4. ROOTS OF UNITY
Theorem 4.1 (De Moivre’s Theorem).
(cosf 4 isinf)"™ = cosnf + i sinnb.
Proof. We have
(cos@ + isin )" = (e?)"
oind

= cosnf + isinnb. O

One can use this to derive simple formulas. For example suppose we
want to compute triple angle formulas. We use (4.1) to when n = 3.
We can expand the LHS using the binomial theorem.

(cos@ + isinf)® = cos® 6 + 3i cos® O sin @ — 3 cos @ sin® @ — i sin® 6.
Equating real and imaginary parts we get
cos 30 = cos® ) — 3 cos fsin?
sin 36 = 3 cos? fsin § — sin® 6.
We can also use Euler’s formula to compute nth roots.
Example 4.2. What are the cube roots of 1257
We are looking for complex numbers 2z such that
2% =125.

We write 2z in polar form

Then we get the equation
rPe*? = 125.

Taking the modulus of both sides we see that

r® = 125.
As r is a non-negative real number it follows that

r=5.

If we cancel 125 from both sides, we are reduced to solving

30— 1

that is, we are trying to find all cube roots of 1.
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What are the possible arguments of such complex numbers? One
possibility is clear, # = 0. In other words, 1 is a cube root of one.
Another possibility is that

30 = 2m,

so that when we add 6 to itself we go once around the origin. This
gives the solution

27
0= —.
3
It follows that |
w=3 (—1 + \/§z>

is a cube root of one.

A third possibility is that we go twice around the origin, so that
47

30 = 4w and 0= 5

In this case we get the last cube root of one

w’:%<—1—i\/§>.

Note some interesting connections between the roots. First off w’ is the
complex conjugate of w:

W=
In fact it is a general fact that the roots of a real polynomial come in
complex conjugate pairs.

Lemma 4.3. Let p(z) be a real polynomial.
Then the roots of p(x) come in complex conjugate pairs.

Proof. We may suppose that
p(2) = ap2™ + ap_12" 7+ -+ ag,
where ag, ay, ..., a, are real numbers. Let a be a root of p(z). We have
p(@) = an(@)" + an-1(@)" "+ +ag
= a4, 0" + ap_1a" 4 - 4 qg

A" + ap_a™ - 4T

A" + a1 - 4 ag

(@)

Il
o ol s

Thus @ is also a root of p(x) . U



For example, for the polynomial
2 —1=(z—1)(z —w)(z —w),

if we take the complex conjugate, the LHS is unchanged. On the RHS,
1 is fixed and so complex conjugation must switch w and w'.
Secondly note that

This is again a general fact:
Lemma 4.4. If ( is an nth root of unity then so are all powers of (.

Proof. Consider @ = (%, where a is a non-negative integer. We have
an — (Ca)n
— gan
= (")
— 10
=1. U

Note that there is a simple relation between w and w’ = w?. Playing
around a little bit one sees that

—w?=1+w,
so that
w’+w+1=0.
In fact
P —1=z-1)(+z+1),
as can be seen from direct calculation.

There are similar pictures for 4th and 5th roots. The 4th roots are
+1 and +¢. ¢« and —¢ are complex conjugates.

i =e'm/?
and the other roots are powers of i:
i=q' —1=¢# —i=¢ and 1=4"
+1 are the square roots of 1. In fact we have
A 1= -1D)EA+1)
= (z—1)(z+1)(2*+1).

-+ are roots of 22 + 1.

The fifth roots of 1 are
ei2m7r/5
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where m = 0, 1, 2, 3 and 4. These are all powers of
C — €i27r/5.
¢ and ¢* are complex conjugates and so are ¢? and ¢3. We have
P —1=-DE"+2+224+1),

so that ( is a root of
A4 B4+
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