimensional (equivalently, when Z(A)
has infinite codimension in A).

Conjecture 3.6.4. Let A be an affine k-algebra such that dim(A/Z(A)) = oco. Then
U(Inn(A)) is not noetherian.

3.6.2 Ascending chain condition on two-sided ideals

Given the belief that enveloping algebras of infinite-dimensional Lie algebras are not
noetherian, we can ask a weaker question by considering two-sided ideals instead of one-
sided ones.

Question 3.6.5. For which infinite-dimensional Lie algebras g does U(g) have ACC on
two-sided ideals?

Unlike the one-sided situation, there are infinite-dimensional Lie algebras which are
known to have ACC on two-sided ideals.

Theorem 3.6.6 ([PP18, Corollary A.4]). Two-sided ideals of U(sly,) satisfy ACC.
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Furthermore, it is believed that the enveloping algebra of the Witt algebra also has
ACC on two-sided ideals [PS20, Conjecture 1.3], a question first raised in [SW16, Question
0.11].

On the other hand, there are many examples of Lie algebras whose enveloping algebras
have two-sided ideals which are not finitely generated. Certainly, enveloping algebras of
infinite-dimensional abelian Lie algebras are examples of such. Furthermore, Lemma 3.4.2
gives a large source of enveloping algebras of non-abelian Lie algebras which do not satisfy
ACC on two-sided ideals. An explicit example is given below.

Example 3.6.7. Consider Wy = Der(k[z,y]) = k[z,y|0, + k[z,y]0,, where 0,
and 0, = d%. Let g = (y)0., where (y) is the ideal of k[z,y] generated by y. Then
lg,09] = (¥?)0,, so g is an infinite-dimensional abelian Lie algebra. By Lemma 3.4.2,

U(g) does not have ACC on two-sided ideals.

Although W5 has many subalgebras whose enveloping algebras do not satisfy ACC on
two-sided ideals, it is not known whether U(W5) has this property. This is because the
faithful flatness argument used to prove Lemma 2.4.5 does not work for two-sided ideals.
In fact, we make the following conjecture, based on computational evidence.

Conjecture 3.6.8. Two-sided ideals of U(Wy) satisfy ACC.
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Chapter 4

Maximal dimensional subalgebras of
general Cartan type Lie algebras

4.1 Introduction

Recall the definition of the Lie algebras of general Cartan type: W,, = Der(k|xy, ..., z,])
for n > 1. Subalgebras of these Lie algebras form an important class of infinite-dimensional
Lie algebras, which includes, for example, all the other Cartan type Lie algebras. In this
chapter, we study Lie subalgebras of W,, of maximal Gelfand—Kirillov (GK) dimension,
in other words, subalgebras of GK-dimension n.

In this chapter, we study subalgebras of W,, and make the following conjecture, which
is a special case of Conjecture 1.1.1.

Conjecture 4.1.1. Let g be an infinite-dimensional Lie subalgebra of W,,. Then U(g) is
not noetherian.

We are not able to prove Conjecture 4.1.1 in its full generality. However, we do prove
it in the case where n = 1 and for many subalgebras of W,, when n > 1. In doing
so, we make significant progress in understanding the structure of infinite-dimensional
subalgebras of W,,.

We begin by considering subalgebras of W;. We first show that the Conjecture 4.1.1
holds for graded subalgebras of W;. Furthermore, if g is a Lie subalgebra of W; of finite
codimension, then U(g) is not noetherian by Proposition 3.2.1. We therefore focus on
(ungraded) infinite-dimensional subalgebras of W, of infinite codimension.

Letting f € k[t] \ k, some examples of subalgebras of W; include:

1. The submodule-subalgebras fW;. These have finite codimension in W;.

2. L(f) = Wy N Der(k[f]), where this intersection is taken in Der(k(¢)) = k(¢)0 upon
identifying Der(k[f]) = %k[f]@ C k(t)0. These are not k[t]-submodules of Wy, but
they are still k[f]-submodules. If deg(f) > 2, then L(f) has infinite codimension in
W,

3. k[f]-submodules of L(f). Note that this generalises (1) and (2).

The subalgebras L((t — A\)") for A € k and n € N are known as Veronese subalgebras of
W, (see Definition 4.2.1). They are the invariant subalgebras of W; under the natural

35



actions of the cyclic groups C,,. Specifically, the Veronese subalgebra L((t — A\)™), where
A € k and n € N, is the invariant subalgebra of W; under the action of C,, given by

a- (t . )\)kJrla — fk(lf _ )\)kJrla

for all k > —1, where a is a generator of C,, and ¢ is a primitive k' root of unity.

Finite codimension subalgebras of Veronese subalgebras were the only known infinite-
dimensional subalgebras of W; of infinite codimension. However, the subalgebras L(f)
are not, in general, contained in any Veronese, giving rise to a new class of subalgebras
of Wl .

We show that, up to a finite-dimensional vector space, the above is an exhaustive list
of infinite-dimensional subalgebras of Wj.

Theorem 4.1.2 (Theorem 4.3.2). Let g be an infinite-dimensional subalgebra of W.
Then there ezist f € k[t] \ k and a k[f]-submodule b of L(f) such that

h C g C L(f)
In particular, g has finite codimension in L(f).

We remark that the case where g has finite codimension in W; is due to Petukhov
and Sierra [PS23, Proposition 3.2.7]. Therefore, it remained to prove the conjecture for
subalgebras of W, of infinite codimension.

In Section 4.3 we lay out some of the techniques necessary to prove Theorem 4.1.2.
We introduce two closely related invariants of subalgebras of W;. The first one is the set
of ratios of g, defined as follows:

R(g) = {%|w8,u8€g,u%0}.

The second invariant is the field of ratios F(g) = k(R(g)), the subfield of k(¢) generated
by R(g).

The reason for introducing these invariants is that, given a subalgebra g C W, we
need a way of constructing a polynomial f € k|t] such that g C L(f). We first consider
the field of ratios, and prove that it achieves the desired result of extracting an appropriate
polynomial f € k[¢] from a subalgebra g C W;.

Theorem 4.1.3 (Theorem 4.3.4). Let g be an infinite-dimensional Lie subalgebra of W.
Then there exists some f € k[t] \ {0} such that:

1. The field of ratios F(g) is generated by f.
2. The subalgebra g is contained in L(f).

The proof of Theorem 4.1.3 goes as follows: by Liiroth’s theorem there exists f € k(t)
such that F'(g) = k(f). We first show that f can be chosen to be a polynomial, and then
deduce that g C L(f).

We then move on to the set of ratios R(g). In particular, we consider the situation

where R(g) is a field:

Proposition 4.1.4 (Proposition 4.3.5). Let g be an infinite-dimensional Lie subalgebra
of Wy. The following are equivalent:
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1. There exists a nonzero f € k[t] such that g has finite codimension in L(f).
2. The set R(g) is a field.
3. There ezists a nonzero f € k[t] such that R(g) = k(f).

The proof of Proposition 4.1.4 follows by applying Theorem 4.1.3 and an analogous
result to [PS23, Proposition 3.2.7] for subalgebras of Wj.

Now, the inclusion g C L(f) from Theorem 4.1.2 is precisely the one we get from
Theorem 4.1.3. As such, f is chosen in a “canonical” way: it is the unique (up to scalar
multiplication) polynomial generator of the field of ratios F'(g) = k(f). To prove Theorem
4.1.2, we show that g has finite codimension in L(f), which is enough to construct the
k[ f]-submodule b C g.

Proposition 4.1.5 (Lemma 4.3.15 and Proposition 4.3.16). Let g C W, be infinite-
dimensional and let f € Kk[t] such that F(g) = k(f). Then g has finite codimension in

L(f).

The proof of Proposition 4.1.5 is achieved by exploiting Hensel’s lemma to write an
clement gd € g as g0 = s%0,, where s = t 4 lower degree terms € k((t™')) and 9, = +0.
We then prove that every element of g can be written as a (possibly infinite) linear
combination of terms of the form s"0,, from which we deduce that g has finite codimension
in L(f).

We then present some applications of Theorem 4.1.2. First, a surprising consequence
of Theorem 4.1.2 and Proposition 4.1.4 is that R(g) = F(g) if g is an infinite-dimensional
subalgebra of W;. It is completely unclear that R(g) satisfies any nice properties by
studying it abstractly, but it quickly follows from the classification of subalgebras that it
is a field.

Corollary 4.1.6 (Corollary 4.4.1). Let g be an infinite-dimensional subalgebra of W.
Then R(g) is a field.

We then use Theorem 4.1.2 to answer the question of noetherianity of universal en-
veloping algebras of subalgebras of W;. We give two proofs that infinite-dimensional
subalgebras of W; always have non-noetherian universal enveloping algebras, both rely-
ing on the classification of subalgebras from Theorem 4.1.2. This establishes Conjecture
4.1.1 in the case n = 1. The first one is direct, while the second uses techniques from
noncommutative algebraic geometry developed in [SS17]. Although the second proof is
significantly more difficult, we hope that it will be useful in studying subalgebras of W.

Corollary 4.1.7 (Corollaries 4.4.3 and 4.5.11). Let g be an infinite-dimensional subalgebra
of Wy. Then U(g) is not noetherian.

The first proof follows from the classification by showing that an infinite-dimensional
subalgebra of W, is isomorphic to a subalgebra of Wy of finite codimension. By Propo-
sition 3.2.1, we can easily see that enveloping algebras of finite codimension subalgebras
of W, are non-noetherian. This immediately implies that enveloping algebras of infinite-
dimensional subalgebras of W, are non-noetherian.

The second proof is achieved by finding a sufficient condition on a subalgebra g C W,
which we call (x), for U(g) to be non-noetherian. This condition is defined by analysing
the image of U(g) under a certain homomorphism

®: U(W:1) — Ar(kly)[t].
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Here, A;(kly]) = k[y][t, 0] denotes the first Weyl algebra over kly]. We then use Theorem
4.1.2 to show that all infinite-dimensional subalgebras of W satisfy (x), providing a second
proof of the non-noetherianity of their enveloping algebras. We believe that condition (x)
will be useful in future work on Conjecture 4.1.1 by constructing a similar homomorphism
U(Wy) — T for some appropriate ring 7.

Another consequence of Theorem 4.1.2 is that W; satisfies the Dixmier conjecture.
While this had previously been established in [Du04], we provide a more conceptual proof
by showing that W; does not have any proper infinite-dimensional simple subalgebras.

Proposition 4.1.8 (Proposition 4.4.4 and Corollary 4.4.5). The Lie algebra Wy has no
proper infinite-dimensional simple subalgebras. Consequently, Wy satisfies the Dizmier
congecture. In other words, End(Wy) \ {0} = Aut(W,).

This (re)proves the one-variable case of [Zha98, Conjecture 1], which says that the
Dixmier conjecture holds for all W,,. Zhao’s conjecture, which is open for two or more
variables, is exceptionally difficult and has deep implications; Zhao himself proved that
it implies the Jacobian conjecture [Zha98, Theorem 4.1]. Our approach provides new
techniques to tackle Zhao’s conjecture. It is possible that a similar study of subalgebras
of Wy gives information about Zhao’s conjecture for two variables.

The last part of the chapter is devoted to extending the non-noetherianity result of
Corollary 4.1.7 to maximal dimensional subalgebras of W,, for arbitrary n, providing a
partial proof of Conjecture 4.1.1 for n > 2.

Theorem 4.1.9 (Theorem 4.6.1). Let n > 1 and let g be a subalgebra of W, of GK-
dimension n. Then U(g) is not noetherian.

The proof of Theorem 4.1.9 is achieved by constructing subalgebras g;; of g such that
gij 2 0ij+1 for all 4, 7, and studying the dimensions of successive quotients

dij(g) = dim(gi;/@ij+1)-

One of the key steps is deducing that if GKdim(g) = n and dyo(g) = oo, then U(g) is not
noetherian (see Corollary 4.6.9). We then show that (possibly after changing variables),
if GKdim(g) = n then we must have dyo(g) = oo, allowing us to deduce that U(g) is not
noetherian.

The results of this chapter are based on the second half of [Buz23] and [BB23]. Specif-
ically, Section 4.2 is [Buz23, Section 4] with minor changes. Section 4.3 is taken from
both [Buz23| and [BB23|: Subsection 4.3.1 is [Buz23, Section 5|, while Subsection 4.3.2
is adapted from [BB23, Sections 1 and 2|. Section 4.4 is [BB23, Section 3|, Section 4.5 is
[Buz23, Section 6], and, finally, Section 4.6 is [BB23, Section 4]. In particular, this is the
first time the proof of Theorem 4.1.2 is given from start to finish, since it was previously
split between [Buz23] and [BB23].

4.2 Subalgebras of W; of infinite codimension

In Chapter 3, we generalised Sierra and Walton’s result that the enveloping algebra of the
Witt algebra is not noetherian by considering general Lie algebras of vector fields on affine
varieties. Another way of extending Theorem 2.5.1 is to consider infinite-dimensional
subalgebras of Lie algebras of vector fields.
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In this section, we focus on infinite-dimensional subalgebras of the one-sided Witt
algebra W, with the goal of proving that their enveloping algebras are not noetherian.
The main difficulty in proving this is that we do not know what a general subalgebra of
W, looks like. Therefore, we first aim to classify infinite-dimensional subalgebras of W,
and then deduce that their enveloping algebras are not noetherian using the classification.
Since W, is a graded Lie algebra, we start by considering its graded subalgebras.

4.2.1 Veronese and graded subalgebras

Since many of the details are straightforward, we omit some of the proofs in this subsec-
tion.

Recall that W, is a graded Lie algebra. Under the standard grading of Wy, the element
e, is homogeneous of degree n. However, this grading is not unique: fix x € k*, and define
en(z) = (t — )"0 for all n > —1. It is easy to see that

[en (@), em ()] = (m = n)enim (@),

Hence, we could also have chosen a different grading of Wy, where e, () is a homogeneous
element of degree n. We call this grading the grading of W, based at x. Note that e, is no
longer homogeneous under this grading. We can therefore consider Veronese subalgebras
with respect to the different choices of grading of W;.

Definition 4.2.1. Let d > 2 be an integer and let x € k. The d-Veronese subalgebra of
W, based at z, denoted Very(z), is the Lie subalgebra of W, with basis

{eo(x), €q4(x), €2q(), ...}
For brevity, when x = 0 we simply write Ver, instead of Very(0).

Remark 4.2.2. Veronese subalgebras are the simplest infinite-dimensional subalgebras
of W of infinite codimension. They are therefore the first examples of subalgebras of W,
for which Proposition 3.2.1 does not apply.

It is rather straightforward to prove that these subalgebras have non-noetherian uni-
versal enveloping algebras; we merely have to notice that they are isomorphic to Ws.

Lemma 4.2.3. Let d > 2 be an integer and let x € k. Then U(Very(z)) is not noetherian.

Proof. Let f, = tena(x) € Verg(x). Then {f, | n € N} is a basis for Very(z), and

s ) = lendla)sema(w)] = 35 md = nd)eumya(e) = (1 = 1) fom.

Therefore, Verg(x) = Wsg, where the isomorphism maps f, — e,. By Corollary 3.3.5,
U(W>p) is not noetherian, so U(Very(z)) is not noetherian. O

Our next goal is to prove that general infinite-dimensional graded subalgebras of W,
have non-noetherian universal enveloping algebras. For simplicity, we only consider the
standard grading of Wy, but the same results will hold for the different choices of grading.
This is because the map

W, — Wi
en — en(x)

39



is a graded isomorphism of Lie algebras, where WY) is W, with grading based at x.

Graded subalgebras of W; are some of the easiest to understand since they have a
basis which is a subset of {e,, | n > —1}. With the standard grading of W;, Definition
3.5.3 yields the following notion of degree for arbitrary elements of Wj.

Notation 4.2.4. For A € k and n € N, when we write a = Ae,, + ..., we mean that there
exist aq,...,a,+1 € k such that

a=Xe,+a1€, 1+ ...+ €0+ piie_q.

For non-homogeneous a € Wy, we write deg(a) = n to mean a = Ae, + ... for some

A € k*. Note that deg(f0) = deg(f) — 1 for f € k[t].
When applied to graded subalgebras, Lemma 3.5.5 yields the following corollary.

Corollary 4.2.5. Let g be an infinite-dimensional graded Lie subalgebra of Wy. Then
either g has finite codimension in Wy or g has finite codimension in Very for some d > 2.
O

Combining the results above, it follows that infinite-dimensional graded subalgebras
of W have non-noetherian enveloping algebras.

Proposition 4.2.6. Let g be an infinite-dimensional graded Lie subalgebra of Wi. Then
U(g) is not noetherian. O

4.2.2 The subalgebras L(f,g)

We turn our attention to subalgebras of W; which are not necessarily graded. If g C
Very(z) for some x € k, where d > 2 is maximal, then consider the isomorphism

@: Verg(x) = Wsq

from Lemma 4.2.3. By maximality of d, it follows that ¢(g) is not contained in any
Veronese subalgebra.

Veronese subalgebras, of course, have infinite codimension in W;. It is not immediately
obvious that there are any infinite-dimensional subalgebras of W; which do not have finite
codimension in a Veronese subalgebra; the goal of this subsection is to provide examples
of such. By the previous paragraph, without loss of generality we seek for an infinite-
dimensional subalgebra of W, of infinite codimension which is not contained in a Veronese
subalgebra.

The following result gives a useful method to determine whether some element of W,
is contained in a Veronese subalgebra.

Lemma 4.2.7. Leta=e, + ae,_1+ ... € Wy. If a € Very(z) for some d > 2 and some
z €k, then a = —(n + 1)x. In particular, either a € Very(;55) for some d > 2 or a is
not contained in any Veronese subalgebra.

Proof. Suppose a € Very(z) for some d > 2 and some x € k. Then
a = en(x) + ﬂenfd(x) +.o
for some 3 € k. Therefore, we have

entae, 1 +...=a=(t—2)""O+Bt—z)" O+ ...
=e,— (n+1)ze,_1 +... (since d>2).

Hence, we see that « = —(n + 1)z. O
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We now define a new family of subalgebras of W;. Members of this family will provide
examples of infinite-dimensional subalgebras of W, of infinite codimension which are not
contained in any Veronese subalgebra.

Notation 4.2.8. For f,g € k[t] \ {0}, we let L(f, g) be the subspace of W; spanned by
{f"90 | n € N}. In other words, L(f, g) = k[f]g0.

Note that if deg(f) > 1, then L(f, g) has infinite codimension in W;. The next lemma
characterises when L(f,g) is a Lie algebra.

Lemma 4.2.9. Let f,g € k[t]. Then L(f,g) is a Lie subalgebra of Wy if and only if
f'g € Kk[f] (i.e. f'g = h(f) for some h € K[t]). Furthermore, if f'g = h(f), then

Proof. Note that
/790, [ g0) = (m —n) [ f'g°0.

It is now clear that L(f, g) = k[f]g0 is closed under the Lie bracket of W if and only if

f'g € K[f].
For the final sentence, suppose f'g = h(f). We can easily check that the map

L(f7 g) — th
f"g0 — t"ho
is an isomorphism of Lie algebras. m

The following proposition shows that f can be arbitrary, and that for a fixed f € k|t]
there is a maximal Lie algebra of the form L(f,g).

Proposition 4.2.10. Let f € k[t] be a non-constant polynomial. Then there erists a
(unique up to scalar) polynomial g; € k[t] \ {0} such that

1. f'gy € Klf],
2. If P € k[t] such that f'P € Kk[f] then deg(P) > deg(gy).

Furthermore, if f'P € k[f] then P € k[f|gs and L(f, P) has finite codimension in L(f, gy).
We write L(f) = L(f, gr) and denote by hy € k[t] the polynomial such that f'gr = h¢(f).

Proof. Let
I(f) ={h €k[t] | f divides h(f)}.

It is immediate that I(f) is an ideal of k[t]. We claim that I(f) # 0. Let h € k[t] be
a polynomial that vanishes at {f(a) | a € k, f'(a) = 0}. Then h(f) vanishes at all the
roots of f’. Therefore, if we take n € N large enough, we have that H = h™ € I(f) \ {0}.

The ideal I(f) is nonzero and principal, so there exists some h; € k[t] \ {0} such that

1(f) = (hy).

Let g7 = hy(F)/f"
Suppose we have P € klt] such that f'P € k[f]. Write

f'P = h(f),
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where h € k[t]. Then h € I(f) = (hy), so hy divides h. Therefore, there exists some
@ € k[t] such that h = h;Q. It follows that

P=h(f)/f =hs())QRU)/ I = Q(f)gy-
Hence,
L(f, P) = k[f]PO =Kk[f]Q(f)gs0 < k[f]g;0 = L(f).
It is easy to see that dim(L(f)/L(f, P)) = deg@ < oc. O

Remark 4.2.11. Let f, g, h € k[t] such that f'g = h(f). We have

deg(f) — 1+ deg(g) = deg(h) deg(f),

and therefore
deg(g) = (deg(h) — 1) deg(f) + 1.
Consider p(f)gd € L(f,g), where p € k[t]. Then

deg(p(f)g0) = deg(p(f)g) — 1 = deg(p) deg(f) + deg(g) — 1
= (deg(p) + deg(h) — 1) deg(f).

Therefore, the degrees of elements of L(f,g) are multiples of deg(f).

Since we already know that U(hW;) is not noetherian, the following result follows
immediately from Lemma 4.2.9.

Proposition 4.2.12. The ring U(L(f, g)) is not noetherian for any f,g € k[t]\ {0} such
that f'g € k[f] and deg(f) > 1. ]

The example below shows that we can construct subalgebras of infinite codimension
in Wy which are not contained in any Veronese subalgebra.

Example 4.2.13. If we let f =t + 3¢ then we claim that gy = (¢* + 1)(t* + 4). Indeed,
f'gr = 3(f* +4) € k[f], and it is easy to see that f'h &€ k[f] for all h € Kk[t] of degree 1,
so gs has minimal degree.

Note that L(f) is an infinite-dimensional subalgebra of W; of infinite codimension.
Furthermore, we can easily use Lemma 4.2.7 to show that L(f) is not contained in any
Veronese subalgebra.

