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Overview of Mathematical Population Genetics

Goal of population genetics: understand the factors, such as mutation and
natural selection, that cause genetic variability.

Mathematical population genetics:
1. Develop mathematical models for how populations evolve.
2. Observe DNA of individuals at the present time.

3. By comparing observations to predictions of the model, draw inferences
about evolutionary history of the population.



Coalescent theory

Essential tool in population genetics since Kingman (1982).

Sample n individuals from a population at some time.

Trace ancestral lines backwards in time, until all individuals are traced back to
one common ancestor.



Genetic data from sampled individuals
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AGGTCTGAACTGTTGA
AGGTCTGAACTGTTGC
AGGTCTGAACTGTTGC
CGGTCTGAACTGATGC
CGGTCTGAACTGATGC
AGGTCTGAACTGATGC



Branch lengths and the site frequency spectrum
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Let M¥ = number of mutations inherited by k sampled individuals.
The numbers (ML, ... M"1) are called the site frequency spectrum.
Example: M} =3 M2 =1 M3 =2.
Let LX = total length of branches supporting k leaves

(k = 1: blue; k = 2: orange; k = 3: red)
If mutations appear at constant rate v along each lineage, then the conditional
distribution of M* given LX is Poisson(vLk).



The Moran model (Moran, 1958)

Classical continuous-time model of a population of fixed size:
» There are N individuals at all times.

» Each individual independently lives for an Exponential(1) time.

» When an individual dies, an individual is chosen at random to give birth to a
new individual.

Suppose we sample n individuals from the population at some time.

Kingman's coalescent (Kingman, 1982) describes the genealogy of the sampled
lineages. Each pair of lineages merges at rate 1.

Fu and Li (1995): For Kingman's coalescent, E[LK] = 2/k.



Supercritical birth and death process

» Begin with one individual at time zero.

» Each individual independently gives birth at rate \.
» Each individual independently dies at rate .

» Assume A > p and let r = A — o be the growth rate.

Let X(t) be the size of the population at time t.
We have E[X(t)] = e, so the population grows exponentially at rate r.

Supercritical birth and death processes can be used to model:

» Early stages of tumor growth, where X(t) is the number of tumor cells at
time t.

» Early stages of infectious diseases, where X(t) is the number of infected
individuals at time t.



Genealogy of a supercritical birth and death process

Suppose we sample n individuals from the birth and death process at time T.
The genealogical tree of these n individuals is nearly star-shaped.

Exponential growth Kingman'’s coalescent
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Theorem (Durrett, 2013): Fix 2 < k < n— 1. As the sampling time T — oo,

n 1

E[Lp] =~ KhD) E[L}] ~ nT.

Johnson, Shuai, Schweinsberg, and Curtius (2023): Used result to estimate r.

Exponential growth is not always realistic because of spatial constraints, so we
want to consider models of growing populations with spatial structure.



A spatial population model

First passage percolation (Hammersley and Welsh, 1965):
» Begin with one particle at the origin in Z2.
» Place an independent Exponential(1) random variable 7, on each edge in Z2.

» For e = (u, v), once either site u or v is occupied, that particle gives birth
to at the other site (if it is not already occupied) after a time 7.

Let d(x,y) be the length of the shortest path from x to y, called a geodesic.
The site x becomes occupied at time d(0, x).
The geodesic path of length d(0, x) contains the ancestors of the individual at x.



The genealogical tree in first passage percolation

Genealogical trees of samples of size n = 200 from first passage percolation.

The growth was simulated until there were 5,000, 000 occupied sites.

Left: geodesic paths from origin to points randomly sampled from the cluster.
Right: geodesic paths from origin to points randomly sampled from the boundary.



The KPZ Universality Class

First passage percolation is conjectured to belong to a large class of growth
models known as the KPZ universality class.

KPZ equation (Kardar, Parisi, Zhang; 1986) for the height h(t, x) of an interface
at time t > 0 and position x € R:
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ah(t, X) = Eﬁh(t’ X) — 5(5h(t,X)) + f(t,X),

where £ is space-time white noise.

Scaling arguments imply that after a large time t:
» The height of the interface h(t, x) is O(t).
» Fluctuations in h(t, x) are O(t/3).
> Spatial correlations on a scale of O(t%/3).

The outer boundary of the occupied region in first passage percolation is
approximately governed by this equation.



