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Overview of Mathematical Population Genetics

Goal of population genetics: understand the factors, such as mutation and
natural selection, that cause genetic variability.

Mathematical population genetics:
1. Develop mathematical models for how populations evolve.
2. Observe DNA of individuals at the present time.

3. By comparing observations to predictions of the model, draw inferences
about evolutionary history of the population.

Coalescent theory: take a sample from the current population, trace ancestral
lines backwards in time.



The Wright-Fisher Model

One of the earliest models in population genetics, goes back to Fisher (1921) and
Wright (1930).

» The population has fixed size 2.

» Generations do not overlap.

» Each member of the population has one parent, chosen at random from the
individuals in the previous generation.

O O generation k
generation k + 1
Members of population can be viewed as individuals in a haploid population or as
chromosomes in a diploid population.



Partitions of a set

A partition of a set S is a collection of disjoint subsets B; of S such that
s =5

The sets B; are called blocks of the partition. Blocks of a partition of size 1 are
called singletons.

If 7 is a partition, write i ~, j if i and j are in the same block.
Let #m denote the number of blocks in .

P = set of partitions of the positive integers.
P, = set of partitions of {1, ..., n}.

If 7 € Py, of m € P,, with m > n, then R,m € P, is the restriction of 7 to
{1,...,n}, which means i ~g . j if and only if j ~, j.

Example: 7 = {{1,3,4,7,8},{2,5,9},{6}},  Rsm = {{1,3,4},{2,5}}



Ancestral Processes

Sample n individuals at the present time (generation 0).

Let Wy(k) be the partition of {1,...,n} such that i ~y, ) J if and only if the
ith and jth sampled individuals have the same ancestor in generation —k.

O O Wn(4) = {{1,2,3,4}}
Wn(3) = {{1,4},{2,3}}
Wn(2) = {{1,4},{2,3}}
Wn(1) = {{1}, {23}, {4}}
Wn(0) = {{1}, {2}, {3}, {4}}



Merging of two ancestral lines

Consider two individuals in generation 0. The probability that they have the same
parent is 1/2N.

Let T be the number of generations we have to go back before they have the

same ancestor. Then .
1
P(T>KkK=(1——].
(7> = (1 5y)

In particular,

1 [2Nix |
P(T > 2Nx) = (1 - W) ~e .

T /2N has approximately an exponential distribution with rate 1.

The probability that three randomly chosen individuals in a given generation all
have the same parent is 1/(2N)?, so it is unlikely that three or more ancestral
lines will merge simultaneously.



Kingman's Coalescent (Kingman, 1982)

Continuous-time Markov chain (M,(t), t > 0) with state space P,.

Here IM,(0) consists of n singletons. Any transition that involves merging two
blocks into one happens at rate 1. No other transitions are possible.

For &,m € P, write £ < n if ) is obtained by merging two blocks of £. The

transition rates are: ]
D N R
q(&,n) = { 0 otherwise

When there are k blocks, the distribution of the time until the next merger is
exponential with rate k(k — 1)/2. Then two randomly chosen blocks merge.

One time unit in Kingman's coalescent corresponds to 2/ generations in the
Wright-Fisher model.



A Limit Theorem

Theorem (Kingman, 1982): Suppose a population evolves according to the
Wright-Fisher model with population size 2N. Sample n individuals at random
from the population in generation zero. Let Wy (k) be the partition of {1,...,n}
such that / ~y,(x) j if and only if the ith and jth sampled individuals have the
same ancestor in generation —k. Let (M,(t),t > 0) be Kingman's coalescent.
Then, as N — oo,

(Wn(|2Nt]),t > 0) = (M,(t), t > 0).
Here = denotes convergence in the sense of finite-dimensional distributions.

Remark: Kingman's coalescent arises in the limit in a wide range of neutral
population models in which family sizes are not too large (M&hle, 1998).



Kingman's Coalescent: time back to the MRCA

If we start with a sample of size n, how far back in time do we have to go to find
the most recent common ancestor (MRCA) of the sampled individuals?

Let Sk be the time to go from k lineages to kK — 1. The time back to the MRCA is
Tn:5n+5n—1+"'+52-

We have
E[T,)=E {Zsk}:ZE[Sk]:éﬁ: "2 (%_%)
2

(DG ) (D)

The average time back to the MRCA of 1,000,000 lineages is less than twice the
time back of the MRCA of 2 lineages.




Genetic data from sampled individuals

QO hwn

2 3 4 5

AGGTCTGAACTGTTGA
AGGTCTGAACTGTTGC
AGGTCTGAACTGTTGC
CGGTCTGAACTGATGC
CGGTCTGAACTGATGC
AGGTCTGAACTGATGC



Branch lengths and the site frequency spectrum

AN/

1 2 3 4 5 6

Let M¥ = number of mutations inherited by k sampled individuals.
The numbers (ML, ... M"1) are called the site frequency spectrum.
Example: M} =3 M2 =1 M3 =2.
Let L% = total length of branches supporting k leaves

(k = 1: blue; k = 2: orange; k = 3: red)
If mutations appear at constant rate v along each lineage, then the conditional
distribution of M* given LX is Poisson(vLk).



Branch lengths for Kingman's coalescent

Let L, =L} +---+ L7071 =37, kSi be the total tree length. Then
E[L,,]_ZkE[Sk]—Zk Zk_ ~ 2log n.

Theorem (Fu, 1995) For k =1,...,n— 1, we have E[LX] = 2/k.

Theorem (Dahmer and Kersting, 2015). Let px = 2/k. For any K € N, as
n — oo,

n
<L :ulen M27"'7LK :uK) = N(07IK)
4logn



Coalescents with multiple mergers (A-coalescents)

Introduced by Pitman (1999), Sagitov (1999), and Donnelly and Kurtz (1999).
More than two ancestral lines can merge at a time.

1 2 3 4 5

Applications of coalescents with multiple mergers:
» Large family sizes (many lineages trace back to an individual with large
number of offspring).
» Natural selection (many lineages trace back to an individual who got a
beneficial mutation).



Definition of the A-coalescent

Let A be a finite measure on [0, 1].
The A-coalescent is a continuous-time P,-valued Markov chain (I1,(t),t > 0).

Here IM,(0) consists of n singletons. When there are b blocks, each k-tuple
(2 < k < b) of blocks merges at rate

1
hosc= [P L= p) ().
0

Examples:
1. If A= 9o, then A\px = L4—p. This is Kingman's coalescent.
2. If N =4y, then A\px = L4_p. All blocks merge after an Exponential(1) time.
3. The process (IM,(ct), t > 0) is the cA-coalescent.



A Poisson process construction

Let m be a partition of {1,...,n} into b blocks By, ..., B,. Let p € (0,1]. A
p-merger of 7 is obtained as follows:

> Let &,...,& beiid. with P(§;=1)=p, P(§=0)=1—p.
» Merge all of the blocks B; such that & = 1.

Write A = adg + Ao, with Ag({0}) = 0. Two types of transitions:

» Each pair of lineages merges at rate a.
» Construct a Poisson point process on [0, 00) x (0, 1] with intensity

dt x p~—*No(dp).
If (t,p) is a point of this Poisson process, then a p-merger occurs at time t.

We recover

1
dosc= [ pFEL 0 M)
0



Heavy-tailed offspring distributions

Consider the following population model:

>
>
>

>
>

The population has fixed size N.
Generations do not overlap.

Numbers of offspring L, ..., Ly of the N individuals are i.i.d. positive
integer-valued random variables.

We have P(L; > k) ~ Ck=®, where o > 0 and E[L;] > 1.
Obtain the next generation by sampling N offspring without replacement.

Sample n individuals in generation 0.

Let Wy (k) be the partition of {1,..., n} such that i ~y, ) Jj if and only if the
ith and jth sampled individuals have the same ancestor in generation —k.



Genealogy of the population

Theorem (Schweinsberg, 2003): As N — oo,

» If a > 2, the processes (Wn(|t/cn]), t > 0) converge to Kingman's
coalescent. When o > 2, we have ¢y ~ O'Q/N, where o2 is the variance of
the number of surviving offspring.

> If 1 < o < 2, the processes (Wy(| CN“71¢t]), t > 0) converge, for some
constant C, to the A-coalescent, where A is the Beta(2 — a, ) distribution
(beta coalescent).

