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Reflection groups

Theorem (Shephard–Todd–Chevalley)

Let G be a finite group acting on a polynomial ring A. Then the
invariant ring AG is again a polynomial ring if and only if G is a
reflection group (generated by reflections).

Question: Is there a noncommutative version?

⇝ Replace polynomial ring with Artin–Schelter (AS) regular
algebra, and group actions with Hopf actions.

Definition

A Hopf algebra H is a reflection Hopf algebra if there is an AS
regular algebra A such that AH is again AS regular.

Overarching goal: Understand actions of Hopf algebras on
Artin–Schelter regular algebras and the associated invariant theory.
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Dual reflection groups

Instead of group actions, we can consider dual group actions
(actions by the dual Hopf algebra (kG )∗).

Definition

A finite group G is a dual reflection group if there is an AS regular
algebra A such that A(kG)∗ is again AS regular.

An action on A by (kG )∗ is equivalent to:

A (right) coaction ρ : A → A⊗ kG .

A grading A =
⊕

g∈G Ag with AgAh ⊆ Agh. Then

A(kG)∗ = Ae is the identity component.

Goal: Find gradings of AS regular algebras and study when Ae is
again AS regular.
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Two dimensions

If G is abelian then (kG )∗ ∼= kG .

⇝ We are interested in nonabelian group gradings.

Theorem (Crawford, 2024)

The only nonabelian group which grades a 2-dimensional
AS-regular algebra is the group

Γ := ⟨g , h | g2 = h2⟩

(and its quotients), which grades the skew polynomial ring

A =
k⟨x , y⟩

(xy + yx)
.

Crawford also classified exactly when Ae is AS-regular in the above
situation.

Lucas Buzaglo (Joint with Daniel Rogalski) Group gradings of skew polynomial rings



(Dual) reflection groups
Two dimensions

Classifying group gradings

What does the nonabelian grading look like?

The nonabelian grading of A = k⟨x ,y⟩
(xy+yx) can be most easily seen by

changing the generating set: define

u := x + y , v := x − y .

Then

A =
k⟨u, v⟩

(u2 = v2)
.

It is now easy to see that Γ = ⟨g , h | g2 = h2⟩ grades A by setting

deg(u) = g , deg(v) = h.
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Universal coacting Hopf algebras

Goal: Classify group gradings on skew polynomial rings
Aq := k⟨x1,...,xn⟩

(xjxi−qxixj |i<j) .

Idea: Use Manin’s universal coacting Hopf algebra.

Definition/Theorem

Let A be a quadratic algebra. Then there exists a universal (right)
coacting Hopf algebra, denoted aut(A), satisfying the following
universal property: if H (Hopf algebra) right coacts on A, then
there is a unique homomorphism aut(A) → H such that the
following diagram commutes:

A⊗ aut(A)

A A⊗ H
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Theorem (B.–Rogalski)

autr (Aq) is generated by xij for 1 ≤ i , j ≤ n and D−1, subject to
the following relations:

xikxij = qxijxik (k > j),

ad − q−1bc = detq

(
a b
c d

)
= da− qcb,

n∑
k=1

(−q)k−i detq(Xk̂ ı̂)D
−1xkj = δij ,

D−1D = DD−1 = 1,

for all i , j , k ∈ {1, . . . , n}, and all 2× 2 sub-matrices

(
a b
c d

)
of

X := (xij) ∈ Mn(aut(Aq)), where D := detq(X ) is the quantum
determinant of the matrix X .
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Hopf structure and quantum determinant

The quantum determinant D ∈ aut(Aq) is given by

D :=
∑
σ∈Sn

(−q)−I (σ)x1σ(1) . . . xnσ(n),

where I (σ) = inversion number of σ.

The Hopf structure of autr (Aq) is given by

∆(xij) =
n∑

k=1

xik ⊗ xkj ,

ε(xij) = δij ,

S(xij) = (−q)j−i detq(Xȷ̂̂ı)D
−1.

