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Motivation

Fix notation:

A – associative C-algebra.
L – Lie algebra.

M – representation of L (usually M = C or L).

Definition

A derivation of A is a C-linear map d : A → A satisfying the
Leibniz rule

d(ab) = ad(b) + d(a)b.

Der(A) is a Lie algebra with the commutator bracket

[d1, d2] = d1 ◦ d2 − d2 ◦ d1.
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The Witt algebra

The one-sided Witt algebra is W1 = Der(C[t]) = C[t]∂, where
∂ = d

dt . The Witt algebra is W = Der(C[t, t−1]) = C[t, t−1]∂.

Lie bracket: [f ∂, g∂] = (fg ′ − f ′g)∂, where f , g ∈ C[t] or
C[t, t−1].

Question

What are Lie subalgebras of W1 and W like? E.g. can we classify
them? Do they satisfy any nice properties?

In this talk: Only focus on W1, but almost all results are also true
for W with the obvious changes.
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Submodule-subalgebras

Fact: Der(A) is naturally an A-module. Given d ∈ Der(A), a ∈ A,
we have a · d ∈ Der(A) given by (a · d)(b) = ad(b) for all b ∈ A.

Definition

A submodule-subalgebra of Der(A) is a Lie subalgebra of Der(A)
which is also an A-submodule.

Submodule-subalgebras of W1 are of the form

fW1 = f C[t]∂ = {g∂ ∈ W1 | f divides g}.

Question

When do we have fW1
∼= gW1?
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Isomorphisms between submodule-subalgebras

Question

When do we have fW ∼= gW?

Most obvious way: Take φ ∈ Aut(W1). Then fW1
∼= φ(fW1).

Note that φ(fW1) is still a submodule-subalgebra.

Conjecture

The above is the only way in which two submodule-subalgebras
can be isomorphic. In other words, if φ : fW1 → gW1 is an
isomorphism, then φ extends to an automorphism of W1.
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Goals

Conjecture

If φ : fW1 → gW1 is an isomorphism, then φ extends to an
automorphism of W1.

⇝ Submodule-subalgebras are “rigid”, i.e. their Lie algebraic
properties are controlled by W1.

Goals:

Prove conjecture.

Explain rigidity.
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Goals

Theorem (B. 2023)

If φ : fW1 → gW1 is an isomorphism, then φ extends to an
automorphism of W1.

⇝ Submodule-subalgebras are “rigid”, i.e. their Lie algebraic
properties are controlled by W1.

Goals:

Prove conjecture.

Explain rigidity.
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Idea for proof

Remove one root of f and g at a time ⇝ hope that φ extends to
an isomorphism

φ :

(
f

t − x

)
W1 →

(
g

t − y

)
W1,

where x ∈ V (f ) and y ∈ V (g).

⇝ Study one-dimensional extensions of submodule-subalgebras:

0 → fW →
(

f

t − x

)
W1 → M → 0.

⇝ Study Ext1U(fW1)
(M, fW1)), where dim(M) = 1.

Start with the easiest case: M = C.
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Derivations

Definition

A derivation of L is a linear map d : L → L satisfying the Leibniz
rule

d([x , y ]) = [x , d(y)] + [d(x), y ].

Inner derivation if d = adx , where adx(y) = [x , y ].

Fact: Ext1U(L)(C, L) ∼= H1(L; L) ∼= Der(L)/ Inn(L).

Goal: Compute H1(fW1; fW1). Equivalent to computing
Der(fW1).
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Question

What do derivations of fW1 look like?

Obvious ones: Take w ∈ W1 such that adw (fW1) ⊆ fW1. Then
adw

∣∣
fW1

∈ Der(fW1).

Question

When do we have adw (fW1) ⊆ W1?

Say w = g∂ ⇝ need [f ∂, g∂] = (fg ′ − f ′g)∂ to be divisible by f .

Lemma

Let f , g ∈ C[t] and x ∈ V (f ). If g(x) ̸= 0, then

ordx([f ∂, g∂]) = ordx(f )− 1.

In particular, [f ∂, g∂] /∈ fW1.
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Question

When do we have adw (fW1) ⊆ W1?

Answer: Need w to vanish at all roots of f ⇝ w ∈ rad(f )W1.

Definition

Let f ∈ C[t]. The radical of f is

rad(f ) =
∏

λ∈V (f )

(t − λ).

Theorem (B. 2023)

We have Der(fW1) = {adw | w ∈ rad(f )W1}. Consequently,
Der(fW1) ∼= rad(f )W1, and

dimH1(fW1; fW1) = deg(f )− deg(rad(f )).
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More general result

Submodule-subalgebras have finite codimension in W1:

dim(W1/fW1) = deg(f ) < ∞.

In fact, all subalgebras of W1 are “essentially”
submodule-subalgebras.

Theorem (Petukhov–Sierra 2017)

Let L ⊆ W1 such that dim(W1/L) < ∞. Then there exists
f ∈ C[t] such that

fW1 ⊆ L ⊆ rad(f )W1.

⇝ Extract a lot of information about subalgebras of finite
codimension from studying submodule-subalgebras.
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Even more is true: all infinite-dimensional subalgebras of W1 are
“essentially” submodule-subalgebras. Warning: Not true for the
full Witt algebra W .

Theorem (Bell–B. 2023)

Let L ⊆ W1 be infinite-dimensional. Then L is isomorphic to a
subalgebra of W1 of finite codimension.

Theorem (B. 2023)

Let L ⊆ W1 be infinite-dimensional. Then

Der(L) = {adw | w ∈ W1 such that [w , L] ⊆ L}.