» If @ =1, the processes (Wn(|(log N)t]),t > 0) converge to the
N-coalescent, where A is uniform distribution on (0, 1), called the
Bolthausen-Sznitman (1998) coalescent.

> If 0 < a < 1, the processes (Wn(k))52, converge to a discrete-time limit.



ldea of the proof (1 < o < 2)
Let u = E[L;] be the mean of the offspring distribution.
We get a p-merger with p > x if

L X
> — L>— N
L—I—NM_X —1—x .

The probability of such a family in a given generation is

NP(LZIX -NM)NNC( X -Nu) .

— X 1—x

The rate of such mergers in the Beta(2 — «, a)-coalescent is

a2 e e ()




Properties of Beta(2 — o, av)-coalescents, 1 < v < 2
When there are b blocks, the total merger rate is

b
b 1
Ab:Z(k)Ab,war—w)b, as b — .

k=2

The probability that the next merger involves k blocks is
b )\bk « F( —Oé)
— — . = b — oo.
(k) % 2—a ko Sk asbmec
Expected number of blocks lost during next merger converges to
° 1

D (k=16 = ——.
k=2
Approximation for total branch length:

" - 1r
e (a—1) Zb)\ '~ (a— 1)/0 al (a)x' ™ dx = w#a.




Branch lengths for Beta(2 — «, a)-coalescents, 1 < o < 2
Theorem (Berestycki, Berestycki, and Schweinsberg; 2008): We have

L, ala— 1) («)
o P 2—a

Theorem (Berestycki, Berestycki, and Schweinsberg, 2007): For all positive

integers k,
L_ﬁ R (2—a)l(k+a-—2) .,
L, »  T(a—1)k Fok
Remarks:
> a,=2—q.

» a ~ Ck* 3 as k — 0.
» For Kingman's coalescent, E[LX] = 2/k, which corresponds to o = 2.

» Birkner, Dahmer, Diehl, and Kersting (2024) showed that the asymptotic
joint distribution of (L1, ..., LK) is a multivariate stable law of index a.



Branch lengths for the Bolthausen-Sznitman coalescent
We have

b b
Mk =" k=2,...,b.
(k> Y k(k=1) o

Theorem (Drmota, lksanov, Mohle, Rosler; 2007): We have
log n

Ly, —p 1,
and the asymptotic distribution of L, is a stable law of index 1.

Theorem (Basdevant and Goldschmidt, 2007; Diehl and Kersting, 2019):
Iogn

LD —, 1.

Also, for k > 2,
(logn | 1
n P k(k—1)



The A-coalescent started with infinitely many blocks

Suppose m < n. If (M,(t),t > 0) is a A-coalescent with state space P, and
My(t) = RuMa(t), then (M,(t), t > 0) is a A-coalescent with state space Pp,.

Consistency condition: Ay x = App14 + App1 ks for 2 < k < b.
By Kolmogorov's extension theorem, there is a P,.-valued Markov process
(Muo(t), t > 0) such that for all positive integers n, the process (R,M(t),t > 0)

is a A-coalescent with state space P,.

The process (Mo (t), t > 0) is also called a A-coalescent.



Coming Down from Infinity

Definition: Suppose ., is a A-coalescent. If #[1(t) = oo for all t > 0, then
we say the process stays infinite. If #(t) < oo for all t > 0, then we say the
process comes down from infinity.

Theorem (Pitman, 1999): If A({1}) = 0, then the A-coalescent either comes
down from infinity almost surely or stays infinite almost surely.

Let T, be the first time 1,...,narein one block, so 0 < Th < T3 < ... 1 T4.
If T < 00, then all positive integers are in the same block after time T.

For Kingman's coalescent, recall that
"B\ ! 2
E[T,] = =2 - -
m=3(;) 23
b=2
which implies that E[T,] =2 and T, < o0 as.

Thus, Kingman's coalescent comes down from infinity.



A necessary and sufficient condition

For a A-coalescent, the sum >"}_, A\, overestimates E[T,].

Let 7, be the rate at which the number of blocks is decreasing:

o300

k=2

Theorem (Schweinsberg, 2000): Suppose A({1}) = 0. Then the A-coalescent
comes down from infinity if and only if

e¢]
Z’ytjl < 00.
b=2

The Beta(2 — a, a)-coalescent comes down from infinity when 1 < av < 2.

The Bolthausen-Sznitman coalescent stays infinite.



Continuous-time Galton-Watson processes

Definition: Let (px)?2, be a sequence of nonnegative numbers such that
Zf’zo px = 1. Consider a population with the following properties:
» There is one individual at time zero.
» Each individual lives for an exponentially distributed time with rate .
» When an individual dies, it has k offspring with probability py.
» The numbers of offspring of different individuals are independent.

Let Z(t) be the population size at time t. Then (Z(t),t > 0) is a
continuous-time Galton-Watson process with offspring distribution (px)52,.

Let L be a random variable such that P(L = k) = p, for k =0,1,2,....

Let m = E[L]. We say the process is subcritical if m < 1, critical if m =1, and
supercritical if m > 1.

Theorem: P(Z(t) =0 for some t) =1 if and only if m <1 and p; # 1.



Limit theorems
Theorem: Consider a continuous-time Galton-Watson process (Z(t),t > 0)
with m =1 and 02 = 3Var(L) € (0,00). Then
» (Kolmogorov, 1938): As t — oo, we have

2
P(Z(t) >0) ~ —-.
(2(t) > 0) ~ 5
» (Yaglom, 1947): As t — oo, the conditional distribution of t71Z(t) given
Z(t) > 0 converges to Exponential(2/5?).

Note that E[Z(t)] = e*(m~Vt. Therefore, (e #(m=1tZ(t),t > 0) is a
nonnegative martingale.

Theorem (Kesten and Stigum, 1966): Suppose 1 < m < oc.
lim e P VtZ(t) =W as.

t—o00

If E[Llog™ L] < oo, then W > 0 almost surely on nonextinction.



Birth and death processes

Yule Process: Each individual gives birth at rate A, and there are no deaths.
Thatis, 3=\, po = 1. Then E[Z(t)] = e and

P(Z(t) = k) = e M(1 — e )1, k=1,2,3,....
That is, Z(t) has a Geometric(e~*) distribution.
Also, e M Z(t) — W, where W ~ Exponential(1).
Birth and death process: Each individual gives birth at rate A, dies at rate p.
Thatis, =X+ p, po = p/(A+ u), p2 = N/ (A + p). Then
1

a(t) = P(Z(t) > 0) = 1T

A — Me—(A—M)t

ifA=p

otherwise,

Conditional on Z(t) > 0, the distribution of Z(t) is Geometric(q(t)e~ (1)),



Reduced branching processes

Let (Z(t),t > 0) be a continuous-time Galton-Watson process.

Fix T > 0. Let Y(t) be the number of individuals at time ¢t that have at least
one descendant alive at time T. Then (Y(t),0 <t < T) is called a reduced
branching process.

If we are interested in the genealogy of a sample of individuals taken at time T,
then it suffices to consider the reduced branching process.

A reduced branching process is a continuous-time branching process with no
deaths. The process is not homogeneous in time.

Starting the reduced branching process started from Y(0) = 1 conditions the
process on survival until time T.



Offspring distribution for the reduced branching processes

Consider an individual at time T — s in the reduced branching process. We want
to find the probability that this individual has k offspring before time T — s + h.

Consider an individual in the original branching process at time T — s.

Let A be the event that this individual has descendants alive at time T.

Let B, be the event that this individual dies between times T —sand T — s+ h,
and produces k offspring that will have descendants alive at time T. Then

P(ANB)  P(B)
P(A)  P(A)

PR LAR ij() “(1- q(s)) ",

Rate at which an individual in the reduced branching process has k offspring is:

s)f” IZPJ< ) 1-q(s)y "

P(Bk|A) =



The mean one, finite variance case

Suppose s is large. Suppose E[L] =1 and 0 < Var(L) < oc.
Rate at which individual in reduced branching process has k = 2 offspring is:

salsf Y pi(} )@ - oy
= a()Yp 10—y

Rate of producing k > 3 offspring is much smaller when s is large.



The large T limit in the mean one, finite variance case

For 0 <t <1, let Y5(t) = Y(tT), the number of individuals at time tT with
descendants alive at time T. Let T — oc.

