13. DIFFUSION ON THE HALF LINE

Now we look at diffusion on a half line. We try to solve the Dirichlet
boundary problem

Uy = KUy for 0<r<oo, 0O0<t<o
v(z,0) = ¢(z) for t=0
v(0,t) =0 for  x=0.

The solution, if it exists, is unique. Physically it represents the
temperature in a very long metal bar, where one end is in a liquid
bath, kept at temperature zero.

It is both surprisingly hard and easy to solve this equation. Hard in
the sense that one has to be clever to figure out what do; easy in the
sense that once one figures this out, it is relatively straightforward.

The trick is to use odd functions; a function v is odd if

(=z) = —¢(2).

Given ¢ there is a unique function ¢,qq which is the same as ¢ for x > 0
(oaa extends ¢) and which is also odd.

o(z) ifx>0
¢0dd(x) = —¢(—$) ifz <0
0 if x =0.

Now we solve the auxiliary problem

U = Klyy for —oco<r<oo, 0<t<oo

u(z,0) = Goqa() for  t=0.

We have a formula for

e t) = [ S = 5. D)ouals) dy
Let v(x,t) be the restriction of u(x,t) to the half line 0 < z < oo.
Note that as u is odd, v(0,t) = 0. As derivatives are computed locally,
v; is the restriction of uw, and v,, is the restriction of wu,,. Thus v
automatically satisfies the diffusion equation. As ¢ is the restriction of
¢oad(T) it is automatic that v(z,0) = ¢(x).
In fact we can even derive a formula for v. We have
0

ulz,t) = / S — . )bly) dy — / S(@ — y,8)é(—y) dy.
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If we change variable from —y to y in the second integral, we get

ule,t) = / (S — 1) — S+, 1)bly) dy

It follows that

1 *° 2 2
v(z,t) = e—(m—y) /4kt e—(m—i—y) /4kt d
@t) = [ )olu) dy

Example 13.1. Find the solution when ¢(z) = 1.
We apply the formula above. Let

Ty d Tty
P=Vae ™ = Vakt
We have
u(zx,t) = L/Vme_p2 dp — L/OO e dg
’ ﬁ —o0 ﬁ L

_ (%+%grf(\/i—m)> - (%_%grf<\/i_k:t))

e

In fact one can play the same trick with Neumann boundary condi-
tions:

Wy = KWy for O<zr<oo, O0<t<oo
w(z,0) = ¢(x) for t=0
w,(0,t) =0 for  x=0.
The trick is to use even functions; a function ¢ is even if

b(=z) = —¥(x).
Given ¢ there is a unique function ¢,qq which is the same as ¢ for x > 0

(Peven €xtends @) and which is also odd.

) e(x)  ifx>0
Deven(2) = {gb(—x) if z <0.

The key point is that the derivative of an even function is odd. We
can argue exactly the same way as before. We solve an auxiliary PDE
on the whole line with boundary condition ¢eye,. The restriction of
the solution to this problem is automatically a solution to the original
problem. We get the formula

1 o 2 2
(6—(:c—y) /4kt + e—(CH-y) /4kt)¢<y) dy
Varkt /

0 2

w(z,t) =



Example 13.2. Find the solution when ¢(z) = 1.

As above we get
1 [Vim 1 [~
u(xjt) _ _/ 4kt€7p dp+ 7/ equ dq
V) ™

(i () + (-2 ()
1.

However, this is not such a hard solution to guess.
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