The Lie algebras L(f,g) seem much more mysterious than submodule-subalgebras,
so we briefly explain their origin. The condition that f'g € k[f] implies that g0 is a
derivation of k[f]. Indeed, if f'g = h(f), where h € k[t], then

go(f)) = f'gp'(f) = h( )P (f) € K[f],

where p € k[t]. Hence, g0 = h(f)0s as an element of Der(k[f]) = k[f]0, where J; denotes
differentiation with respect to f. Consequently, we introduce the following notation.

Notation 4.2.14. For f € k[t] \ k, we write W[f] = Der(k[f]). Submodule-subalgebras
of W[f] are denoted by g(f)W[f] = g(f)k[f]0f = {h(f)O | g divides h} (these are k[f]-
submodules of W[f]).
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Clearly, W[f] = W, and h(f)W[f] = hW; as Lie algebras. By the above discussion,
L(f, g) can be viewed as the submodule-subalgebra h(f)W|f] of W[f], where h € k]t] such
that f'g = h(f). We therefore immediately see that L(f,g) = hW;, reproving Lemma
4.2.9.

The Lie algebra W[f] can be naturally viewed as a subalgebra of k(¢)d by identifying
Oy with %8, which is the unique extension of J; to a derivation of k(¢). In other words,
we make the identification W[f] = %k[f](‘) C k(t)0. Now, L(f) € Wy N W[f], viewing
this as an intersection in k(¢)0. It is therefore natural to ask whether L(f) = Wy N W/[f].
The following result answers this question positively.

Lemma 4.2.15. Let f € k[t] \ k. Then L(f) = W; N W[f].

Proof. As noted above, L(f) C Wy NW/[f], so it remains to show that W; N"W[f] C L(f).
Let u € Wy Nn'W[f]\ {0}. Since u € W[f] = %k[f]@, there exists h € k[t] such that
u = %8. Similarly, u being an element of W; implies that u = g0 for some g € k[t].

Therefore, we have f'g = h(f) € k[f], and thus u = g0 € L(f,g) C L(f), where this last
inclusion is from Proposition 4.2.10. O]

4.3 Classification of subalgebras of W,

In this section, we classify infinite-dimensional subalgebras of the one-sided Witt alge-
bra. Note that submodule-subalgebras of W; have finite codimension in W;: we have
dim (W, /fW,) = deg(f). Subalgebras of W, of finite codimension were (coarsely) classi-
fied in [PS23]: they are “very close” to being submodule-subalgebras. Although the result
in [PS23] considers subalgebras of the Witt algebra W = Der(k[t,t']), the analogous re-
sult is true for subalgebras of W; with a nearly identical proof.

Proposition 4.3.1 ([PS23, Proposition 3.2.7]). Let g be a subalgebra of Wy of finite
codimension. Then there exist f € k[t] \ {0} and n € N such that

J"Wi C g C fW,.

Therefore, it remains to classify subalgebras of infinite codimension. The subalgebras
L(f,g) from Subsection 4.2.2 play a large role: they are infinite codimension analogues
of the subalgebras fW, in the following sense.

Theorem 4.3.2. If g is an infinite-dimensional subalgebra of Wy then there exist f,g €
k[t] such that f'g € k[f] and
L(f,q) C g < L(f).

In particular, g has finite codimension in L(f).

This section is devoted to proving Theorem 4.3.2.

4.3.1 Set and field of ratios

We begin the proof of Theorem 4.3.2 by showing that the subalgebra g must be contained
in some L(f) in a canonical way. In other words, given a subalgebra g C W;, we canoni-
cally associate to it a polynomial f € k[t] such that g C L(f). We will later show that g
has finite codimension in L(f) to conclude the proof of Theorem 4.3.2.
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Let g be a subalgebra of W; and suppose g has finite codimension in L(f) for some

f € k[t]. By considering ratios %, where wd,ud € g, we can generate any element of

k(f). This suggests that looking at such ratios should give us a way of extracting the
polynomial f from the subalgebra g. To this end, we introduce the following invariants
of subalgebras of Wj.

Definition 4.3.3. If g is a subalgebra of W; then we define the set of ratios R(g) of g by

R(g) = {% e k(t) | wd, ud € g,u # o}.
We define the field of ratios F(g) of g as the subfield of k(t) generated by R(g).

We start by considering the field of ratios: the following result shows that F'(g) = k(f)
for some f € k[t] and, furthermore, g C L(f).

Theorem 4.3.4. Let g be an infinite-dimensional Lie subalgebra of Wy and let K C k(t)
be a field containing R(g). Then there exists some f € k[t] \ {0} such that:

1. The field K is generated by f.
2. The subalgebra g is contained in L(f).

We leave the proof of Theorem 4.3.4 for later, and instead focus on the set of ratios
R(g). Certainly, R(g) is closed under scalar multiplication and taking multiplicative
inverses, but it is not clear if it satisfies any other properties. As suggested by Theorem
4.3.4, it will be of particular interest to consider situations where R(g) is a field. In fact,
we have:

Proposition 4.3.5. Let g be an infinite-dimensional Lie subalgebra of Wy. The following
are equivalent:

1. There exists a nonzero f € Kk[t] such that g has finite codimension in L(f).
2. The set R(g) is a field.
3. There ezists a nonzero f € k[t] such that R(g) = k(f).

Proof. The implication (3) = (2) is clear. We will show that (1) = (3) and (2) = (1).
(1) = (3): Suppose there exists f € k[t] such that g has finite codimension in L(f).
Then R(g) C k(f). We will show that R(g) = k(f).
Let g = g7 in the notation of Proposition 4.2.10, so L(f) = L(f,g), and let h € k[t]
such that f’g = h(f). Consider the isomorphism

o: L(f) = hW,
p(f)g0 — phd

from Lemma 4.2.9, where p € k[t]. Let € = ©(g). Since g has finite codimension in L(f)
and hW; has finite codimension in Wy, it follows that € has finite codimension in W;. By
Proposition 4.3.1, there exists ¢ € k[t] such that

ghW, C £ C hW,.
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Note that o' (¢ghW,) = L(f,q(f)g). Hence,

L(f,q(f)g) € g

It is immediate that R(g) = k(f).

(2) = (1): Now suppose R(g) is a field, so that R(g) = F'(g). By Theorem 4.3.4 there
exists f € k[t] \ {0} such that R(g) =k(f) and g C L(f).

We must show that g has finite codimension in L(f). We have f € R(g), so there exist
wd,ud € g such that f = *. Therefore, deg(w) — deg(u) = deg(f). Since wd,ud € g C
L(f), we also know that deg(f) divides deg(wd) and deg(ud), by Remark 4.2.11. Hence,
ged(deg(wd), deg(ud)) = deg(f). But then it follows by Lemma 3.5.5 that g contains
elements of degree k deg(f) for all £ > 0. Since all elements of L(f) have degree k deg(f)
for some k € N, we conclude that g has finite codimension in L(f), as required. ]

Note that condition (1) of Proposition 4.3.5 is a consequence of the classification of
subalgebras of Theorem 4.3.2. Therefore, once we have proved Theorem 4.3.2, it will
follow that R(g) is a field if g is an infinite-dimensional subalgebra of W.

The rest of the subsection is devoted to proving Theorem 4.3.4. Before we can prove
it, we require some technical results about rational functions.

Notation 4.3.6. Let f € k(t) and g € k[t]. We write f#g if there exists h € k[t] such
that g = fh.

The following result shows that the relation f#g¢g is nothing new, but it still gives a
concise way of encoding the relationship between f and g.

Lemma 4.3.7. Let f = ¢ € k(t), where a,b € k[t] are coprime, and let g € k[t]. Then
f#q if and only if a divides g. =

In order to prove Theorem 4.3.4, we will want to consider polynomials in f, where
f is a rational function in ¢. The following proposition shows that if we have two co-
prime polynomials p,q € klt], then p(f) and ¢(f) are still coprime after clearing the
denominators.

Proposition 4.3.8. Let f = ¢ € k(t), where a,b € k[t] are coprime, and let p,q € k[t]
be coprime. Let n = max{deg(p),deg(q)}. Then

b"p(f),0"q(f) € Kk[t]
are coprime polynomials. In particular, let m = deg(p). Then b™p(f) and b™ are coprime.

Proof. Without loss of generality, we may assume that deg(p) > deg(q), so n = deg(p) >
1. Let p=0"p(f) and ¢ = b"q(f). Letting m = deg(q), we have

m

p=JJ¢t=2) q=T]]¢—m),

i=1 i=1

for some \;, j1; € k, and therefore

n m

p=0"p(f) =Ja—Ab), G=0v"q(f) =b"""]](a— ib) € k[t].

i=1 i=1



We must show that p and g are coprime.
Suppose, for a contradiction, that v € k is a root of both p and g.

Case 1: 7 is a root of b.

Since 7y is a root of P,

a(y) —Ab(y) =0

for some i. But since b(y) = 0, it follows that a(y) = 0, which contradicts a and b being
coprime.

Case 2: 7 is not a root of b.

As in Case 1, we must have

a(y) = Aib(y) =0 (4.3.1)
for some i. Furthermore, since «y is a root of g and is not a root of b,
a(y) — p;b(y) =0 (4.3.2)

for some j. Subtracting (4.3.1) from (4.3.2),

(Ai = p1;)b(7) = 0.

But b(y) # 0, so \; = p;, which contradicts p and ¢ being coprime.
Therefore, p = b"p(f) and ¢ = b"q(f) are coprime polynomials, as required. O

The next result now follows immediately from Lemma 4.3.7 and Proposition 4.3.8.

Corollary 4.3.9. Let f = § € k(t), where a,b € k[t] are coprime, and let p,g € k[t].
Then p(f)#g if and only if b"p(f) € k[t] divides g, where n = deg(p).
J, w

Proof. Letting p = b"p(f) € k[t], we can write

~

_ P
We know that p and b™ are coprime by Proposition 4.3.8. By Lemma 4.3.7, p(f)#g if and
only if p divides g. O

As an easy consequence of Proposition 4.3.8 and Corollary 4.3.9, we get:

Corollary 4.3.10. Let f € k(t), and let p, q € k[t] be coprime polynomials. Let w,u € K[t]
such that
w _ p(f)

u q(f)
Then p(f)#w and q(f)#u-

P7"00f Write f = ¢, where a,b € k[t] are coprime. Let n = max{deg(p),deg(q)}, and let
p=0"p(f),q= b” (f) € k[t]. By Proposition 4.3.8, p and g are coprime. Furthermore,
wq = up. Hence, p divides w and ¢ divides .

Without loss of generality, we may assume that n = deg(p). Thus, by Corollary 4.3.9,
p(f)#w. Therefore, there exists g € k[t] such that w = p(f)g, so that

up(f) = wq(f) = p(f)a(f)g-
Thus u = q(f)g, so q(f)#u. O
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For convenience, we introduce some new notation:

Notation 4.3.11. For f € k(t), we write

k[fl# = {g € k[t] | p(f)#g for some p € k[t] \ k}.

We now show that, provided f € k(t) has a pole at infinity, any polynomial h € k|t]
can be written as h = p(f)g, where p € k[t], g € k[t] \ k[f] .

Proposition 4.3.12. Let f € k(t) such that f has a pole at infinity, and let h € K[t].
Then we can write h = p(f)g, where p € k[t], g € k[t] \ k[f]x.

Proof. If h & k[f]4, then we are done, as we can take p = 1,9 = h.
If h € k[f]4, then let p; € k[t] \ k such that p;(f)#h. We can write

h :p1(f)h1,

where hy € k[t]. Write f = ¢, where a,b € k[t] are coprime. By hypothesis, deg(a) >

deg(b). Let ny = deg(py) and let p; = b™p1(f) € k[t]. By Proposition 4.3.8, p; and o™
are coprime. Furthermore,

bnlh‘ = 1/9\1 h17
so p; divides h. Write h = ﬁlﬁl, where ﬁl € k[t]. We have

deg(h) = deg(F1) + deg(h),
deg(p1) = ny deg(a),
deg(h1) = ny deg(b) + deg(hy).

Combining the above,
deg(h1) = deg(h) — ni(deg(a) — deg(b)) < deg(h),

since deg(a) > deg(b).

Therefore, if h € k[f]x then we can write h = pi(f)h1, where pi,h; € k[t] and
deg(hy) < deg(h). Inducting on deg(h), we can write hy = pa(f)g for ps € Kk[t], g €
k[t] \ k[f]4x. Thus, we can take p = p1p, and we are done. O]

We are now ready to prove Theorem 4.3.4.

Proof of Theorem /.3.4. We have
kS K Ckt),

so by Liiroth’s theorem there exists some f € k(t) such that K = k(f). Write f = § €
k(t), where a, b € k[t] are coprime. By applying a Mobius transformation to f if necessary,
we may assume that deg(a) > deg(b).

Let w0 € g\ {0}. Using Proposition 4.3.12, write w = p(f)g, where p € k[t],g €
k[t] \ k[f]x. We claim that every element of g can be written as ¢(f)g0 for some ¢ € k|t].

Let ud € g\ {0}. Then ¥ = 29 ¢ k(f), so

u

g _wlu
u  p(f) € kif).
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Write

where ¢, € k[t] are coprime. By Corollary 4.3.10, r(f)#g¢g. But we know that g & k[f]4,
so r must be constant. Without loss of generality, we can take r = 1, so that

u=q(f)g €klflg.

Since u0 € g was arbitrary, we conclude that g C k[f]g0.

We now show that f must be a polynomial. Since g is infinite-dimensional, there
exists u0 € g such that u = ¢(f)g, where ¢ € k[t] is such that n = deg(q) > deg(g). By
Proposition 4.3.8, the polynomials g = b"q(f) and b" are coprime. We have

b"u = qg,

and therefore b" divides g. But n > deg(g), so b must be constant, and thus f = § € k[t],
as claimed. Hence, K = k(f), where f € k[t], and k[f]g0 = L(f,g).

We now have g C L(f,g). To conclude the proof, we must show that f'g € k[f], so
that L(f,g) is a Lie algebra by Lemma 4.2.9, and g C L(f) by Proposition 4.2.10. Let

p(f)g90,q(f)g0 € g\ {0} with p # g. Then
[p(£)90,a(f)gd] = r(f)f'g°0 € g\ {0},

where r = pq' —p'q € k[t]. Since F(g) = k(f), it follows that % e k(f),so f'g € k(f).
Therefore,

f'g € k(f) Nk[t] = K[f],

as required. N

4.3.2 Proof of the classification of subalgebras

In this subsection, we complete the proof of Theorem 4.3.2. In fact, in order to prove
Theorem 4.3.2, it suffices to prove that if g is an infinite-dimensional subalgebra of W,
then there exists f € k[t] such that g has finite codimension in L(f). This can be seen
by noting that if g has finite codimension in L(f) then g is isomorphic to a subalgebra
of finite codimension in Wy, by Lemma 4.2.9. Thus, we can apply Proposition 4.3.1 to
deduce that g contains a subalgebra isomorphic to AWy, for some h € k[t] \ {0}. This
subalgebra is of the form L(f,g), for some g € kt] \ {0}. For completeness, we give a
detailed proof of this fact.

Lemma 4.3.13. Let f € k[t]\ {0} and let g be a subalgebra of L(f) of finite codimension.
Then there ezists a polynomial g € k[t] \ {0} such that L(f,g) C g.

Proof. Let h € k[t] such that f'g; = h(f). There is an isomorphism

o: L(f) = hW;
p(f)gr0 = p(t)ho,

where p € k[t]. Now, ¢(g) is a subalgebra of hW; of finite codimension, so by Proposition
4.3.1, there exists p € k[t] such that phW; C ¢(g). Let g = p(f)gs. Note that f'g € k[f]
and o' (phW,) = L(f, g), which immediately implies that L(f,g) C g. O
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Given an infinite-dimensional subalgebra g C W;, Theorem 4.3.4 implies that g C
L(f), where f € klt] such that F(g) = k(f). By Lemma 4.3.13, if we show that g has
finite codimension in L(f), then Theorem 4.3.2 will follow. To prove that g has finite
codimension in L(f), we will analyse the degrees of elements of g.

Notation 4.3.14. For a subalgebra g of Wy, we write ged(g) = ged{deg(u) | u € g}.

The following easy lemma shows that in order to prove Theorem 4.3.2, it suffices to
show that ged(g) = deg(f). We devote most of this subsection to proving this fact.

Lemma 4.3.15. Let g be an infinite-dimensional subalgebra of Wy and let f € Kk[t] such
that F(g) =k(f) and g C L(f), which exists by Theorem 4.3.4. If ged(g) = deg(f), then
g has finite codimension in L(f).

Proof. By Remark 4.2.11, we have ged(L(f)) = deg(f). Suppose that ged(g) = deg(f).
Then Lemma 3.5.5 implies that g contains elements of degrees kdeg(f) for all £ > 0.
Therefore, g has finite codimension in L(f). O

As noted above, the goal of this subsection is to prove the following result.

Proposition 4.3.16. Let g be an infinite-dimensional subalgebra of Wy and let f € k|t]
such that F(g) = k(f) and g C L(f). Then ged(g) = deg(f).

The next result is an application of Hensel’s lemma which shows that any element
u € Wy can be written as u = 5?9, for some s € k((¢7!)) of degree 1, where d = deg(u)+1.
Note that, as before, we make the identification 0, = 58.

This will be used as follows: if g is an infinite-dimensional subalgebra of Wy, then we
can choose u € g\ {0} and write it as u = s0,, where s and d are as above. It will then
follow that all elements of g are spanned by elements of the form s*2°d@+19  for k € N.
From this, we deduce Proposition 4.3.16.

Lemma 4.3.17. If g € K[t] is monic of degree d > 1, then there exists s € k((t™)) with
s =t + lower degree terms such that g0 = s%0, = Z—(,ia.

Proof. The proof is achieved by Hensel’s lemma. We claim that for all n > 0, there exist
s, € k[t,t7!] such that s;; = s; + O(t™%) and s¢0,, = (g + O(t¥~"1))d for i > 0, or
equivalently, s¢/s! = g + O(t*"""1). We prove this by induction. We let sy = ¢. Then
s30,, = (g + O(t?¥71))0, so we have the base case.

Now suppose we have constructed sy, . .., s,. Then s¢/s = (g+O(t*""1)), so, noting
that s/, =1+ O(t™),

st =35l (g+at™ )+ O (4.3.3)
for some o € k. We let s,4.1 = s, + ct™", where ¢ € k is a constant to be determined
later. Then
st = (sp+ct™™) =5t +edt " + O,
By (4.3.3), we have s¢, | = s/ (g+at®™ ) +cdt®" 1+ O(t472). Since s, = 1+ O(t™1),
it follows that
Shar = (g + (@ + cdt"™" ) + Ot 7?),

Noting that S/n = S;H-l + cnt‘”‘% we get
SZ+1 = (3;1“ + cnt’”’l)(g + (o + cd)td*"*) + O<td—n72>

where we used that g =t/ 4 O(t*!) and s,,,; = 14+ O(t™"). Therefore, taking ¢ = — -2,

we see that s?_ /s, = g+ O(t*™"7?), as required. O
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Notice that the s we have constructed is of the form ¢t 4 lower degree terms. In par-
ticular, k((t71)) = k((s71)) and so k((s7'))ds = k((¢t~1))0. Moreover, W, is a subalgebra
of k((¢t71))9, so we can work in the Lie algebra k((s7!))0,. We will consider the following
subalgebras of k((s™'))ds, which we refer to as complete Veronese subalgebras since they
are, in some sense, completions of the Veronese subalgebras from Definition 4.2.1.

Definition 4.3.18. Let s € k((¢71)) such that s = ¢ + lower degree terms and let d > 1.
The complete d-Veronese subalgebra of k((t71))0 is Very(s) = k((s7))sd,. If s = ¢, we
simply write Ver, instead of Ver,(t).

The complete Veronese subalgebra Ver, for d > 1 is simply the subalgebra of k((¢71))0
whose elements are of the form ZZ:_OO arerq, where o € k and n € Z. In other words,

when we write elements of Very as (possibly infinite) linear combinations of the elements
ey, the only terms that appear are those whose indices are multiples of d.
Similarly, the Lie algebras Ver,(s) consist of elements of the form >, axs*t19;,

where oy, € k and n € Z, which is precisely what we get from ve\rd under the change of
variables ¢ — s.

___Given an infinite-dimensional subalgebra g € W, we would like to show that g C
Verged(q)(s) for some suitable choice of s € k((¢t™1)), which would immediately imply that
F(g) C k((s7#49))). Letting f € k[t] such that F(g) = k(f), it would then follow that

deg(f) = ged(g).

The following result gives useful restrictions for Lie algebras g not contained in @gcd(g).

Proposition 4.3.19. Let g be a subalgebra of k((t71))0 and let d = ged(g). Suppose g is
not contained in Very. Let k € N be minimal such that there is an element

a=¢e,+...tae,_p+...€9,

where n = rd for some r € N, d does not divide k, and o« € k\ {0}. Letb € g be a
monic element such that m = deg(b) # n, and let 5 € k be the coefficient of €, in b (so
b=en+...+Pemr+..., where m =r'd for somer € N). Then (m+k)a = (n+k)5.
In particular, 5 # 0.

Proof. Step 1. We begin by proving this when m = 2n, i.e.

a=¢e,+...+ta0ep_+...,
b:€2n+...+662n,k+....

By taking Lie brackets of a with b, we get two different elements of degree 5n in g, as
follows:

[a,b] =nes, + ...+ ((n+k)a+ (n—Fk)B)esn—r + ...
[a,[a,b]] = 2n%eq, + ... + ((4n* + 2kn — k*)a + (2n? — 3kn + k*)B)egn—k + . . .
[a,[a, [a,b]]] = 6n’es, + ...
+ ((18n® + 4kn? — 5k*n + k*)a + (6n® — 11kn? + 6k*n — k*)B)esn—p + - . .
b, [a, D] = nesn + ...+ ((n? — k*)a + (2n* — kn + E*)B)esn—i + . . .,

where we used the minimality of k& to ensure there are no other contributions to the
coefficients. Let ¢ = [a, [a, [a,b]]] — 6n[b, [a,b]] € g. We see that c is an element of degree
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less than 5n. Since d does not divide 5n — k, the degree of ¢ cannot be 5n — k (recall that
d divides the degree of every element of g). Therefore, the coefficient of e, in ¢ must
be 0, by minimality of k. Hence, we have

(180 +4kn* —5k*n+k*)a+ (60 —11kn* +6k*n—k*) 8 = 6n((n*—k*)a+(2n* —kn+k?)3),
and therefore

(12n° + 4kn? + k*n + k*)a = (6n® + 5kn® + k*)B. (4.3.4)
We have

12n% + 4kn? + E*n + k* = (2n + k) (6n* — kn + k?),
6n° + 5kn® + k* = (n + k)(6n* — kn + k?).