Each individual at time t is splitting at rate

1 1
T. - .
T—tT 1-¢

The probability that an individual at time zero splits before time u is

([ ) -

(Zubkov, 1975): The first split time is Uniform on (0, 1).

An individual born at time t splits at a time that is uniform on (¢, 1).
That is, it lives for time (1 — t)U, where U ~ Uniform(0, 1).



A time change

Consider the time change 7 : [0,1) — R™ given by 7(t) = — log(1 — t).
After this time change, each individual splits at rate 1.

0 0

t— —log(l—t)

Theorem (Fleischmann, Siegmund-Schultze, 1977): Suppose E[L] =1 and

0 < Var(L) < oo. Let (X(t),t > 0) be a Yule process with A = 1. Conditional
on Zr > 0, we have (Y5(t),0 <t <1)= (X(—log(l—1)),0<t<1)inthe
sense of finite-dimensional distributions as T — oo.

Remark: This result connects the exponential limit law for critical
Galton-Watson processes to the exponential limit law for the Yule process.



The nearly critical case (O'Connell, 1995)

For each T > 0, let (Z7(t),t > 0) be a continuous-time branching process with

g=1, E[LT]:1+%—|—0<%), Var(LT):02+o(%>,

where 2 € R\ {0} and 0 < 02 < co. Then:
» As T — oo, we have
a 2

1—e2 02T

» As T — oo, the conditional distribution of T~1Z+(T) given Z¢+(T) > 0
converges to Exponential(2ae2/(02(1 — e7?))).

» Conditional on Z7(T) > 0, the scaled reduced branching processes
(Y5(t),0 < t < 1) converge to a limit (X(t),0 < t < 1), which is a pure
birth process whose birth rate at time t is

a 1
T l-e? 1—¢

P(Zr(T) > 0) ~

At)




The heavy-tailed case with 1 < o < 2

Definition: A function ¢ is slowly varying at infinity if for all x > 0,
14

lim (&)

t—00 é(t)

Suppose E[L] =1 and P(L > k) = k=*{(k), where 1 < a < 2 and / is slowly
varying at infinity. Note that the offspring distribution has infinite variance.

=1

Theorem (Zolotarev, 1957; Slack, 1968): As t — oo, we have

q(t) == P(Z(t) > 0) ~ %7

where (* is a slowly varying function. As t — oo, the conditional distribution of
q(t)Z(t) given Z(t) > 0 converges to the distribution of S, which satisfies

E[ef/\S] —1— (1 + )\7(0471))71/(0471)'



Reduced branching process when 1 < @ < 2

Suppose E[L] =1 and P(L > k) = k=*{(k), where 1 < o < 2 and / is slowly

varying at infinity.

The reduced branching process can be constructed as follows (Yakymiv, 1980):
» Begin with one individual at time zero.

» Each individual at time t branches at rate 1/(1 — t). That is, an individual
born at time t splits after times (1 — t)U, where U ~ Uniform(0, 1).

» When an individual branches, it has k offspring with probability

a-—a)3—a)...(k—1—a) « .I'(k—oz)‘

k! r2—a) Kl

After a time change t — —log(1 — t), this is a branching process with g = 1.

Note (Sagitov, 1999): This is the same as (x for the Beta(2 — «, a)-coalescent,
the limit as b — oo of the probability that the next merger involves k blocks.



Explaining the offspring distribution

For large t, if an individual has yq(t)~* offspring, the number with descendants
that survive until time t will have approximately a Poisson(y) distribution.

The rate at which an individual has more than yq(t)™! offspring is approximately
y~q(t).

Differentiating with respect to y, the rate at which an individual has yq(t)™!

offspring is proportional to y =71,

We have

> —a—1 e—yyk _F(k—a)
/oy TR YT



The heavy-tailed case with v = 1 (Lageras and Sagitov, 2008)
Suppose E[L] =1 and P(L > k) = k~tlog(k)~~"{(log k), where 3 > 0 and / is
slowly varying.

Theorem: There are slowly varying functions ¢ and ¢* such that
P(Z(t) > 0) = exp ( — tV/ (1))

and
Jim P(e*(t)rWHW log Z(t) < x| Z(t) > o) —1—exp(—x™).
The reduced branching process can be constructed as follows:
» Begin with one individual at time zero
» An individual born at time t branches after time (1 — t)V/, where
P(V < x) = x%/0+8) for 0 < x < 1.
» An individual that branches has k offspring with probability 1/(k(k — 1)),
which matches the Bolthausen-Sznitman coalescent.

This is time homogeneous after the time change t — —% log(1 — t).
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Another construction of the Yule process

Let (Z(t),t > 0) be a Yule process started from Z(0) = 1 with no deaths in
which each individual gives birth at rate A\. Then

_k /\t )\tkl k_1,2,3

AL

We can construct a Yule process as follows:
1. Begin with one individual at time zero, draw a line to time T.
2. Search for branchpoints, starting at time T and working backwards.
3. When a branchpoint is found, draw a line from the branchpoint to time T.
4. Repeat until there is no branchpoint.
5. At each step, the probability that there is no branchpoint is e

—AT



The coalescent point process (CPP)
Goes back to Popovic (2004), Aldous and Popovic (2005).
T

0 1 2 3 4 5 6 7 8
Let Hi, H,, ... be i.i.d. Exponential(}\).

Draw a vertical line on the left of height T. Draw vertical lines of heights
Hy, H, ..., then draw a dashed line to the left, stopping when it hits a vertical
line. Stop when we reach some H; > T.



Generalizations and Consequences

Consider a branching process (X(t),t > 0) in which:
» Individuals give birth at time t to one offspring at rate A(t).
» An individual born at time t has probability g( T — t) of having a descendant
alive at time T.
Note that the death rate (but not the birth rate) may be age dependent.

Lambert and Stadler (2013): The reduced tree (subtree consisting of individuals
with a descendant alive at time T), conditioned on survival until time T, is a
CPP with ;
P(H; > t) = exp < — / A(s)g(T —s) ds).
T—t
» We can construct the tree conditional on X(T) = n by choosing
Hf, ..., H:_; from the conditional distribution of H; given H; < T.

n

» Conditional on X(T) = n, the n — 1 coalescence times are i.i.d.



Sampling each individual independently with probability y

L He

0 1 2 3 4 5 6 7 8
If we sample / and j but not i +1,...j — 1, replace H; by max{Hy1,..., H;}.

Stadler (2009), Lambert and Stadler (2013): If each individual is sampled with
probability y, the genealogical tree is a CPP with HY having the distribution of
max{Hy, ..., Hg}, where G ~ Geometric(y).



Taking a sample of fixed size n (Lambert, 2018)

Consider a population whose size has a Geometric(p) distribution, conditioned to
be at least n.

To sample n individuals from this population:

» Choose Y to have density on (0, 1) given by

_ npy"”
(e e ) )

» Conditional on Y = y, sample each individual independently with probability
y and condition on getting a sample of size n.

Using a coalescent point process, we know how to sample each individual with
probability y, and how to condition a population to have size n.



Explanation of the sampling procedure

Given Y =y, construct together the population and the sample. At each step:
» Stop with probability p.
» Add a sampled individual with probability y(1 — p).
» Add an unsampled individual with probability (1 — y)(1 — p).

To condition on getting sample size n, let g =1 — (1 — y)(1 — p). At each step:
» Add an unsampled individual with probability 1 — q.
» With probability g, add a sampled individual if there are fewer than n

previous sampled individuals, otherwise stop.

The population size X has a shifted negative binomial distribution:

m —n
Px=miy =) = (T)ea-arr mza

Integrating over y, the population size is geometric conditioned to be at least n:

POC=m) = [ HPX=mlY =) dy = pL=p)" ", m>n



The critical birth and death process

Consider the birth and death process with A = p1. Recall that
1

a(t) = P(Z(1) > 0) = .

We have
T t 1
P(H; > t)zexp(—/T_tAq(T—S) d5> Zexp(—A/O q(s)ds) T 1A

When each lineage is sampled with probability y,

P(H, > t) o 1
P(H; > t)+yP(H; <t) 1+y\t
Density of H"* (H? conditioned to be less than T) is

yA 1 14+ yAT
ho(t) = - _ t< T
v(t) Aty P <T) Tty 0°fF

P(H! > t) =




The final sampling formula: critical case
Consider a birth and death process (Z(t),t > 0) started with one individual at
time 0. Suppose A = p.

