MATH 103B — Modern Algebra 11
Homework 1

Lucas Buzaglo

Due January 13

. Let R be a ring with Og = 1. Prove using the ring axioms that R = {Og} (in other
words, prove that R only contains one element).

(a) Prove that Z§ = {1,3,5,7} and is isomorphic to the Klein 4-group Vj = Zy X Z,.
You may use results from MATH 103A.
(b) Describe all elements of My(Z)*.
. Define
Q2] = {a+bv2 | a,b € Q}.
(a) Prove that Q[v/2] is a subring of R.

(b) Show further that Q[v/2] is in fact a field (you must show that every element
a + byv/2 has a multiplicative inverse of the form ¢ + dv/2 with c,d € Q).

o~ {(: 2

be the set of diagonal integer matrices.
(a) Prove that D is a subring of M(Z).
(b) Is D an integral domain? Why or why not?

. Let

n,mEZ}

. Is 7Z a subring of Z7? Why or why not?
(a) Let R be a ring, and let » € R be a regular element. Prove that if rs = rt, then
s =t, where s,t € R.

(b) Let n > 2 be an integer that is not prime. Show that Z, is not an integral
domain. [Hint: Try to find zero-divisors using the fact that n is not prime.]

(c) Find an example of elements r, s,t € Z, such that rs = rt but s # t.

(d) Why does your example from part (c) not contradict the result from part (a)?
Explain.



