
17. Extremal Bundles

We look at various extremal cases of Hartshorne’s conjecture. Let
Y ⊂ Pm+2 be a local complete intersection of codimension two of degree
d such that detNY/Pm+2 = OY (k). We have already seen that if

k ≥ d

µ
+ µ,

for some µ ∈ (0,m] then Y is a complete intersection.
If E is the associated vector bundle then

c1(E) = k

c2(E) = d.

Suppose that α and β are the chern roots, so that

c(E) = (1 + α)(1 + β)

and k = c1(E) = α + β and d = c2(E) = αβ.
Suppose that one of α and β lies in the interval (0,m]. Then (1)

holds, with µ = α, so that Y is a complete intersection. Note that
α > 0 and β > 0 since αβ = d > 0 and α + β = k > 0. Therefore if

k < 2m

then one of α and β belongs to (0,m],
Suppose that k > 2m and the first inequality does not hold. Then

d

µ
+ µ > 2m.

Thus
d > 2mµ− µ2.

The RHS is maximised if we take µ = m, in which case

d > m2.

It follows that if d ≤ m2 then Y is a complete intersection.
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