Lambert (2018): The genealogical tree of a sample of size n at time T,
conditioned on Z(T) > n, is given by the following CPP:

1. Choose Y to have density on (0, 1) given by
n—1 1

npy _
P=1 T

(1-(1-p)A-y)mt

2. Conditional on Y =y, let H"*,... HY™ be i.i.d. with density on (0, T):
14+ yAT

h(t) = =———F.

() T(1+4 yAt)?

faly) =

Harris, Johnston, and Roberts (2020) obtained the same formula for the joint
distribution of coalescence times using spines and a change of measure.



The final sampling formula: subcritical and supercritical cases

Consider a birth and death process (Z(t),t > 0) started with one individual at
time 0. Each individual has birth rate A and death rate u, with r = A — pu # 0.

Lambert (2018): The genealogical tree of a sample of size n at time T,
conditioned on Z(T) > n, is given by the following CPP:
1. Choose Y to have density on (0, 1) given by
npynfl B refrT
A-=-pa-yy™ A= T

2. Conditional on Y =y, let H"",... H™ be i.i.d. with density on (0, T):

fa(y) =

N S G2

hy( ) 1— e T (y)\+ (r _y)\)e—rt)z.

Harris, Johnston, and Roberts (2020) obtained the same formula.



Next steps

For a subcritical, critical, or supercritical birth and death process started with one
individual, we can construct the exact genealogy of a sample of size n at time T,
conditional on Z(T) > n.
We will use these formulas to:

» Compute the limit in the critical case as T — oo.

» Compute the limit in the supercritical case as T — oo and n — .

» Obtain results for the branch lengths and site frequency spectrum.

» Consider an application in the supercritical case.



Critical case: limit as T — o0
Consider a birth and death process (Z(t),t > 0) with A\ = p.

Condition on Z(T) > n, choose n individuals at random at time T, and let
Hi1,...,Hno1,7 be the coalescence times.

Theorem (Harris, Johnston, and Roberts, 2020) As T — oo, the joint density of
(T™*Hy7,..., T"*H,_1 1) converges to

n—1 n—1

*  nq l+gq
Flty, ... t, 1) = — . |]—"= dg
(17 ) 1) /0 (1+Q)n+1 H(1+qt,)2 q

i=1

n—1

Note: To arrive at this density, let @ have density
nq

fo(q) = W,

which comes from letting @ = ATY and letting T — oo. Conditional on Q = q,
let Hy,...,H,_1 have density fy(t) = (1 +q)/(1+qt)?, 0<t<Ll

0<qg< oo,



Critical case: limit of the entire population

Consider the critical case with A = p. Recall P(H; > t) = 1/(1 + At).
Consider the point process consisting of the points (i/(AT), H;/T).

1

0 ,.TJTTs TTJTTML,.T 't

Expected number of points in [0, 1] x [t,0) is

1 1
AT - — = T — oo.
1+ AT >
The limit is a Poisson point process © on R™ x R with intensity

t=2 ds dt,

called the Brownian coalescent point process (Popovic, 2004).



Connection with reduced trees and Yaglom limits

1+

U%
T
0 ,.(s ﬂr mﬁm \,,T tt

w

Recall: intensity of the Poisson point process © is t~2 ds dft.

Population size is W = inf{s: 3(s, t) € © with t > 1} ~ Exponential(1),
consistent with Yaglom's limit theorem.

Each “interval” at height r represents an individual in reduced tree at time 1 — r.
We recover the reduced tree, and the number of descendants of each individual.

Let U = max{t: 3(s,t) € © with s < W}. Then P(U < x) is the probability
the first point above x is above 1, which is 1/(1/x) = x, so U ~ Uniform(0, 1).



Obtaining the sampling formula from the Brownian CPP
Let Q have density fo(q) = ng"1/(1+ q)™"!, 0< g < oo,
Conditional on @ = g, sample points from a rate g Poisson process.

To condition on getting a sample of size n, sample the first n points of a rate
1+ g Poisson process, and stop at the (n + 1)st.

Call these points Uy, Us, ..., U1 Let W = U,41.
Conditional distribution of W given @ = g is Gamma(n+ 1,1+ q), so

0o n—1 n+1,n,—(14+q)x
_ nq (1+4q)" x" _ ox
fW(X)_/o (1+q)t ! dg=e”, x>0

Fori=1,...,n—1, let H; = max{t: 3(s,t) € © with U; < s < Ui1}. Then
1+g

(1+q)+ (1 -1)

Differentiating gives the same conditional density as before.

P(H; <t|Q =q) =



The supercritical case: limit as T — oo
Consider a birth and death process with A > . Let r = A — p.
Exponential growth leads to a star-shaped tree with long external branches (blue).

Supercritical case Critical case

1 2 3 4 5 1 2 3 4 5
As T — 0o, we can take the limit of T — H; rather than T1H;:
1. Let Q have density fo(q) = ng"1/(1+ q)""!, 0< g < oo.
2. Conditional on Q@ = q, let Us,..., U, be i.i.d. with density

g+1 e
g (IT+e)”
3. Let Hi=T — 1(log Q + U;).

—logg < u < o0.



Supercritical case: the T — oo and n — oo limit

Let T — o0, and then let n — co. We can approximate the genealogical tree of
a sample of size n at time T, conditional on Z(T) > n, by the following CPP:
1. Let W ~ Exponential(1).

2. Let Uy, Uy, ..., U,_1 bei.i.d. logistic, with density on R given by
eU
flu)= —.
W)= GTrey

3. Fori=1,...,n—1, let
1
H; = T—;(|og(1/W)+|ogn+ U,->.

We expect Z(t) ~ We™ for large t, so the time it takes for the population to
reach size n is approximately X(log(1/W) + log n).

Ignatieva, Hein, and Jenkins (2020) used a random time change to show that the
coalescence times are well approximated by i.i.d. logistic random variables.



Internal and External branch lengths from the CPP

T

0 1 2 3 4 5 6 7 8
For 1 <i<n—2, we have L") = (H; — Hiy1)" and L = min{H;, Hi1}.

n—2 n—1

in __ in ex __ ex

We have L = g L7, and L7 = g L7
i=0 i=0



Approximate Moments for Internal Lengths

Recall that

1 - 1
Hi=T— 7<Iog(1/W) + log n + Ui>, Ly, = (Hi— Hipa)" = ;(Ui+1 - U)*.

We have E[(UiJrl — U,')+] = 1, SO
n—2 n
E[LM=E| Y L ~-.

One can also estimate Var(Lj",) and Cov(L}", L{}, ) by making calculations
involving two or three logistic random variables. This leads to

Var(L") ~ —

r2’

Asymptotic normality follows from the m-dependent CLT.



A Limit Theorem for Internal Lengths

Consider a sequence of processes and write A, tin, rh, Th.

Theorem: (Johnson, Shuai, Schweinsberg, Curtius; 2023): Suppose

lim ne ™7 = 0.
n—o0

Then as n — oo, ,

o

;L:.’n —)p 1.
If the stronger condition

lim n®2(log n)e="T" =0
n—oo

holds, then as n — oo,

rn : n
L"—— ) = N(0,1).
ﬁ(” rn> o1



A Limit Theorem for External Lengths

Recall that 1
H=T,— r—(log(l/W)—i—Iogn—l— U,-).

n

We have L = min{H;, H;;1} and E[max{U;, Uj;1}] = 1.

Because the coalescent tree is nearly star-shaped, we expect LSX ~ nT,.

Theorem: (Johnson, Shuai, Schweinsberg, Curtius; 2023): Suppose (1) holds.
Let W have an Exponential(1) distribution. Then as n — oo,

%’Lﬁx — (raTo—logn—1) = log W.



Site Frequency Spectrum from the CPP

T

0 1 2 3 4 5 6 7 8

Lll-(’n = (min{H,-, Hi+k} — max{H,-H, Cey H,'+k,1})+, 1 < i <n-— k—1
LE = (He — max{Hy, ..., Hi1})"
L5 = (Hook —max{Hy 1, ..., Hon}) "

n—k,n



Expected Site Frequency Spectrum from the CPP
Lf'(,n = (min{H,-, H;+k} — max{H,-+1, cee H,'_H(_l})Jr, 1 S ] S n—k-—1
LS, = (He —max{Hu,...,Hio1}) " L = (Hook — max{Ho_s—1,. .., Ho1}) "

Let F(x) = P(H; < x). Thenfor 1 <i<n—k—1,
E[L/I'(,n] :/ P(maX{HH-la oy Hipka} < x < min{H;, Hi+k}) dx
0
_ / FO)1(1 — F(x))? dx.
0
Theorem (Lambert, 2009): For any CPP, we have
E[LY] = / FO0* ((n— k= 1)(1 — FO)P +2(1— F(x))) dx.
0

Further asymptotics: Champagnat and Lambert (2012, 2013), Champagnat and
Henry (2016), Delaporte, Achaz, and Lambert (2016).