We claim that 6n? —kn+k? # 0. Note that —1 < n—k < n. If k < n, then 6n?—kn+k* >
5n? 4+ k? > 0. Since d does not divide k, we cannot have k = n. Therefore, the only other
possibility is k = n + 1. In this case, we have 6n? — kn + k> = 6n®> + n+ 1 > 0. This
proves the claim.

Dividing (4.3.4) by (6n? — kn + k?), we get

2n+k)a=(n+k)S.
Step 2. We now prove the result for a general m € N. We have

[a,b] = (m —n)epym+ ...+ (m—n+k)a+(m—n—k)B)eptmrir+ ...
la, [a,b]] = m(m —n)espim + ...
+ ((2m* = 2nm + km — k*)a + (m* — nm + kn — 2km + k) B)eantmk + - - -
b, [a, [a,b]]] = 2nm(m — n)esmim) + - - -
+ (4nm? — 4n*m — 2km* + 4knm — 2k*n — k*m + k3)aeg(n+m)_k
+ (4nm? — 4n*m + 2kn* — dknm + k*n + 2k*m — kS)ﬁeg(ner)_k + ...

Let o' = ——[a,b] € g, and let V/ = —L—1b, [a, [a,b]]] € g. Letting o be the coefficient

~ 2nm(m—n)
of €pym—r in a’ and B’ be the coefficient of es(,4m)—r in b, we see that

(2(n+m) + k)’ = (n+m+ k),

by Step 1. Therefore, we have

(2n+2m+k)(m—n+k‘)a+ (2n+2m+k‘)(m—n—k‘)6
m—n m—n
_ (n+m+k)(4nm? —4n2m—2km2+4knm—2k2n—k2m+k‘3)a
B 2nm(m —n)
n+m+ k)(dnm? — an’m + 2kn? — dknm + k*n + 2k*m — k*
+
2nm(m — n)

B,

and hence

(2km?® + 2kn*m + 2k*n* + 3K°m* + K*nm + k*n — k*)a
= (2kn® 4 2knm? + 3k°n? + 2k*m? + K*nm + E*m — k*) 3.
(4.3.5)
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Note that
2km?> + 2kn’m + 2k*n® + 3k*m? + E*nm + k*n — k*
= k(2n* +2m® + kn + km — E*)(m + k),
2kn> + 2knm? + 3k*n? + 2k*m? + K2nm + K2>m — k*
=k(2n* +2m* + kn+km — E*)(n + k).

Since n # m, we must have that k < n or k < m, and therefore k¥ < n + m. Hence, we
have
2n® +2m* + kn+ km — k* = 2n* +2m* + (n + m — k)k > 0.

Dividing (4.3.5) by k(2n? + 2m? + kn + km — k*), we conclude that
(m+k)a=(n+k)s,
as required. O

As an immediate consequence of the proposition above, we get a surprising criterion
for a subalgebra g € W, to be contained in Vergeq(q)(s).

Corollary 4.3.20. Let g be an infinite-dimensional subalgebra of k((t71))0, let s €
k((t71)) such that s = t+lower degree terms, and write d = ged(g). Then g Very(s) # 0
if and only if g C Very(s).

Proof. Suppose g is not contained in \//&d(s). Let £ € N be minimal such that there is
an element

a=s""0,+.. . +as" "o, + .. g,
where n = rd for some r € N, d does not divide k, and a € k \ {0}. Upon changing
variables ¢ — s, Proposition 4.3.19 implies that no nonzero element of g can be contained
in Very(s), which concludes the proof. O

Combining Lemma 4.3.17 and Corollary 4.3.20, we obtain the following result.

Corollary 4.3.21. Let g be an infinite-dimensional subalgebra of Wy and let d = ged(g).
Then there exists s € k((t7')) such that s =t + lower degree terms and g C Very(s).

Proof. Let u € g\ {0}. By Lemma 4.3.17, there exists s € k((t7!)) such that s =
t+lower degree terms and u = s"0s, where n = deg(u)+1. Now, d divides deg(u) = n—1,
son = kd+1 for some k € N. Therefore, u = s**19, € Ve\rd(s), and thus gﬂVe\rd(s) # 0.
By Corollary 4.3.20, we have g C \//Ed(s). O

We are now ready to prove Proposition 4.3.16.

Proof of Proposition 4.3.16. Let d = ged(g) and let f € k[t] such that F(g) = k(f).
Note that deg(f) < d: by Lemma 3.5.5, there exist elements pd,qd € g\ {0} such that
deg(p) = deg(q) +d. Now, & € k(f), which would be impossible if deg(f) > d. Therefore,
it suffices to prove that deg(f) > d.

By Corollary 4.3.21, there exists s = ¢t + ... € k((t7!)) such that g C \//ad(s) =
k((s7%))s0s. Therefore, F(g) C k((s7%)), so f € k((s™%)).

Note that the valuation on k((¢t7!)) given by taking the order of the pole at co has
the property that every element of k((s™¢)) has valuation a multiple of d. On the other
hand, this valuation applied to f is just the degree of f, so f has degree a multiple of d.
Hence, deg(f) > d, which completes the proof. ]
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The proof of Theorem 4.3.2 now follows immediately.

Proof of Theorem 4.3.2. Let f € k|[t] such that F(g) = k(f), which exists by Theorem
4.3.4. As noted at the beginning of this subsection, it suffices to prove that deg(f) =
ged(g). This is Proposition 4.3.16. O

4.4 Consequences of the classification of subalgebras

In this section, we collect some consequences of Theorem 4.3.2. In particular, we will
accomplish our original goal of proving that enveloping algebras of infinite-dimensional
subalgebras of Wy are not noetherian, but we also get a lot more out of the classification.
First, a surprising consequence of Theorem 4.3.2 and Proposition 4.3.5 is that R(g) is a
field if g is an infinite-dimensional subalgebra of W;.

Corollary 4.4.1. Let g be an infinite-dimensional subalgebra of Wyi. Then R(g) is a
field. O]

The next result follows from Theorem 4.3.2 and the observation that for all f € k[t]\k,
we have L(f) = hyW;.

Corollary 4.4.2. Let g be an infinite-dimensional subalgebra of Wy. Then g is isomorphic
to a subalgebra of Wy of finite codimension.

Proof. By Theorem 4.3.2; there exists f € k[t] \ k such that g has finite codimension in
L(f). Since L(f) is isomorphic to a subalgebra of W; of finite codimension, so is g. [

Thanks to Proposition 3.2.1, we already knew that U(g) is non-noetherian if g is
a subalgebra of W; of finite codimension. The case of a general infinite-dimensional
subalgebra of W; now follows immediately due to Corollary 4.4.2. This proves the one-
variable case of Conjecture 4.1.1.

Corollary 4.4.3 (cf. Conjecture 4.1.1). Let g be an infinite-dimensional subalgebra of
W,. Then U(g) is not noetherian.

Proof. By Theorem 2.5.1, U(W;) is not noetherian. Now, g is isomorphic to a subalgebra
of W of finite codimension by Corollary 4.4.2, so Proposition 3.2.1 implies that U(g) is
not noetherian. O]

We finish the section by considering endomorphisms of W;. Zhao conjectured that
the Lie algebras W, satisfy the Dixmier conjecture for n > 1 [Zha98, Conjecture 1], in
other words, that nonzero endomorphisms of W,, are automorphisms. The one-variable
case was proved by Du [Du04], but the question remains open for two or more variables.
This is an extremely difficult question with deep consequences: Zhao showed that his n-
variable conjecture implies the n-dimensional Jacobian conjecture [Zha98, Theorem 4.1].
In turn, the 2n-dimensional Jacobian conjecture implies the Dixmier conjecture for the
n'" Weyl algebra [Tsu05, BKK07], so Zhao’s conjecture for all n also implies the Dixmier
conjecture for Weyl algebras. The Jacobian conjecture, originally conjectured by Keller
[Kel39], is open in two or more dimensions, while the Dixmier conjecture is open for all
Weyl algebras, going back to work of Dixmier [Dix68|.

We give an alternative and more conceptual proof of Du’s result, which follows by
showing that proper infinite-dimensional subalgebras of W, are not simple.

23



Proposition 4.4.4. Let g be an infinite-dimensional simple Lie subalgebra of Wi. Then
g= Wl-

Proof. Note that g cannot be contained in a Lie algebra isomorphic to fW; for any
f € klt] \ k: this is because fW; does not contain any simple subalgebras. An easy way
to see this is that nonzero subalgebras of fW; are never perfect, since [fW,, fW,] = f?W,.

Now, Theorem 4.3.2 implies that g has finite codimension in L(f) for some f € k[t]\ k.
Let g, hy € k[t] be as in Proposition 4.2.10, so that f'gr = h¢(f) € k[f]. If deg(f) > 1,
then deg(f’gs) > 1, so hy is non-constant. In this case, L(f) = h;W; with h; € k[t] \ k,
which contradicts the first paragraph. Therefore, deg(f) = 1, so L(f) = Wy, and thus g
has finite codimension in W.

By Proposition 4.3.1, there exist g € k[t] and n € N such that

g"W; C g C gW,.
By the first paragraph, we see that g must be constant, so g = Wj. O]
The computation of Lie algebra endomorphisms of W; now follows easily.

Corollary 4.4.5. The Lie algebra W, satisfies the Dizmier conjecture. In other words,
End(Wy) \ {0} = Aut(W,).

Proof. Let ¢ € End(W;)\ {0}. Since W, is a simple Lie algebra, ¢ must be injective. By
Proposition 4.4.4, ¢ must also be surjective. O

It would be interesting to see if a similar study of subalgebras of W5 yields any infor-
mation about Zhao’s conjecture for two variables. In turn, this would give information
about the two-dimensional Jacobian conjecture and the Dixmier conjecture for the first
Weyl algebra.

Something else we would like to deduce from Theorem 4.3.2 is that infinite-dimensional
subalgebras of Krichever-Novikov algebras are not noetherian. In fact, we do not even
know that infinite-dimensional subalgebras of W have non-noetherian enveloping algebras,
since we do not have a classification of subalgebras of W like we do for Wj.

Knowing that U(W,;) is not noetherian was enough to deduce that U(L(C)) is not
noetherian for any affine curve C' upon constructing a suitable Lie algebra homomorphism
¢: fW; < L(C) using Proposition 3.3.12. Given an infinite-dimensional subalgebra g of
L(C'), we can consider the intersection gNy(fW;), which is isomorphic to a subalgebra of
W, by the injectivity of . If gNi(fW;) is infinite-dimensional, then we could immediately
deduce that U(g) is not noetherian by applying Corollary 4.4.3. However, it is possible
that g N ¢(fW;) is finite-dimensional. For example, this can happen if C' = A!\ {0}
(so L(C) is the Witt algebra W). In this case, if g is the subalgebra of W spanned
by {e, | n < 1} (so g = W;) and ¢: W; — W is the natural inclusion map, then
gn Wl = span{e_l, €0, 61} = 5[2.

4.5 Alternative proof of Corollary 4.4.3

In this section, we adapt the methods of [SSl?] to give an alternative proof of Corollary
4.4.3, that is, we prove that U(g) is not noetherian if g is an infinite-dimensional subalgebra
of W;. Although this proof still relies on the classification of subalgebras of Wy, it might
be possible to generalise this method to consider subalgebras of W,. In particular, we
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give a sufficient condition, which we call condition (x), for a subalgebra g C W; to have
a non-noetherian enveloping algebra. We hope that a similar condition for subalgebras of
Wy gets us closer to a proof of Conjecture 4.1.1 in the two-variable case.

Notation 4.5.1. Let ¢ € Aut(k[z,y]) be defined by f?(z,y) = f(z + 1,y). Define
T = k[x,y][t*!; 0], i.e. as a vector space

T = Pklz,ylt",

nez

with ¢f(x,y) = f7(z,y)t = f(z + 1,y)t. The algebra T is graded with deg(¢) = 1 and
deg(xz) = deg(y) = 0. For non-homogeneous elements v € T, we write deg(u) for the
highest power of ¢ which appears in the expansion of w.

Remark 4.5.2. The algebra T is isomorphic to A (k[y])[t™!], where A;(k[y]) = k[y][t, O]
is the first Weyl algebra over k|y|, with commutation relation

ot —to = 1.
Under this isomorphism, the element 2 € T corresponds to —td € A;(k[y])[t'].

We define a homomorphism from W; to T, first introduced by Sierra and Spenko.
Although they used much more general machinery to construct this map, it is straight-
forward to directly check that it is a homomorphism. This will allow us to work over the
more accessible algebra T' by proving that the image of U(g) in T is not noetherian if g
is an infinite-dimensional subalgebra of W;.

Lemma 4.5.3. The linear map
p: Wy =T
en — —(z + ny)t"

induces a graded k-algebra homomorphism ®: U(Wy) — T'. This homomorphism can also
be written as

O(f0) = —(@ft™ +y(f' = ft7))
for f e k[t].

Proof. In order to prove that ® is a k-algebra homomorphism, it is enough to check that
¢ is a Lie algebra homomorphism, i.e. that ¢([e,, en]) = w(en)o(em) — wlen)p(e,). We
leave this computation to the reader.

It suffices to check the final sentence for f = t"™! so that f0 = e,. Note that

ff = ft7h =+ D" —t" = nt",
so the formula holds. O]

Equipped with the homomorphism ®, we can now define condition ().

Definition 4.5.4. We say that a Lie subalgebra g C W satisfies condition (x) if there
exists some ¢ € U(g) with ®(q) € k[y, t,t™ '] \ k[y].

Remark 4.5.5. The requirement that ®(q) ¢ k(y| guarantees that ®(g) is not central in
T.
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The definition of condition (x) is motivated by Sierra and vSpenko’s proof that the
enveloping algebra of the Witt algebra is not noetherian (see [SS17, Section 4]). In their
paper, they define the elements

1
D, = é(enegn + esnen) — €3, € UW),
and then show that

D(pn) = n’y(1 —y)t" € kly, t, ¢\ kly]

for all n € Z\{0}. They use this to show that the two-sided ideal ®(U(W))®(p,,)P(U(W))
is not finitely generated as a left or right ideal of ®(U(W)).

Our goal is to generalise Sierra and Spenko’s proof by showing that if a subalgebra
g C W, satisfies (x), then ®(U(g)) is not noetherian. We will do this by showing that the
two-sided ideal ®(U(g))P(q)P(U(g)) is not finitely generated as a left ideal of ®(U(g)).

For the rest of this section, we let g be an infinite-dimensional subalgebra of W; which
satisfies (x). Although for our purposes it suffices to consider ®(q) € y(1 —y)k|[t], it is not
much more difficult to work in the more general setting where ®(q) € kly, t,t7'] \ k[y].

In fact, we claim that without loss of generality, we can choose ¢ € U(g) so that
®(q) € tkly,t]\ {0}. Having ®(g) in this form will significantly simplify the computations
below. To prove that ¢ € U(g) can be chosen in this way, we write

- Z fi<y)ti7

it=—m

where f;(y) € k[y|, and let a € g such that

d
a= E e,

i=m+1

where a; € k. In other words, a is some element of g with no terms of degree less than
m + 1. Letting ¢ = aq — qa € U(g), we have

Z Zalfﬂ Z Zozzfj (Yt D (e;)

i=m-+1j=—m = m—l—l]f—m
d n
S Y s e 33w i
i=m+1 j=—m i=m+1 j=—m
d n d n
== D aifiw@+iptt + Y Y aifi(y) (@ + iy + )t
i=m-+1j=—m i=m+1j=—m

d n
= Y X e e tkly.1)

i=m—+1j=—m

We see that ®(¢') € tky,t] \ {0}. Therefore, we assume that ®(g) is of this form.
Notation 4.5.6. Write

y) Z gi(y)t’,

where f(y), 9:(y) € k[y] are such that the g;(y) share no common factors. Let 1 <k <n
be maximal such that gx(y) is not a multiple of y.
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The next lemma shows that we can generate elements similar to ®(q) of arbitrarily
high degree by simply commuting ¢ with elements of g.

Lemma 4.5.7. Let a € g and let m = deg(a). Then ®(aq— qa) € kly, t] and deg(P(aq —
qa)) = n + m. Furthermore, writing

®(ag — qa) = f(y) Z hi(y)t',

we have that y does not divide hpy,11(y).

Proof. Write a = ZZ’;_I a;e;, where a; € k and a,, # 0. Similarly to the above compu-
tation, we have

®(aq — qa) Z Z]Oxlg 1t € Ky, t].

i=—1 j=1
We see that deg(®(aq — qa)) = n + m and that
= Z jaig;(y)
i+j=t
for all ¢. Letting N = min(n,m + k + 1), we have

Pk (y) = kamgr(y) + (k + Dam-19k+1(y) + - .. + Namir-ngn(y)-

By maximality of k, it follows that y divides gx+1(y), ..., gn(y), but does not divide gi(y).
Hence, y does not divide h,,1x(y), since ko, # 0. O]

We now show that B = ®(U(g)) is not left noetherian, which suffices to prove that
U(g) is not noetherian.

Proposition 4.5.8. The associative algebra B is not left noetherian.

Proof. We will show that I = B®(q)B is not finitely generated as a left ideal of B. Note
that I C f(y)T

Assume, for a contradiction, that I is finitely generated as a left ideal of B. Let
c1,...,¢c0 € I be generators of gl. Since g is infinite-dimensional, there is some a =
em + ... € g such that m + k > deg(¢;) for all 1 <1i < /¢. Write

n+m

s = ®(aq — qa) :f(y)Zhi(y)ti €l=DBc+...4+ B

=0

as in Lemma 4.5.7. Then there exist by,...,b, € B such that
Szblcl—i-...—{—bgCg.

Since m + k > deg(c;) for all 4, it follows that if b;c; has a nonzero contribution to
the degree m + k term of bjc; + ... + becy, then we must have deg(b;) > 1. Write
¢i = f(y) 22, Fij(x,y)¥/, where Fi;(z,y) € k[z,y]. Note that

Dleg)e; = —(z + byt f( ZFU x,y)t

= —fy) ) _(a+ ﬁy) Fyj(z + Lyt € f(y)(z,y)T,

J
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where (z,y) is the ideal of k[z, y| generated by = and y. We therefore see that the degree
m+ k term of byc; + ...+ becy is contained in f(y)(z, y)t™ . However, Lemma 4.5.7 says
that h,.x(y) € (x,y), a contradiction. Therefore, B is not left noetherian. O

The following result now follows immediately.

Theorem 4.5.9. Let g be an infinite-dimensional subalgebra of Wy which satisfies (x).
Then U(g) is not noetherian. O

As stated in Definition 4.5.4, condition (%) does not seem like an easy condition to
check. The following proposition provides a method to construct elements ¢ € U(W;)
such that ®(q) € k[y, ¢, t~!], providing a simple way to check if a subalgebra of W satisfies

().

Proposition 4.5.10. Let fi, fo, 91,92 € K[t] such that fifs = g1g2, and let a; = f;0,
bi = gﬁ S Wl. Let

q= (a1a2 + agal) — (blbg + bzbl) € U(Wz_l).

Then ®(q) € y(1 — y)k[t]. Furthermore, if {deg(f1),deg(f2)} # {deg(g1),deg(g2)}, then
®(q) # 0 and deg(®(q)) = deg(f1) + deg(f2) — 2.

Proof. Using the formula ®(f0) = —(zft™! + y(f' — ft™1)) from Lemma 4.5.3 and the
commutation relation fxr = xf + f't, we get

®(arag + azay) = 227 f1 for 2 + a(f fat = = 2f1fot 72 4 fifat )
+ 2xy(fifat " = 2f1fat 7 + fifst )
+y(fifa = [ifat ™ + 200 fat ™2 = fifst ™ + ff5)
+20%(f1 — it H(fy — fot™h),

and similarly for ®(b1bs + boby) with g; replacing f;. Since fifo = g1g2, we have (f1f2) =
(9192)" and (f1f2)" = (g9192)”, and therefore

fife + fufs = d192 + 915 (4.5.1)
flfa+ fufs +2f1f5 = 9192 + 195 + 24195 (4.5.2)

Hence, subtracting ®(b1bs + beby) from ®(ajas + azay) and using (4.5.1), we get
O(q) = y(fl fat fifs =91 92— 0195) +20°(fi = it ) (o= fat ™) = (g1 —ant ) (g5 — g2t ™))
Furthermore,

(fi = [t = ot ™) = fifs = (fifa+ L)+ fifat ™2,
(g5 — ot ) (g — gat™") = dhg5 — (9192 + G195)t ™" + grgat ™2,

and thus, using (4.5.1), we see that
(fi = At (fs = fot™) = (dh — it )(gs — 92t ™) = fifs — 9165
By (4.5.2), we also have
U+ iy = 9i92 — gy = =2(fifs — 9193).
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Combining all the above, we conclude

D(q) =y(L—y)(fi fa+ fifs — 9192 — 9195) = —2y(1 — y)(fifs — g195) € y(1 — y)k[t].

For the final sentence, we let n;, = deg(f;), m; = deg(g;), and assume that {n;,ny} #
{my,ms}. Let a;,5; € k™ be the leading coefficients of f;, g;, respectively. Let v =
ajay = P12 and N = ny + ny = my + my. The leading term of f]f} — g1 g5 is therefore

(ning — mymg)ytN "2 £ 0,
since {ny,no} # {my, mo}. Hence, ®(q) # 0 and deg(P(q)) = N — 2. O

Thanks to Proposition 4.5.10 and the classification of subalgebras from Theorem 4.3.2,
it is easy to show that every infinite-dimensional subalgebra of W, satisfies (x), providing
an alternative proof of Corollary 4.4.3.

