MODEL ANSWERS TO THE FIFTH HOMEWORK

6.7.4. (a) We apply partial summation to
A = Pn cn =1 and f(z) =logz.

We get
Tt
Zlogm =m(z)logz — / Mdt.
p<z 2 t
Now 1
odt
— = 0(2).
5 logt
As .
<
m(@) < Clog:v’
we see that .
/ m(t) dt = 0(z)
9 1
Thus
V(z) < cou.
If we exponentiate then
[I» <At

p<w

(b) We apply partial summation to

1
Ap = Pn Cn = 1ngn and f(ZE) = :
log x
We get
0 oot
S-S [,
= log x o tlog™t
Now

/w at // dr / dt
2 loth_ 5 log’t o2 log’t

:O(x1/2)+0< ° )

log x
log

1




As
U (x) < e

/ 19(72 dtzo(—”” )
9 tlog”t log x

m(e) = f)(gx; 0 (mZ:::) ‘

6.7.5. (a) Let p be a prime. We have to check that the same multiple
of log p appears on both sides. Note that the largest power of p which
divides

we see that

Thus

[1,2,3,...,n]

is equal to the largest power of p which is less than n. Suppose that
p™ < n but that p™* > n. Thus the coefficient of log p which appears
on the RHS is m.

On the LHS we also get m copies of p, since there are m integers ¢ such
that p* <n, 1 <i<m.

(b) Let p be a prime. We have to check that the same multiple of log p
appears on both sides. But log p appears on the LHS is p’ <  and on
the RHS if p < z'/%, that is, if p* < . Thus

w(a) =) dm).

Note that 2 > 2/™ if and only if 2™ > z if and only if

log
log2’
We have
log 2/ log 2
d ooy = > 9
m>1 m=2
log z/ log 2

§C($1/2+ Z )x1/3
m=3

< c(x'? 4+ 23 logx)
= O(z'/?).
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Thus
Yla) =Y O™

= 9(z) + O(«'?)
= O(x).
If we exponentiate then we see that
[1,2,...,n] = e¥™
= AJ.
6.7.6. Since

logn if n is prime

d(n)—J9(n—-1)= {

0 otherwise,

it is easy to see that
N

Y Fp)=) (0(n) = dn—1))

p<N n=2

F(n)
logn’

We apply Abel summation formula to the RHS with

“ij

(k)

ar = (k) =9k —1) and by = gk’

The RHS becomes

Fk)  Flk—1) F(N+1)
> 0k) (1ogk‘ " logk = 1) N e 1)

Since

F(k) F(k—1)

logk loghk—1 0

IN

this sum is at most

F(k) F(k-1) F(N+1)
chk (logk " logk — 1) +C2Nlog(N—i— 1)

where
Clkf S 19(]{5) S CQ]{?.

If we reverse the partial summation then we get

F(k) F(N +1)
ch 1ng + (CQ - CI)NW'

If

F(k)
Z “ log k
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converges then

F(k
P _
so that
F(k) F(N +1)
— —c1)N .
) o T le—a) log(N + 1)
converges. Thus
> F(p)
p<N

converges. On the other hand

S 0k (f;(gkﬁ - i(gkk:——ll)) o F+D)

is at least

F(k) F(k-1) F(N+1)
chk (logk B log k — 1) TaN

This is equal to

F(k) F(N +1)
ZCQ 1ng + (Cl - CQ)NW.

If

converges then

F(k) F(N +1)
2 “ogk ™M iogw 1)

converges. As

N
m(N) Z e log N’
it follows that
F(N +1)
log(N +1)
goes to zero. But then
F(k)
Z log k

converges.

log(N +1)

log(N +1)



6.7.7. (a) We have
{n|p, <z,d, >clogz}| - clogx =clogx - Z 1

pn<z,dp>clogx

= Z clogx

pn<z,dp>clogz

< > dy

Pn<z,dn>clogz
= Dn = Pm
<z
(b) We have
[{n]pn <a,dy, > clogpn | = {n| Ve <p, <a,dy > clogp, } + [{n]pn < Va,d, > clogp, ]
<|{n|ve <p, <x,dy > clogpy } + vV
<H{n|vz <p, <zd, >clogyz}| +O(/x)
=|{n|p. <x.d, > c/2logz }| + O(Vx)

2
<L L oWa).
clogx
We have
2x
{nlp, <z clogpn }| > gz (V)
As
m(@) < C210gm’

it follows that if ¢ is large enough then

{nlpn <z,dy < clogpy }| > 7(z).