Supercritical case: site frequency spectrum

Theorem (Durrett, 2013): Fix 2 < k < n—1. Then as T — oo, we have

1

E[LY] - = P

E[L}] ~ nT.

To use the limiting CPP, recall H; — H; = %(U,- —Uj),soforl1<i<n—k-—1,

1 o0
E[LF,] = 7/ P(Uj, Uik < x < Uitq, .., Uipo1) dx

[e.e]

1 /°° e \2/ 1 \*! 1
_Z dx = —— .
r)_ oo \1+ e~ 1+ e rk(k — 1)

The covariance computation is more complicated.
Asymptotic normality of LX follows from the m-dependent CLT.




Asymptotics for the site frequency spectrum

Theorem (Schweinsberg and Shuai, 2023): Suppose (1) holds. Fix k > 2. As

n — oo,
1

P k(k—1)
Suppose (2) holds. Fix K > 2. For k =2,3,... K, let

I,
Lk
n

n

M= k(k — 1)

As n — oo,
rl‘l

/n

A complicated but explicit formula can be obtained for the covariances V.

(Lf, gy LK —w) = N(0, V).



Site frequency spectrum in real data sets

We have data on 42 clones (20 malignant) from four papers on blood cancer:
Fabre et al (2022), Williams et al (2022), Van Egeren et al (2021),
Mitchell et al (2022).

We estimated LK /L™ for the 42 data sets, compared to 1/(k(k — 1)).

k Observed Predicted
2 472 .500
3 173 167
4 .081 .083
5 .063 .050
6 .046 .033
7 .034 .024
8 .020 .018
9 .015 .014
10+ 102 110



Change of Measure (Harris, Johnston, and Roberts, 2020)

Consider a continuous-time Galton-Watson process (Z(t),t > 0) in which each
individual dies at rate (5 and is replaced by k offspring with probability py.

Let N; be the set of individuals alive at time t.
Write v < u if v is an ancestor of w.
Let L, be the number of children of the individual u.

Add n distinguished lines of descent, called spines, to the Galton-Watson tree:
» The individual at time 0 has n marks labelled 1,..., n.

» When an individual carrying marks dies and gets replaced by k > 2 offspring,
each mark independently chooses an offspring at random to follow.

» When an individual dies and gets replaced by 0 offspring, all of its marks die.

Let & be the individual carrying the mark / at time t.
Let /' be the o-field generated by the tree and n marks.
Let F? be the o-field generated by the tree.



Defining the measure @
We want to think of the n spines as the ancestral lines of n sampled individuals
at time T. However:

» Some marks may die.
» Some marks may stay together until time T.
» Individuals are not equally likely to carry marks. If u € N7, then

=11

v<u

We define a new measure @ such that

Q 1 dQ
dP |, E[(Z(T)) Lig, #’vl;@}HHLv’ aP| .

i=1 y<gh T

(Z(T)n
EN(2(T))al

where (m), = m(m—1)(m—2)...(m—n+1).

Under @, all subsets of n individuals at time T equally likely to carry the n marks.



Behavior of the process under @

Consider the process under the new measure Q.
Let m =), {p; be the mean of the offspring distribution.

Under Q, a non-spine particle (particle carrying 0 marks) behaves as under P. It
dies at rate 3, and when it dies, it gives birth to ¢ particles with probability p,.

Under Q, a spine particle with k marks at time t:
» Gives birth to ¢ non-spine particles at rate m#3 - m~1{p,. Births to non-spine
particles occur at rate m{3, and the offspring distribution is size-biased.

» Suppose ¢ > 2 and ay, ..., a, are nonnegative integers, b > 2 of which are
nonzero, such that Zle aj = k. The spine gives birth to ¢ offspring, with
ai, ..., a; marks following these offspring, at rate

Bpe- (s T 3



Behavior of the spines under P

Let N be the collection of all n-tuples u = (us, ..., u,) of particles at time T.
Let f be a function defined on genealogies of n-tuples of particles. We want to

find
ey, 2ol =)

Write 7 = (€4, ...,€7). Because, under @, all n-tuples are equally likely to
carry the marks, on {Z(T) > n} we have

Eq[f(&r)| F7] = ﬁ Zj\; f(u).
Therefore,

K Z f(u )]l{z r)>n}] -~ E[EQ[ (5T),;gu{2m2n}}

ueN?y



Continuing the calculation

We have
E {(ﬁ ZN f(U))]l{Z(T)zn}:| = E[EQ [f(fT)"FOT]]l{Z(T)Zn}}
- | ot g rieni )|
- (Tl 5]
Therefore,
dlE PUCUE o| = ezt & )

We can use this formula to make calculations for the genealogy of the sample.



The case of birth and death processes

Let 11, ...,1,_1 be the spine splitting times.
Let hg be the density of 1, ...,1,_1 under Q.
The density f(t1,. .., t,) under P of the coalescence times of a sample of size n is

E[(Z(T))) 1
PZ(T) = nyolf o m)Eo [(zm)n

If N is any positive integer valued random variable, then

el g ey

so we need to find Eg[e?(D |y = t1,..., ¢ 1 = to_1] dx.

Harris, Johnston, and Roberts (2020) obtain the same formula for the
coalescence times as we obtained from the CPP.

¢1:t1,...,¢n_1:tn_1 .

Individuals are not ordered, but we merge two randomly chosen lineages at every
coalescence time.



A Convergence Theorem

Theorem (Harris, Johnston, and Roberts, 2020): Consider a continuous-time
Galton-Watson process (Z(t),t > 0) with m =1 and % = 8Var(L) € (0, ).
Conditional on Z(T) > n, choose n individuals uniformly at random from the
population at time T, and for 0 < t <1, let Wr(t) be the partition of {1,...,n}
such that i ~y () J if and only if the ith and jth sampled individuals have the
same ancestor at time T(1 —t). As T — oo, we have

(Wr(t),0<t<1)= (M(t),0<t<1),
in the sense of finite-dimensional distributions, where:

» [1(0) is the partition of 1,..., n into singletons.
» The n — 1 coalescence times ty,...,t,_1 have joint density
n—1

1+gq
F(ty, ... thq) = ||
(17 y 1) /0 1+qn+1 1+qt

» At each coalescence time, we merge two randomly chosen partition blocks.




The heavy-tailed case (Harris, Johnston, and Pardo, 2024)

Suppose E[L] =1 and P(L > k) = k=*{(k), where 1 < o < 2 and / is slowly
varying at infinity.

Conditional on Z(T) > n, choose n individuals uniformly at random from the
population at time T.

For 0 <t <1, let Wr(t) be the partition of {1,...,n} such that i ~y, ) j if
and only if the ith and jth sampled individuals have the same ancestor at time
T(1—1t).

As T — oo, we have

(Wr(t),0 <t <1)= (M,(t),0 <t <1),

in the sense of finite-dimensional distributions.



Description of the limit coalescent process

The limit coalescent process (I,(t),0 < t < 1) can be described as follows:
» [1,(0) is the partition of {1,..., n} into singletons.
» There will be m coalescence times t; < --- < t,,. Let g; be the number of

blocks that merge at time t;, and let k; be the number of blocks before the
ith coalescence event. The joint law of (g1,...,&m, t1,..., tm) is given by

P(mergers of sizes g1,...,gn, at times dty, ..., dty,)

( n /°° qmt@-a)/(e=1) Tal(gi—a)ki  14g
o (

. dq |dt; ... dt,,.
a—1 14 q)rtt/le-) 13 T(2—a)gi (1+qt;) q) '

» At time t;, choose g; blocks at random from the k; blocks to merge.
The formula agrees with the finite variance case when o = 2.

It should be possible to obtain this formula directly from the reduced branching
process of Yakymiv (1980).



