MODEL ANSWERS TO THE NINTH HOMEWORK

9.3.1. v2=1++2—1, so that ay = 1 and
1

512\/5_1
—V2+1
=24+V2-1,
so that a; = 2. It follows that
V2 =11;2].
\/§:1+\/§—1,sothata0:1and
1
51_\/5_1
V31
2
V3—1
=1
+ 2
It follows that a; = 1 and
2
52_\/5_1
=V3+1
—24+V3 -1
It follows that
V3 =[1;1,2].
\/5:2+\/_—2,sothata0:2and
1
51_\/5_2
= V542
—4+5-2.

It follows that

V5 = [2;4].
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V6 =2+ 6 — 2, so that ag = 2 and
1

51_\/—_2

V6 +2
2

V6 —2
B

I
S

+

It follows that a; = 2 and
2

V6 —2
=642
—4+6—2.

It follows that

\/7:2+\/7—2,sothata0:2and

It follows that a; = 1 and

It follows that as = 1 and

&=




It follows that a3 = 1 and

6 — 3
3 \/7_2
=V7+2
=447 -2
It follows that
VT =[2;1,1,1,4].

V8 =22 =2+2v2—2, so that ap = 2 and
1
6= 5 mT

V241
2
(vV2-1)

=14 s
T

It follows that a; = 1 and
2

MCERE
=2(vV2+1)
=4+2(v2-1).

It follows that

V8 =[2;1,4].

V10 = 3 + (v/10 — 3), so that ay = 3 and
1

S =03
=V10+3
=6++/10 — 3.

It follows that

V10 = [3;6]
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V11 =3+ (/11 — 3), so that ag = 3
1
VT
V1143
2
V11 -3

=34+ Y-
+ 5

It follows that a; = 3 and

6= —2

T V/I-3
=V11+3
=6+11 - 3.
It follows that
V11 = [3:3,6].
V12 =3+ (2v/3 — 3), so that ag = 3 and
1
51_2\/§_3
2v/3+3
3
2v3—3
2 2028

It follows that a; = 2 and

6=

C2v/3-3
=2V3+3
=6+2V3-3.
It follows that
V12 = [3;2,6].
\/ﬁ:3+(\/ﬁ—3),sothata0:3and
1
51——\/1—3_3
V13 +3
4

V13 —1
T

=14+
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It follows that a; = 1 and

It follows that as = 1 and

It follows that a3 = 1 and
3

“= B
VIB+1
i
:1+@_
4
It follows that a4y = 1 and

b= ——

T V/13-3
=+v13+3
=6+Vv13—-3.
It follows that

V13 =[3;T,1,1 1,6
V14 =3+ (V14 — 3), so that qp = 3 and

1

§ =3
V143
5
V14 — 2

=1
* )
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It follows that a; = 1 and

b=

T VId-2
VI +2

It follows that as = 2 and

It follows that as = 1 and

b= ——

~ V-3
=V14+3
=6+ V14— 3.
It follows that

V14 = [3:1,2,1,6).
V15 = 3+ (/15 — 3), so that ap = 3 and

1

V15 +3

6
6
It follows that ¢; = 1 and

6
&2 = 15— 3
V15 + 3
+

+

I
o
ﬁ
ot

- 3.
It follows that
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9.3.2. As £ < 6 < n, it follows that
ag = Léa < Ll < Lni = ay.

Thus
apg = Lo

Moreover, it then follows that

{&r<{or<{ny
Taking reciprocals
m <6 <&.

As the partial quotients of 7, and & are ay,as, ..., a,, we are done by
induction on n.

9.3.3. We proceed by induction on n. ¢; = a; and so we omit no pairs
in this case. Suppose the result holds for all £ < n, where n > 1. We
have

Qn = GnGn-1 + Gn—-2.

Gn—2 is the product of ajas...a,, omitting some pairs of consecutive
integers of aqas...a,_o, including a,_1a,_s. a,q,_1 is the product of
aias . . .a, omitting some pairs of consecutive integers of aqas .. .a,_1,
but never omitting a,,. This completes the induction.

9.3.4.

2:1,2,1,1,4,1,1]
2:1,2,1,1,4,2]

u=|
[
2;1,2,1,1,9/2]
[
[
[

2:1,2,1,11/9]
=[2:1,2,20/11]
2:1,51/20]

= [2;71/51]

193

i

= 2.71830985915.
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= [2:1,2,1,1,4,1,1,1]
=[2:1,2,1,1,4,1,2]
= [2:1,2,1,1,4,3/2]
=[2:1,2,1,1,14/3]
= [2:1,2,1,17/14]
= [2:1,2,31/17)

= [2:1,79/31]
= [2:110/79]

299

T 110

= 2.718.
The general real number ¢ will have a continued fraction which starts
like

2;1,2,1,1,4,1,1]
if and only if
£ € [2.718,2.71830985915].

