MODEL ANSWERS TO THE SIXTH HOMEWORK

1. X is connected if and only if the cardinality of X is infinite or at
most one.

If X has cardinality at most one then X is obviously connected. If the
cardinality of X is finite but at least two then X is disconnected, since
it has the discrete topology. Any partition of X is a partition into open
sets.

Suppose that X is infinite and X = F U G, where F' and G are closed
and disjoint. One of ' and G must be infinite. Suppose that F' is
infinite. Then F' = X and so X is connected.

2. Let

f:Z—{0,1}

be a continuous function. Then f|y is continuous. As Y is connected,
f is constant. Suppose that z € Z and let

U=f"(f(2))

Then U is open. As y is dense in Z we may find y € Y NU. In this
case

f(z2) = f(y).
Thus f is constant and so Z is connected.

3. Let Y C R” be a subset.
(i) Let p and ¢ be two points of Y. Define a path

f:[0,1] —Y

by the rule

f(t) = (1 —=t)p+tq.
Then f is a path from p to ¢. Thus Y is path-connected.
(ii) Suppose that Y is star-shaped about yy. Arguing as s in (i) there
is a path from yy to every point of y. But then Y is path-connected,
as the equivalence class generated by 1, is the whole of Y.
4. (i) False. For example the continuous image of a connected set is
connected. But the image of Q* under projection down to the first
factor is the set of rationals. This is not connected, as it is not an
interval.

(ii) False. Path-connected implies connected but we saw in (i) that this

is not even connected.
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(iii) True (somewhat surprisingly). Consider a line of the form
l={(z,y)ax+by=c}
where a and b € Z and ¢ € . Note that [ is completely contained in
R?\ Q2
Indeed, if (a, 3) € Q? then
aa+bp € Q.

But then («, ) ¢ [, as ¢ is irrational.

Note that the condition that a and b are integers is the same as to say
that the slope of [ is rational (or [ is vertical). In this case the condition
that c is irrational is equivalent to the condition that it passes though
a point with exactly one rational coordinate.

Let p and ¢ be two points of

R\ Q°

Suppose that p ¢ I? (so that one coordinate of p is rational and the
other is irrational). Pick any line [ through ¢ of the given form (for
example, a horizontal or vertical line). Then there is a path from ¢ to
any point r of this line. Now pick a line m through p whose slope is
not the same as the line. Then m and [ intersect, as their slopes are
different. It follows that there is a path from p to q.

(iv) True, since path-connected implies connected.

(v) True. Let y; and y, be two points of Y. Pick points g and z; of
X such that

flz) =y for i=0,1.
Let
g:[0,1] — X

be a path from x( to x1. Then ¢ is a continuous function and

g(i) = x;.
Let
h=fog:[0,1] — X
be the composition. Then h is continuous as it is the composition of
continuous functions and

Thus h is a path from y; to ¥y, and so Y is path-connected.
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(vi) True. Suppose that
(vi,y:)) € X xY  for =01
By assumption there are paths
f:00,1] — X and  ¢:[0,1]] —Y

from zq to x1 and from yy to y1, so that f(i) = x; and g(i) = y;, i =0
and 1. Consider the function

h:[0,1] — X xY
given by

h(t) = (f(t), 9(1)).
Then f =poh and g = q o h are continuous, so that h is continuous.
But

h<Z) = (x’uyl) fOI‘ L= 07 17

so that h is a path from (xg,yo) to (z1,y1). But then X x Y is path-
connected.

(vii) False. One of the path components of B = AU B, where B is the
graph of the sine curve, is B itself. This is not closed.

(viii) False. For example, the rationals are everywhere disconnected,
so that the connected components are points. But these are not open.
5. (i) The point of tangency is not a cut point.

We may assume that the point of tangency is the origin and the centres
of the two circles are on the z-axis (first translate so that the point of
tangency is the origin, then rotate so that the centre of one circle lies
on the z-axis. It follows that the other centre will lie on the x-axis.
These two maps are easily seen to be homeomorphisms). In this case
the line of tangency is the y-axis.

If we remove the point of tangency then consider the two open sets

U=(-00,00) xR and V =(0,00) xR.

They are disjoint and the two open sets U NY and V NY cover Y.
Thus Y is disconnected.

Now suppose we remove any other point. Then, up to homeomorphism,
we have a circle and an open interval, intersecting at a point. This is
path-connected and path-connected implies connected.