Further extensions

Harris, Johnston, and Roberts (2020) also obtained a limit theorem in the nearly
critical case, with
1
Ellr] =1+ = +o0(=), Var(Lt) = o*+ o(1).
T T
Johnston (2019) gave a complicated exact expression for the finite-dimensional

distributions of the genealogy of a sample of size n from a general
Galton-Watson process.

Harris, Palau, and Pardo (2022) and Boenkost, Foutel-Rodier, and Schertzer
(2022) considered branching processes in varying environment.

Angtuncio Hernandez, Harris, and Pardo (2025) considered multi-type
Galton-Watson trees.

Cardona-Tobdn and Palau (2025) considered the case of a linear-fractional
offspring distribution using coalescent point process methods.



The genealogy of branching processes

Lecture 3

by Jason Schweinsberg
University of California San Diego



Outline of the lectures

Lecture One
» The genealogy in populations of fixed size

» Kingman's coalescent
» Coalescents with multiple mergers

» Reduced branching processes

Lecture Two
» The genealogy of Galton-Watson processes

» The coalescent point process
» Change of measure techniques

Lecture Three
» Genealogy of continuous-state branching processes
» Genealogy of branching Brownian motion with absorption



Continuous-State Branching Processes

Definition: A continuous-state branching process (CSBP) is a [0, oo]-valued
Markov process (X(t),t > 0) whose transition functions satisfy

pt(a + b, ) = pt(a’ ) * pt(b7 )

Theorem (Lamperti, 1967): CSBPs are the processes that can be obtained as
limits of processes (X,(t),t > 0) with

where each Z, is a Galton-Watson process and Z,(0) — oo as n — oc.



CSBPs and Lévy Processes

Theorem (Lamperti, 1967; Caballero, Lambert, and Uribe Bravo, 2009):
Let (Y(s),s > 0) be a Lévy process with no negative jumps with Y(0) > 0,
stopped when it hits zero. Let

S(t) = inf {u : /0 Y(s)tds > t}.

Let X(t) = Y(5(t)). Then (X(t),t > 0) is a CSBP. Every CSBP with no
instantaneous jump to oo can be obtained this way.

Suppose (X(t),t > 0) is a CSBP obtained from the Lévy process (Y(t),t > 0).
If Y(0) = a, then E[e Y ()] = e=*2e™Y (V) where

a2 )\?

V() = —dA+ —

+ / (e_AX -1+ )\X]l{xg]_}) l/(dX).
0

The function V is called the branching mechanism of the CSBP.



Examples

1. Feller's branching diffusion (Feller, 1951): W(\) = %2)\2. Then (X(t),t > 0)

satisfies the SDE
dX(t) = o/ X(t) dB(t),
where (B(t),t > 0) is standard Brownian motion.

2. a-stable CSBP with 1 < o < 2
_ _ Oé(Oé — 1) —l-a
V(N =AY, v(dx) = r2=a) X dx.
3. Neveu's CSBP (Neveu, 1992):

V(A) = Alog A, v(dx) = x2 dx.

4. o-stable CSBP with 0 < o < 1:
V(N = -2, v(dx) = ——— x 1% dx.



Extinction and explosion

Let m = W'(0). Then E,[X(t)] = ae™, so the process is called critical if m =0,
subcritical if m < 0, and supercritical if m > 0.
Theorem (Grey, 1974): Let 7o = inf{t : X(t) = 0}, 7oc = inf{t : X(t) = oc0}.
» We have P(7., < 00) =0 if and only if for all § > 0,
1
——— d\ = 00.
o V(NI

» We have P(1p < 00) > 0 if and only if for sufficiently large 6, we have

V(#) > 0 and
>~ 1
—— d\ < 0.
/0 V(A)

If P(19 < 00) >0, then P(19 < o0) =1 if and only if m < 0.

Feller's branching diffusion and the a-stable CSBP with 1 < a < 2 go extinct.
The a-stable CSBP with 0 < o < 1 explodes.



The process as a function of the initial population size

We can define a two-parameter process (X(t,a),t > 0,a > 0) such that:
» For each a, the process t — X(t, a) is a CSBP started at a.
» For each t, the process a — X(t, a) is a subordinator.
» For 0 < a < b, the processes (X(t,a),t > 0) and (X(t, b) — X(t,a),t > 0)
are independent.

If (X(t),t > 0)is a CSBP with branching mechanism W, then

Ea[ef)\X(t)] _ efaut()\)’
where
0

() = —W(u(V). () =X

The Laplace exponent of the subordinator a — X(t, a) is

ue(N) = de X + /000(1 — e M) m(du).



A three-parameter process (flow of subordinators)

Theorem (Bertoin and Le Gall, 2000): On some probability space, there is a
three-parameter process (S(s’t)(a), 0 <s<t,a>0), such that:

» For every 0 < s < t, (5(!)(a),a > 0) is a subordinator with Laplace
exponent u;_g.

> For every 0 < t; < --- < ti, the subordinators S(t2)  S(t-1.t%) 3re
independent.

» For every 0 < r <s < t, almost surely
S(r(a) = SS9 (3))  forall a >0

» The processes (S(*)(a),t > 0,a > 0) and (X(a, t),t > 0,a > 0) have the
same finite-dimensional distributions.

We interpret S(5)(a) as the number of individuals at time t descended from the
first a individuals at time s.



Defining the genealogy of the CSBP

For y > 0 and 0 < s < t, define the ancestor at time s of individual y at time t:
SEO(y) = inf{b: SEI(b) > y1.
Let Ui, ..., U, be uniformly distributed on (0, X(t)). For 0 < s <'t, Iet I'It(s) be

partition of {1,...,n} such that i ~n, j if and only if SEO(U;) = SED(U;).
X(t) —
S(sit) Ur
Us Mi(s) = {{1,3},{2}}

e
0  SEO(Uy) 86U =860 X(s)

Alternative approach (Donnelly and Kurtz, 1999): Represent the population by a
countable system of particles. Follow genealogy of particles labelled 1,..., n.
These two approaches were reconciled by Labbé (2014).



Feller's branching diffusion
Suppose W(\) = A2, Recall that E,[eX(0)] = e~V
We can solve the equation 2ue(A) = —W(ue(N)), up(A) = A to get

A

= —2
el 1+ ZAt

We can write

up(N) = /0 oo(l—e”\x)m(dx), me(dx) = (%)Qe@/fﬂx dx.

to

Therefore, X(t) has the same distribution as the sum of a Poisson(%) number
of Exponential(2;) random variables.

to?
This result is consistent with the limit theorems of Kolmogorov and Yaglom for
finite variance branching processes.



Genealogy of Feller's branching diffusion

Theorem: (Foucart, Ma, and Mallein, 2019): Suppose V(t) = %2)\2. Fix t > 0.
There is a Poisson point process N on R™ x R™ with intensity

dx X du

o?u?
such that for any s € [0, t), almost surely for all x,y > 0, we have
SE(x) = SE8(y) if and only if N([x,y] x [t —s,00) = 0.

¢

0

%1 2 73
This is the Brownian CPP up to a scaling.

Let 7, be the time of the kth point of N above t. If Z(0) = a, then Z(t) = 7,
where K ~ Poisson(2%).



Further remarks about the genealogy

If we condition on the event that only one individual at time O has descendants
alive at time t (or let a — 0 and condition on survival until time t), the
genealogy agrees (up to scaling) with that of the reduced tree for finite variance
Galton-Watson processes, which can be obtained from the CPP.

Without this conditioning, the genealogy is a Poisson number of such trees.
Burden and Griffiths (2024) worked out some properties of the genealogy.

Foucart, Ma, and Mallein (2019) get similar result when W(\) = —d\ + "72)\2.
Genealogy matches the reduced tree found for the nearly critical case by
O’Connell (1995).



The a-stable case with 1 < a < 2

If W(\) = cA® with 1 < a < 2, then E,[e " X()] = e72()  where

1 —1/(a-1)
u(A) = <)\a_1 + c(a — 1)t) ,

so, X(t) has the same distribution as the sum of a Poisson(at~'/(*~1)) number of
random variables with distribution S, where E[e™°] = 1 — (1 + A~ (e=}))~/(a=1),

The genealogy is a Poisson(at~%/(®=1)) number of copies of the reduced tree
found by Yakymiv (1980) in the 1 < o < 2 case (Duquesne and Le Gall, 2002).