Roughly speaking: aut(Aq) is a “quantum matrix algebra” with
half of the relations of Oq(GLn).
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Goal: Classify group gradings (= group algebra coactions) on Aq.

Note: Group algebras are cocommutative.

Fact: Cocommutative Hopf algebras are involutive, meaning
S2 = id.

Method:

1 “Involutize” aut(Aq) by forcing S2 = id.

2 Classify Hopf ideals I of autr (Aq) such that autr (Aq)/I is
cocommutative.

3 For I as above, determine when autr (Aq)/I is a group algebra.

“Involutizing” is easy.

Definition/Theorem

Hinv := H
(S2(x)−x |x∈H)

is a Hopf algebra (the involutization of H).
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Two variables: involutization

Define Hq := aut(Aq)inv. This Hopf algebra is very nice when
n = 2 (e.g. noetherian, polynomial growth).

Proposition (Chan–Walton–Zhang, 2014)

Let q ∈ k∗. The Hopf algebra Hq has generators h11, h12, h21, h22,
and D−1, subject to the relations

h22h11 = h11h22, h21h12 = q−2h12h21,

h12h11 = qh11h12, h22h21 = qh21h22,

h21h11 = q−1h11h21, h22h12 = q−1h12h22,

DD−1 = 1 = D−1D,

where D = h11h22 − q−1h12h21 is the quantum determinant of Hq.
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Two variables: cocommutative classification

Definition (Goodearl–Zhang, 2010)

For n ∈ Z and q ∈ k∗, define the Hopf algebra

A(n, q) :=
k⟨x±1, y⟩
(yx − qxy)

with Hopf structure given by

∆(x) = x ⊗ x , ∆(y) = y ⊗ 1 + xn ⊗ y ,

ε(x) = 1, ε(y) = 0,

S(x) = x−1, S(y) = −x−ny .

In other words, x is group-like and y is xn-skew primitive.

Note: A(n, q) is cocommutative if and only if n = 0.
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Two variables: cocommutative classification

Theorem (B.–Rogalski)

Let C be a cocommutative Hopf algebra which coacts
inner-faithfully on Aq = k⟨x ,y⟩

(yx−qxy) , where q ∈ k∗. Then C is a
quotient of one of the following Hopf algebras.

1 kZ2.

2 A(0, q±1).

3 kΓ (only if q = −1).

⇝ Recovers Crawford’s result that the group Γ = ⟨g , h | g2 = h2⟩
is the only nonabelian group which can grade a two-variable skew
polynomial ring.
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Three variables: involutization

Hq in the three variable case is not as nice (e.g. non-noetherian,
infinite GK-dimension). Here is a presentation.

hikhij = qhijhik (k > j),

ad − q−1bc = detq

(
a b
c d

)
= da− qcb,

hijD = q2(j−i)Dhij ,

3∑
k=1

(−q)i−k detq(Hk̂ ı̂)hkj = δijD,

D−1D = DD−1 = 1,

for all i , j , k ∈ {1, 2, 3} and all 2× 2 sub-matrices

(
a b
c d

)
of

H := (hij) ∈ Mn(Hq).
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Three variables: classification

The cocommutative Hopf algebras in the three variable case are
very similar to the ones in the two-variable case.

Definition

For q ∈ k∗, we define Hopf algebras

Bq :=
k⟨x±1, y±1, z⟩

(yx − xy , zx − qxz , zy − yz)
,

Cq :=
k⟨x±1, y±1, z⟩

(yx − xy , zx − qxz , zy − q2yz)
,

with Hopf structures given by x and y being group-like and z being
primitive.
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Three variables: classification

Theorem (B.–Rogalski)

Let C be a cocommutative Hopf algebra which coacts
inner-faithfully on Aq = k⟨x1,x2,x3⟩

(xjxi−qxixj |i<j) , where q ∈ k \ {±1}. Then
C is a quotient of one of the following Hopf algebras.

1 kZ3.

