MODEL ANSWERS TO THE THIRD HOMEWORK

1. Let B be the set of accumulation points that don’t belong to A. We
want to show

AUB=A
We first show the LHS is contained in the RHS. Suppose that b € AUB.
If b € Athen b € A and b belongs to the RHS. If b € B and b ¢ A then
b belongs to the closure of

A\{b} = A

Now let b € A. If b € A then b certainly belongs to the LHS. Now
suppose that b ¢ A. As

A\{b}=A
it follows that b is an accumulation point of A, so that b € B. Thus b
again belongs to the LHS. Thus the RHS belongs to the LHS and we
have equality.
2. We have to show that every open set in the product topology is a
union of basis elements. In fact it suffices to show that if U is open in
X and V is open in Y then U x V is a union of elements of D, since
subsets of this form are a basis for the product topology.
By assumption we may find U; € B and V; € C such that

v=Ju; and V=]V
i J

Note that
Ui X ‘/J eD.

Juxv; =JJui x v)
,J T g
:wav

=UxYV.

Thus U x V is the union of elements of D.

3. Suppose that (i) holds. Let F' and G be two disjoint neighbourhood
of x and y. Let U be the interior of F' and let V' be the interior of G.
Then z € U and y € V. U and V are certainly disjoint, as F' and G
are disjoint. Thus (ii) holds.

We have
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Now suppose that (ii) holds. Let U and V' be two disjoint open subsets
such that z € U and y € V. Let A be the complement of V. As V
does not intersect U, it follows that A contains U. A is closed as V is
open. y € V and so y ¢ A.

reUCA

and so A is a closed neighbourhood of z, not containing y. Thus (iii)
holds.

Now suppose that (iii) holds. Suppose that A is a closed neighbourhood
of x not containing y. Let F' = A and let G be the complement of A.
F and G are disjoint, as they are complements. F' is a neighbourhood
of x. (G is open as A is closed and y € G. It follows that G is a
neighbourhood of y. Thus (i) holds.

It follows that (i), (ii) and (iii) are equivalent.

To finish, we will show that (ii) and (iv) are equivalent. Suppose that
(ii) holds. Let W be the complement of the diagonal A. Suppose that
p € W. Then p = (z,y), © # y € X. As we are assuming (ii), we may
find U and V open and disjoint, so that x € U and y € V. Then

p=(r,y) CUCV xW

The last inclusion follows as U and V' are disjoint. As U and V are
open, U x V is open in X x Y. But then W is open, as p is an arbitrary
point of W. It follows that A is closed.

Now suppose that A is closed. Then the complement W is open. Sup-
pose that z # y € X. Then p = (z,y) € W. As W is open, it is union
of basis elements. Thus we may find U and V' open so that

p=(r,y) eUxV CW.

It follows that x € U, y € V and U and V are disjoint, by the last
inclusion. Thus (ii).

4. (i) False. Let X =R and Y = [0,1]. Then U =Y is open in Y but
not in X.

(ii) True. Let z € X and let A be the closure of {z}. Then z € A
and A is the smallest closed subset of X containing x. Suppose that
y # x € X. By 3, we may find a closed neighbourhood B of x not
containing y. As x € B and B is closed, A C B. But then y ¢ A.
Thus A = {z } is closed.

(iii) False. Let X be any infinite set, and let 7 be the topology where
the closed sets are the finite sets, plus X. Then every singleton set is
closed, since it is finite. Let x # y. Suppose that U and V are two
open sets. Then their complements are finite. The union is finite and

so U NV is non-empty. It follows that there every pair of non-empty
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open sets must intersect. But then we cannot separate x and y using
open sets.

(iv) True. Suppose that p # ¢ € X xY. Then p = (a,b) and ¢ = (¢, d).
Since p # q, either a # ¢ or b # d. Suppose that a # c¢. As X is
Hausdorff, we may find disjoint open sets U and V open in X such
that a € U and ¢ € V. Then

p=(a,b) eUxY and qg=(c,d) eV xY.

Note that U x Y and V' x Y are open and disjoint. There is a similar
argument if b # d. It follows that X x Y is Hausdorff.