The a =1 case
If W(\) = Alog ), then E,[e ()] = =2V where u,()\) = \°

Therefore, a — X(t, a) is a stable subordinator of index e~ .

—t

This subordinator jumps at an infinite rate, meaning that infinitely many
individuals at time 0 have descendants alive at time t. Therefore, the genealogy
at time t is not a Poisson number of reduced trees.

If J1 > J, > ... are the jump sizes before time a of the stable subordinator of
index e and J = )7, J;, then the distribution of

hob
R

is Poisson-Dirichlet (e~*,0). This is the same as the distribution of the block
sizes of the Bolthausen-Sznitman coalescent run for time t.

Theorem (Bertoin and Le Gall, 2000): If W()\) = Alog A, then
(M(t —s),0 < s < t) is the Bolthausen-Sznitman coalescent run for time t.



The time-changed genealogy and A-coalescents

Theorem (Perkins, 1991; Donnelly and Kurtz, 1999): Suppose W(\) = "72)\2.
Let u
T(t) =inf {u ; / o?X(s) ' ds > t}.
0

Then (M7 (T(t —s)),0 < s < t)is Kingman's coalescent run for time t.

Theorem (Birkner, Blath, Capaldo, Etheridge, Mohle, Schweinsberg, and
Wakolbinger, 2005): Suppose W(A) = cA®, withc >0and 1 <o <2,0orc<0

and 0 < a < 1. Let
T(t):inf{u:/ X(s)t ds>t}.
0

Then (M) (T(t —5)),0 < s < t)is the Beta(2 — «, ov)-coalescent.



Connections with fixed-size population models

In a
| 4

model with fixed population size N:

When the offspring variance is finite, the genealogy is Kingman's coalescent
after speeding up time by N.

When the offspring distribution satisfies P(L > k) ~ Ck~* for 1 < a < 2,
genealogy is the Beta(2 — «, a)-coalescent after speeding up time by N L.
When the offspring distribution satisfies P(L > k) ~ Ck~!, the genealogy is
the Bolthausen-Sznitman coalescent after speeding up time by log N.
Kingman's coalescent and the Beta(2 — «, ov)-coalescent for 1 < o < 2 come
down from infinity. The corresponding CSBPs go extinct, and only finitely
many individuals at time s have descendants alive at time t, where t > s.
The Bolthausen-Sznitman coalescent stays infinite, and Neveu's CSBP

survives forever. Infinitely many individuals at time s have descendants alive
at time t, where t > s.



|dea behind the proof

Suppose v(dx) = cx~ 17> dx. Let A be current population size.

After a jump of size x, a fraction p = x/(A + x) of the population was born at
the time of the jump. Tracing ancestral lines backwards in time, a p-merger
occurs at this time.

Since x/(A+ x) > r if and only if x > Ar/(1 — r), we get p-mergers with p > r

at rate )
'] A —« —«
A/ Cx_l_adx:c ( ! ) )
Ar/(1—r) a \l1-r

The rate of such mergers in the Beta(2 — a, a)-coalescent is

e | P e e ()




Branching Brownian motion (BBM) with absorption

Begin with some configuration of particles in (0, c0).

Each particle independently moves according to standard one-dimensional
Brownian motion with drift —p.

Each particle splits into two at rate 1.

Particles are killed if they reach the origin.

Space

Picture by Jiagi Liu




Populations undergoing selection

BBM with absorption models a population undergoing selection:
» Particles represent individuals in the population.
» The position of a particle indicates the fitness of the individual.
» Branching events correspond to births.
» Absorption at the origin models deaths of individuals with low fitness.
» Particle motion models fitness changes from one generation to the next.

We want to approximate a population of size O(N) using BBM with absorption.

Theorem (Kesten, 1978): BBM with absorption dies out almost surely if
p > V2. If p < V2, the process survives forever with positive probability.

We will consider the slightly supercritical case, in which

_ /s 272
P= (log N + 3log log N)?°



The behavior of the process

Conjectures of Brunet, Derrida, Mueller, and Munier (2006, 2007):

1. If two individuals are chosen from the population at some time, then the
time back to their most recent common ancestor is O((log N)3).

2. If n individuals are sampled from the population at some time, then the
coalescence of their ancestral lineages follows the Bolthausen-Sznitman

coalescent.

Conjectures proved in joint work with Julien Berestycki and Nathanaél Berestycki.

Explanation for the multiple mergers:
» Occasionally, a particle gets very far to the right. This particle has many
surviving descendants, as the descendants avoid the barrier at zero.
» This leads to sudden jumps in the number of particles, and multiple mergers
of ancestral lines.



Computing the density

Let (B(t),t > 0) be Brownian motion with drift —p, started at x and killed at 0.
Then B(t) has “density”

1 (e(xy)2/(2t) _ e(X+y)/2t> . ePX—Py=pr*t/2.

Pt(XaY) = \/ﬁ

Many-to-One Lemma: For branching Brownian motion, the expected number
of particles at time t is e*. The “density” for branching Brownian motion is given
by

qf(Xay) = etpt(va)'

If A C R, then if there is one particle at x at time zero, the expected number of

particles in A at time t is
/ qe(x,y) dy.
A



Moment calculations

Let N (t) be the set of particles alive at time t, and let X,(t) be the position at
time t of the particle u. If f:(0,00) — R, then

[ugf:t) FX } /OOO F(y)a:(x. y) dy.

Take f = 1,4 to get expected number of particles in a set A.

Theorem (lkeda, Nagasawa, Watanabe, 1969): If f : (0,00) — R,

e (X rx )] - [T et &

ueN(t)

+2// / / f(y1)f(y2)qs(x, 2)qe—s(z, y1)qe—s(2, y2) dyr dy» dz ds.
0 0 0 0



Strategy for studying the process

The expected number of particles in a set A after a large time t is dominated by
rare events when one particle moves unusually far to the right. The density does
not reflect typical behavior.

Proof strategy:

» Find the level L such that a particle must reach L to give rise to a large
jump in the number of particles. We will choose

1
L=—| logN + 3loglog N |.
73 st vstos )

» Show that the behavior of branching Brownian motion with particles killed
at 0 and L is approximately deterministic. (This is a “Law of Large
Numbers” result which is proved by calculating first and second moments.)

» Separately determine the (random) contribution of the particles that reach L.



Branching Brownian motion in a strip

Consider Brownian motion started at x, killed at 0 and L (taboo process).

The “density” pL(x,y) for the position at time t is (Knight, 1969):

2= 202 . [(kwy\ . [ kmy
L _‘ w22t /2L
p;(x,y) = T g e sm( T )sm( 1 )dy

k=1
Add branching at rate 1 and a drift of —p, the “density” for BBM in a strip is:

th(Xay) - ptL(ny) . ep(X*Y)*pzt/2 . et’
meaning that if A C (0, L), the expected number of particles in A at time t is
[attn o
A

For t > L2,

ar(x,y) ~ 2 e(1=r*/2-m 2Lt grx iy <¥) e " sin <%)

'\



Observations related to the density formula

2
a:(x,y) ~ 7€ e(1=r?/2-m 2Lt gpx iy (W—Z() e sin (%)

» When ) )

P
tmy Y

the density does not depend on t. We choose p to satisfy this equation.
» The density is proportional to e”sin(mx/L). Let

X,
Z et sm( L( ))]l{xf,N(f)SL}‘

ueN(t)
When particles are killed at 0 and L, the process (Zy(t),t > 0) is a
martingale. Here Zy(t) is a measure of the "size” of the process at time t.

» The density is proportional to e sin(my/L). Thus, for t > L2, particles
settle into a stable limiting configuration.



The choice of L

Suppose we place N particles on (0, L) at random with density
g(y) = CLe ™ sin (%)
We have Zy(0) = O(NL?).

The contribution to Zy from a particle at L — 1 is
L-1
e”(t=V sin (—W( i )) = O(L'e™),

which is comparable to NL? when

L= <IogN+3|og|ogN>

V2
2
~ (log N + 3 log log N)?

This leads to




The (log N)* time scale
Suppose we place N particles on (0, L) at random with density
g(y) = Cle™sin (%)

A particle between L — 1 and L has positive probability of hitting L by time 1.

Expected number of particles in (L — 1, L) is approximately

N/LL CLe™" sin (%) dy = O((log N)73).

