20. FOURIER SERIES

We now turn to the problem of writing a function as an infinite sum
of trigonometric functions.
We start with the Fourier sine series

nw
— V" A, sin ==
o(x) ; sin —
We suppose that ¢ is defined on the interval(0, ). We would like to
determine the coefficients Ay, As, ..., starting with ¢. We assume that

the RHS converges to ¢ on (0,1).
This turns out to be easy, using the following simple:

Lemma 20.1. If m and n are positive integers then

/l, nmTr . MmmnT {0 ifm#n
sstm dox =
0

l é if m=n.

Proof. We start with the identity

1 1
sinasin f = §COS(O./ —-p) — 5008(& + f),

which is easily checked by applying the addition formula for cosine.
If we assume that m # n, it follows that

! I
1 —
[ i T i = [ os I g TR g
0 0

l l l

1 1 . (n—m)mzx 1. (n+m)mz]’
= — sin - sin

2r|n—m l n—+m l
=0.

The last line follows, as we are evaluating sine at four different integer
multiples of m, where it is zero.
Now if m = n the calculation changes only in the first term:

cos —(n — ;n)mg =
If we integrate this from 0 to [ we get [. U
We are assuming that
= nmw
—N" A, sin ——
o(x) nz:; sin —

where both sides are defined on the interval (0, /) and the sum converges

there.
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If we multiply both sides by

then we get

Now integrate both sides from 0 to I:

l | oo
/0 ¢(z) sin m;rx dz = /0 ; A, sin nlﬂ sin m;m dz

o0 1
. NTx . MmMTx
= E A, [ sin ——sin dx
0 [ [
n=1

=An=.

N | =~

Thus
MTx

9 [l
A, = —/gb(x) sin dx.
L Jo l

Note that the key step is switching the order of integration and
summation to get from the first line to the second line.

Example 20.2. Find the Fourier sine series for ¢(z) = 1.

We just need to compute

mi

9

An =~ / ¢(x) sin L dx
L Jo [
2 l

= 7/Osin m;rx dx

2{—1 mmc]l
= - |—cos
0

It follows that
s {6'% if m is odd

if m is even.

Hence

1_4 ,7rx+1,37rx+1_57rx+
= sml 38111 ; 5sm l I

Example 20.3. Find the Fourier sine series for ¢(z) = x.
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We just need to compute

9 [l
An =~ / ¢(x) sin
L Jo
9 [l

= 7/Omsinm;m dz

m

;m dx

-2z MTL 20 . mmnzx !
= cos sin
mm l m2m2 I,
21
_ _1 m—ﬁ-l_‘
(=)™

Hence

ZL':; SIHT—§SIHT+§SIHT+...

Example 20.4. Solve the PDFE

2l(,7m' 1. 2rx 1 . 3nx )

Ut = Py
u(0,t) = u(l,t) =0
u(z,0) == u(z,0) = 0.

The general solution of the PDE, subject to the boundary conditions
is

. t t
u(z,t) = Z (An cos m;c + B, sin g) sin ”lﬂ

The fact that u;(z,0) implies that B,, = 0 for all n. We want to choose
A,, so that

n=1

-
We solved this in (20.3)). Using this, we get

2l = (=)™t nmet | nwx
=3 cos sin ——.
s n

—~ l l

> nmwx
T = E A, sin
n=1

u(z,t) =

We now look at some variations on a theme. The first is to consider
the Fourier cosine series

oo
nmtx

Ao
o(x) = > + ;An cos ——.

Once again we assume that both sides are defined on the interval (0, 1)

and once again we assume that the series converges.
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The key result is again a simple result about integration

Lemma 20.5. If m and n are non-negative integers then

0 ifm#n

Lonmz mmx .

C08 —— COS — de=435 ifm=n>0.
0

l

ifm=n=0.

As before we multiply both sides by
mmx

l

and integrate over the interval (0, ).

COS

l 1 o©
/0 (x) cos m;rx dz = Z A, cos nlﬂ cos 0L dy

0 n=1 l
o0 !
= Z An/ cos nrr cos mre dz
0 l l
n=1
—a,k
2

Thus
mnx

9 [l
An =~ / ¢(z) cos dz.
A z

Note that this finally explains the unusual factor of 1/2 in front of
Ap/2.

Example 20.6. Find the Fourier cosine series for ¢(x) = 1.

We just need to compute. If m > 0 then

mm

2 l

An =~ / o(z) cos ~ dx
L Jo l
9 [l

= 7 /0 coS m;mc dx

21 1 . mmx !
= —|—sin
[ |mm [ 0

=0.

If m =1 then in fact we get Ay = 2.

It follows that
1%:{1Hm:0

0 otherwise.
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Hence
1=1.
In retrospect we could have guessed this expansion.

Example 20.7. Find the Fourier cosine series for ¢p(x) = x.

We just need to compute

mmx
/ o(z) cos dz

mnrx
= — | zcos dx
0 l

2¢ . mrmx 21 mmx
= | —sin -+ cos
mm [ m2m? L],
21
=—((=1)" -1
(-1

It follows that
Y {ﬁ it m is odd

0 otherwise.
Hence
l 41 T n 1 3rx n 1 X n
=_—— —|cos— + =cos — + — cos — .
Ty TR I 9 I 25 I

The final possibility is to consider the full Fourier series on the
interval (—[,1).

—i—io:(A cos——l—B sin?)

Once again there are similar identities

! nTr . Mmnx
Cc0S — sin dx =0
1 l [

!
/ oS ”lﬂ oS m;mc dx =0 provided m#n
—

l
/ sin ? sin m;rx dr =0 provided m # n.
—
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We also have

It follows that

m

B, = %/_llgb(:c) sin

Example 20.8. Find the Fourier series for ¢(x) = .

;rx dzx.

We just need to compute
1 /!
A, = 7/ ¢(z) cos
-1
1 /!

= j/lxcos m;rx dz

m

;m: dzx

I
T . mnx l mmx
= | —sin + Ccos

mm l m2m2 l
=0.
On the other hand

mim

1 [
Bm:—/gb(:v)sin T dz
1), I

1

= i/lxsin m;rx dx

- mmz+ { . mrz]’
= |— cos sin
mm l m2m? [ .
21
— _1 m—‘rl_‘
(=1 —

This gives us exactly the same series

as in (120.3]).



In fact we could have guessed this, using the fact that ¢(x) = z is
an odd function.
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