FINAL EXAM
MATH 104B, UCSD, WINTER 18

You have three hours.

There are 9 problems, and the total number of
points is 125. Show all your work. Please make
your work as clear and easy to follow as possible.

Name:

Signature:

Student 1D #:

Problem | Points | Score
1 30
2 10
3 15
4 10
5 15
6 10
7 10
8 15
9 10
10 10
11 10
12 10
13 10
14 10
Total 125




1. (30pts) Give the definition of

(i) 7(n).

The number of divisors of n.

(ii) o(n).

The sum of the divisors of n.

(i) f(z) = O(g(x)).

There is a constant M > 0 such that

@y,

g(x)
for x sufficiently large.
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(iv) Euler’s constant.

Euler’s constant v is the real number such that

1 1
Z—zlogn+’yn—|—0<—).
k n

k=1
(v) completely multiplicative.

A function f: N — C is completely multiplicative if

f(mn) = f(m)f(n),

for all m and n.
(vi) Twin primes.

Two primes p and ¢ are twin primes if ¢ = p + 2 (or vice-versa).



2. (10pts) (i) Show that T(n) is multiplicative.

Suppose that m and n are coprime. Then d divides mn if and only if
we may write d = didsy, where d; divides m and dy divides n. Thus the
number of divisors of mn is the number of divisors of m multiplied by
the number of divisors of n,

T(mn) = 7(m)71(n).

(ii) Find an expression for or(n) the sum of the kth powers of the
divisors of n.

Note that

or(n) => d".

din
As m — m” is multiplicative, it follows that o} is multiplicative. If
n = p° is a power of a prime then

or(n) = Zpe

pe+1 -1
=TT
If n = pi'p5? ... p* is the prime factorisation of n then
R
n)=1||—-——
ok pi—1

=1



3. (15pts) (i) State the Mdobius inversion formula.

If
Fn) =376 then  f(n) = 3 pld)F(n/d).
dln din

(ii) Let

logp if nis a power of any prime p,
A(n) = .

0 otherwise.

Show that

logn = Z A(d)
din

Call a function f: N — N logarithmic if f(mn) = f(m) + f(n),
whenever m and n are coprime. Note that both sides are logarithmic
and so we are reduced to the case that n = p® is a power of a prime.

In this case
D A(d) =D AR
i=0

djn
=celogp
= log p°
= logn.

(iii) Show that
> p(d)logd = —A(n).

din

By Mobius inversion we have

Afn) = 3 uld) log nfd
dln
=Y lognp(d) = > u(d)logd
din

dln

= logn()  u(d)) =Y pu(d)logd

din din

=— Z p(d)logd.
din



4. (10pts) If n is a natural number, p is a prime and n! = p*m, where
m is a natural number coprime to p then prove that

n n n
e:|_—_|+|_—2_|+|_—3_|+....
p p p

Note that
o0
e= Z 164,
i=1

where e; is the number of integers from 1 to n divisible by p’ but not
pitl. Let f; be the number of integers from 1 to n divisible by p. Note
that e; = f; — fi11 so that

o0 o0

= szz - Zifiﬂ
i=1 i=1
[oe) (@)

= fi
1=1

On the other hand, of the numbers from 1 to n, there are

n
fi= s

p
numbers divisible by p'.



5. (15pts) (i) Let r be a natural number and let x be a real number.

Show that
- 1
m(r)<r+zx 1——)+2r.

Let A(z,r) be the number of integers up to x divisible by the first r
primes. Then

m(z) <r+ Az, ),
and by inclusion-exclusion

r

A(m,r):Lx_n—ZLEJ—i-ZL Z

= P g Db

If we ignore the round down then we introduce an error of at most 2".
Note that
T T 1 1
A1(- 1) o (-h T )
i=1 p i=1 b i<j Dip;
s
x x
=r—) =+ +
=1 Pi o5 PiPi

Putting all of this together we get

ﬁ(x)ST—I—xﬁ(l—l) Lo

Di

(i) If > 2 then

(-3) <
Hl—— < .
P log

p<z

We have

1\ ! 1 1
1—— =1+—+—2+....
P p P

As the RHS is absolutely convergent if multiply out all of these terms
we get the sum of the reciprocral of every natural number divisible by
only the first r primes. These include every number up to z.



1\ 1
[(-3) -X¢
p<z k<zx
If we view the last term as a Riemann sum then we get

1 /LCUJJF]. du
Z - = — > logx.
k 1 u

k<z

(iii) Show that

i

m(e) < loglog

By (i) and (ii)

<oty T
m(x) < + oz p,
As p, > r it follows that
<oty T
m(w) < + log r
Let r =logLzi+ 1. Then
< 4 . Qlew
(@) log log x +
x
< O(z'°82).
log log x (%)

As log?2 < 1 it follows that

log2) _ z
O™ O(loglogw)'

X

Thus

m(e) < loglogx”



6. (10pts) Let n be an integer and let p be a prime. If r, is the unique
integer such that

P < 2n < pth
then prove that
(2n)!

\en): n \en):
nln! and nln!

