MATH 109 — Mathematical Reasoning
Homework 7: Counting subsets and infinite sets

Lucas Buzaglo

Due December 2, 2025

1. Find the coefficient of a®®b* in (a + b)'%.

2. By equating the coefficients of 2" in (1 + z)?" = (1 + z)"(1 + z)", prove that

()-%0)
n —\r
3. Let X and Y be disjoint sets and let » € N.

(a) Prove that the function

f: LTJ Pk(X) X ’PT,MY) — 'PT(X U Y)
k=0
(A,B)— AUB

is bijective.

(b) Use part (a) to deduce that

()=2 002

[Hint: Let n = |X| and m = |Y| in part (a) and use the fact that if S; and Sy
are two finite sets then |S; x Sy| = |S1| - |S2]]
4. (a) Let A and B be enumerable sets. Prove that AU B is enumerable.
(b) Let A be an enumerable subset of an uncountable set X. Prove that X \ A is

uncountable. [Hint: Proof by contradiction using part (a).]

5. Let X and Y be two (possibly infinite) sets with |X| = |Y|. Prove that |P(X)| =
P

6. Let a,b € R with a < b. Prove that |(a,b)| = [(0,1)]. [Hint: Construct a bijective
function f: (a,b) — (0,1).]



Practice exercises

The following exercises are for your practice only and will not be graded. The exercises use
HaLLMos, a website where you can write proofs in natural language, receive immediate
feedback, and revise and resubmit as often as you like.

1. Do the following problem set on HaLLMos: Q1, Q2, Q3.

2. Use the Sandbox feature of HalLLMos to check and improve on your answers to the
homework problems. This ETEX guide may be helpful!

3. Do some exercises from Chapters 12 and 14 of the textbook. Then use the Sandbox
feature of HaLLLMos| to check your answers.
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https://hallmos.com/
https://hallmos.com/sandbox?exercise=For%20%24n%20%5Cin%20%5Cmathbb%7BN%7D%24%2C%20prove%20that%0A%24%24%5Cfrac%7Bd%5En(fg)%7D%7Bdx%5En%7D%20%3D%20%5Csum_%7Bk%20%3D%200%7D%5En%20%5Cbinom%7Bn%7D%7Bk%7D%20%5Cfrac%7Bd%5Ek%20f%7D%7Bdx%5Ek%7D%20%5C%20%5Cfrac%7Bd%5E%7Bn%20-%20k%7D%20g%7D%7Bdx%5E%7Bn%20-%20k%7D%7D%24%24%0Aby%20induction.
https://hallmos.com/sandbox?exercise=Prove%20that%20the%20number%20of%20polynomials%20of%20degree%20%24n%24%20with%20integer%20coefficients%20is%20enumerable.%20Deduce%20that%20the%20set%20of%20algebraic%20numbers%20is%20enumerable.%20%5BBy%20definition%2C%20the%20set%20of%20algebraic%20numbers%20is%20the%20set%20of%20complex%20numbers%20which%20are%20a%20root%20of%20some%20polynomial%20with%20integer%20coefficients%5D.%0A%0A%5BHint%3A%20Recall%20that%20a%20polynomial%20%24a_n%20x%5En%20%2B%20a_%7Bn%20-%201%7D%20x%5E%7Bn%20-%201%7D%20%2B%20%5Cdots%20%2B%20a_1%20x%20%2B%20a_0%20%3D%200%24%20has%20at%20most%20%24n%24%20distinct%20roots.%5D
https://hallmos.com/sandbox?exercise=Let%20%24n%20%5Cin%20%5Cmathbb%7BZ%7D%24.%20Prove%20that%20the%20product%20of%20any%20%24n%24%20consecutive%20integers%20is%20divisible%20by%20%24n!%24.
https://hallmos.com/sandbox
https://www.overleaf.com/learn/latex/Learn_LaTeX_in_30_minutes
https://www.cambridge.org/highereducation/books/an-introduction-to-mathematical-reasoning/884E620008388D6452ED9707CBEA0BF0#overview
https://hallmos.com/sandbox