(v) True. We first check that if F' and G are closed then F' x G is
closed. Let U be the complement of F'. Then the complement of F'xY
is U x Y, which is open. But then F' x Y is closed. Similarly X x G
is closed. But then

FxG=(FxY)N(X xQ)

is closed.
Now
ACA and BCB
so that
Ax B CAXxB.
As A x B is closed, it follows that the LHS is contained in the RHS,
AxBCAxB

To prove the reverse direction, recall the following characterisation of
the closure: a point p belongs to the closure of a set C' if every neigh-
bourhood of the point p intersects C.

Suppose that

(a,b) € A x B.
Let W be a neighbourhood of (a,b). Then
(a,b) e U xV

for two open sets U and V, as sets of the form U x V are a basis for
the product topology. Since a € A, U and A must intersect. Similarly,
V and B must intersect. Hence W must intersect A x B. Thus (a,b)
belongs to the LHS and we have equality.

(vi) True. Let X be a Hausdorff topological space and let Y C X be
any subset. Suppose that a # b € Y. Then a # b € X and so we
may find two disjoint open subsets U and V' of X such that a € U and
beV. Then Uy =UNY and V; = VNY are two disjoint open subsets

of Y such that a € U; and b € V;. It follows that Y is Hausdorff.
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5. Let £y € X. If r =d(z,y) then r > 0. Let
U = B, (x) and V = B,(y).

It isc clear that *+ € U and y € V are both open. Suppose that
zeUNV. Then

As this is a contradiction, it must be impossible to find z € UNV. But
then U and V are disjoint and X is Hausdorff.

Challenge Problems: (Just for fun)

6. (i) We already saw that the closed sets of k are the finite sets, plus
k. If k is infinite (for example, the reals or the complexes) then we saw
in 4 (iii) is not Hausdorff.

(ii) Consider what are the closed sets in the product topology (say, in
R?). If we take a finite set in the first factor and take the product with
second factor then we get finitely many vertical lines. Similarly if we
take a finite set in the second factor and take the product with the first
factor then we get finitely many horizontal lines. If we take the union
of two such sets then we get finitely many horizontal and vertical lines.
If we intersect arbitrarily many of these we can only get finitely many
horizontal and vertical lines and finitely many points.

By definition of the product topology, it follows that the only closed
sets in the product topology are the union of finitely many points,
finitely many horizontal lines and finitely many vertical lines.

But there are many more subvarieties. For example, line

y=x

or indeed any line that is neither horizontal nor vertical, or the hyper-

bola
rxy =1

or the circle

The list goes on.



(iii) Let the variables in the first factor be x1,xs,...,x, and let the
variables in the second factor be yi, 4o, ..., y,. We want to write down
equations such that if

p=(ay,as,...,a,) and q=(b1,ba,...,b,)
then p = ¢, so that

(p7Q) = ((11,(12,...,Gn,b17b2,...,bn> = (p7p) = (a17a27"‘7an7a1)a27”'7an)
Put this way, the equations we want are clear
r1—y1 =0 To—Yas =10 r3—ys =0 Tp — Yn = 0.

(iv) Note that the image of k™ is closed. Indeed it is given by the
equations

Tn—mi1 =0 Tnomao =0 Tn_maz =10 o z, = 0.

So F C k™ is closed in the subspace topology if and only if its image
in k™ is closed in the Zariski topology.

Now if g(x1, xa, ..., Z,) is a polynomial in the first m variables it defines
a polynomial in the first n variables, in an obvious way. Vice-versa, if
f(zq,29,...,2,) is a polynomial in the variables z1, xs, . .., x, then let

g<$1,$2,---7xm) :f(wlax%'"7xm7070a"'70)7

be the polynomial in the variables x1, s, ..., x,, you get by setting the
last n — m coordinates equal to zero. Note that

glai,as,...,ap) =0 if and only if flay,ag,...,a,,0,0,...,0)=0.

Thus V' C k™ is the zero locus of polynomials g; in the first m variables
if and only if V' C k™ is the zero locus of polynomials f; in the first n
variables.

Thus the subspace topology and the Zariski on k™ coincide.

(iv) First observe that k™ is never Hausdorff. Indeed, it contains the
subspace k = k' and this is not Hausdorff by (i). By 4 (vi) it follows
that k" is not Hausdorft.

We saw in (3) that this means that the diagonal in k*" is not closed, in
the product topology. But the diagonal is closed in the Zariski topology.
So the two topologies are different.



