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Motivation

Question (Amayo–Stewart 1974)

If dim(g) = ∞, can U(g) be noetherian?

Conjecture (Sierra–Walton 2013)

No.

Theorem (Sierra–Walton 2013)

Let W1 = Der(C[t]) = C[t]∂ (where ∂ = d
dt ). Then U(W1) is not

noetherian.

Question

What about subalgebras of W1?
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Classification of finite codimension subalgebras

Notation

For f ∈ C[t], define fW1 := C[t]f ∂.

Theorem (Sierra–Petukhov 2022)

Let g be a subalgebra of W1 of finite codimension. Then there
exist f ∈ C[t] and n ∈ N such that

f nW1 ⊆ g ⊆ fW1.

Goal: Come up with an infinite codimension analog of fW1.
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Given f ∈ C[t], consider the map αf : C[t] → C[t], t 7→ f .
Geometrically:
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We can pull back vector fields, provided they vanish on the
ramification points.

⇝ Get a map φf : hfW1 ↪→ W1, where hf is a polynomial
vanishing on the ramification points.

Definition

L(f ) := Im(φf ) ∼= hfW1.
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The subalgebras L(f , g)

Question

What does L(f ) look like?

Fact: gf := hf (f )
f ′ ∈ C[t] and L(f ) = C[f ]gf ∂.

Definition

Let f , g ∈ C[t] such that f ′g ∈ C[f ]. Define L(f , g) := C[f ]g∂.

Facts:

L(f , g) ⊆ L(f ) for all f , g .

If f ′g = h(f ), then L(f , g) ∼= hW1 as Lie algebras.
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Classification

Theorem (Bell–B. 2023)

Let g be an infinite-dimensional subalgebra of W1. Then there
exist f , g ∈ C[t] with f ′g ∈ C[f ] such that

L(f , g) ⊆ g ⊆ L(f ).
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Consequences

Recall: L(f ) ∼= hfW1.

Corollary

Let g be an infinite-dimensional subalgebra of W1. Then g is
isomorphic to a subalgebra of W1 of finite codimension.

Proposition (B. 2022)

Let h ⊆ g such that h has finite codimension in g. Then U(h) is
noetherian if and only if U(g) is noetherian.

Theorem (Bell–B. 2023)

Let g be an infinite-dimensional subalgebra of W1. Then U(g) is
not noetherian.

Lucas Buzaglo Subalgebras of the Witt algebra



Motivation
Classification
Consequences

The Dixmier property

Another immediate corollary of the classification:

Corollary

W1 has no proper infinite-dimensional simple subalgebras.

Definition

We say that g satisfies the Dixmier property if all injective
endomorphisms of g are automorphisms.

Theorem (Du 2004, Bell–B. 2023)

W1 satisfies the Dixmier property, i.e. End(W1) \ {0} = Aut(W1).

Proof.

Any φ ∈ End(W1) \ {0} is injective because W1 is simple, and also
surjective by the corollary.
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Zhao’s conjecture

Let Wn = Der(C[t1, . . . , tn]).

Conjecture (Zhao 1998)

End(Wn) \ {0} = Aut(Wn) for all n.

Notation

DCn: Dixmier conjecture in n variables.

JCn: Jacobian conjecture in n dimensions.

ZCn: Zhao’s conjecture in n variables.

Theorem

ZCn =⇒ JCn [Zhao 1998].

JC2n =⇒ DCn [Tsuchimoto 2005, Belov-Kanel–Kontsevich
2007].
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What next?

Question

Can we do something similar for subalgebras of W2?

Problem: W2 does have proper infinite-dimensional simple
subalgebras.

Question

Let C be an affine curve. Can we classify subalgebras of Der(C[C ])
(Lie algebra of vector fields on C )?

Conjecture

There is a family of subalgebras of Der(C[C ]) (defined similarly to
L(f )) such that any infinite-dimensional subalgebra g ⊆ Der(C[C ])
has finite codimension in some member of the family.
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