2 Bq±1 .

3 Cq±1 .

Note: We only classify the cocommutative coactions for q ̸= ±1.
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What do the coactions look like?

The coactions in the previous theorem are induced by the universal
Hq-coaction xi 7→

∑
j xj ⊗ hji .

kZ3:

h11 h12 h13
h21 h22 h23
h31 h32 h33

 7→

e1 0 0
0 e2 0
0 0 e3

.

Bq:

h11 h12 h13
h21 h22 h23
h31 h32 h33

 7→

x xz 0
0 x 0
0 0 y

 or

y 0 0
0 x xz
0 0 x

.

Cq:

h11 h12 h13
h21 h22 h23
h31 h32 h33

 7→

x 0 xz
0 y 0
0 0 x

.

The coactions of Bq−1 and Cq−1 are the transposed coactions of Bq

and Cq.
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What about nonabelian group gradings?

Previous theorem =⇒ We can only get a nonabelian group
grading if q = −1.

Question: Which nonabelian groups (if any) coact on A−1 in the
three variable case?

Using superpotential methods, we still prove:

Theorem (B.–Rogalski)

The only nonabelian group which grades A−1 =
k⟨x1,x2,x3⟩
(xixj+xjxi )

is

Γ× Z = ⟨g , h, z | g2 = h2, z is central⟩.

We can grade A−1 by setting

deg(x1 + x2) = g , deg(x1 − x2) = h, deg(x3) = z .
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Invariant ring: two variables

For n ∈ N, define

Γn := ⟨g , h | g2 = h2, (gh)n = e⟩.

Theorem (Crawford, 2024)

Grade A = k⟨x ,y⟩
(xy+yx) by a finite nonabelian group G (so G is a

quotient of Γ). Then Ae is AS-regular if and only if G ∼= Γn for
some n ≥ 2.

If G = Γn, then Ae = k[(uv)n, (vu)n] is a (commutative)
polynomial ring (therefore AS-regular).

Consequently, Γn is a dual reflection group for all n ≥ 2.
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Invariant ring: three variables

For n,m ∈ N, define

Gnm := Γn × Zm⟨g , h, z | g2 = h2, (gh)n = zm = e, z is central⟩.

Theorem (B.–Rogalski)

Grade A = k⟨x1,x2,x3⟩
(xixj+xjxi )

by a finite nonabelian group G (so G is a

quotient of Γ× Z). Then Ae is AS-regular if and only if G ∼= Gnm

for some n ≥ 2 and m ∈ N.

If G = Gnm, then Ae = k[(uv)n, (vu)n,wm] is a (commutative)
polynomial ring (therefore AS-regular), where u = x1 + x2,
v = x1 − x2, and w = x3.

Consequently, Gnm is a dual reflection group for all n ≥ 2 and
m ∈ N.
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Multi-parameter: nonabelian grading

In upcoming work, Rogalski and I also consider multi-parameter
skew polynomial rings. For example:

Theorem (B.–Rogalski)

Let A = k⟨x1,x2,x3⟩
(xjxi−qijxixj )

, where q−1
ji = qij . If q12 = q23 = −1 and

q13 = 1, then the group

G := Γ⋊ Z = ⟨g , h, z | g2 = h2, gz = zh, hz = zg⟩

grades A.
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Multi-parameter: invariant ring

We also compute the invariant ring. In this case, we define
Gnm := Γn ⋊ Z2m.

Theorem (B.–Rogalski)

Let A be as above with q12 = q23 = −1 and q13 = 1. Grade A by
a quotient G ′ of G. Then Ae is AS-regular if and only if G ′ ∼= Gnm

for some n ≥ 2 and m ≥ 1.

If G = Gnm, then Ae = k[(uv)n, (vu)n,w2m] is a (commutative)
polynomial ring (therefore AS-regular), where u = x1 + x2,
v = x1 − x2, and w = x3.

Consequently, Gnm is a dual reflection group for all n ≥ 2 and
m ≥ 1.
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