[

p<2n

If p is a prime and p < 2n then p divides (2n)!. If p > n then p does
not divide n!. It follows that

Note that

is the exponent of p which divides n!n!. The difference

Tp T

2n LA L 2n n
ZL—_I -2 Zl_p—mJ = ZL—_I —2L—_
m=1

— pm — pm pm
Tp
S
m=1
=7,
is the exponent of p which divides
(2n)!
nin! "’
Thus (2n)!
2n)! ,
n'n! H P
p<2n



7. (10pts) Show that if s > 1 then

1 =1
Hl_p—s:ZE'

p k=1

Call the RHS ((s).
If we expand the RHS for all of the primes up to = we get

H(l_lp_s>=ﬂ(1+é+]%+...>.

p<z p<z

The product on the right is a finite product, over finitely many primes,
of absolutely convergent geometric series. Thus we may rearrange the
terms of the sum in any convenient order. If we expand the product

we then get
1 1
Ii—=)- ¥ &

p<z k:plk = p<z

1 1
2t 2 B
k<z k>x:plk = p<z

=1 (z) + Xa(x).

S5
ks
k=1
converges, it follows that 3 (z) converges to ((s) and s(z) tends to
zero.

As the series



8. (15pts) (i) State Bertrand’s hypothesis.

If n is a natural number then there is a prime number p such that
n<p<?2n.

(i) Show that every integer n > 6 is the sum of distinct primes (Hint:
show that every integer 6 < n < 19 is a sum of distinct primes p < 13).

Note that every integer 7 < m < 19 is a sum of distinct primes p < 13

7T=7 8=5+3, 9=7+2, 10=7+3, 11=11, 12=7+5 13=11+2,
14 = 1143, 15=T7+5+3, 16=1145, 17=T7+5+3+2, 18=1147, 19=11+5+3.

Suppose that 19 < m < 26. Then 7 < m — 13 < 13. Thus m — 13
is a sum of primes less than 13 and adding 13, m is a sum of distinct
primes. Thus every integer 7 < m < 26 is a sum of distinct primes
p < 13.

Now suppose that we know every integer 7 < m < 2p is a sum of
distinct primes at most p. Pick a prime p < ¢ < 2p. If 2p < m < 2¢
then m —q < ¢ < 2p. In this case m — ¢ is a sum of distinct primes less
than p and adding on ¢, m is a sum of distinct primes at most ¢ > p.
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9. (10pts) Show that the number of lattice points inside the circle x* +

y?> < n is equal to
™ + O(yv/n).

The number of lattice points is

Yooo> 1=2) Wh-d2

lz|<v/n |y|<vn—z? lz|<vn
=4 Z vn — 22+ O(yv/n).
0<s<yn

To estimate the last sum we use Riemann sums:

Z \/n—ng/\/n—ﬂdtg Z vVn — z2.
0<z<\/m 0 0<z<\n

As .
/ vVn —t2dt =mn
0

and the difference between the upper and low sum is bounded by /n,
the number of lattice points inside the circle 22 + 3% < n is

™ + O(v/n).
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Bonus Challenge Problems
11. (10pts) State and prove the formula for partial summation.

Suppose that A1, Ao, ... is a sequence of reals such that
M <A<,

and the limit is infinity. Let ¢q,c¢s,... be any sequence of complex
numbers and let f(x) be a function whose derivative is continuous for
T Z AL

If

Cla)=) e,

An<z
where the sum is over all n such that A\, < z, then

3 e On) = C@)f@) - [ Corar
A<z A1
If v is the largest index such that A\, < x, we have

D eaf () = COW)FM) + (C(h2) = CN))F(ha) + -+ + (C(A) = C(Aa)) f(An)

An<z

=C(A)(f(M) = f(A2)) + -+ CA-1)(f(N) — f(2)) + C(A,) f ()
==/ C(t)f'(t)dt + C(x) f (=),
since C'(t) is constant over the intervals (A\;_1, A;) and (\,, z).

12



11. (10pts) Show that

n

Z 7(m) =nlogn + (2y — 1)n+ O(v/n).

m=1

We have

Geometrically, the sum on the RHS is the number of lattice points
(x,y) where z and y are natural numbers, on or below the hyperbola
xy = n, since if we fix x the number of 1 <y < n/x is precisely Ln/z .
By symmetry the number of lattice points (x,y) with z > 0, y > 0 and
xy < n is equal to twice the number of lattice points x > 0, y > x and
xy < n plus the number of lattice points x > 0, x = y and zy < n.
Hence

n N
n
:2 — ] —
m§:17'(m) mEZII_x_I x| +vno

ND
= (> i +0(Vn) — QLﬁJ(L\Q/ﬁJ +1)

= 2n(log(v/n) +7 + O(1/v/n)) —n+ O(v/n)
=nlogn + (2y — 1)n + O(y/n).
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12. (10pts) Show that

S

n<x

1
5 log? 2 4 2yx + O(1).

We apply partial summation to

We get

Now

Thus

/ an

Hence

A =1

ZT’N, _

¢n =71(n) and fz) = !

- .

n<x

Z T(n

n<x

z ] x 1/2
—dt+ 27—1)/ ;dt+/ ot
1 1

1

n<r / Zn<t

) =xlogz + (2y — )z + O(z'/?).

: Ebg I v ofer] +o(

1
=3 log?z 4 (2y — 1) logz + O(1).

> -
n<x

n)

1
élong + 2ylogx + O(1).

14

t2

<1

e

dt

)



13. (10pts) Show that

lim | [(1-¢°)' =
s—1t ( g ) ’
q
where the product ranges over the primes ¢ congruent to one modulo

four.

See lecture 9.
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14. (10pts) Prove Brun’s theorem.

See lecture 15.
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