9.3.5. There is no harm in assuming that § < 1/2. In particular if

J

7
then p/q = pr/qr is a convergent of the continued fraction expansion
of £&. In this case

-3
q

1

qr9k+1 '

1
<‘§_pk

- =<
Qe(qr + Qet1) qk

As
Qk+1 = p+1qk + Qr—1
It follows that
ar1q < ¢¢ < (ape1 +1)¢?
If a, < A for some A then

-3
q

for



Conversely if

)
>_

P
5__
‘ q) ¢

then

ap < =,
P
is bounded.
9.3.7. If z441 > ¢ then agy; > ¢ and so

Qk+1 = Ak+19k + Q-1 > QZJH-
In this case
1

w2
4y,

Pk
x —_— —

qk
Therefore z is Liouville number.

If z is a Liouville number and

<

1

al q"
then p/q has to be a convergent. It follows that

Qe (qk + Qes1) > g1
But then

1
Qk+1 > éqﬁ.

9.4.2. (a) We have
0<&—¢
Vd

=2—-.
B

Therefore B > 0. On the other hand
0<&E+E
A

=2—.
B

Therefore A > 0.
As € > 1 we have

Vd+A> B so that B<Vd+ A
As —1 < € < 0 we have
—B<A—-Vd<0 so that Vd— B < A< V.
Putting all of this together gives
0<A<Vd and 0<Vd—A<B<Vd+A<2Vd.
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(b) As B < Vd + A it follows that £ > 1. As

Vd—B< A<+d  sothat _B<A-Vd<0.

and so —1 < £ < 0.

(¢) We already now that v/d 4 Lv/d_ is reduced and so there is at least
one. As 0 < A < V/d it follows that there are only finitely many
possible choices for A. As 0 < B < 2v/d it follows that there are only

finitely many possible choices for B.
9.5.1.

V7 =1[21,1,1,4].
The convergents are

2 3 5 8 37 45 82 127 590 717
1 1 2 3 14 17 31 48 223 271
If we compute pi — 7q; we get

2_7=-3, 3*-7=3, 5°—4.7=-3, 8§-97=1, 37°—14.7= -3,

(45)°—(17)*7 =2, (82)*-31%27= -3, (127)*—(48)*>7=1, (590)*—(223)*.7 = —3.
Finally we get
(T17)% — (271) - 7 = 2.
It follows that we can solve
v? —Ty? = N,

where |[N| <2, if and only if N =1 or N = 2.
9.5.2. We find the continued fraction expansion of v/95. v/95 = 9 +
V95 — 9, so that ag = 9. It follows that

1
V95 -9
V95 +9
14

= 1+—”9_5,
14

&1
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It follows that a; = 1 and
14

RV
_ V9545

5
— 2 + M
5
It follows that as = 2 and

b=

= 753

V9545

14

:1+—\/%_9.
14

It follows that a3 = 1 and

14
&4

V95 -9
=V95+9
=18+ V95 — 9.
It follows that
V95 = [9;1,2,1,18).

The partial quotients are

9 10 29 39

11 3 4
If we compute p; — 95¢7 we get

81-95=—14  100-95=5  (29)*-9-95=—14  (39)*-16:95 = 1.

Thus the fundamental solution is 39 + 4v/95.
We find the continued fraction expansion of \/74. /74 =8 + /74 — 8§,
so that ag = 8. It follows that

1

él—m_g
V7448
10
V74— 2
10

=1+
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It follows that a; = 1 and

10

= —\/ﬂ =
VA2

7
4 —
:1+Q'

&2

It follows that as = 1 and

B 7
V-5
 VTi+5

7
9
:1+W4T.

€3

It follows that as = 1 and
B 7
— —\/ﬂ -
VT4 +2
10
V74— 8
10

&4

=1+

It follows that a4 = 1 and
10
= —\/7_4_ 5
=VT74+38
=16 + V74 - 8.

€5

It follows that
V74 =1[81,1,1,1,16].
The partial quotients are

8 9 17 26 43

1 1 2 3 5

If we compute p; — 74q; we get

64—74 = —10, 81-74=17, (17)*—4-74= -7, (26)*-9-74 =10, (43)*-25-74=—1.
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Thus 43 + 51/74 is the minimal solution of z* — 74y* = —1. Squaring
gives the fundamental solution:

(43)2 425 - 74 + 2 - 43 - 5V/74 = 3699 + 430V/74.
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