In other words, derivations of L are restrictions of derivations of
W1. Consequently, Der(L) ∼= NW1(L) (normaliser of L in W1) and

H1(L; L) ∼= NW1(L)/L.
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Extensions

We just computed H1(fW1; fW1) = Ext1U(fW1)
(C,W1).

Goal: Compute Ext1U(fW1)
(M, fW1) for arbitrary 1-dimensional M.

Need to study SES of the form 0 → fW1 → X → M → 0.

Key idea: A one-dimensional L-representation is always trivial as a
representation of [L, L].

⇝ As a SES of representations of [fW1, fW1] = f 2W1, we have

0 → fW1 → X → C → 0.

This is an element of

Ext1U(f 2W1)
(C, fW1) ∼= Der(f 2W1, fW1)/ Inn(f

2W1, fW1).
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Proposition (B. 2023)

Let L ⊆ W1 have finite codimension in W1 and let L be a
one-dimensional extension of L such that the short exact sequence
0 → L → L → L/L → 0 is non-split. Then L can be uniquely
embedded in W1 such that the following diagram commutes

L W1

L

.

Proof.

View the sequence as a short exact sequence of
[L, L]-representations and use results about derivations.
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Conclusion: One-dimensional extensions of finite codimension
subalgebras L ⊆ W1 are contained in W1!

Question

Can we compute one-dimensional extensions of fW1 explicitly?

Some obvious one-dimensional extensions:

Derivations: If rad(f ) ̸= f , then take w ∈ rad(f )W1 \ fW1.
The Lie algebra fW1 ⊕ Cw is a one-dimensional extension of
fW1.

Removing roots: Suppose ordx(f ) = 1 for some x ∈ C.
Then

(
f

t−x

)
W1 is a one-dimensional extension of fW1.
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It turns out that all one-dimensional are of one of the types from
the previous slide (i.e. they come from derivations or from
removing roots).

Theorem (B. 2023)

If M ∼= W1/(t − x)W1 with ordx(f ) = 1, then

dim(Ext1U(fW1)
(W1/W1(t − x), fW1)) = 1.

In this case, the unique extension is ( f
t−x )W1.

If M ∼= C is trivial, we have

dim(Ext1U(fW1)
(C, fW1)) = deg(f )− deg(rad(f )).

Otherwise, Ext1U(fW1)
(M, fW1) = 0.
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Summary of one-dimensional extensions

Summary: One-dimensional extensions of fW1 are:

( f
t−x )W1 for x ∈ V (f ) (removing roots), or

They are contained in rad(f )W1 (derivations).

Note: One-dimensional representations of fW1 are parametrised
by Adeg(f ) ⇝ only a handful of representations give non-trivial
extensions.

Upshot: We can now prove the isomorphism theorem!
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Isomorphism theorem

Theorem (B. 2023)

Let L1, L2 be subalgebras of W1 of finite codimension. If
φ : L1 → L2 is an isomorphism, then φ extends to an
automorphism of W1.

Proof.

Enough to prove this for submodule-subalgebras, so consider
φ : fW1

∼−→ gW1. Computation of one-dimensional extensions
=⇒ φ extends to an isomorphism

φ :

(
f

t − x

)
W1 →

(
g

t − y

)
W1

for some x , y ∈ C. Continue inductively.
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Automorphisms

Notation

Letting α ∈ C∗ and x ∈ C, we define automorphisms of W1 by
ρx ;α(t

n∂) = αn(t − x)n∂.

Proposition (Rudakov 1986)

Aut(W1) = {ρx ;α | x ∈ C, α ∈ C∗} ∼= C⋊ C∗.

Corollary (B. 2023)

Let f , g ∈ C[t]. Then fW1
∼= gW1 if and only if there exist

α, γ ∈ C∗, x ∈ C such that f (s) = γg(t), where s = α(t − x).
Furthermore, the group of automorphisms of fW1 is

Aut(fW1) = {φ ∈ Aut(W1) | φ(f ∂) = αf ∂ for some α ∈ C∗}.
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Rigidity

So far, we have shown:

Derivations of subalgebras of W1 are restrictions of
derivations of W1.

One-dimensional extensions of finite codimension subalgebras
of W1 are contained in W1.

Isomorphisms between finite codimension subalgebras come
from automorphisms of W1.

Question

How can we explain the observed rigidity?
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Completely non-split extensions

Definition

We say that L is a completely non-split extension of L if L ⊆ L and
there exists a chain of Lie algebras

L0 = L ⊆ L1 ⊆ L2 ⊆ . . . ⊆ Ln = L,

where Li+1/Li is a finite-dimensional irreducible representation of
Li , and the short exact sequence

0 → Li → Li+1 → Li+1/Li → 0

is non-split.
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Proposition (B. 2023)

Let L ⊆ W1 have finite codimension and let M be an irreducible
finite-dimensional representation of L. Then dim(M) = 1.

⇝ In our case, completely non-split extensions are just repeated
one-dimensional extensions.

Theorem (B. 2023)

If L has finite codimension in W1, then W1 is the universal
completely non-split extension of L: if L is another completely
non-split extension of L, then L can be uniquely embedded in W1

such that the following diagram commutes:

L W1

L

.
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Further questions

1 Study submodule-subalgebras of Der(A) for any associative
algebra A.

2 Can we classify subalgebras of W like we did for subalgebras
of W1?

3 What is the injective hull of W1? Is it Der(C(t)) = C(t)∂?
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