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Reflection groups

Theorem (Shephard–Todd–Chevalley)

Let G be a finite group acting on a polynomial ring A. Then the
invariant ring AG is again a polynomial ring if and only if G is a
reflection group (generated by reflections).

Question: Is there a noncommutative version?

⇝ Replace polynomial ring with Artin–Schelter (AS) regular
algebra, and group actions with Hopf actions.

Definition

A Hopf algebra H is a reflection Hopf algebra if there is an AS
regular algebra A such that AH is again AS regular.

Overarching goal: Understand actions of Hopf algebras on
Artin–Schelter regular algebras and the associated invariant theory.
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Dual reflection groups

Instead of group actions, we can consider dual group actions
(actions by the dual Hopf algebra (kG )∗).

Definition

A finite group G is a dual reflection group there is an AS regular
algebra A such that A(kG)∗ is again AS regular.

An action on A by (kG )∗ is equivalent to:

A (right) coaction ρ : A → A⊗ kG .

A grading A =
⊕

g∈G Ag with AgAh ⊆ Agh. Then

A(kG)∗ = Ae is the identity component.

Goal: Find gradings of AS regular algebras and study when Ae is
again AS regular.
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Two dimensions

If G is abelian then (kG )∗ ∼= kG .

⇝ We are interested in nonabelian group gradings.

Theorem (Crawford)

The only nonabelian group which coacts on a 2-dimensional
AS-regular algebra is the group

Γ := ⟨g , h | g2 = h2⟩

(and its quotients), which coacts on the quantum polynomial ring

A =
k⟨x , y⟩

(xy + yx)
.

Crawford also classified exactly when Ae is AS-regular in the above
situation.
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Three dimensions

Theorem (B.–Rogalski)

Let

A =
k⟨x1, x2, x3⟩

(xjxi − qijxixj)
.

Suppose G is a nonabelian group which coacts on A. Then, up to
permuting the variables, we have

1 q12 = q13 = q23 = −1 and G is a quotient of

Γ× Z = ⟨f , g , h | g2 = h2, f is central⟩.

2 q12 = q23 = −1, q13 = 1 and G is a quotient of

Γ⋊ Z = ⟨f , g , h | g2 = h2, gf = fh, hf = fg⟩.
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Cocommutative coactions

In fact, our methods allow us to classify all cocommutative Hopf
algebras which coact on skew polynomial rings inner-faithfully.

Theorem (B.–Rogalski)

Let A = k⟨x , y⟩/(yx − qxy) and let H be a cocommutative Hopf
algebra which coacts on A inner-faithfully. If H is not a group
algebra, then

H ∼= A(0, q±1) := k⟨g±1, v⟩/(vg − qgv),

where g is group-like and v is primitive.

We also have a (slightly more complicated) classification for
three-variable skew polynomial rings.
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