(ii) If we restrict f to X — {z} then we get an injective function
to Y. This factors through the natural inclusion of Y — {y} in Y.
Thus we get a continuous map from X —{xz} to Y — {y}. This map
is a bijection and a similar argument shows that the inverse map is

continuous. Thus X —{x } and Y — {y } are homeomorphic. But then
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X — {x} is connected if and only if Y — {y } is connected and so x is
a cut point if and only if y is a cut point.
(ili) Every point of (0,1) is a cut point. If a € (0, 1) then

0,1\ {a}=(0,a)U(a,1)

is not connected. But 0 is not a cut point of [0, 1] and so they are not
homeomorphic. Note also that 1 is not a cut point.
(iv)

(0,1) [0,1) and [0, 1].

We already saw that any interval is homeomorphic to one of these
intervals. The only thing is to show that they are not homeomorphic,
that is, we cannot discard any of these intervals. The idea is to just to
count the number of points that are not cut points.

We already saw that every point of (0,1) is a cut point and [0, 1] has
two points, 0 and 1, that are not cut points. It is easy to see that 0
is not a cut point of [0,1). On the other hand, the same argument
as in (iii) shows that every other point is a cut point. Thus all three
intervals are not pairwise homeomorphic.

(v) First note that every point of R is a cut point.

On the other hand, no point of R”, n > 1 is a cut point. Let

X =R"\{p}.

Pick two points ¢ and r in R™. If p, ¢ and r are not collinear then the
line connecting g to r yields a path from ¢ to r in X.

Now suppose that p, ¢ and r are collinear. If n > 1 then we can find s,
such that p, ¢ and s are not collinear and p, » and s are not collinear.
It follows that X is path-connected. But then X is connected.

Challenge Problems: (Just for fun)

6. If X is finite then it is obviously path-connected if it has at most
one point. If it has two or more points then X is not connected and so
it cannot be path-connected.

Now suppose the cardinality of X is at least the cardinality of the
continuum (that is, the cardinality of the reals). If we pick two points
a and b of X then we can find an injective function

f:10,1] — X. such that f(0)=a and f(1)=0.

The inverse image of a finite set is a finite set. This implies that the
inverse image of a closed set is closed. But then f is continuous. Thus

there is a path from a to b and X is path-connected.
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Now suppose that X is countable. A continuous map
f:0,1] — X.

must have the property that the inverse image of every point is closed.
Thus f corresponds to a decomposition of the unit interval into count-
ably many closed sets.

7. (a) X is irreducible if and only if either X has less than two points
or it has infinitely many points.

This is easy if X has zero or one point. If X has finitely many points
and more than one, then X is not even connected, let alone irreducible.
Now suppose that X is infinite. If X = F U G, where F' and G are
closed, then at least one of F' and G is infinite. Let’s suppose F is infi-
nite. As F'is closed, it follows that F' = X. But then X is irreducible.
(b) Let F = (—00,0] x R" ! and G = [0, —00) x R™!. Then F and G
are both closed, R" = F U G but neither F' nor G is the whole of R".
(c) We already saw that I is an ideal.

Suppose that V' is irreducible. Let f and g be two polynomials whose
product lies in I, fg € I. Then

VcV(fuV(g).
Let F=V NV(f)and let G=V NV(g). Then
V=FUG
and F and G are closed. As V is irreducible it follows that V = F or
V=G If{V = F then
VvV CcV(f).

But then f € I. Similarly the other way around.
Now suppose that I is prime. Suppose that

V=FUG,

where F' and G are closed. Suppose that V' # G. Then we may find
p € V not in G.
Let V C k™ be a Zariski closed subset, where k is a field. Let

I=1V)=A{f€klry,za...,2,)| f(p) =0,YVp eV }.

Show that I is an ideal in the polynomial ring R = k[xy, 22, ..., x,].
Show that V' is irreducible if and only if I is a prime ideal in R.
(d) There are a number of ways to see this. One can show directly that
any linear polynomial ax + by — ¢ is irreducible. This is easy, as it has
degree one. But a polynomial ring is a UFD and so the corresponding
ideal

(ax + by — ¢)
is prime.
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We can also simply change coordinates. Translating, we may assume
that ¢ = 0. Then we may assume that a = 0 and b = 1. The key point
is that these changes of coordinates are given by linear polynomials
and so they induce homeomorphisms.

Now observe that the quotient ring

klz,y]
(y)

Indeed define a ring homeomorphism

~ k[x].

by the rule
r—rx and y—0

It is easy to see that this map is surjective and that the kernel is (y).
As k[z] is an integral domain, it follows that (y) is a prime ideal.