The directed landscape (Dauvergne, Ortmann, and Virag; 2022)

The directed landscape is conjectured to describe the scaling limit for growth
models in the KPZ universality class.

Convergence has been proved for some models including last passage percolation,
but not for first passage percolation.

Let Rt = {(x,s;y,t) € R* : s < t}.
The directed landscape is a random continuous function L : ]R‘T‘ — R.
L(x,s;y,t) is related to the time for population to spread from (y, t) to (x,s).

Reverse triangle inequality: L(p;r) > L(p; q) + L(q; r).

Stationarity in time and space:
L(x,s;y,t) g L(x,s+c;y,t+c)
L(x,51y.t) € L{x + .51y +c, 1),

Scaling property: L(x,s;y,t) g pL(p7%x, p73s; p~2y, p3t).



Geodesics in the directed landscape

Given (x,s;y,t) € RY, there is a finite geodesic from (x, s) to (y, t)
(Dauvergne, Ortmann, and Virdg; 2022).

Given (x,s) € R?, a continuous function g : [s,00) — R is called an infinite
upward geodesic starting from (x, s) if

> g(s) =x.
» The restriction of g to [s, t] is a finite geodesic from (x,s) to (g(t), t).
> limt ! =
tliglo t—g(t)=0.
Almost surely, there is an infinite upward geodesic starting from all (x,s) € R
For each (x,s) € R?, geodesic g(xs) is unique a.s. (Ganguly and Zhang, 2022).
Points along the geodesic g, s) represent ancestors of the individual at (x, s).

Any two infinite upward geodesics eventually coalesce, so the infinite upward
geodesics form a tree (Rahman and Virdg, 2025).



Sampling from the entire population

Using the directed landscape, we can approximate the genealogy of individuals
sampled from a region far from the center.

Choose n points uniformly at random from [0, n?/%] x [0, n%/3].
Consider the infinite upward geodesics starting from these n points.

Let L denote the sum of the vertical lengths of all branches that are part of k of
these n geodesics.



Site frequency spectrum: sampling from the entire population

Theorem (Ganguly, Schweinsberg, and Shuai; 2025): There is a positive
constant C such that for all positive integers k,

Cl(k—2
n 'Lk —, % as n — 0.

Remark: We have

M(k —2/5)

o ~ kTT/5 as k — oo.

Fusco, Gralka, Kayser, Anderson, and Hallatschek (2016) predicted k=7/5,
and compared the predictions to data from bacteria.



Sampling from the edge of the population

Using the directed landscape, we can approximate the genealogy of individuals
sampled from a region near the edge of the population.

Choose n points uniformly at random from [0, n] x {0}.
Consider the infinite upward geodesics starting from these n points.

Let L denote the sum of the vertical lengths of all branches that are part of k of
these n geodesics.



Site frequency spectrum: sampling from the edge

Theorem (Ganguly, Schweinsberg, and Shuai; 2025): There is a positive
constant C such that for all positive integers k,

Clh(k+1/2
ntLk -, M as n — oo.
k!
Remark: We have
MNk+1/2
%wk‘”2 as k — oo.

Nonrigorous arguments of Eghdami, Paulose, and Fusco (2022) predicted k~*/2.
Their simulation results suggested k—2/3.



|dea behind the k~7/> asymptotics

Two geodesics that begin a distance 1 apart will merge after a time that is O(1).
Two geodesics that begin O(r) apart will merge after a time that is O(r*/?).

Points along a line that have descendants surviving for O(r3/?) time are spaced
O(r) apart. Region of descendants has area O(r®/2).

Points with O(k) descendants are spaced O(k%/®) apart.

Points with exactly k descendants are spaced O(k’/®) apart.



A scaling argument

Given (y, t) € R?, let Dy, 1) be the set of descendants of (y, t), that is, the set of
points (x, s) for which g, s) passes through (y, t).

Let Vo = {y € R: m(D(,0)) > a}, where m is Lebesgue measure on R?, be the
set of points on the t = 0 line whose set of descendants has area greater than a.

For p >0, let S,(x,s) = (p?x, p®s) be the scaling map.

area 1
area a

Then S,(V,) < CLet p=aV5toget S, 15(Vs) £ V4, so
E[ (vam [0,1])] = E[#(ViN[0,a *®])] = C'a~2/>.

Points (y,0) whose descendants have area a have “density” Ca~7/>



The expected site frequency spectrum
Suppose our sample of individuals is a Poisson process on R? with intensity 1.

