13. ORDERS OF MAGNITUDE

The quantity 7(z) is relatively easy to approximate with smooth
functions. Estimating some of the other quantities which appear in
number theory is not so straightforward, as they jump up and down
with small changes in n.

Consider 7(n), the number of divisors of n. We expect this function
to grow much slower than n, 7(n) = o(n). On the one hand, infinitely
often 7(n) is equal to 2, when n is prime and on the other hand, 7(n)
is unbounded from above.

If we plot the points (n,7(n)) in the plane R? note that there is a
unique polygonal path with the following properties:

(1) the function y = T'(z) whose graph is the polygonal path is
piecewise linear,

(2) every point (n,7(n)) lies below the graph, and

(3) T is convex.

One possible goal is then to give asymptotics for the function y =
T(x).
Theorem 13.1.
(1) The relation 7(n) < log"(n) does not hold for any h.
(2) T(n) < n® holds for any & > 0.
Proof. We first prove (1). Fix r primes py, po, ..., p, and consider

n=(2:3-p)™

Then
r(n) = [Jm +1)
i=1
=(m-+1)
>m'.
But
logn
m =
10g(2 . 3 ..... pr)
and so
(n) log" n
7(n
(log(2- 3 pr))"
> log' n

This is (1).



Now we prove (2). If

_7(n)
fny =7
then f is multiplicative. We have
m+1
f™) = :
pm5
Now p™ tends to infinity if and only if at least one of p or m tends to
infinity in which case f(p™) tends to zero. This is (2). O
In fact we can do a little bit better for (2) of ((13.1). As before let
0 > 0. Let
n= H Dit.
i=1
We have
T(n) e +lex+1 e +1
nd pad  ped T pend
1
< max <a: ;r )
x>0 P x
piln

is equal to 1 for p sufficiently large (for example, consider the Taylor
series expansion of e*: logp > 1/6 will do) and is never smaller than
one.

Thus

Thus we get an explicit constant for (2) of ([13.1).

We now turn to Euler’s ¢-function. We have ¢(n) < n — 1, with
equality if and only if n is prime. We obtained a lower bound in a
homework problem. We now establish a better lower bound.

Theorem 13.2. n

wn) > loglogn’
Proof. We have
p(n) ( 1)
P _TT(1- =),
n g P

2



and so taking logs

1og@ = log (1—]19)

pln
Z—Z—+Zlog (1——) —l—l
p p
pln pln
1
< - -+ 0(1),
p
pln
as
1 1 1
(i)l (1)
pln p|n
1
> J— —_—
> ()
=—1.
Let pi1,p2,...,pr—, be the primes less than logn dividing n and let
Dr—p+1s Pr—p+2s - - -, Pr be the remaining primes dividing n,
1 <t ~ 1
Z; =D o > o
pln k=1 1k k=r—p+1 k
=51+ Ss.
We have

log’n < py_ 4

SHpk

k=r—p+1
<n
and so
logn
p< ———.
log logn
Therefore
1 logn

Sy < :
2= logn loglogn

=o(1).
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By (8.2)
Sy < loglogp,_, + O(1)
< logloglogn + O(1).
Putting these two results together we get

¢(n)

n

log > —logloglogn + O(1),

so that
1
p(n) o _
n log logn

Here is a result that ties ¢(n) together with o(n).
Theorem 13.3.

Proof. We have

oI55

pln |
B 1 _p—(e+1) 1
() I )
pln pln
= n2 (]_ — p—(e—i—l)) .
pn

The coefficient of n?, the product over the primes, is clearly less than
one and at least

p|n k=1
1
I )
k
- 1
2 )
where the last inequality is shown in (5.3). O

Corollary 13.4.

o(n) < nloglogn.
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Proof. By (13.2)) we have

wln) > log logn
and so
a(n) n
no o p(n)

< loglogn.
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