Corollary 4.5.11. Let g be an infinite-dimensional subalgebra of Wy. Then g satisfies
(x). Consequently, U(g) is not noetherian.

Proof. By Theorem 4.3.2, there exist f,g € k[t] \ {0} such that f'g € k[f] and L(f,g) C
g C L(f). Therefore, g0, fg0, f2g0 € g. Since g - f>g = fg- fg, it follows by Proposition
4.5.10 that g satisfies (x) by taking

q = (99)(f*99) + (f*90)(90) — 2(f90)* € U(g).
By Theorem 4.5.9, U(g) is not noetherian. O

We now briefly explain how we might define a similar condition for subalgebras of W,.
The homomorphism ® was constructed by parametrising certain representations of Wy
known as intermediate series modules. In general, given a graded ring R and a variety
X which parametrises a set of intermediate series modules satisfying some additional
properties, we can construct a homomorphism from R to a skew-Laurent extension of
k[X] [SS17, Theorem 2.2]. Billig and Futorny have classified irreducible representations
of Wy [BF16], so it should be possible to construct a homomorphism from U(Ws) to a
“nicer” ring similar to T'. From there, we could see if there is a condition like condition
(%) which yields any useful information.

4.6 Subalgebras of W,

We finish the chapter by generalising Corollary 4.4.3 to subalgebras of W,, of Gelfand-
Kirillov (GK) dimension n, providing a partial proof of Conjecture 4.1.1 for n > 2.

Theorem 4.6.1. Let n > 1 and let g be a subalgebra of W,, of GK-dimension n. Then
U(g) is not noetherian.

Remark 4.6.2. We note that W, is itself a finitely generated Lie algebra of GK-dimension
n, so the constraint that g has GK-dimension n simply says g is in some sense a “large”
subalgebra.

The key to the proof of Theorem 4.6.1 is to introduce subalgebras g,; of g and consider
the dimensions of successive quotients g;;/g;j+1. Most of the results in this section are
devoted to reducing to the case where almost all of these dimensions are finite. We will
then conclude the proof by showing that this is impossible if g has GK-dimension n.
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Notation 4.6.3. Let n > 1 and let g be a subalgebra of W,,. For ¢ € N and j =
0,...,n—1, we let

(Z o K[wy, . 2] 0 + Z k[T, ... ,xn]é?k) .

k<j k>j
We will take g;, = gi+1,0. We also write d;;(g) = dim(g,;/gi j+1)-

Note that, for a subalgebra g of W,, we have g;; 2 g;;+1 for j = 0,...,d — 2,
and gin—1 2 Gir10. We will ultimately have to apply a change of variables (i.e. an
automorphism of W,,) to ensure that we can obtain the conditions needed for the proof
of Theorem 4.6.1 to work, but this will only be done at the end.

Recall Lemma 3.4.2, which says that Lie algebras with infinite-dimensional abeliani-
sations have non-noetherian enveloping algebras. As we saw in the proof of Proposition
3.4.1, the Lie algebras W,, have many such subalgebras for n > 2, but this is not the case
for W;. This gives some indication as to why the proof of Theorem 4.6.1 is so different
depending on whether n =1 or n > 2.

Using Lemma 3.4.2, we can now reduce to the case where d;;(g) < oo for i > 1.

Lemma 4.6.4. Let n > 1 and let g be a subalgebra of W,, such that d;;(g) = oo for some
i>1andje{0,...,n—1}. Then U(g) is not noetherian.

Proof. We claim that [gi;, gi;] C gi,+1. Let

U = fo“luk@k + Z a:’iuk@k, v = Z xilﬂvg@g + Z Iivggg € gijs

k<j k>j £<j £>]

where ug, vy € K[z1, ..., 2,]. Write wye = [2%¥up,0k, 240,0;], where i,, = i+ 1 if m < j or
im =1 if m > j, so that [u,v] =Y} ,_; wre. We will prove the claim by showing that wy,
is an element of

W, u+1 Z $Z+1k [T1,. .., 2,]0k + Z ﬂk[%;-.-,xn]a}q

k<j+1 k>j+1

for all k,¢. We will use the following identity:

(28 fOr, x1g0y] = 2" ((x1f8k<g) +011qf9)0r — (2100(f)g + 51,épf9)5k:>7 (4.6.1)

for f,g € k[z1,...,2,] and p,q € N. By (4.6.1), the only nontrivial case is when i =
1,7 =0, and at least one of k and ¢ is 1. First, if exactly one of k and £ is 1, say k > 2
and ¢ = 1, then (4.6.1) implies that

Wg1 = [l‘lukak, Ilvlal] = xfu;ﬁk(vl)al — xl(xlﬁl(uk)vl -+ ukvl)ﬁk < (Wn)l,l'
If k=/¢=1, then
W11 = [5751“181,35171131] = x%(ulal(vl) - 31(“1)1)1)81 € (Wn)l,l-

This proves the claim.

It follows that the abelianisation g2’ = g;;/[gi, 8] is infinite-dimensional, since
d;;(g) = oo, so U(g;;) is not noetherian by Lemma 3.4.2. The result now follows by
Lemma 2.4.5. [
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We now focus on reducing to dpo(g) also being finite. This will be achieved by showing
that U(g) can only be noetherian if either dyo(g) < 0o or go g = 0. We then use the GK-
dimension assumption to prove that gy is always nonzero.

Proposition 4.6.5. Let n > 1 and let g be a subalgebra of W,, such that dyo(g) = oo and
0k,0/9k+1,0 7 0 for some k > 2. Then U(g) is not noetherian.

Proof. Assume, for a contradiction, that U(g) is noetherian. The Lie bracket gives a bi-
linear map 7: g/go.1 X 9k.0/8k+1,0 — Gk—1,0/0k0. We emphasise that we are only regarding
these as quotients of vector spaces, since go; is not a Lie ideal of g.

Let A = Ny(gro) = {P € g | [P, k0] € gko} be the normaliser of g in g, and let
A be the image of A in g/ go,1- We claim that A is infinite-dimensional. Note that we
may assume that gy o/@k+1,0 and gg_1,0/9k0 are finite-dimensional, by Lemma 4.6.4. Let
wy, ..., Wy, be a basis for gro/gk+10. For i = 1,...,m, define 7;: g/go1 — Gk—1,0/0k0
by 7i(v) = 7(v,w;), where v € g/go1. Since gr_10/8ko is finite-dimensional, it follows
that ker(r;) has finite codimension in g/go;. Therefore, A = (I, ker(r;) is infinite-
dimensional, as claimed.

Let u =Y  u;0; € Asuch that u ¢ go1, in other words, u; ¢ z1k[z1,...,x,]. Let
v=aF 3" v:0; € gko \ Bkt1,0, which exists by assumption. By definition of A, we have
[u,v] € gro. Expanding [u,v], we get

=2

=1

n

[u,v] = [ulﬁl, xlf Z v;0;

=1
= kxlf_lul i vi@- + l’]f <U1 i 81 (vl)@ — i vié?i(ul)ﬁl + i uié?i, i vl@] ) .
=1 =1 =1 =2 =1

Since [u,v] € gro € #¥W,,, we must have k¥ tuy Y v;0; € 2¥W,. We have u; ¢
r1k[xy, ..., z,] by assumption, and therefore v; € xik[z1,...,x,] for all i € {1,... ,n}.
This is a contradiction, since v & gj110. ]

+

Corollary 4.6.6. Let n > 1 and let g be a subalgebra of W,, such that dyo(g) = oo and
920 # 0. Then U(g) is not noetherian.

Proof. Assume, for a contradiction, that U(g) is noetherian. Proposition 4.6.5 implies
that g;0/8i+10 = 0 for all ¢ > 2, in other words, g,o = g2 for all ¢ > 2. By Krull’s
intersection theorem,

920 = ﬂgi,o =0,

i>2

a contradiction. 0

Note that, until now, all the results hold for any subalgebra g C W,,. The results that
follow are specific to subalgebras of GK-dimension n. We first need some notation.

Notation 4.6.7. Let V' be a subspace of a Lie algebra g. We write Cy(V) =V and
Cy(V) =[Cn_1(V),V] = span{[u,v] | u € Cn_1(V),v € V},
for N > 1.

We now prove that goo # 0 if GKdim(g) = n.
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Proposition 4.6.8. Let n > 1 and let g be a subalgebra of W,, of GK-dimension n. Then
dim(gzo) = OQ0.

Proof. Since GKdim(g) = n, there is a finitely generated subalgebra b of g of GK-
dimension greater than n — 1, by definition of GK-dimension (see, for example, [KL00]).
We let u; = 2?21 u;;0; for i = 1,...,m be a set of generators of . Letting

N = max{deg(u;;) | 1 <i<m,1<j<n}

and V = span{u; | 1 <1i < m}, we have

Ck<V) Q Zk[wl, Ce ,xn]Sngj,
j=1

where k[zy,...,z,]<, denotes the space of polynomials of degree at most ¢. It is well-
known that dim(k[z1, ..., z,]<) = (":Z)
We claim that k[z1, .. ., z,] <yt N (2?) has codimension (Nk;:"l_l) + (Nk;:"l_Q) = O(k"™ 1)
in k[zy,...,2,]<ni. To see this, note that
k[wla cee 7xn]<Nk
= >~k e T kizo, ..., x, 1.
e ,fEn]gNk A (ﬁ) [z, , L ]gNk @ z1k|[zg T ]gNk 1
Therefore,

d; ( k[l“h . >$n]gNk
1m 2
k[xl, . ,ZEn]SNk N (271)

) = dlm(k[l‘g, e 7xn]§Nk) + dlm(k[l'g, . ,l’n]SNk_l)
(Nk+n—1> (Nk+n—2)
= + ;
n—1 n—1

as claimed. By the assumption on the GK-dimension of h, there is some £ > 0 such

that dim(Cy(V)) > k"% for £ > 0. Since dim(ck(%%) = O(k" '), we must have
1 n

dim(bhy ) = co. This concludes the proof. O
Combining Corollary 4.6.6 and Proposition 4.6.8, we immediately deduce the following.

Corollary 4.6.9. Let n > 1 and let g be a subalgebra of W,, of GK-dimension n. If
doo(g) = oo then U(g) is not noetherian. O

Thanks to the above results, we have reduced to the case where d;;(g) is finite for all
i>1and j€{0,...,n—1}, and (i,7) = (0,0). Note that the same is true if we change
variables; in other words, if ¢ € Aut(W,), we may assume that d;;(¢(g)) < oo for all
i>1landj€{0,...,n—1}, and (i,5) = (0,0). We now prove Theorem 4.6.1 by showing
that no such subalgebra g C W,, with GKdim(g) = n exists.

Proof of Theorem 4.6.1. For n = 1, this is Corollary 4.4.3, so we assume that n > 2.

Assume, for a contradiction, that U(g) is noetherian. Note that Corollary 4.6.9 applies
for all choices of generators of k[xy, ..., z,]|. In particular, letting y; = z; — X and y; = «;
for i > 2, the quotient

g
g N (ylk[yla R 7yn}81 + Z?:Q k[ylv v 7yn]aj>

Y

g =
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which generalises goo/g0.1 = gr—o, is finite-dimensional for all A € k.
We claim that there exist N € N and an infinite subset U C k such that dim(g,) < N
for all A € U. If k is uncountable then this is immediate: define

Sp = {\ € k | dim(gy) = K},

where k € N. Since k = (J,c Sk, it follows from the uncountability of k that there exists
N € N such that Sy is uncountable. The claim then follows.

However, if k is countable we require a different argument. Let § = g ®j k(t), viewed
as a Lie algebra over k(¢). This is a Lie subalgebra of

Wﬂé(t) = Dery) (k(t)[x1, ..., 24]),

where Dery () denotes k(t)-linear derivations. Since U(g) is assumed to be noetherian,
it follows that Uy (g) = U(g) ®k k(t) is noetherian, by Hilbert’s basis theorem, where
Ukt)(g) denotes the universal enveloping algebra of g as a Lie algebra over k(t).

The results above only assumed that k is a field of characteristic zero, so they all apply
to g and Uy)(g). Therefore, letting y; = 2, — x(t) and y; = x; for i > 2, the quotient

_ g
80 (kO - 5ul0h + S KO- 10

Bx(t) =

is a finite-dimensional vector space over k(t) for all x(¢) € k(t), similarly to above. In
particular, g, is finite-dimensional. Let N = dimy)(g;).
Let

X=gn ((xl — Ok(t)[z1, ..., x,)00 + Zk(t)[xl, L ,xn]aj) :

so that g, = g/X. Note that X must be finitely generated: if not, then there exists
an infinite strictly ascending chain of (finitely generated) subalgebras of X, which would
imply that Uy (X) is not noetherian by [AS74, Proposition 11.1.2], a contradiction to
Lemma 2.4.5. Let

a; = (ilfl — t)amﬁl + Zaij@j

=2

with ¢ = 1,..., ¢ be a set of generators of X, where a;; € k(t)[z1,...,x,].
Pick elements b; =c; ® 1 € gfort=1,..., N, where ¢; € g, such that

G=k(t)b, ... ©k(t)by © X. (4.6.2)

Let w; =w; ®1,...,w, = w, ® 1 be generators of g, where w; € g. The equality (4.6.2)
can be witnessed as follows:

1. For each i =1,...,r, we have an expression
N n
w; = Z Qg (t)b] + (1’1 - t)fm@l + Z fl-j@j, (463)
j=1 j=2

for some «a;;(t) € k(t) and f;; € k(t)[z1, ..., ).
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2. For each 1, j,

blu b ZBZ]S b + (331 _t 91] 181 + Zgws Sy (464)

5=2
for some ;;5(t) € k(t) and g;5 € k(t)[z1, ..., x,].

3. For each i, j,

(Iz, . Z 72]5 b + )hi,j,lal + Z hijsas, (465)

5=2
for some 7,5 € k(t) and h;js € k(t)[x1, ..., ).

Indeed, (4.6.3) is saying that k(¢)b; & ... ® k(t)by & X contains a set of generators of
g, while (4.6.4) and (4.6.5) imply that k(t)b; @ ... @ k(t)by @ X is closed under the Lie
bracket of WE@), giving the desired equality. Now, there are only finitely many poly-
nomials a;;(t), Bijs(t), Vijs(t), @iz, fijs Gijss Mijs, s0 there are only finitely many poles of the
coefficients of these polynomials.

In particular, (4.6.3) implies that for all but finitely many specializations t = A with
A € k, we have a relation:

Zam f1181+2fz] 79

where ﬁj denotes f;; after we substitute ¢ = A into all the coefficients. This implies that
a set of generators of g is contained in key + ... 4+ key + X, where

)?A—gﬂ<(x1— )[.Tl,..., al‘i‘kal,..., >

Similarly, we can get relations corresponding to (4.6.4) and (4.6.5), which tells us that
ke + ...+ keny + X, is closed under the Lie bracket of W,,. Therefore,

g=ke + ... +key + Xy,

which means that dim(g,) < N for all but finitely many A € k.

In other words, even when k is countable, there exist N € N and an infinite subset
U C k such that dim(gy) < N for all A € U.

We claim that dim(F;) < N, where

Fy =span{f € k[xy,...,z,] | fO1 + Zgjaj € g for some g; € klzy,...,z,]}

=2

Assume, for a contradiction, that there exist N + 1 elements u; = Z?Zl u;;0; € g such
that u; are linearly independent for¢ =1,..., N +1. Write v; = u;; fore =1,..., N+1.
Since dim(gy) < N for A € U, we must have that vy,...,vy41 are linearly dependent

modulo z; — X for all A € U. Write

Z Plii) (21)xk2 .. akn

keanl
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where k = (ky, ..., k,) and P (z1) € k[z,]. Let
I={keN"| Plgi)(xl) # 0 for some i € {1,...,N +1}}.

Forie{l,...,N+1}and k € I, let ¢;;c = P (21). Let C = (cine) € Mns1yx s (K[1])
be a matrix with NV + 1 rows, and columns labelled by elements of /. Since vy, ..., vn41
are linearly independent, we have |I| > N + 1 and there is some (N 4+ 1) x (N + 1)
nonzero minor P € k[z;] of C. On the other hand, P € (21 — A\)k[z4] for all A € U, since

vi (A, xo, ..y Tp), o, UN1 (A, Xo, . .., ) are linearly dependent. But then
Pe ((z1— Nkl =0,
AU

a contradiction.
Let

F; = span{f € k[zy,...,z,] | fO; + Zgjaj € g for some g; € k[zy,...,z,]}.

7=1

J#i
We have shown that F} is finite-dimensional. Since we can do this for all variables, we see
that Fj; is finite-dimensional for all ¢ € {1,...,n}, and therefore g is finite-dimensional, a
contradiction. O

4.7 Further work

In this section, we outline some open questions concerning subalgebras of Lie algebras of
derivations.

4.7.1 Subalgebras of Krichever—Novikov algebras

Given our coarse classification of subalgebras of W; and the close relationship between
W, and arbitrary Krichever-Novikov algebras, it is natural to ask whether we can apply
any of our methods to study subalgebras of Krichever-Novikov algebras. In particular,
we conjecture:

Conjecture 4.7.1. Let C' be an affine curve and let g be an infinite-dimensional subal-
gebra of L(C). Then U(g) is not noetherian.

One might try to use the same methods from the proof of Proposition 3.3.3 to prove
Conjecture 4.7.1. Indeed, applying Proposition 3.3.12, we get an injective homomorphism
o: fW; — L(C) for some f € k[t]. If the image of this homomorphism has finite
codimension in £(C'), we would be able to deduce that U(g) is not noetherian. This is
because g N p(fW;) is isomorphic to an infinite-dimensional subalgebra of W, which has
a non-noetherian enveloping algebra by Corollary 4.4.3.

However, it is not necessarily true that ¢(fW;) has finite codimension in £(C). For
example, if C' = A\ {0} (so that £(C) = W), then the image of © cannot have finite codi-
mension in W, so we cannot conclude anything about enveloping algebras of subalgebras
of W.

Studying subalgebras of W might be a good starting point to investigate subalgebras
of arbitrary Krichever—-Novikov algebras. We could attempt a classification of subalgebras
of W similar to that of Theorem 4.3.2, which would also yield interesting consequences
about subalgebras of the Virasoro algebra.
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4.7.2 Subalgebra structure and Dixmier conjecture for W,

As evidenced by the applications of Theorem 4.3.2, having a good understanding of sub-
algebras of Wj, is interesting and important. In order to prove the Dixmier conjecture for
W, it suffices to consider subalgebras of W, of quadratic growth. This is because it is
enough to prove that Wy does not have any proper subalgebras isomorphic to itself. If
such a subalgebra exists, it would necessarily have quadratic growth, so we do not need
to know about subalgebras of smaller GK-dimension.

However, it is still interesting to investigate subalgebras of Wy of linear growth. For
example, this might allow us to prove the two variable case of Conjecture 4.1.1. All known
indecomposable linear growth subalgebras of Wy are isomorphic to subalgebras of W;.
We believe this is always the case.

Conjecture 4.7.2. Let g be an indecomposable subalgebra of Wy of linear growth. Then
g is isomorphic to a subalgebra of W1.

If this conjecture is true, then it is possible that an analogous result holds for any
n € N, in other words, that an indecomposable subalgebra of W,, of GK-dimension m < n
is isomorphic to a subalgebra of W,,. Certainly, this would prove Conjecture 4.1.1, thanks
to Theorem 4.6.1.
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Chapter 5

Derivations, extensions, and rigidity
of subalgebras of the Witt algebra

5.1 Introduction

In this chapter, we assume that the base field k is algebraically closed.

Since its inception in the late 1960s [GF68, GF69], the study of cohomology of infinite-
dimensional Lie algebras has had a rich history. The main focus has been on the Witt
algebra and related Lie algebras [Gon73, FF80, DZ98|. Another class of Lie algebras that
has been of particular interest in this context are Krichever—Novikov algebras [Mil97,
Wag99, Wagl2]. Other examples can be found in [FLI6, FM06] and in Fuks’s book on
the cohomology of infinite-dimensional Lie algebras [Fuk86]. The computation of these
cohomology groups is an interesting and challenging problem with connections to various
areas of mathematics and physics, including representation theory and deformation theory.

In this chapter, we compute the first cohomology of some infinite-dimensional Lie alge-
bras with coefficients in the adjoint representation, which is closely related to computing
derivations of these Lie algebras: for a Lie algebra g, we have

H'(g;9) = Der(g)/ Inn(g),

where Der(g) is the space of derivations of g and Inn(g) is the space of inner derivations of
g. The study of derivations of Lie algebras dates back to the pioneering works of Jacobson,
Hochschild, Leger, Dixmier, and others [Jac37, Hoc42, Legh3, DL57], and continues to be
an active area of research to this day (see, for example, [GJP11, FSW13, MSS13, SSM17]).

We are interested in infinite-dimensional subalgebras of the (one-sided) Witt algebra.
Submodule-subalgebras of Wy and W are of particular interest, since all subalgebras of W,
of finite codimension are “essentially” submodule-subalgebras (recall Proposition 4.3.1).
Furthermore, by Corollary 4.4.2, any infinite-dimensional subalgebra of W is isomorphic
to a subalgebra of finite codimension. We can therefore extract a lot of information about
general infinite-dimensional subalgebras of W; by first studying submodule-subalgebras.

Of the submodule-subalgebras of W1, those of the form Ws,, for n € N are of particular
significance and have been extensively studied. For example, the positive Witt algebra
W, appeared in [Fia83a] in the context of deformation theory, where the cohomology
group H*(W,;W,) was computed. Similar results for the Lie algebras Wy and W3
were established in [FP01] and [Koc06].

Submodule-subalgebras of W; and W form a large and interesting class of infinite-
dimensional Lie algebras of linear growth. More generally, one could study submodule-
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subalgebras of Der(A), where A is an associative k-algebra. These first appeared in
[GraT78], and subsequently in [Gra93] and [Sie96]. In particular, Siebert showed that if g;
and g are submodule-subalgebras of Der(k[X;]) and Der(k[X5]), respectively, where X;
and Xy are irreducible affine varieties, then X; and X, are isomorphic if g; and g, are
isomorphic, provided g; and g, satisfy certain additional properties [Sie96, Theorem 3].

