MODEL ANSWERS TO THE SECOND HOMEWORK

1. D € |H| if and only if D is a divisor of degree d. Thus
|[H| = P(H"(P", Op(d))),

|H| is base point free. Indeed, if p = [ap : a1 : -+ : ay], then a; # 0
some 7. But then

where H; is the zero locus of X;. But then p does not belong to the
base locus of |H|. The dimension is

RO (P", Opn(d)) — 1 = (” * d) 1

n

2. If C = P!, then h°(C, Opi(p)) > 1, either by (1) or Riemann-Roch.
Suppose that h°(C,Opi(p)) > 1. Then the linear system |p| has no
base points, so that it defines a morphism
¢: C — P,
of degree one. But then C' ~ P!,
3. Suppose that deg D > 2g. Then
h(C,Oc(Kc—D)) = h°(C, Oc(Ke—D—p)) = b°(C, Oc(Ko—D—p—q)) = 0,
for all points p and ¢q. But then by Riemman-Roch
R(C,O0c(D —p)) = (d—1) —g+1=hr"C,0c(D)) -1,
and
h(C,0c(D —p—q)) = (d—2) —g+1=h"(C,0c(D)) - 2.
It follows that ¢ = ¢ p| is an embedding, so that D is very ample.
Suppose that D = K¢ 4+ p+ ¢q. Then
h'(C,0c(D —p —q)) = h°(C,0¢) = 1.
Thus
ID—p—dql+p=1|D—dl,
so that ¢(p) = ¢(¢). But then ¢ is not an embedding,.
If d > 0 then deg(2g + 1)D > 2g, so that (2¢g + 1)D is very ample and
D is ample. Conversely if D is ample then Nakai’s criteria implies that
d>0.

4. Let C' C IP? be a nodal cubic and let f: P! — C be the normalisa-

tion of C. The key point is that there are line bundles on C' of degree
1



2 MODEL ANSWERS TO THE SECOND HOMEWORK

zero which are not torsion. In fact the Picard group of line bundles of
degree zero on C' is isomorphic to G,,, see 11.6.7 of [1].

Pick one of these line bundles L and pick a divisor D such that L ~
Oc(D). Then f*L is a line bundle of degree zero on P! so that f*L ~
Op:. Equivalently f*D is a divisor of degree zero so that f*D =~ 0.
Thus D is not semiample as mD is never linearly equivalent to zero
but f*D ~ 0 is base point free.

5. See (3.18).

REFERENCES

[1] R. Hartshorne, Algebraic geometry, Springer-Verlag, 1977.



	References

