
MODEL ANSWERS TO THE EIGHTH HOMEWORK

9.1.1.

Φ(t, n) =
n∑

m=1

∑
1≤a<tm,(a,m)=1

1

=
n∑

m=1

ϕ(t,m)

=
n∑

m=1

tϕ(m) +O(τ(m))

= tΦ(1, n) +O(n log n).

As

Φ(1, n) =
3n2

π2
+O(n log n)

it follows that

Φ(t, n) ∼ tΦ(1, n).

9.1.2. We have

λ(c) =
∑

p/q∈[0,1]

l(Jc(p/q))

=
∞∑
q=1

∑
0<p≤q,
(p,q)=1

l(Jc(p/q))

=
∞∑
q=1

∑
0<p≤q,
(p,q)=1

2c

qν

<
∞∑
q=1

2c

qν

∑
0<p≤q

1

= 2c
∞∑
q=1

1

qν−1
,

which converges if ν − 1 > 1 and

lim
c→0

λ(c) = 0.
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9.1.3. Suppose that

p2 − pq − q2 = 0.

and yet pq 6= 0. We are going to derive a contradiction. There is no
harm in assuming that p and q are coprime. We may write

(p− q)(p+ q) = pq.

If a prime divides p it must divide one of p + q and p − q. But then
this prime must divide q, a contradiction. Thus p and q are both ±1.
In this case the LHS is zero but not the RHS, a contradiction.
Thus

|p2 − pq + q2| ≥ 1,

if not both p and q are zero.
Let

φ =
1 +
√

5

2
,

the Golden ratio. Fix C > 0, such that

C >
√

5.

Suppose that

φ− p

q
=

δ

q2
,

for some

|δ| < 1

C
.

Multiplying by q we get
δ

q
= qφ− p.

This gives

δ

q
− q
√

5

2
=
q

2
− p.

Squaring both sides and subtracting

5q2

4

gives
δ2

q2
− δ
√

5 = p2 − pq − q2.

The first term on the LHS tends to zero as q tends to infinity. As the
second term is bigger than −1 and the RHS has magnitude at least
one, it follows that there are only finitely many possible values for q.
It follows that there are finitely many possible choices for p/q.
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9.2.1. x
√

3y = 1 so that a0 = 1 and

ξ1 = (
√

3− 1)−1

=

√
3 + 1

2

= 1 +

√
3− 1

2
.

Thus a1 = 1 and

ξ2 =

(√
3− 1

2

)−1
=

2√
3− 1

=
√

3 + 1

= 2 +
√

3− 1.

Thus a2 = 2 and ξ3 = (
√

3 − 1)−1. As ξ3 = ξ1 it follows that the
continued fraction expansion is periodic:

√
3 = [1; 1, 2, 1, 2, . . . ].

The first few convergents are:

1

1

2

1

5

3
and

7

4
.

9.2.3. We have

ξ =

√
5 + 1

2

= 1 +

√
5− 1

2

= 1 +
1
2√
5−1

= 1 +
1
√
5+1
2

= 1 +
1

1 +
√
5−1
2

= 1 +
1

1 + ξ
.
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Thus

ξ = [1; 1, 1, 1, . . . ].

9.2.4. x = 2/5 + ε and F3. 1/3 is closer than 1/2 to x but

|4/5− 1| = 1/5 and |6/5− 1| = 1/5.

so that x is not a best approximation.
9.2.7. We have

x = [a0; a1, a2, . . . , ak].

Since a/b is a best approximation to x and there is no other best
approximation with larger denominator, then we must have

a

b
=
pk
qk
,

so that a = pk and b = qk.
Since

qkpk−1 − pkqk−1 = (−1)k

it follows that ((−1)k+1cqk−1, (−1)kcpk−1) is a solution of

ax+ by = c.

We have to find the continued fraction expansion of 247/77. We have

x =
247

77

= 3 +
16

77
.

Thus a0 = 3 and

x1 =
77

16

= 4 +
13

16
.

Thus a1 = 4 and

ξ2 =
16

13

= 1 +
3

13
.

Thus a2 = 1 and

ξ3 =
13

3

= 4 +
1

3
.
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Thus a3 = 3 and a4 = 3. It follows that

247

77
= [3; 4, 1, 4, 3].

The convergents are:

3

1

13

4

16

5

77

24
and

249

77
.

This means p3 = 77 and q3 = 24. It follows that a solution of

247x+ 77y = 31,

is
x = −24 · 31 and y = 77 · 31.

The general solution is then

x = −24 · 31 + 77λ and y = 77 · 31− 247λ.

9.2.8. Let
yk = [ak; ak−1, ak−2, . . . , a2, a1].

We will show by induction on k that

yk =
qk
qk−1

.

p0 = a0 and q0 = 1.
q1 = a1 · 1 + 0 = a1.

We have
qk = akqk−1 + qk−2.

Thus
qk
qk−1

= ak +
qk−2
qk−1

= ak + 1/yk−1

= [ak; ak−1, ak−2, . . . , a2, a1]

= yk.

9.2.9. Let
a

b
= [a0; a1, a2, . . . ]

We will show by induction on k that ak = qk+1 and ξi = ri−1/ri.
Note that

a/b = q1 + r1/b,

so that q1 = xa/by = a0 and b/r1 = ξ1. Note that

rk−1/rk = qk+1 + rk+1/rk.

By induction
ξk = rk−1/rk.

5



Thus
qk+1 = xξky = ak.

It follows that
ξk+1 = rk/rk+1.

This completes the induction.
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