We start off by computing derivations and first cohomology of infinite-dimensional
subalgebras of W;.

Theorem 5.1.1 (Theorems 5.3.2 and 5.7.4). Let g be an infinite-dimensional subalgebra
of Wy. Then
Der(g) = {ad,, | w € Wy such that ad,(g) C g}.

In other words, derivations of g are restrictions of derivations of Wy. Consequently,
H'(g;9) = Nw,(g)/g, where Ny, (g) is the normaliser of g in W;.
In particular,

Der(fW;) = {ad,, | w € rad(f)W,} = rad(f)W,
for f € Kk[t], where rad(f) = ngvu)(t —&). As a result,
dim H'(fWy; fW,) = deg(f) — deg(rad(f)).

For a Lie algebra g, we have H'(g;g) = ExtlU(g) (k, g), where k is the one-dimensional
trivial representation of g. We can generalise Theorem 5.1.1 by computing

EXt%J(fwl)(M» fWy),

where f € k[t] and M is an arbitrary one-dimensional representation of fW;. An element
of ExtlU(g)(M ,8) can be viewed as a non-split short exact sequence of representations of g

0—=9g—9g—M—=0.

We study such short exact sequences in Section 5.4 for g a subalgebra of W; of finite
codimension. In particular, we prove that g can be canonically embedded in W; (see
Proposition 5.4.6).

The above results suggest that subalgebras of Wy of finite codimension are “rigid”, in
the sense that they inherit their properties from W;. We explain this by showing that W,
can be intrinsically built from any of its subalgebras of finite codimension as the universal

completely non-split extension, which is an abstract Lie-algebraic property (see Definition
5.6.1).

Theorem 5.1.2 (Theorem 5.6.3). Let g be a subalgebra of Wy of finite codimension.
Then W is the universal completely non-split extension of g, in the following sense: W,
18 a completely non-split extension of g, and if g s another completely non-split extension
of g, then g can be uniquely embedded in Wy such that the diagram

g —— Wl
g
commutes.
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Given Siebert’s result, the rigidity noted above, and the close relationship between
subalgebras of W, of finite codimension and submodule-subalgebras, it is natural to ask
whether any isomorphism between subalgebras of W, of finite codimension extends to an
automorphism of W;. If we knew of this universal property in advance, this would be
immediate. In fact, we do prove this on the way to proving the universal property.

Theorem 5.1.3 (Theorem 5.5.1). Let g1 and gy be subalgebras of Wy of finite codimension
and suppose there is an isomorphism of Lie algebras p: g1 — @g2. Then ¢ extends to an
automorphism of W1.

The idea of the proof of Theorem 5.1.3 is as follows: let ¢: g1 — g2 be an isomorphism
between proper subalgebras of W; of finite codimension. We show that there exist sub-
algebras g; of Wy with g, C g, C Wy and dim(g,/g;) = 1 for i = 1,2 such that ¢ extends
to an isomorphism @: g; — g,. The proof then follows by induction on codimyy, (g;).

In order to prove the existence of the isomorphism ©: g, — g,, we apply our study of
non-split short exact sequences of the form

0—=g—>9g—9/g—0

where g is a subalgebra of W; of finite codimension and dim(g/g) = 1. In other
words, Theorem 5.1.3 follows from the computation of Ext%](g)(M ,8), where M is a one-
dimensional representation of g.

As well as being interesting in its own right, the rigidity exhibited by subalgebras of
W, inspires further properties that subalgebras of W; should satisfy. For example, as
an application of Theorem 5.1.3, it follows that a submodule-subalgebra of W, cannot
be isomorphic to a subalgebra of W, of finite codimension which is not a k[t]-module.
This suggests that it should be possible to find a property that distinguishes between
submodule-subalgebras of W; and subalgebras of W; which are not k[t]-modules. Indeed,
the following result confirms this'.

Proposition 5.1.4 (Proposition 5.5.13). Let g be a subalgebra of W, of finite codimen-
sion. Then dim(g®*) = codimyy, (g) if and only if g is a k[t]-submodule of W,.

Although the proof of Proposition 5.1.4 does not follow from the rigidity results, it
was inspired by them. This demonstrates the power of these rigidity results, not only in
terms of direct applications, but also in terms of intuition.

We now explain the structure and proofs of the chapter in more detail. There are two
main goals: the first is to compute Extllj( fwl)(M , fWy), where f and M are as above, and
the second is to provide an explanation for the observed rigidity.

Sections 5.2 and 5.3 are devoted to computing derivations of fW; for f € klt], which
corresponds to the case where M = k is the trivial representation. This is because

Extyr gy, (K, fW1) = H'(fWy; fW;) = Der(fW;)/ Inn(fW;)

is the first cohomology of fW; with coefficients in the adjoint representation.

It is easy to show that all derivations of W; are inner. Given the rigidity of the
situation, it is natural to ask if derivations of submodule-subalgebras of W, also arise
from the adjoint action of elements of W, that is, if

Der(fW;) = {ad, | w € W; and ad,(fW;) C fW;},

'Proposition 5.1.4 is joint work with Jason Bell.
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where f € k[t]. It is easy to see that ad,(fW;) C fW, if and only if w € rad(f)Wy,
where rad(f) = [[{t — € | f(§) = 0}. Therefore, the question is equivalent to asking
whether Der(fW;) = {ad,, | w € rad(f)W;}, which is precisely what Theorem 5.1.1 says.

As the Lie algebra W, is graded, the proof of Theorem 5.1.1 starts by considering
derivations of graded submodule-subalgebras, that is, Lie algebras of the form W, for
n € N. For this situation, we can use results from [Far88]. In particular, the space of
derivations of a graded Lie algebra is itself graded, which greatly simplifies our computa-
tions. However, computing derivations of ungraded submodule-subalgebras requires more
work. Since submodule-subalgebras of W, are filtered, this is achieved by an associated
graded argument, allowing us to compute derivations of ungraded submodule-subalgebras
from derivations of graded ones.

In Section 5.4, we move on to computing Ext}](fwl)(M, fWy), where f € k[t] and M is
an arbitrary one-dimensional representation of fW;. A key observation is that the derived
subalgebra of fW; is f2W1, so the action of f2W; on any one-dimensional representation
of fW; is trivial. Consequently, there are many one-dimensional representations of fWy,
corresponding to the representations of the abelian Lie algebra fW;/f?*W;. In other
words, the one-dimensional representations of fW, are parametrised by Ade(Y). However,
the only one-dimensional modules M which give rise to non-split extensions

00— fW, -g—>M—0

are of the form M =k or M = W, /(t — )W, for £ € V(f) a root of f of order 1. The
U(fW;)-module structure on Wy /(t — £)W; is induced from fW; acting by its adjoint
action on both Wy and (¢t — )Wy, noting that fW; is a Lie subalgebra of both W; and
(t — Wi

Theorem 5.1.5 (Theorem 5.4.3). Let f € k[t]. If M =W, /(t — )W for some £ €k a
root of f of multiplicity 1, then

dim (Exty ) (W1 /(t — &)Wy, fW))) = 1.

In this case, the unique one-dimensional extension of fWy by Wy /(t — &)Wy is ﬁwl. If
M =k s trivial, we have

dim(EXt%](fwl (k, fW1)) = deg(f) — deg(rad(f)).

Otherwise, Ext}](fwl)(M, fW;) =0.

Although it is not immediately obvious, the proof is closely related to the computation
of derivations of submodule-subalgebras: we consider a short exact sequence of U(fW,)-
modules

00— fW, -g—>M—0

as a sequence of U(f?*W;)-modules. Since M is trivial as a representation of f*W, the
short exact sequence gives an element of

Extyr jow,) (K, fW1) = Der(f*Wy, fW1)/Inn(f*Wy, fW,),

which can be computed using the techniques from Theorem 5.1.1.
In Section 5.6, we prove Theorem 5.1.2, providing an explanation for the aforemen-
tioned rigidity. We first show that W; is a completely non-split extension of any of its
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subalgebras of finite codimension, which we achieve by proving that any such subalgebra
of W, has a one-dimensional extension contained in W;. We then prove the universal
property using results from Section 5.4 about one-dimensional extensions of subalgebras
of Wl .

We then briefly consider subalgebras of W; of infinite codimension. By Corollary
4.4.2, any infinite-dimensional subalgebra of W; is isomorphic to a subalgebra of W;
of finite codimension, so our results in finite codimension can be translated to infinite
codimension. However, there are also some key differences when it comes to the universal
property, which we highlight at the end of Section 5.6.

We conclude the chapter by establishing analogous results to Theorems 5.1.1-5.1.3
and 5.1.5 for submodule-subalgebras of the Witt algebra. The proofs for submodule-
subalgebras of W; go through for W with the obvious changes. In fact, the situation
for the Witt algebra is slightly easier: the associated graded algebra to fW is W, where
f € k[t,t71]. Consequently, in order to use the associated graded argument to compute
derivations of fIV, we only need to consider derivations of W. Thanks to results from
[Far88], it is easy to see that Der(W) = Inn(W).

The contents of this chapter are from [Buz24] with minimal changes to fit the narrative
of the thesis.

5.2 Derivations of graded submodule-subalgebras

Our main goal in the first part of the chapter is to compute Ext}]( le)(M , fW1), where f €
k[t] \ {0} and M is a one-dimensional U(fW;)-module. We devote the first two sections
of this chapter to studying the easiest case, where M = k is the trivial one-dimensional
representation of fW;. In this case, ExtlU( swny (K, fW1) is a well-known object.

Definition 5.2.1. For a Lie algebra g and a representation M of g, the cohomology of g
with values in M, denoted H"(g; M) for n € N, is defined as

Hn<g7 M) = EXtZ(g)(k> M)

We are therefore interested in computing H'(fWy; fW,) for f € k[t] \ {0}. It is a
standard fact that, for a Lie algebra g and a representation M of g, the cohomology group
H'(g; M) is isomorphic to the quotient Der(g, M)/ Inn(g, M), defined below.

Definition 5.2.2. A derivation of a Lie algebra g with values in an g-module M is a
linear map d: g — M such that

d([z,y]) =2 -d(y) —y - d(x)

for x,y € g. We write Der(g, M) for the set of derivations g with values in M, and simply
write Der(g) instead of Der(g,g). A derivation d € Der(g, M) is inner if there exists
m € M such that d(z) = z - m. We write Inn(g, M) for the set of inner derivations of g
with values in M. As before, we write Inn(g) instead of Inn(g, g).

If g = @,z 0n is a Z-graded Lie algebra and M = @,,., M, is a Z-graded represen-
tation of g, then for k € Z we write

nez

Der(g, M) = {d € Der(g, M) | d(g,) C M, for all n € Z}.

If d € Der(g, M)y, we say that d is a graded derivation of degree k.
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If g is a Lie algebra and M is a representation of g, we can construct elements of
Ext%,(g) (k, M) from derivations of g with values in M as follows: given a derivation d €
Der(g, M), consider the vector space X = M @kd with g-action given by the usual action
of gon M and w-d = —d(w) for w € g. Note that X/M is trivial as a representation of
g, so we get a short exact sequence of representations of g given by

0—-M-—>X—>k—0. (5.2.1)

Furthermore, we easily see that (5.2.1) splits if and only if d € Inn(g, M).

We therefore see that computing H!(fWy; fW,) = Extllj(fwl)(k, fW;) is equivalent to
computing derivations of fW;. Thanks to the following result of Farnsteiner, studying
derivations of graded Lie algebras is easier than ungraded ones, since we can exploit the
graded structure of the space of derivations.

Proposition 5.2.3 ([Far88, Proposition 1.1]). If g = @, ., 8n is a Z-graded finitely

generated Lie algebra and M = @, ., M, is a Z-graded representation of g, then

Der(g, M) = GB Der(g, M ),.

nez

Recall that the Lie algebras W and W, are Z-graded, with e,, having degree n. How-
ever, submodule-subalgebras of W; are not graded in general: the graded ones are W5,
for n > —1. Still, ungraded submodule-subalgebras are filtered, with associated graded
algebras isomorphic to subalgebras of the form W-,,. It is therefore natural to begin our
study of derivations of submodule-subalgebras of W; by considering the graded ones, and
later attempt to extract as much information as we can for general submodule-subalgebras
via an associated graded argument.

The goal for this section is to compute Der(Ws,, W) for n € N, where we view W as a
representation of W, under the adjoint action. We start with the cases n = —1,0,1. The
computation of derivations of W; was already a well-known folklore result, but we still
give a proof here. However, derivations of W-,, for arbitrary n were not known before.

Proposition 5.2.4. We have Der(W,, W) = Inn(Wy, W). Consequently, Der(W;) =
IIlIl(Wl) = Wl and Hl(Wl,Wl) =0.

We will use a theorem of Farnsteiner to prove Proposition 5.2.4.

Theorem 5.2.5 ([Far88, Proposition 1.2]). Let g = @,,c;, 0 be a Z-graded finitely gen-
erated Lie algebra and let M = @, _, M, be a graded representation of g such that

nez
1. HY(go; M,,) =0 for alln € Z\ {0}.
2. Homgy, (gn, M,,) = 0 for n # m.

Then Der(g, M) = Der(g, M )o + Inn(g, M).

In order to compute Der(W,, W), we show that Der(W;, W)y C Inn(W,, W). It will
then be clear that Der(W;, W) = Inn(W;, W), provided the conditions of Theorem 5.2.5
are satisfied.

Lemma 5.2.6. We have Der(W,, W)y = kad,, C Inn(W,, W).
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Proof. Let d € Der(W;,W),. Then for all n > —1 there exists A, € k such that d(e,) =
An€n. We have
d([en, em]) = len, d(em)] + [d(en), €m] = (An + An)[en, €m] = (M = n)(An + Am)ensm-

On the other hand,
d([em em]) = (m - n>d<€n+m> = (m - n))‘n+m€n+m-

Combining the above, we conclude that A\, +\,, = A\, for all n £ m. Now, \g+ A1 = Ay,
so A\g = 0. Furthermore, A\_1 + A\{ = Ay =0, s0o A_1 = — ;.
Now consider 2\; + As:

2M F A3 =M+ A= A5 = A+ As.

Hence, Ay = 2)\;. Inductively, we deduce that nA\; = A, for all n > —1. Letting A = A,
it follows that d = Aad,, € Inn(Wy, W). O

Proof of Proposition 5.2.4. By Lemma 5.2.6, it suffices to check the conditions for Theo-
rem 5.2.5 are satisfied when g = W; and M = W.
First, we must show that

H* (key; ke,,) = Der(keg, ke, )/ Inn(keg, ke,,) = 0
for all n € Z\ {0}. Let n € Z\ {0}. We have
Inn(keg, ke, ) = kad., C Der(keg, ke, ) C Homy(keg, ke,,).

By a dimension count, H'(keg;ke,) = 0.

To end the proof, we can easily see that Homy,,(ke,,ke,,) = 0 for n # m, where
n € Z>_1 and m € Z, since e, and e, have different eigenvalues with respect to the
action of eq. O

The computation of derivations of W5 is almost identical to derivations of W;. We
therefore omit the proof.

Proposition 5.2.7. We have Der(Wso, W) = Inn(Ws, W). Consequently, Der(Wsq) =
Inn(Wzo) = WZO and Hl(WZO; Wzo) = 0. ]

Proposition 5.2.7 shows that Exty. ) (k, Wso) = 0. However, W, does have non-
trivial extensions by one-dimensional representations: consider the short exact sequence

0— WZO — Wl — Wl/WZQ — 0. (522)

This is because the U(Wsg)-module W, /Wsq is not the trivial one-dimensional module,
since eg acts as —id. In fact, we will see later that dim(ExtlU(W>O)(W1/WZO, Wsp)) =1
and that (5.2.2) is the unique nontrivial one-dimensional extension of Ws¢ (see Theorem
5.4.3).

Computing Der(W,, W) requires more work, since ey ¢ W, so we cannot use Theorem
5.2.5. Instead, we can use the graded structure of Der(W, ) from Proposition 5.2.3.

Proposition 5.2.8. We have Der(W,, W) = Inn(W,,W). Consequently, Der(W,) =
{ad, | w € Wso} = Wsq and dim(H'(W; W,)) = 1.
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Proof. By Proposition 5.2.3, it suffices to prove that Der(W,, W), C Inn(W,, W) for
n € 2.

The same proof as in Lemma 5.2.6 works to show that Der(W,, W), = kad,,.

We start by considering Der(W,,W);. Note that, since W, is generated by e; and
es as a Lie algebra, any derivation d € Der(W,, W) is uniquely determined by d(e;) and
d(es). Let d € Der(Wy,W)q, so d(e;) = Aey and d(es) = pes for some A\, u € k. Let
d =d— pad,, € Der(W,, W), so that d'(e;) = Aey and d'(e3) = 0. We have

d'(e3) = d'([e1, es]) = [e1,d (e2)] + [d'(e1), e2] = A[ea, ea] = 0,

P(en) = s ([er,es)) = 5(fer,d'(es)] + @ (er) ) = SAlen ] = hes,
, 1, 1 , , 1.1 4
d'(es) = gd ([e1, e4]) = g([ebd (ea)] + [d'(e1), e4]) = §(§>\[€1»€5] + Aeg, eq]) = g)\€6~

On the other hand,
d/(€5) = d/<[€2, 63]) = [62, d/(eg)] -+ [d/(ez), 63] =0.

Therefore, A = 0, so d’ = 0. It follows that d = pad,,, so Der(Wy,W); C Inn(W,, W).

Now let d € Der(W,,W)a, so d(e1) = Aes and d(ey) = pey for some A, u € k. Consider
the subalgebra Us of Wy spanned by eg, ey4, €g, . ... Certainly, d restricts to a derivation of
U,. Note that U, is isomorphic to W via the map es, — 2¢,. Under this isomorphism,
d induces a derivation d of W, of degree 1. By the above computation of Der(W,, W),
we know that d is a scalar multiple of ad,, and therefore d‘UQ is a scalar multiple of
ade,. In particular, we see that d(es) = 0, so that u = 0. It follows that d = —\ad,,, so
Der(W,, W)y C Inn(W,, W).

Finally, let n € Z \ {0, 1,2} and consider d € Der(W,,W),,. Then d(e;) = Ae,41 and
d(es) = pen o for some A, p € k. Taking Lie brackets up to e; and using the Leibniz rule
for d as above, we get

(A — p)n® — An? 4+ (4\ — 5u)n — 12X\ + 6 = 0.
Let a = =X and 8 = —L5 . Substituting o and 3 into the equation above,
(n* —2n® + 5n* — 16n + 12)(a — 8) = 0.

The quartic polynomial in n does not vanish for n > 3 (its only integer solutions are
n = 1,2), so we conclude that a = . Therefore, d(e;) = a(n — 1)e,41 and d(ez) =
a(n — 2)e, 9. It follows that d = —aad,,, so Der(W,, W),, C Inn(W,, W) for all n > 3.
This finishes the proof. n

We now move on to computing Der(W-,,, W) for n > 2.

Proposition 5.2.9. For n € N, we have Der(Ws,, W) = Inn(Ws,,, W). Consequently,
Der(Ws,,) = {ady, | w € Wso} = W and dim(H'(Ws,; Ws,,)) = n.

In order to prove Proposition 5.2.9, it suffices to compute graded derivations of W,
by Proposition 5.2.3. The idea of the proof is similar to that of Proposition 5.2.4. In
that proof, we used the fact that we can take brackets up to es in two different ways,
which puts restrictions on the space of derivations of W,. In other words, we exploited
the relation

[e1, [ex, [e1, ea]]] + 6[ea, [e1, e2]] =0
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in W,. For the proof of Proposition 5.2.9, we first consider derivations of W, of degree
0 and then find a relation in W>,,. It is not difficult to show that any derivation of Ws,
of degree 0 must be a multiple of ad,,.

Lemma 5.2.10. Letting n € N, we have Der(Ws,,, W), = kad,,.

Proof. The result has already been shown for n = 0,1, so we may assume that n > 2.
Let d € Der(Ws,,, W)o. Then for all k > n there exists Ay € k such that d(e) = \xex.
For all ¢ > n, we have

d([ek, 65]) = [ek, d(€g>] + [d(ek), 6@] = ()\k + )\g)[ek, 6@] = (6 — k)()\k + )\g)@kJrg.
On the other hand,
d([ex, ef]) = (€ = k)d(epre) = (€ = k) AereCrore.

Combining the above, we conclude that Ay + Ay = Agye for all k& # 2.
Consider 2\; for some k& > n. Let ¢ > 2k. Then

2Ak + Ao = Mg+ Akge = Aopge = Aap + Ag

Therefore, 2\, = Aoi. Inductively, we deduce that mAy = A, for all m € N.
Now let =\, + ’\7” Then

ny = /\n + n/\n - )\n + )\n2 - An(n—i—l) = nAn—&—la

SO ft = Apy1. Now, we have \, + ’\7" = A\pt1, SO

An
= >\n+l - )\na

n
and thus A\, = n(A,11 — A\n). Let A= \,11 — \,. We claim that d = X ad,,.