-1

We have to wait O((log NV)3?) time for a particle to reach L.



The particles after they reach L
Consider BBM with drift —/2 started with one particle at L. Let M(y) be the
number of particles that reach L — y, if particles are killed upon reaching L — y.

Conditional on M(x), the distribution of M(x + y) is that of M(x) independent
random variables with the same distribution as M(y), so (M(y),y > 0) is a
continuous-time branching process.

Offspring distribution has finite mean but is not in Llog L class.

Theorem (Neveu, 1987): There exists a random variable W such that almost

surely
lim ye V¥ M(y) = W.

y—00

Proposition (Buraczewski, 2009; Maillard, 2012): As x — oo, we have

P(W>x)~x—\1/§.



Connection with Neveu's CSBP and Bolthausen-Sznitman
Waiting time for a particle to hit L is O((log N)3).
Rate at which particles reach L is proportional to Zy(t).

If a particle hits L, its contribution is proportional to the number of descendants
that hit L — y for large y, and therefore is approximately proportional to W.

The probability that Zy(t)/(N(log N)?) jumps by at least x is roughly Cx~!.

For any CSBP, the rate of jumps of size at least x is proportional to the value of
the process.

For Neveu's CSBP with v(dy) = y=2 dy, the rate of jumps of size at least x is
proportional to [y =2 dy = x~ .



Convergence to Neveu's CSBP

Theorem (Berestycki, Berestycki, Schweinsberg, 2013): Suppose

ZN(O) 1 pXu(t)
N7 [ u 0
N(log N2 ~ " N(iog N)? ue;me -

Let Mp(t) be the number of particles at time t. For some a € R, the
finite-dimensional distributions of

(%LNMN((log N)3t), t > o)

converge as N — oo to those of the CSBP with initial distribution v and
branching mechanism W(\) = a\ + 272\ log \.

Note: This is (almost) the CSBP studied by Neveu (1992).



Genealogy of the population

Theorem (Berestycki, Berestycki, Schweinsberg, 2013): Suppose

Zn(0) 1

S S, e Y e 50
2 ’ 3
N(log N) N(log N* 2=

with ({0}) = 0. Choose t > 0, and pick n particles at random at time t(log NV)3.
Let Wy(s) be the partition of {1,..., n} such that i ~y, s Jj if and only if the
ith and jth sampled particles have the same ancestor at time (t — s/27)(log N)3.
Then the finite-dimensional distributions of (Wy(s), 0 < s < 27t) converge as

N — oo to those of the Bolthausen-Sznitman coalescent.



A BBM model with an Allee effect

Tourniaire (2024) considered the following branching Brownian motion model:
» At time zero, there are N particles located at 1.
» Particles independently move as Brownian motion with drift —p.
» Particles are killed if they reach the origin.

» Particles in (0, 1] branch at rate 3/2, where § > 1. Particles in (1, 00)
branch at rate 1/2.

The drift p depends on 3 and is chosen to make the process “critical”.
Allee effect: Population growth can be slowed by low population density.

Birzu, Hallatschek, Korolev (2018, 2021) argued that the Allee effect can
produce beta coalescent genealogies, for example, when a population is
expanding into a new geographic area.



Convergence to the a-stable CSBP

Theorem (Tourniaire, 2024): Let My(t) be the number of particles at time t.
There are constants 1 < (3; < 3 such that if 8; < 8 < [3,, then the
finite-dimensional distributions of

C
— Mpy(N*1 >
(N w( t),t > 0)

converge as N — oo to the finite-dimensional distributions of an «a-stable CSBP,
where C > 0 and « € (1,2) depend on §.

Proof strategy is similar to that for the case of a homogeneous branching rate:
» Stop particles when they reach L.
» Use first and second moment calculations to study below L.

» Follow descendants of particles after they reach L.



The particles after they reach L

Because the branching rate is lower near L, the drift (after scaling) is subcritical.

The next result is the counterpart to that of Neveu (1987) in the critical case.

Theorem (Chauvin, 1991; Liu, 2000; Tourniaire, 2024) Consider branching
Brownian motion with drift —p, where p > V2, started with one particle at L.
Let M(y) be the number of particles that reach L — y, if particles are killed upon
reaching L — y. There exists a random variable W such that almost surely

lim e~ ("~VF=YM(y) = W,

y—00

where as x — 00,

C \/p? =2

PW>x)~m =, a=PEtVr—2 4
x® p—/p =2

Recall: The a-stable CSBP for 1 < o < 2 makes jumps of size greater than x at

a rate proportional to x~°.



The genealogy of the population

Suppose 1 < 8 < [, and let « € (1,2) be the corresponding value of a.

Suppose at time zero, there is one particle located at x > 0.

Theorem (Foutel-Rodier, Schertzer, and Tourniaire, 2024): There is a sequence
nn — 0 such that, conditional on the event that there are at least ny/N particles
alive at time N°~!, if we sample n particles at random at time N®~! and let

Wy (s) be the partition of {1,...,n} such that i ~y, () j if and only if the ith
and jth sampled individuals have the same ancestor at time N'~%(1 — s), then

(Wn(s),0<s<1)= (My(s),0<s<1)

as N — o0, in the sense of finite-dimensional distributions. The process
(Ma(s),0 < s < 1) is the coalescent that gives the genealogy of the a-stable
CSBP, when we condition on survival until time 1 and let the initial population
size tend to zero.



The oo = 2 case
Suppose 3 > (3, and at time zero, there is one particle located at x > 0.

Theorem (Schertzer and Tourniaire, 2023): Conditional on the event that the
process survives until time N, if we sample n particles at random at time N and
let Wy (s) be the partition of {1,..., n} such that i ~y, s J if and only if the ith
and jth sampled individuals have the same ancestor at time N(1 — s), then
(Wn(s),0 <s<1)=(MN(s),0<s<1)as N — oo, in the sense of
finite-dimensional distributions. The process (I1(s),0 < s < 1) is the coalescent
obtained from the Brownian CPP.

» The results proved by Foutel-Rodier, Schertzer, and Tourniaire are stronger.
They give joint convergence of the coalescent and the population size, and
information about the particle locations at time N®~1.

» The proofs use an n-spine technique similar to that of Harris, Johnston, and
Roberts (2020), but which takes into account the spatial motion of the
particles. Technique was developed by Foutel-Rodier and Schertzer (2023).



Summary (Part 1)

Populations with fixed size:
» Small family sizes: genealogy is given by Kingman's coalescent
(each pair of lineages merges at rate one).
» Large family sizes: the genealogy is given by a A-coalescent.

> Beta(2 — a, a)-coalescent arises when offspring distribution satisfies
P(L> k)~ k=@ forl<a<?2.

> Bolthausen-Sznitman coalescent arises when P(L > k) ~ k~L.

Critical Galton-Watson process conditioned to survive until a large time T:
» Genealogy of entire population at time T is reduced branching process.
» Finite variance case: each individual at time t splits into two at a time that
is uniform on (t,1).
> Case of 1 < a < 2: offspring distribution is px = al (k — «)/([(2 — a)k!).
» Case of @ = 1: offspring distribution becomes px = 1/(k(k — 1)).



Summary (Part 2)

Critical Galton-Watson process conditioned to survive until a large time T:
» Coalescent point process

» Gives exact genealogy of a sample of size n from a birth and death process.
» Methods extend to some non-Markovian branching processes.
» One recovers the reduced branching process in the limit as T — oc.

» Convenient for studying branch lengths, site frequency spectrum.

» Spines and a change of measure

P Gives exact genealogy of a sample of size n from a birth and death process.

» Methods work for branching processes with general offspring distributions.



Summary (Part 3)

Continuous-state branching processes:
» Feller's branching diffusion:
» Without time change, genealogy given by CPP, reduced branching process.
» With time change, genealogy is Kingman's coalescent.
» a-stable CSBP for 1 < a0 < 2:
» Without time change, genealogy agrees with reduced branching process.
» With time change, genealogy is Beta(2 — o, a)-coalescent.

» Neveu's CSBP: genealogy is Bolthausen-Sznitman coalescent.

Branching Brownian motion with absorption (population under selection):
» Number of particles converges to Neveu's CSBP.
» Genealogy converges to Bolthausen-Sznitman coalescent.

» Allee effect: genealogy can match that of a-stable CSBP or Feller's
branching diffusion.