If m(Dyy,0)) = a, then the number of sampled points in D, o) has the Poisson(a)
distribution.

Expected number of points in [0, 1] x {0} that are ancestors of k sampled points:
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For BC R? let B ={y: (y,t) € B} and {(B) = [~ #B" dt.
Let Ax be the set of all points that are ancestors of k sampled points. Then

E[0(AcN [0, 1P)] = M




Additional steps in the proof

» Obtain a law of large numbers:

: _ Cr(k—2/5)
n||_>r20n L0(Ac N ([0, %] x [0, n*])) = — 2

We use an extension of Birkhoff's ergodic theorem involving a Z? action,

and a temporal mixing property of the directed landscape established by

Dauvergne, Ortmann, and Virdg (2022).

» Account for edge effects: restrict the sampled points to a large box instead
of restricting the ancestral lines to a large box.

Use results on transversal fluctuations of geodesics, adapted from
Baldzs, Basu, and Bhattacharjee (2023).

» Sample n points uniformly from the box instead of sampling points from a
Poisson process.



Sampling from the edge: explanation for the k~1/2 asymptotics

NV

Suppose our sample of individuals is a rate 1 Poisson process on R x {0}.
Segments of geodesics ancestral to O(k) sampled points are at height O(k%/2).
Points along such geodesics are spaced O(k) apart along any horizontal line.
Length of geodesics ancestral to O(k) sampled points: O(k%2 . k1) = O(kY/?).
Length of geodesics ancestral to k sampled points: O(k~%/2).

Let A, be the set of all points that are ancestors of k sampled points. Then

4 > gaak _1/o Cr(k+1/2
E[0(Acn([0,1] xR ))]:/0 1 - Ca /da:%.




Coalescence of three geodesics

Suppose we sample the points (0,0), (1,0),(2,0),...,(n—1,0). The
contribution of g(; o) to L} is the time until 8(1,0) meets either gio,0) or g(2,0)-

/A

For the expectations on the previous sllde to be flnlte, the expected time until
two of these three geodesics meet must be finite.

Theorem (Ganguly, Schweinsberg, and Shuai; 2025): The probability that the
geodesics g(0,0), 8(1,0) and g(2,0) are disjoint up to time t is bounded above by
Ct=53(log t)°2.

Proof idea: Use a result of Dauvergne and Zhang (2024) to reduce to Brownian
bridge computations.




Applicability of results in discrete models
If the population has size N, the radius of the occupied region will be O(N/2).
Then n individuals sampled near boundary will be spaced O(N*/2/n) apart.
Then k sampled points occupy an arc of length O(kN/?/n). Let r = kN*/2/n.
The MRCA of these k points will be a distance O(r®/2) from boundary.
This is much closer to boundary than the center if r¥/2 < NY/2, or k/n < N*/.

N’

We expect our result to be approximately valid if k/n < N~/ and n < N/2,
When sampling from the entire population, second condition becomes n < N.

Fusco, Gralka, Kayser, Anderson, and Hallatschek (2016) predict n=*LK ~ Ck=®
for larger values of k.



Simulation Results: entire population
First passage percolation simulated until there were 100,000,000 occupied sites.
Sampled 5000 individuals from the entire population. Repeated 100 times.

06. sampling from the entire population
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We recorded L% for k = 1,2, ..., 10, normalized numbers to sum to 1.
Red points: theoretical predictions, blue points: simulation results.



Simulation Results: outer boundary

First passage percolation simulated until there were 100,000,000 occupied sites.
Sampled 5000 individuals from the boundary. Repeated 100 times.

sampling from the outer boundary
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We recorded L% for k = 1,2, ..., 10, normalized numbers to sum to 1.
Red points: theoretical predictions, blue points: simulation results.



Further Remarks

Models in the KPZ universality class may be a good approximation for:
» Cervical cancer (Huergo et al, 2012).
» Bacterial growth (Hallatschek et al, 2007; Gralka and Hallatschek, 2016).

» Invasive plant species such as white clover (Allstadt et al, 2016).

Limitations for cancer applications:
» Many solid tumors are three-dimensional.
» Model does not account for births and deaths away from tumor boundary.

» Boundary for some tumors is more smooth than KPZ predictions, perhaps
because of movement of tumor cells near boundary (Brd et al, 1998, 2003).