Then, for m > n,
A F A=A+ g1 — A = Ama1 — e
But we also know that A\,1,,11 = Apa1 + Ay, SO
A FA= A1 + A — A = Aat

Since A\, = nA and A\, = A\, + A for all m > n, it follows by induction that \,, = mA
for all m > n, proving the claim. O

We are nearly ready to prove Proposition 5.2.9: we only need to find a relation in
W

Lemma 5.2.11. Let n,m € Z. We have the following relation on e, and e,,:

nm[[env 6m]> Hem em]v [[em em]’ [67717 [em [em emmm
+ 3(m —n)(n +m)|[em, [en, [en, em]]], [[€m: [en, [en, em]]], [en, em]]] = 0.
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Proof. We have

[€ny €m] = (M —n)enim, (5.2.3)
[6717 [em em]] - (m - n)[em en—l-m] - (m - n>m62n+m7
[€ms [€ns [€ns em]]] = (M — n)mlen,, eanim] = 2(m — n)nmes, yom. (5.2.4)
We can easily find a relation between e, ., and e, yom:
[ener’ [ener; [en+m7 62n+2m]]] = 6(n + m>3e5n+5m7 (525)
[62n+2m7 [62n+2m7 en—i—m]] = _(n + m)265n+5m- (5 6)
Therefore, [€n1m, [€ntms [Entms €2ntom]]] + 6(n + m)[€2nt2m, [€2n+2m, €ntm]] = 0. We can

now find a relation between e, and e, by substituting (5.2.3) and (5.2.4) into (5.2.5) and
(5.2.6):

Hena em]a Hem €m], [[env €m], [eﬂw [env [em emmm = 12nm(m - n)4<n + m)3€5n+5m,
Hemv [em [env emm’ Hemv [em [env em“]? [6n7 emm - _4n2m2(m - n)3(n + m>265n+5m'
The lemma follows immediately. 0

We can now prove Proposition 5.2.9.

Proof of Proposition 5.2.9. The result has already been shown for n = 0,1, so fix n > 2.

By Lemma 5.2.10, we already know that Der(Ws,, W), = kad,. So, let k € Z\ {0} and

consider d € Der(Ws,,, W)i. For m > n, write d(e,,) = Anemx, where A, € k. We claim

that d = aad,, for some « € k, or in other words, that \,, = (m — k)« for all m > n.
Letting r, s > n with r # s, Lemma 5.2.11 implies that

d<rs[[€r7 esl, [[er, es], [[er, €], [es, [er, [er, es]]]]]]

305 = 1)+ 5)[len len [ers 11 [ens [er, [er,ea]], [er, ea]]]) = 0.

76



Therefore, applying the Leibniz rule repeatedly,
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+[les, [er, [er, es]]], [[es, [ers [er, €s]]], [ers d(esm]) =0.

As€sik into (5.2.7) and simplifying,

= Aertr and d(es)

Substituting d(e;)

(K* + ks + 65> + kr + 12rs + 6r%) (k* + ks — 2s* + kr — 2r?)

X ((s = k)X — (r — K)X)k(s — r)°rsespiseik = 0.

Now, k(s —r)3rs # 0, since r, s,k # 0 and r # s. Hence,

(K* + ks + 65> + kr + 12rs + 6r%) (k* + ks — 25° + kr — 2r8)((s — k)\, — (r — k)A,) = 0,

# 5. For brevity, let

for all r, s > n with r

Hy(r,8) = (k* + ks + 65 + kr + 12rs + 6r°) (k* + ks — 25> + kr — 2r%).

It follows that

(5.2.8)

(T - k))‘s

(S - k))\r

o for all £ > n such

o)
_
=
[
[V
\A
+
o)
20
)
=
e
mf_
~/g
I
3
20
=
S B
D)
/I/L
—
[Va) .
=%
k/I/
T g
mm
= S
hmm
2 7
S
AN
V)
o g
— A
<
—
S

that Hy(m, () # 0, by (5.2.8).

Now suppose ¢ > n such that Hg(m,¢) = 0. We want to show that we still have

A = (£ — k)a in this case. Since Hy(m,r)

is non-constant in r, we can choose r > n such
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that r # k, Hi(m,r) # 0 and Hy(¢,r) # 0. Since Hi(m,r) # 0, we already know that
Ar = (r — k)a.. Furthermore, by (5.2.8), we get

(r—=k)Ae= (L =k)A = (L= k) (r — k),

since Hi(¢,7) # 0. It follows that Ay = (¢ — k)a for all £ > n, even if Hy(m,() = 0.
Therefore, d = aad,, , as claimed. O

)

5.3 Derivations of general submodule-subalgebras

We now consider derivations of general submodule-subalgebras of W;. It is standard
that Ext groups of a filtered object are related to Ext groups of the associated graded
object (see, for example, [Bj679, Proposition 2.6.10]). We will see that this is also the
case in our situation: by an associated graded argument, we will be able to extract a lot
of information about derivations of ungraded submodule-subalgebras from the results of
Section 5.2.

We begin with some definitions.

Definition 5.3.1. For an element w =Y ;" Ae; € W, where n,m € Z with n > m, and
i € k with A\, # 0, we call n the degree of w and write deg(w) = n. Furthermore, we
call A\ e, the leading term of w and write LT (w) = \,e,. Note that if deg(u) # deg(v),
we have deg([u,v]) = deg(u) + deg(v), where u,v € W.

For f = a[[l,(t — )" € Kk[t], where a, \; € k, \; # \; for i # j and k; > 1 for all
i, the radical of f is rad(f) = [[_,(t — \;). If k; = 1 for all i, we say f is reduced. The
vanishing locus of fis V(f) ={A1,..., \u}.

Let f € k(t) \ {0} and write f = £, where p,q € k[t] \ {0}. Let ¢ € k and write

p=({t=8& q=(t-¢'s,

where k,¢ € N and r,s € k[t] do not vanish at £&. The order of vanishing of f at & is
orde(f) =k — (. If orde(f) < 0, we say f has a pole of order —orde(f). By convention,
ordg(0) = oo for all £ € k. Furthermore, for the derivation f0 € Der(k(t)), we simply
write ordg(f0) = orde(f).

The goal of this section is to compute Der(fW,) for f € k[t] \ {0}, thus generalising
Proposition 5.2.9 to arbitrary submodule-subalgebras of W;.

Theorem 5.3.2. Let f € k[t] \ {0}. We have Der(fW;) = {ad,, | w € rad(f)W;}.
Consequently, Der(fW;) = rad(f)W;, and

dim H'(fWy; fW,) = deg(f) — deg(rad(f)).

Remark 5.3.3. A complete Lie algebra is a Lie algebra with trivial center whose deriva-
tions are all inner. Theorem 5.3.2 implies that fW; is complete if and only if f € k]t] is
reduced.

In order to understand derivations of fW;, we will construct associated graded deriva-
tions, which are graded derivations of Ws,,, where n := deg(f0). This will essentially be
done by only considering the leading terms of elements of fW;. The following result is
the first step in the construction of associated graded derivations.

78



Lemma 5.3.4. Let f € k[t] \ {0}. For d € Der(fW,, W), the set
{deg(d(x)) — deg(z) | z € fW:}
1s bounded above.

Proof. Let d € Der(fW,,W)\ {0}. Let n = deg(f) and x; = t*"1 f0, so that z1,...,x,
generate fW; as a Lie algebra. Let

N = max{deg(d(z;)) — deg(z;) | i € {1,...,n}}.
We claim that deg(d(x)) — deg(z) < N for all x € fW;. Note that

d([z, y]) = [z, d(y)] + [d(z),y].

Therefore, provided deg(d(z)) < deg(z) + N and deg(d(y)) < deg(y) + N, we see that
deg(d([x,y])) < deg([x,y])+N. The claim now follows by an easy induction on deg(z). [

Lemma 5.3.4 gives us a notion of degree for derivations d € Der(fW;, W).
Definition 5.3.5. Let f € k[t] \ {0}. For d € Der(fW;, W)\ {0}, the degree of d is

deg(d) = max{deg(d(x)) — deg(z) | z € fW;}.
By convention, the degree of the zero derivation is —oo.

We now consider leading terms of elements z € fW; such that deg(d(z)) = deg(x) +
deg(d).

Lemma 5.3.6. Let f € k[t]\ {0}, d € Der(fW, W), and x € fW; such that deg(d(z)) =
deg(x) + deg(d). Then deg(d(y)) = deg(y) + deg(d) for all y € fWy such that deg(y) =
deg(z). Furthermore, if LT(x) = LT(y) then LT (d(x)) = LT(d(y)).

Proof. Let y € fW; such that deg(y) = deg(x). Rescaling y if necessary, we may assume
that LT(y) = LT(x). Let z = z — vy, so deg(z) < deg(x) and d(y) = d(z) — d(z). By
definition of deg(d), we know that

deg(d(z)) < deg(z) + deg(d) < deg(z) + deg(d) = deg(d(x)).
It follows that LT(d(y)) = LT(d(x) — d(z)) = LT(d(x)) and that

deg(d(y)) = deg(d(x)) = deg(x) + deg(d) = deg(y) + deg(d),
as required. O
Given Lemma 5.3.6, we can now make the following definition.

Definition 5.3.7. Let f € k[t] \ {0}, d € Der(fW;,W), and n = deg(f0). We say
that k € Z>,, is d-compatible if deg(d(z)) = deg(z) + deg(d) for some (and therefore all)
z € fW; such that deg(x) = k.

Example 5.3.8. Let f = > + 1 and let d = ad., 4., € Der(fW;). Then deg(d) = 5.
Therefore, 5 is not d-compatible, while every n € Z; \ {5} is d-compatible.

We now complete the construction of associated graded derivations.
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Proposition 5.3.9. Let f € k[t] \ {0}, n = deg(f0), and d € Der(fW;,W). Define a
k-linear map gr(d): Ws, — W by

LT(d(x)), wherex € fWy and LT (z) = ey, if k is d-compatible,
0, if k is not d-compatible,

gr(d)(ex) = {

for k € Zsy. Then gr(d) = Xad., € Der(Ws,,, W) for some A € k and N € Z.

Proof. First of all, by Lemma 5.3.6, gr(d) is well-defined.

If we prove that gr(d) € Der(Ws,, W), then the result will follow from Proposition
5.2.9. Therefore, it suffices to show that gr(d) is a derivation. In other words, it is enough
to show that

gr(d)([e ed]) = lex, gr(d)(ec)] + [gr(d)(ex), €],
for all k,0 € Z>,. Let k,¢ € Z>,, be distinct, and let u,v € fW; such that LT(u) = e
and LT(v) = e;. We have
d([u, v]) = [u, d(v)] + [d(u), v]. (5.3.1)

The rest of the proof now follows by a straightforward case-by-case analysis, depending
on whether k& and ¢ are d-compatible. We explicitly show the case where k£ and ¢ are
both d-compatible and leave the rest of the cases to the reader. Let N = deg(d). Since
deg(d(u)) = k + N, we have deg([d(u),v]) = k+{+ N if k+ N # ¢, but deg([d(u),v]) <
k+ ¢+ N if K+ N = {. We will therefore need to divide the proof into two cases.

Case 1: FEither K+ N =/ or {4+ N =k.

Without loss of generality, say k+N = £ and {+ N # k. Then k+/ is d-compatible (which
can be seen by looking at the degrees in (5.3.1)), and [gr(d)(ex), e] = [LT(d(x)), es] = 0,
since deg(d(x)) = k + N = (. Furthermore,

gr(d)([ex, e]) = LT(d([u, v])) = LT([u, d(v)]) = [LT(u), LT(d(v))] = [ex, gr(d)(e)].

Therefore, gr(d)([ex, ec]) = [ex, gr(d)(ec)] + [gr(d)(er), €.
Case 2: k+ N #/(and { + N # k.
We have

lex, gr(d)(ee)] + [gr(d)(ex), ec] = [LT(u), LT(d(v))] + [LT(d(u)), LT (v)]
= LT([u,d(v)]) + LT([d(u), v]).

Suppose LT ([u, d(v)]) + LT([d(u),v]) # 0. Then k + ¢ is d-compatible and
[ex, gr(d)(ee)] + [gr(d)(ex), ec] = LT ([u, d(v)] + [d(u), v]) = LT(d([u, v])) = gr(d)([ex, e]).
Otherwise, LT ([u, d(v)]) + LT ([d(u), v]) = 0, in which case k + ¢ is not d-compatible, so
gr(d)(lex, ed) = 0 = [ex, gr(d)(ee)] + [gr(d)(ex), .
This completes the proof. n

We now study Der(fW;, W;). This is not strictly necessary to prove Theorem 5.3.2,
which only considers Der(fW;), but it is not much more difficult than considering Der(fW,),
and will be useful for the next section.
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Proposition 5.3.10. Let f € k[t]\ {0} and d € Der(fW,,W,). Then d = ad%9 for some
h € Klt].

Proof. Consider gr(d) € Der(Ws,,W;), where n = deg(f0d). By Proposition 5.3.9,
gr(d) = Ao ade,  for some \g € k, ko € Z. Now let dy = d — A ad,, € Der(fW;, W) and
note that deg(d;) < deg(d). Similarly to before, gr(di) = A; ad,,, for some \; € k and
ki € Z, so we can consider dy = dy — Aad,, € Der(fWy, W) with deg(ds) < deg(d;).
Continuing inductively, we get dy, da, ds, ... € Der(fW;, W) such that deg(d) > deg(d;) >
deg(dy) > deg(ds) > ..., and

d=dps1+ Y Nade,
=0

for all m € N, where we set \; = 0if d; = 0. Let g = Y 72 \it¥ ! € k((¢71)) and consider
adgs € Der(k((t71))9), so that d = adgg |fW1. In other words, [g0,hf0] € W, for all
h € k[t]. Hence, [g0, fO] € Wy, so f'g — f¢' € k[t], and thus

tf'g—tfg' €klt].

Similarly, [g0,tf0] € Wy, so
fo+tf'g—tfg €klt].
Combining the above, we conclude that h = fg € k[t], so g = % € k(t). ]

If d € Der(fW,;), then Proposition 5.3.10 tells us that d = adgs for some g € k(t).
For the proof of Theorem 5.3.2, we need to show that g € rad(f)k[t], in other words,
that g € k[t] and that g vanishes at all the roots of f. In order to achieve this, we will
consider orders of vanishing of [f0, gJ] at roots of f. The following easy lemma computes

orde([f0, g0]) for £ € k.
Lemma 5.3.11. Let £ € k, f € k[t] \ {0}, and g € k(t) \ {0}. Then
ordg([f0, g0]) = orde(f) + orde(g) — 1

if orde(g) # orde(f) and orde([f0, g0]) > 2orde(f) if orde(g) = orde(f).

Proof. Write f = (t — &)fp and g = (t — £)*q, where p € k[t],q € k(t) and orde(p) =
ordg(q) = 0, so that k = orde¢(f) and ¢ = orde(g). Differentiating f and g, we get

fr=>0=8 " kp+ (=80, ¢=0="(lg+(t—Ed).
Therefore,
[f8,90] = (f¢' = '9)0 = (t = " H(¢ = k)pg + (t = €)(pd — 1'q)).
Let = ({ — k)pq + (t — &)(pd’ — P'q). Tt is clear that orde(r) = 0 if k # £. Therefore,
orde(fg' — 'g) = ordel(t — /1) = b+ £~ 1
if k # 0. If k = ¢, then orde(r) > 1, so
orde(fg' — f'g) = orde((t — €)*7'r) > 2k,

which concludes the proof. n
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We are now ready to prove Theorem 5.3.2.

Proof of Theorem 5.3.2. If w € rad(f)W;, then by Lemma 5.3.11, it follows that ad,, €
Der(fW,).
Let d € Der(fW,). By Proposition 5.3.10, we know that d = ad%(9 for some h € k[t].

Let g = % Since [g0, f0] € fW1, we must have that f divides f'g — fg’. Therefore,

orde(f'g = fg') = orde(f)
for all £ € V(f). Assume, for a contradiction, that ordg(g) < 0 for some £ € V/(f). Then,
by Lemma 5.3.11,
orde(f) <orde(f'g — fg') = orde(f) + orde(g) — 1 < orde(f) — 1,

a contradiction. Therefore, orde(g) > 1 for all £ € V(f). It follows that g € k[t] (since g
can only have poles at roots of f), and that rad(f) divides g, so g0 € rad(f)W;. O

5.4 Extensions of submodule-subalgebras

Having computed Extllj( le)(M , fWy) for M =k, we move on to the computation of the
Ext group when M is an arbitrary one-dimensional representation of fW;. We may view
an element of Ext%]( sy (M, fW1) as a non-split short exact sequence of U(fW;)-modules

0= fW;, - X —M—=0. (5.4.1)

Although it is not immediately obvious, this computation is closely related to the results
from previous sections on derivations. This is because M is trivial as a representation
of f2°W; = [fWy, fW,] (see Lemma 5.4.4). Therefore, regarding (5.4.1) as a sequence of
U(f*W;)-modules, we get an element of

Exty; payp, (k, fW1) = Der(f*Wy, fW1)/ Inn(f*Wy, fW,)

(recall the isomorphism Extllj(g)(]k, M) = Der(g,M)/Inn(g, M) from the beginning of
Section 5.2). We can use Proposition 5.3.10 to compute Der(f?*W;, fW;), which then
allows us to determine the structure of X as a representation of f2W,. This will give a
lot of information into the structure of X as a representation of fWj.

First of all, it is straightforward to show that X has the structure of a Lie algebra in
a natural way.

Lemma 5.4.1. Let 0 — g — g = M — 0 be a short ezact sequence of U(g)-modules,
where g is a Lie algebra and dim(M) = 1. Writing § = g ® kz as a vector space (where
w(kz) = M), there is a unique Lie bracket on g extending the action of g on'g. This is
gwen by [u,vlg = [u,v]y and [u,z]g = u-x foru,v € g.

Proof. 1t suffices to check that
[u, [v, x]] + [v, [z, u]] + [z, [u,v]] =0 (5.4.2)
for u,v € g. We have
[u,v],2] = [u,v] - x=u-(v-x) —v-(u-x),
since g is a U(g)-module. Therefore,
([u, v, ] = [u, [v, 2]] = [v, [u, =],

so (5.4.2) holds. O
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Lemma 5.4.1 says that studying the group Extllj(fwl)(fwl,M), where M is a one-
dimensional U(fW;)-module, is essentially the same as studying Lie algebras g containing
fW; such that dim(g/fW;) = 1. Thus, we make the following definition.

Definition 5.4.2. Let g be a Lie algebra. A one-dimensional extension of g is a Lie
algebra g containing g such that dim(g/g) = 1 and the short exact sequence of U(g)-
modules

0—-g—>9g—9/g—0

is non-split.

We therefore consider one-dimensional extensions of fW;, where f € k[t]\ {0}. There
are two types of “obvious” one-dimensional extensions of fW;. Firstly, suppose f is non-
reduced, so that there exists w € rad(f)W; \ fW;. Since fW,; is an ideal of rad(f)Wy,
it follows that g := fW; @ kw is a one-dimensional extension of fW;. Note that g/fW,
is trivial as a representation of fW;, since fW; is an ideal of g. Hence, this construction
corresponds to an element of Ext%]( oy (k, fW).

The other “obvious” one-dimensional extensions come from removing non-repeated

roots of f. In other words, if £ € V(f) with orde(f) = 1, then ﬁWl is a one-

dimensional extension of fW; which is not contained in rad(f)W;. In this case, the
quotient ﬁWl/fwl is isomorphic to Wy /(t — §)W; as a U(fW;)-module, where the
module structure on Wy /(t — £)W; is induced from fW; acting on Wy and (¢t — )Wy,
noting that fW; is a subalgebra of both W and (¢t — £)W;. Therefore, this corresponds
to an element of

Exctys gy (Wi /(t — &)Wy, fW1).

The main goal of this section is to prove that all one-dimensional extensions of fW; are
one of these two types.

Theorem 5.4.3. Let f € k[t] \ {0} and let M be a one-dimensional U(fW;)-module. If
M =W, /(t — &)Wy for some & € V(f) with orde(f) =1, then

dim (Bxtyy ) (W1 /(¢ — Wy, fW;)) = 1.

In this case, the unique one-dimensional extension of fWy by Wy /(t — &)Wy is %Wl. If
M =k is trivial, we have

dim (Bt g, (. /W) = deg(f) — dea(rad(/))

Otherwise, Extllj(fwl)(M, fWy) =0.

The first step in proving Theorem 5.4.3 is computing the derived subalgebra of fW;.
This will be used to deduce that any one-dimensional representation of fW; is trivial
when viewed as a representation of f2W;.

Lemma 5.4.4. For f € k[t], the derived subalgebra of fW; is f>W;.
Proof. The result follows by noting that [¢f0, hfd] = (gh/ — ¢'h) 20 for g, h € k[t]. O

Remark 5.4.5. Recall the notation for the lower central series of a Lie algebra g from
Notation 4.6.7: C,(g) is the n™ term of the lower central series of g. We say that g is
residually nilpotent if (), .y Cn(g) = 0.
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Since we computed Cy(fW;) in Lemma 5.4.4, one might ask about further terms in
the lower central series of fW;. It is not difficult to show that

Co(fWy) = ng(fI7 f)f2W1

for f € k[t]. Note that ged(f’, f) = 1 if and only if f is reduced, so if f is reduced, we
have Co(fW,) = f2W; = C1(fW;) and therefore C,(fW;) = f*W, for all n > 1. On
the other hand, when f € k[t] is not reduced, one can easily show that fW; is residually
nilpotent.

The following result implies that all one-dimensional extensions of fW; are contained
in W;. Note that the proposition considers arbitrary subalgebras of W; of finite codimen-
sion, which is more difficult than restricting to submodule-subalgebras, but will be useful
for Sections 5.5 and 5.6.

Proposition 5.4.6. Let g be a proper Lie subalgebra of Wy of finite codimension, and let
g be a one-dimensional extension of g. Then g can be uniquely embedded in Wy in a way
that the diagram

g —> Wl
g
commutes.

Proof. By Proposition 4.3.1, there exists f € k[t] \ {0} such that
fW1 C g C rad(f)Wi,

since g has finite codimension in W;. Write g = g @ kz as a vector space. Since g/g is
a one-dimensional representation of g, it follows that g/g is trivial as a representation of
lg, 9]. Hence, [z,[g,9]] C g. Since fW; C g, we know that f2W, C [g, g]. Therefore,

[z, f*W,] C g C rad(f)W,.

Hence, ad, |f2W1 € Der(f?Wy,rad(f)W,). By Proposition 5.3.10, we have ad, = ad%a
!

on f*Wy, for some h € k[t]. Let g = %, so that [w, z] = [w, gd)] for all w € f*W;. Note
that fW; and f*W, are ideals of g, since g C rad(f)W;.
Let u € g\ {0},v € f°W; \ {0}. We have

[0, [u, 2]} = [u, [v, 2]] = [[u,v], 2] = [u, [v, 0] = [[u, ], 90] = [v, [u, gO]}, (5:4.3)

where we used that [u,v] € f2W; in the second equality.
Let M =g/g as a U(g)-module. We can regard the short exact sequence

0—=g—=g—>M—=0 (5.4.4)
as an element of Ext%](g)(]\/[ ,8) and consider the map

i Exty ) (M, 8) = Exty ) (M, k(t)9),
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where we view g as a subalgebra of k(¢)0. Under the map ¢, the short exact sequence
(5.4.4) gets mapped to
0—=k(t)0 X —- M —0, (5.4.5)

where X is the U(g)-module k(¢)0 @ kx with g acting by its adjoint action on k(¢)0 and
the action of g on x agreeing with the bracket on g. We claim that (5.4.5) splits, in other
words, that the image of (5.4.4) under ¢ is zero. This will then allow us to conclude that
g can be embedded into k(¢)0.

Let y = x—g0 € X. By (5.4.3), we have [v, [u,y]] = 0 for allu € g\{0}, v € f2W;\{0}.
There exist k-linear maps a: g — k(¢)0 and A: g — k such that

[, y] = a(u) + A(u)z
for all u € g. We can also write
[u, 2] = b(u) + A(u)z
for all u € g, where b(u) = a(w) + [u, g9] € g. Therefore,
0= [v, [u,yl] = [v,a(u) + A(w)z] = [v, a(u) + A(u)gd],

where in the final equality we used that [v,z] = [v,¢d] for all v € f?W;. It follows
that a(u) + A(u)g0 € k(t)0 is a scalar multiple of v, since the centraliser of any nonzero
element of k(¢)0 is one-dimensional. But this must hold for all v € f*W; \ {0}, so
a(u) + A(u)gd = 0. Now, we have

[u,y] = a(u) + Au)z = a(u) + Mu)z — (a(u) + Mu)gd) = AMu)y, (5.4.6)
for all u € g. Letting = be the image of z in M, the map

s: M — X
Ty

is a section of (5.4.5), so (5.4.5) splits, as claimed.

Suppose g0 € g. Then y € g, so we could take the codomain of s to be g. In this case,
s: M — g is a section of (5.4.4). However, we assumed that (5.4.4) is non-split, so this is
a contradiction. Hence, we must have g0 € g, and therefore g = g ®kgd. Without loss of
generality, we make the identification g = g @ g0, so we view g as a subalgebra of k(¢)0.

We claim that ordg(g) > 0 for all £ € V(f). Since g = ;1—2 can only have poles at roots
of f, this will imply that g € k[t]. In other words, this will show that § C W;, which is
enough to finish the proof.

Take £ € V(f) and suppose ordg(g) < 0. Define sets S = {ord¢(w) | w € g} and
S = {ord¢(w) | w € g}. Let ng = min(9), and let wy € g such that orde(wy) = ng. If
w = u+ agd € g, where u € g and o € k, then either ord¢(w) = orde(g) if o # 0, or
orde(w) > ordg(wy) if a = 0. Therefore, S = SU{orde¢(g)}. Furthermore, since fW; C g,
we know that S contains Zsorq,(s)-

Since [wyg, gd] € @, we know that orde([wg,9d]) € S = S U {orde(g)}. By Lemma
5.3.11, we have

orde ([wo, g0]) = orde(wg) + orde(g) — 1 < ny.

By minimality of ng, orde([wo, g0]) € S, so we must have that ord([wo, g0]) = orde(g).
Therefore, ng = orde(wp) = 1.
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Let n =1 — ord¢(g) € N. Then ordg([w, g9]) = ordg(w) — n for all w € g, by Lemma
5.3.11. Let m € S be such that m > 2, and let w € g such that ord¢(w) = m. Then

orde([w, g0]) =m —n > 2 —n = orde(g) + 1.

Since ordg([w, gd]) € S = S U {ord¢(g)} and orde([w, gd]) # orde(g), we must have that
orde([w, g0]) € S. Hence, m —n € S for all m € S such that m > 2. In particular, this
means that if m € S such that m > 2, then m must be larger than n, since min(S) = 1.
Noting that n = 1 — ord¢(g) > 2, we therefore see that 2 ¢ S.

Applying the above inductively, we deduce that m — kn € S for all m € S,k € N such
that m > kn. Since 2 ¢ S, it follows that S does not contain any elements which are 2
modulo n. However, this contradicts ZZOng(f) C S. It follows that orde(g) > 0 for all
¢ e V(f), as claimed. O

A special case of Proposition 5.4.6 is a description of derivations of arbitrary subalge-
bras of W, of finite codimension.

Corollary 5.4.7. Let g be a subalgebra of W1 of finite codimension. Then
Der(g) = {ad,, | w € Wy such that ad,(g) C g}.

In other words, deriwvations of g are restrictions of derivations of Wy. Consequently,
H'(g;9) = Nw,(g)/g, where Ny, (g) is the normaliser of g in W;.

Proof. Let d € Der(g) and consider the one-dimensional extension g = g x kd, where the
bracket in g is given by
[, ylg = [z,ly,  [d, z]g = d(z)

for x,y € g. By Proposition 5.4.6, there is a unique embedding ¢: g — W; such that
t(x) = x for all z € g. Therefore,

d(z) = u(d(z)) = «([d, z]) = [1(d), 2] = ad,(a)(x)
for all « € g. It follows that d = ad,q) with ¢(d) € Wy, which concludes the proof. O

Having shown that all one-dimensional extensions of fW; are contained in W, we
can now explicitly compute them to prove Theorem 5.4.3.

Proof of Theorem 5.4.3. If M = k then the result follows by Theorem 5.3.2. So, assume
M is nontrivial as a representation of fWj.

Let 0 —» fW; — g — M — 0 be a non-split short exact sequence of representations
of fW;. By Proposition 5.4.6, we may assume that g C W;. It suffices to show that
g= &Wl for some £ € V(f) with ord¢(f) = 1.

Write g = fW; @ kg0 as a vector space, where g € k[t] \ {0}. If g0 € rad(f)W, then

g C rad(f)W;. So, suppose g0 & rad(f)Wy, in other words, there exists & € V(f) such
that g(§) # 0. Note that, if A € k\ {0} and p € k[t], then ord¢(pf + Ag) = 0, while
orde(pf) > orde(f). It follows that if w € g, then orde(w) = 0 or orde¢(w) > ordg( ).

Note that [f0,¢0] € g\ {0}, and

orde([f0, g0]) = orde(f) 4 orde(g) — 1 = orde(f) — 1,

by Lemma 5.3.11. It follows that ord([f0, gd]) = 0, so orde(f) = 1.
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For k € N, write [t*f0, g0] = wy, + \pg0, where wy € fW; and \; € k. Note that

[t f0, g0] = (t* fg' — kt*' fg —t* f'g)0.

Therefore, wy, = (t*fg' — kt* =1 fg — t*f'¢)0 — \r.gO. Evaluating wy, at &, we get

—€"(€)g(&) — Meg(€) = 0,

since wy, € fW; vanishes at £. Hence, A\, = —&*f/(€) for all k € N, since g(&) # 0.
The only assumptions we made on & were that £ € V(f) and g(£) # 0. There is thus
only one such &, and in particular g(§') = 0 for all & € V(f) \ {¢}.

To end the proof, we claim that g0 € t—Wl, so that g C t_Wl In particular,

since =W, is a one-dimensional extension of fW;, this will immediately imply that

t 3
g= t_gwl. In order to prove that g0 € ﬁWl, it suffices to show that ord,(¢g) > ord,(f)
for all p e V(f)\ {¢}.

We have already shown that ord,(g) > 1 for all p € V(f) \ {{}, so if ord,(f) =1
then ord,(g) > ord,(f). So, suppose ord,(f) > 2 and ord,(g) < ord,(f) for some
p € V(f)\{£} Recall that

[0, g0] = wo + AogO,

where wy € fW; and A\g = —f'(§) # 0. Therefore, ord,([f0, g0]) = ord,(g). On the other
hand, Lemma 5.3.11 says that

ord,([f0, gd]) = ord,(f) + ord,(g) — 1 > ord,(g) + 1,

since ord,(f) > 2, a contradiction. Hence, ord,(g) > ord,(f) for all p € V(f)\ {¢}, as
claimed. O

The following corollary, which follows immediately from Theorem 5.4.3, summarises
the two types of one-dimensional extensions which fW; has.

Corollary 5.4.8. Suppose g is a one-dimensional extension of fWy, where f € k[t]\ {0}.
Then either g C rad(f)W; org = ﬁWl, where § € V(f) with orde(f) = 1.

5.5 Isomorphisms between subalgebras of finite codi-
mension

As an application of our results on extensions of subalgebras of W, we study isomorphisms
between subalgebras of W; of finite codimension. We prove that any isomorphism between
subalgebras of finite codimension extends to an automorphism of W;, which allows us to
classify submodule-subalgebras of W; up to isomorphism and compute automorphism
groups of submodule-subalgebras. This will be done by an inductive argument: if we
have an isomorphism ¢: g; — g between subalgebras of W, we will show that ¢ extends
to an isomorphism between one-dimensional extensions of g; and g,.

Theorem 5.5.1. Let g1 and go be subalgebras of W1 of finite codimension and suppose
there is an isomorphism of Lie algebras ¢: g1 — go. Then ¢ extends to an automorphism

ofWI.
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In particular, if f € k[t]\ {0}, then Theorem 5.5.1 implies that automorphisms of fW;
are restrictions of automorphisms of W;. This is similar to Theorem 5.3.2, which says
that derivations of fW; are restrictions of derivations of Wj.

Theorem 5.5.1 also implies that if g; and g, are isomorphic subalgebras of W; of finite
codimension, then codimyy, (g1) = codimyy, (g2), which is not obvious a priori.

Remark 5.5.2. Theorem 5.5.1 is not true for arbitrary infinite-dimensional subalgebras
of W;. Taking f € k[t] of degree at least 2, consider the Lie algebra L(f) from Proposition
4.2.10. In particular, L(f) has infinite codimension in Wy, and there exists h € k|[t] such
that L(f) = hW;, by Lemma 4.2.9. However, this isomorphism clearly does not extend
to an automorphism of W;. In fact, it does not even extend to an endomorphism of Wy,
since any nonzero endomorphism of W, is an automorphism by Corollary 4.4.5 or by the
main result of [Du04].

If we have a submodule-subalgebra fW;, where f € klt] is non-constant, then we
know that fW; has one-dimensional extensions (for example, we can take ﬁwl, where
f(&) = 0). However, it is not immediately clear whether an arbitrary subalgebra of Wy of
finite codimension has any one-dimensional extensions. Our next goal is to show that any
such subalgebra has one-dimensional extensions. We will require notation for the derived
series of a Lie algebra.

Notation 5.5.3. For a Lie algebra g, let D(g) = [g,g]. We write D°(g) = g and

D"*(g) = D(D"(g)) = [D"(g), D"(9)]
for the derived series of g, where n € N.

Remark 5.5.4. Analogously to residual nilpotence, we say a Lie algebra g is residually
solvable if [, .y D"(g) = 0. By Lemma 5.4.4, we can see that if f € k[t] is non-constant,
then fW; is residually solvable.

Note that residual solvability is, in some sense, a weak property. For example, a free
Lie algebra is residually solvable. On the other hand, W; is not residually solvable, since
D"(W;) =W, for all n € N.

In fact, we will see that fW; satisfies a stronger property defined below, provided
f € k]t] is non-constant.

Definition 5.5.5. We say that a Lie algebra g is strongly residually solvable if g is
residually solvable and every finite-dimensional quotient of g is solvable.

Given a subalgebra g C W; of finite codimension, the next result shows that g is
strongly residually solvable. Lie’s theorem will then allow us to deduce that all finite-
dimensional irreducible representations of g are one-dimensional.

Lemma 5.5.6. If g is a proper subalgebra of Wy of finite codimension then g is strongly
residually solvable.

Proof. Let I be an ideal of g of finite codimension. By Proposition 4.3.1, there exist
f,9 € k[t] \ {0} such that

fW, C g Crad(f)W,, ¢W, C I C rad(g)W,.
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Since rad(f)W; is residually solvable, it follows that g is also residually solvable. It
remains to show that g/I is solvable.

Note that gW; C I C g C rad(f)Wy, so rad(f) divides rad(g). Suppose rad(g) #
rad(f). Then there exists £ € V(g) \ V(f). Let w € I\ {0} such that orde(w) is minimal.
Then [f0,w] € I, since fO € g and [ is an ideal of g. By Lemma 5.3.11,

orde([f0, w]) = orde(f) + orde(w) — 1 = orde(w) — 1,

contradicting the minimality of orde(w). Therefore, rad(g) = rad(f). In particular, this
means that there exists n € N such that g divides rad(f)™, in other words, we have
rad(f)"W; C gW;. We know that the derived series of rad(f)W, is

rad(f)W; D rad(f)*W, D rad(f)*W, D rad(f)*W,; D .. ..

Since g C rad(f)W;, we have D*(g) C DF(rad(f)W,) = rad(f)*W,. Let m € N such
that 2™ > n, so that rad(f)?" W, C rad(f)"W,; C gW,. It follows that D™(g) C gW, C I.
Hence, g/I is solvable. O

Corollary 5.5.7. Let g be a subalgebra of Wy of finite codimension. Then all finite-
dimensional irreducible representations of g are one-dimensional.

Proof. Let M be a finite-dimensional irreducible representation of g. Then Ann(M) =
{w € g|w-M =0} is an ideal of g of codimension at most dim(M)? < oo, since Ann(M)
is the kernel of the map

p:g— gl(M)
U)'-)pw,

where p,(m) = w - m for m € M. Therefore, g/ Ann(M) is solvable by Lemma 5.5.6.
Note that M is a finite-dimensional irreducible representation of g/ Ann(M), so M is
one-dimensional by Lie’s theorem. O]

Remark 5.5.8. An infinite-dimensional Lie algebra whose finite-dimensional irreducible
representations are all one-dimensional is not necessarily strongly residually solvable. For
example, all finite-dimensional irreducible representations of an infinite-dimensional sim-
ple Lie algebra g are one-dimensional, but g is not strongly residually solvable.

We can now show that any subalgebra of W, of finite codimension has one-dimensional
extensions.

Proposition 5.5.9. Let g be a proper subalgebra of Wy of finite codimension. Then g
has a one-dimensional extension g. Furthermore, any such extension can be uniquely
embedded in Wy such that the diagram

L

commutes.
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Proof. We start by considering the case where dim(W;/g) = 1, so that W; is a one-
dimensional extension of g. In this case, the short exact sequence

0—-g—>W, -W,;/g—0

is non-split, since W; does not have any one-dimensional U (g)-submodules.

Now suppose dim(W;/g) > 2. By Corollary 5.5.7, W, /g has a one-dimensional U (g)-
submodule M. Let 7: W; — W, /g be the quotient map and let § = 7 '(M). Then
g C g C W, and the short exact sequence

0—-g—g—M-—=0

is non-split for the same reason as above: W; does not have any one-dimensional U(g)-
submodules.
The final statement is a restatement of Proposition 5.4.6. O

Proposition 5.5.9 allows us to prove Theorem 5.5.1.

Proof of Theorem 5.5.1. By Proposition 5.5.9, there is a one-dimensional extension g; C
g, € W, of g1 such that the short exact sequence of U(g;)-modules

0—g1—8 —8/01 >0
-1
is non-split. Now, go — g1 — g, is also a one-dimensional extension of go. Therefore,
Proposition 5.4.6 implies that there is an injective map p: g; < W; such that the diagram

g2 —— W,
%
(V]

commutes. Let g, = $(g;). Now, we have an isomorphism @: g, — @, such that ¢|gl = .
Inducting on codimyy, (g1), we conclude that ¢ extends to an automorphism of W;. [

Theorem 5.5.1 allows us to determine when two submodule-subalgebras of W, are
isomorphic. We now describe the automorphism group of W;. The most “obvious”
automorphisms of W; are those which are induced by automorphisms of k[t|]. We introduce
notation for these automorphisms of Wj.

Notation 5.5.10. For n > —1 and x € k, we let e,(z) = (¢t — z)""19. Letting a € k*
and x € k, we define a linear map

Pz Wl — Wl

en — aey(x)

In fact, all automorphisms of W, are of the form p,., for some =z € k,a € k*. This
result appeared without proof in [Rud86]. For a proof, see [Bav17].

Proposition 5.5.11 ([Rud86]). We have Aut(W;) = {ppa |z € k,a € k*} 2k x k*.

As an immediate consequence, we determine exactly when two submodule-subalgebras
of W, are isomorphic, and compute the automorphism group of fW;.
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Corollary 5.5.12. Let f,g € k[t]. Then fW; = gW, if and only if there exist o,y €
k* z € k such that f(s) = vg(t), where s = a(t — x).
Furthermore, the group of automorphisms of fW; is

Aut(fW;) = {p € Aut(W,) | o(f0) = afd for some o € k*}.

Proof. Suppose there is an isomorphism ¢: fW; — ¢gW;. Then Theorem 5.5.1 and
Proposition 5.5.11 imply that there exist a € k™, z € k such that ¢ = pz;a|fwl. It follows
that p,.(f0) is a scalar multiple of g0. In other words, f(a(t — z)) is a scalar multiple
of g.

Conversely, suppose that there exist a € k*, z € k such that f(«a(t — x)) is a scalar
multiple of g. Then it is clear that p,..(fW;) = gWy, so fW; = ¢gW,.

The computation of Aut(fW;) is the special case g = f of the above. O]

Theorem 5.5.1 and Proposition 5.5.11 imply that if g; and g, are isomorphic subal-
gebras of Wy of finite codimension, then g; is a submodule-subalgebra of W; if and only
if go is also a submodule-subalgebra. This suggests that we should be able to differenti-
ate between the subalgebras of W; which are submodules and those which are not. One
possible way of distinguishing between these is given in the next result?.

Proposition 5.5.13. Let g be a subalgebra of Wy of finite codimension. Then dim(g*?) =
codimyy, (g) if and only if g is a k[t]-submodule of W.

The proof of Proposition 5.5.13 will be split into two cases depending on what the
associated graded algebra gr(g) of g looks like (where gr(g) == {LT(w) | w € g}). We will
see that if gr(g) # W, for any r, then it is not hard to show that dim(g*") < codimyy, (g)
by simply looking at degrees of elements of [g, g]. Therefore, the difficult case is when
gr(g) = Ws, for some r € N.

First, we introduce some notation.

Notation 5.5.14. Let g be a subalgebra of W;. We write deg(g) = {deg(u) | u € g}.

We now prove the first case of Proposition 5.5.13, when gr(g) # W, for any r, in
other words, when deg(g) # Z>, for any r.

Lemma 5.5.15. Let g be a subalgebra of Wy of finite codimension and suppose deg(g) #
Z, for any v > —1. Then dim(g**) < codimyy, (g).

Proof. We know that deg(g) 2 Z>, for some r € N. Choose r minimal with this property.
As a vector space, we can write g = g>, ® span{g0, ..., gx0}, where

g>r = Span{fraa fr+187 fr+387 e }

is some subspace of g spanned by elements of degrees r and above, deg(f;0) = i for all i,
and g; € k[t] are polynomials such that deg(g:0) < deg(¢g20) < ... < deg(gx0) < r. By
minimality of r, we must have deg(g,0) < r — 1, and thus deg(¢,0) < r — k.

Now, codimyy, (g) =r — k + 1, so we want to show that dim(g/[g,g]) <r—k+ 1. Let
n; = deg(g;0). Taking brackets of g;0 with elements in g>,, we can get elements of any
degree greater than or equal to ny + r, in other words, Zs,, ., C deg([g, g]). In [g, g, we

2Proposition 5.5.13 is a result of a collaboration with Jason Bell.

91



also have the elements [¢10, g;0] for i = 2,... k. These elements have degrees n; + n;,
which are distinct integers less than n; + r. In other words,

deg([g,8]) 2 Zspy+r U {1 +n2,n1 + 1, .1+ ny
We therefore see that codimyy, ([g,9]) <n1+r+1—(k—1) =ny +r —k+ 2, and thus
dim(g/[g, g]) = codimy, ([g, g]) — codimyy, (g)
<m+4r—k+2—(r—k+1)=m+1l<r—k+1,
as required. 0

The remaining case is when gr(g) = W, for some r € N. For this case, we will need
the following easy lemma.

Lemma 5.5.16. Let g be a subalgebra of Wy of finite codimension such that deg(g) = Z>,
for some r € N and codimyy, (g) = dim(g®°). Let g0 be an element of g of degree r. Then

9, 0] = [90, 0.
Proof. Write g = span{g0, f10, f20, ...}, where deg(f;0) = deg(gd) +i = r +i. Then

90, 8] = span{[g9, /19]; (90, f>0], (99, fs0); .. .},
so [g0, g] has elements of degrees 2r 4+ 1 and above. Hence,
dim(g/[90, g]) = r + 1 = codimy, (g) = dim(g*").
Since [g0, g] C [g, g], it follows that [g0, g] = [g, g]- O

We are now ready to prove Proposition 5.5.13.

Proof of Proposition 5.5.13. Suppose g is a submodule-subalgebra. Then g = fW; for
some f € k[t]. We have [g, g] = f°W;, and therefore

codimy, (g) = dim(g™") = deg(f).

Conversely, suppose g is not a submodule-subalgebra. By Lemma 5.5.15, we may assume
that deg(g) = Z>, for some r € N. Let g0 € g be an element of degree r, and write

g = span{g0, g010, g020, . ..},

where 6; € k(t). Since g0; € k[t], the poles of #; are limited to roots of g. Furthermore,
since g is not a submodule-subalgebra, it must be the case that at least one 6; has a
pole at some root A of g. Let p; be the order of vanishing of 6; at A (which is negative
if ; has a pole at \), and let V' = {p1,ps2, p3,...}. Relabeling if necessary, assume that
p1 < p2 < p3 < .... In particular, p; < 0, in other words, ¢; has a pole at \.

Assume, for a contradiction, that dim(g/[g, g]) = codimy, (g). Lemma 5.5.16 implies
that

[9.0] = [90. 9] = span{g®0;0 | i > 1},
since [0, g0;0] = ¢*0.0. Therefore,

(90,0, g0;0] = ¢*[0,0,0,0] € span{g*0.0 | i > 1}.
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It follows that [0;0,6;0] € span{#.0 | ¢ > 1} for all ¢, j.

Note that, for ¢ # j, the order of vanishing of 0,0, 0;0] at A is p; + p; — 1. The above
implies that p; +p; —1 = py — 1 for some k, and therefore p; + p; = p, € V. Hence, V is
closed under addition of distinct elements. In particular, p; + po = p,, for some n. Since
p1 < 0, we must have p,, < ps, which forces n = 1. Hence, py = 0. Similarly, p; + ps = pm
for some m. Now, p; < 0 implies that m < 3, while p3 > p, = 0 implies that m > 1.
Thus, m = 2, so p; + p3 = po = 0, meaning p3 = —p;.

Therefore, [010, 630] has a pole of order 1 at A. But [640, 050] € span{#,0, 6,0, 050, ...},
leading to a contradiction. This concludes the proof. O]

5.6 Universal property

Up until now, all our results suggest that submodule-subalgebras of W; are very rigid,
in the sense that their Lie algebraic properties are controlled by W;. Indeed, we have
shown that their derivations and automorphisms are restrictions of derivations and au-
tomorphisms of Wy, and that their one-dimensional extensions are all contained in Wj.
Therefore, even when studying submodule-subalgebras of W, as abstract Lie algebras,
they still seem to remember W.

This rigidity is further demonstrated in [PS23], where the authors focused on the Pois-
son algebra structure of symmetric algebras of various infinite-dimensional Lie algebras.
In particular, they show that the only elements of W} which vanish on a nontrivial Pois-
son ideal of S(W;) are what they call local functions; these are functions given by linear
combinations of derivatives at a finite set of points. They also show that the same result
holds for S(fW;), where f € k[t]: the only functions in fW7 which vanish on a nontrivial
Poisson ideal of S(fW,) are restrictions of local functions.

In this section, we show that W; can be intrinsically reconstructed from any of its
subalgebras of finite codimension, purely by considering their Lie algebraic structure. In
particular, we prove that Wy is, in the appropriate sense, a universal finite-dimensional
extension of any of its subalgebras of finite codimension, which provides an explanation
for the rigidity observed above.

Our goal is to state and prove the universal property satisfied by W; as an extension
of any of its subalgebras of finite codimension. We first define the types of extensions we
want to consider.

Definition 5.6.1. Let g be a Lie algebra. We say that g is a completely non-split extension
of g if g is a Lie algebra containing g such that there exists a chain of Lie algebras

g0=90Cg1CgC...Co, =9,

where for all ¢, the representation g;.1/g; of g; is finite-dimensional and irreducible, and
the following short exact sequence of g;-representations is non-split:

0— g, = git1 — 8i+1/9; — 0.

Applying Proposition 5.5.9 inductively, we can easily see that W; is a completely
non-split extension of any of its subalgebras of finite codimension.

Corollary 5.6.2. Let g be a subalgebra of W1 of finite codimension. Then Wy is a
completely non-split extension of g. [

93



Note that the trivial one-dimensional representation is the only irreducible finite-
dimensional representation of Wy, since W, is simple. By Proposition 5.2.4,

Exty e, (k, Wy) =0,

so W; does not have any completely non-split extensions. Given a subalgebra g of W,
of finite codimension, it is therefore reasonable to expect W; to be the unique maximal
completely non-split extension of g. We will see that this is indeed the case.

Thanks to Corollary 5.5.7, in order to study completely non-split extensions of subal-
gebras of W1, we only need to consider one-dimensional extensions. In particular, we will
be able to use our results from Section 5.4.

Theorem 5.6.3. Let g be a subalgebra of Wy of finite codimension. Then Wy is the
universal completely non-split extension of g, in the following sense: if g is another com-
pletely non-split extension of g, then g can be uniquely embedded in Wy such that the
diagram

g —— W,
g
commutes.

Proof. By Corollary 5.6.2, we know that W, is a completely non-split extension of g.
Suppose g is another completely non-split extension of g. Therefore, we have a chain
of Lie algebras

g0=9C91<C9gC...Cg, =7,

where for all ¢, the representation g;1/g; of g; is finite-dimensional and irreducible, and
the short exact sequence of g;-representations

0— 9 = giy1 — Git1/9i = 0

is non-split. By Corollary 5.5.7, g1/g is one-dimensional, so g; is a one-dimensional
extension of g, and thus g; can be uniquely embedded in W; in a way that makes the
following diagram commute:

g —— Wl
g1
by Proposition 5.4.6. Continuing inductively, we conclude that there exists an injective

homomorphism ¢: g — W; such that

g— W

j/ (5.6.1)
g

commutes.
To prove uniqueness of ¢, suppose ¥: g — W; is another injective homomorphism
making (5.6.1) commute. Let h; = ¢(g) and hy = ¢(g). These are two isomorphic
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subalgebras of W; which contain g. Let p = 1) o ¢! be the isomorphism between b,
and hs. Since p is an isomorphism between two subalgebras of W; of finite codimension,
Theorem 5.5.1 and Proposition 5.5.11 imply that p = p,.q by for some x € k,a € k*.
Note that pzw|g = p’g = idy, since cp’g = 1/1|g. This forces @« = 1 and x = 0, so that
Pa:a = Poa = idw,. Hence, ¢ = . ]

5.7 Subalgebras of infinite codimension

Having studied derivations and extensions of subalgebras of W; of finite codimension, we
now consider the situation in infinite codimension. Although there are some similarities
with the situation in finite codimension, we will see that there are many differences.

Theorem 4.3.2 implies that our results on derivations and extensions can be translated
to arbitrary infinite-dimensional subalgebras of W;. Therefore, there are many similarities
between infinite codimension and finite codimension subalgebras. However, there are also
some key differences, which we highlight at the end of the section.

For example, Lemma 5.5.6 and Theorem 4.3.2 immediately imply:

Corollary 5.7.1. If g is a proper infinite-dimensional subalgebra of W1, then g is strongly
residually solvable. O

As a consequence of our study of derivations of submodule-subalgebras of Wy, we can
deduce that L(f) has no outer derivations. In order to see this, we require the following
result, which shows that for any f € k[t] \ k, the subalgebra L(f) is isomorphic to a
submodule-subalgebra hW; with h € k[t] a reduced polynomial.

Proposition 5.7.2. Let f € k[t] \ k. Then hy is reduced (i.e. hy is a scalar multiple of
rad(hy)), in the notation of Proposition 4.2.10.

Proof. Let h = hy. Certainly, in order to have f'gy = h(f), it must be the case that f’
divides h(f). In particular, this implies that A must vanish on f(V(f")) = {f(\) | f'(A) =
0}. We claim that these are all the roots of h, in other words, h is a scalar multiple of

the polynomial
h= [ @=N.
AEF(V ()

This will certainly imply that h is reduced, as required.
In the proof of Proposition 4.2.10, it was shown that A is the generator of the ideal

I(f) =A{p € kt] | f" divides p(f)}

of k[t]. As mentioned in the first paragraph, any element of I( f) must vanish on f(V'(f’)),
50 I divides h. Therefore, it suffices to show that h € I(f) = (h), that is, f' divides
h(f) = H)\ef(V(f’))(f —A).

Let A € V(f'). Then (t — f(X)) divides h by definition, so f\ = f — f(\) divides h(f).
Note that ordy(f}) = ordx(fy) — 1, since f) vanishes at A\. But f{ = f’, so this means
that ord,(f’) = ordx(f\) — 1. Therefore,

ordx(R(f)) > ordy(fx) > ordr(f)

for all A € V(f'). This implies that f’ divides & (f), as claimed. O
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Lemma 4.2.9, Theorem 5.3.2, and Proposition 5.7.2 immediately imply that L(f) has
no outer derivations.

Corollary 5.7.3. Let f € k[t]\k. Then all derivations of L(f) are inner. In other words,
HYL(f); L(f)) = 0. In particular, L(f) is complete. O

Furthermore, we can compute derivations of arbitrary infinite-dimensional subalgebras
of Wy, generalising Corollary 5.4.7. This further highlights the rigidity exhibited by W;:
derivations of any infinite-dimensional subalgebra of W, are controlled by Wj.

Theorem 5.7.4. Let g be an infinite-dimensional subalgebra of Wy. Then
Der(g) = {ad,, | w € Wy such that ad,(g) C g} = Nw,(g).

In other words, derivations of g are restrictions of derivations of Wy. Consequently,

H'(g:9) = Nw,(9)/9.

Proof. Let f € k[t] such that g has finite codimension in L(f), which exists by Theorem
4.3.2. Let h € k[t| such that f'g; = h(f), so that L(f) = hW;. Let ¢: L(f) — hW; be an
isomorphism, and let g = ¢(g) € AWy, which is a subalgebra of W; of finite codimension.

Let d € Der(g), and let d = podo o' € Der(g). By Corollary 5.4.7, d = adg for
some w € W such that adg(g) C g. We claim that w € hW.

By Proposition 4.3.1, there exists g € k[t] such that gW; C g C rad(¢g)W;. Further-
more, gW; C g C hW,, so h divides g. By Proposition 5.7.2, h is reduced, so h divides
rad(g). Therefore,

gW; C g Crad(g)W; C hW,.

Hence, in order to prove the claim, it suffices to prove that w € rad(g)Wj, in other words,
that ord¢(w) > 1 for all £ € V(g).

Assume, for a contradiction, that orde(w) = 0 for some & € V(g). Let & € g such
that orde(7) is minimal. Note that ord¢(z) > 1, since 7 € rad(g)W;. By Lemma 5.3.11,
orde ([w, z]) = ord¢(z) — 1. But [w, 7] € g, since w € Ny, (g), contradicting the minimality
of ord¢(z). This proves the claim.

Now, we have B

d=¢ todoyp =y 'oadgop.

Let w = ¢~ '(w) € L(f). Then,
d(z) = ¢~ ([0, p(2)]) = [w, 2] = ady(2)
for all x € g. Hence, d = ad,,, which concludes the proof. O

Remark 5.7.5. In the proof of Theorem 5.7.4, it was shown that if g is a subalgebra of
Wi, and f € k[t] is a reduced polynomial such that g C fW;, then Ny, (g) C fW;.

Another consequence of our previous work is that any infinite-dimensional subalgebra
g € W; has a universal completely non-split extension isomorphic to Wy, which follows
by combining Theorems 4.3.2 and 5.6.3.

Corollary 5.7.6. Let g be an infinite-dimensional subalgebra of Wy. Then g has a uni-
versal completely non-split extension §: if X is another completely non-split extension of
g then X embeds in g such that the following diagram commutes:
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g 7 g
X
Furthermore, § = W, as Lie algebras. 0

We now highlight the difference between the situations in finite and infinite codi-
mension. Consider an infinite-dimensional subalgebra g C W; of infinite codimension.
Theorem 4.3.2 shows that g is isomorphic to a subalgebra of W; of finite codimension.
Considering the universal property of Theorem 5.6.3, it is natural to ask if the universal
completely non-split extension g of g embeds in W; in a way that makes the diagram

g‘—)Wl

j/ (5.7.1)
g

commute. We show that this is not the case.

Proposition 5.7.7. Let g be an infinite-dimensional subalgebra of Wy of infinite codi-
mension. Then the universal completely non-split extension g of g cannot be embedded in
Wy in a way that makes (5.7.1) commute.

Proof. Suppose we can embed g in Wy such that (5.7.1) commutes. Certainly, the image
of g in Wy must have infinite codimension in W;. Therefore, the map

W, =g —=W,

is a nonzero endomorphism of W; which is not an automorphism. By Corollary 4.4.5 or
by [Du04, Theorem 2.3], this is impossible. ]

5.8 Finite codimension subalgebras of the full Witt
algebra

Recall that submodule-subalgebras of W are defined analogously to those of W;: they are
Lie subalgebras of W which are also submodules over k[t,¢~!]. They are of the form fWW,
where f € k[t,t7!]. Since submodule-subalgebras of W correspond to ideals of k[t,t7!],
we will usually assume that f € k[t] and that f(0) # 0.

In this section, we prove results about derivations and extensions of submodule-
subalgebras of the Witt algebra similar to those of W;. Most proofs are omitted, since
they are identical to those in Sections 5.3-5.6.

5.8.1 Derivations

We start by considering derivations of submodule-subalgebras of the Witt algebra, simi-
larly to Section 5.3.

Theorem 5.8.1. Let f € k[t] such that f(0) # 0. We have Der(fW) = {ad, | w €
rad(f)W}. Consequently, Der(fW) = rad(f)W, and

dim H' (fW; fW) = deg(f) — deg(rad(f)).

97



We firstly note that the notions of degree and d-compatibility are still well-defined
for derivations of submodule-subalgebras of W. In other words, for d € Der(fW, W), we
define

deg(d) = max{deg(d(z)) — deg(x) | x € fW}.

Since fW is a finitely generated Lie algebra, deg(d) is well-defined by a similar proof to
Lemma 5.3.4. Similarly, for d-compatibility we simply note that an analogous result to
Lemma 5.3.6 holds in this situation.

One key difference between submodule-subalgebras of W and of W; is that the as-
sociated graded algebra of fW is W. Therefore, in order to compute the associated
graded derivation of d € Der(fW, W), we only need to know about Der(W), rather than
Der(Ws,, W) as was the case in Section 5.3, resulting in a much simpler picture.

The computation of Der(W) is similar to that of Der(W;) in Proposition 5.2.4: we
simply apply Theorem 5.2.5.

Proposition 5.8.2. We have Der(W) = Inn(W). O

This has been known for a long time. For example, a proof can be found in [IK90],
where the authors compute derivations of a class of Lie algebras known as generalised
Witt algebras.

Now we can define associated graded derivations similarly to Section 5.3. The proof
is identical to Proposition 5.3.9.

Proposition 5.8.3. Let d € Der(fW, W) and define a k-linear map gr(d): W — W by

LT(d(x)), wherex € fW and LT(x) = ey, if k is d-compatible,
0, if k is not d-compatible,

gr(d)(ex) = {

for k € Z. Then gr(d) = Nad,, € Der(W) for some X\ € k and k € Z. O
The next result is analogous to Proposition 5.3.10.

Proposition 5.8.4. Let d € Der(fW,W). Then d = ad%8 for some h € k[t,t71]. O

We can now prove Theorem 5.8.1.

Proof of Theorem 5.8.1. The proof follows in a similar way to Theorem 5.3.2. The only
difference is that in W we allow poles at 0, so we need to be a bit more careful. Note
that the proof of Theorem 5.3.2 only considers ordg for £ € V(f). Since we assumed that
f(0) # 0, we have 0 ¢ V(f), so we do not run into any problems by allowing poles at
0. O

5.8.2 Extensions

We proceed similarly to Section 5.4 to compute one-dimensional extensions of submodule-
subalgebras of the Witt algebra. Just like submodule-subalgebras of W, one-dimensional
extensions of fW are either contained in rad(f)W or they come from non-split extensions
of W/(t—&§W by fW for £ € V(f) with orde(f) = 1. We explain the proof of this result,
with emphasis on the difference between this situation and the proof of Theorem 5.4.3.
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Theorem 5.8.5. Let f € k[t] with f(0) # 0. If M = W/(t — )W for some £ € V(f)
with orde(f) =1, then

dim(Extyy pyy (W/(E = )W, fW)) = 1.

In this case, the unique one-dimensional extension of fW by W/(t — )W is &W If
M =k is trivial, we have

dim (Exth . (, f1V)) = deg(f) — deg(rad(f)).
Otherwise, Extllj(fw)(M, fWw)=0.

As in Section 5.4, we need to compute the derived subalgebra of fW for f € k[t]. Just
like in Lemma 5.4.4, we can easily see that [fW, fW] = f*W.

Lemma 5.8.6. For f € k[t,t7], the derived subalgebra of fW is f*W. O

We now need to show that one-dimensional extensions of submodule-subalgebras of
W are contained in W. The proof of this is nearly identical to Proposition 5.4.6.

Proposition 5.8.7. Let g be a Lie subalgebra of W of finite codimension, and let g be
a one-dimensional extension of g. Then g can be uniquely embedded in W such that the

diagram
— W

commutes. O]

Ql —— @

The only subtlety in the proof of Proposition 5.8.7 is that, when applying [PS23,
Proposition 3.2.7] to deduce that there exists f € k[t] such that

fW C g Crad(f)W,

we need to assume that f(0) # 0. After this, the proof is exactly the same as Proposition
5.4.6, since we never consider any orders of vanishing at 0. The proof of Theorem 5.8.5
now follows similarly to Theorem 5.4.3.

As we did with W;, we summarise the computation of one-dimensional extensions of
submodule-subalgebras of W.

Corollary 5.8.8. Suppose g is a one-dimensional extension of fW, where f € k[t] and
f(0) # 0. Then either g C rad(f)W org= ﬁW, where £ € V(f) with orde(f) =1. O

5.8.3 Isomorphisms between subalgebras

As we did in Section 5.5, we explain how any isomorphism between subalgebras of W of
finite codimension extends to an automorphism of W, analogously to Theorem 5.5.1.

Theorem 5.8.9. Let g and go be subalgebras of W of finite codimension and suppose
there is an isomorphism of Lie algebras ¢: g1 — go. Then ¢ extends to an automorphism
of W.
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The proof of Theorem 5.8.9 follows by showing that any subalgebra of W of finite
codimension has a one-dimensional extension contained in W. As we did with Wy, we
can achieve this by showing that any such subalgebra of W is strongly residually solvable.
The proof is exactly the same as Lemma 5.5.6.

Lemma 5.8.10. If g is a proper subalgebra of W of finite codimension then g is strongly
residually solvable. [

Applying Lie’s theorem, we deduce that all finite-dimensional irreducible representa-
tions of g are one-dimensional, just like Corollary 5.5.7.

Corollary 5.8.11. Let g be a subalgebra of W of finite codimension. Then all finite-
dimensional irreducible representations of g are one-dimensional. [

We can now show that any subalgebra of W of finite codimension has a one-dimensional
extension. The proof is identical to that of Proposition 5.5.9.

Proposition 5.8.12. Let g be a proper subalgebra of W of finite codimension. Then g
has a one-dimensional extension g. Furthermore, by Proposition 5.8.7, all such extensions
can be uniquely embedded in W such that the diagram

g—> W
g
commautes. O]

Automorphisms of W are different to those of W;: in W, we no longer have access to
the map e, — e,(x) for x € k \ {0}, since (t — )"0 ¢ W for n < 0. Furthermore, in
k[t,t7!] we have an automorphism ¢ + ¢~1, which induces an automorphism of W.

Notation 5.8.13. For a € k*. Define linear maps o,,7: W — W by
oalen) =a’e,, T(e,) =—e_,,
for n € Z.
Similarly to Wy, these give rise to all automorphisms of W.
Proposition 5.8.14 ([Bav16, Theorem 1.1]). We have
Aut(W) = {0, | « € kK*} x {idw, 7}.

This allows us to determine when two submodule-subalgebras of the Witt algebra
are isomorphic. It is worth noting that, unlike submodule-subalgebras of Wy, we have

W =t"fW for f € k[t,t™!] and n € Z.
Corollary 5.8.15. Let f, g € k[t] such that f(0) # 0 and g(0) # 0 and suppose fW = gW

as Lie algebras. Then one of the following is true:
1. There exist o, € k* such that f(at) = Bg(t);

2. There exist o, f € k* and n € N such that t" f(at™) = Bg(t). O
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5.8.4 Universal property

We proceed similarly to Section 5.6 to prove that the Witt algebra satisfies a similar
universal property to W;. We easily see that W is a completely non-split extension of
any of its subalgebras of finite codimension by applying Proposition 5.8.12 inductively.

Corollary 5.8.16. Let g be a subalgebra of W of finite codimension. Then W 1is a
completely non-split extension of g. [

Just like Wy, the Witt algebra can be reconstructed from any of its subalgebras of
finite codimension as the universal completely non-split extension.

Theorem 5.8.17. Let g be a subalgebra of W1 of finite codimension. Then W, is the
universal completely non-split extension of g, in the following sense: if g is another com-
pletely non-split extension of g, then g can be uniquely embedded in Wy such that the
diagram

g —— Wl
g
commutes.

Proof. The proof follows by an inductive application of Proposition 5.8.7, similarly to the
proof of Theorem 5.6.3. As before, uniqueness of the embedding g < W follows from
Theorem 5.8.9. O

We remark that we do not have a classification of subalgebras of W of infinite codi-
mension, so we do not have any analogous results to Section 5.7 for the Witt algebra.
This is the subject of ongoing research.

5.9 Further work

We finish the thesis with some open problems related to the results of this chapter.

5.9.1 Subalgebras of generalised Witt algebras

A natural question that arises from this chapter is whether we can extend our results to
subalgebras of generalised Witt algebras. In fact, in the case of generalised Witt algebras,
we do not even have an analogue of Proposition 4.3.1, so we would have to start by
extending Petukhov and Sierra’s results.

Definition 5.9.1. Let I' be an additive subgroup of k. The generalised Witt algebra on
I', denoted Wr, is spanned by {e, | v € '} with bracket given by

ey, 5] = (0 = V)eyqs.
We ask a series of questions about subalgebras of generalised Witt algebras.

Question 5.9.2. Let I' be an additive subgroup of k.

101



1. Can we classify finite codimension subalgebras of Wr in a similar way to Proposition
4.3.17

2. What do derivations of infinite-dimensional subalgebras of Wr look like?
3. What are one-dimensional extensions of infinite-dimensional subalgebras of W7
4. When are two infinite-dimensional subalgebras of Wt isomorphic?

5. Is Wt the universal completely non-split extension of any of its finite codimension
subalgebras?

5.9.2 Injective hull of the one-sided Witt algebra

The proof of Proposition 5.4.6 involved showing that a short exact sequence of W;-

representations
0—=k(t)0 X —-M—0

splits. This would be automatic if k(¢)0 were known to be an injective U(W;)-module,
greatly simplifying the proof of Proposition 5.4.6. We state this as a conjecture.

Conjecture 5.9.3. The injective hull of Wy as a U(W;)-module is k(t)0.
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