MODEL ANSWERS TO THE SEVENTH HOMEWORK

1. Let X be a finite set, and let A, B and Ay, As, ..., A, be subsets of
X. Let A°= X \ A denote the complement.

(a)
Z xa(z) = [Al.

reX
(b) We proved in homework six, question 2 (c) that

XAUB = XA T XB — XAXB-
But we also proved homework six, question 2 (a) that

XAnB = XAXB-
Thus

XAUB = XA T XB — XANB-
It follows that for every x € X

Xaus(z) = Xa(®) + x5(%) — Xanp(2).
Summing over x € X we get
Z Xaup(z) = Z Xa(z) + Z xB(x) — Z XanB(T)-
zeX zeX zeX zeX

Applying part (a) to each term we get
|AUB| = |A| +|B| — |AN B|.

(c) We show the LHS is a subset of the RHS and vice-versa. If a €
A°N B¢ then a € A° and a € B°. Then a ¢ A and a ¢ B. It follows
that a ¢ AU B. Thus a € (AU B)°. Therefore the RHS is a subset of
the LHS.

Now suppose that a € (AU B)°. Then a ¢ AU B. Thus a ¢ A and
a ¢ B. But then a € A° and a € B°. Thus a € A°N B¢. Therefore the
LHS is a subset of the RHS.

As we have containment both ways, we have proved that

A°NB°=(AUB)-.
(d) Let P(n) be the statement that

X(Up_ Ag)e = H(l - XAz‘)‘
=1

We prove P(n) holds by induction on n.
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If n =1 then the LHS is

XU, Aje = XAS
= Xx\4;
=1- XA
and the RHS

n

H(l - XAZ) =1- XA -

i=1
As both sides are equal, P(1) holds.
Now suppose that P(k) holds. Let

A=JA  and  B=Au.

Then

XUt apye = XAuB)©
= XAcenBe
= XAcXBe

= <H(1 — XAJ) (1 - XAK+1)

=1
k+1

= H(l - XAi>7

where we used part (c¢) to get from line one to line two, homework 6,
question 2, part (a) to get from line two to line three and the induction
hypothesis to get from line three to line four. Thus P(k + 1) holds.
As we have show that P(1) holds and that P(k) = P(k+ 1), by the
principle of mathematical induction, it follows that P(n) holds for all
n, that is,
XU, Ay)e = H(l - XAz‘)‘
i=1

(e) Let P(n) be the statement that

H(l —x;) = Z(—l)]’C Z Liy Tiy - - - Ti -

i=1 k=0 1<) <dp<ig<-<ip<n

We prove P(n) holds by induction on n.
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If n =1 then the LHS is

=1 =1
= (1 — .’ﬂl)
and the RHS is
n 1
(-1) Ly Lig -+ - T4y, = (—1) Xy Ly - - - Ty,
k=0 1<i1 <ig<izg<---<ip <n k=0 1<i1 <i2<iz << <1
=1- xI1.

As both sides are equal, P(1) holds.
Now suppose that P(m) holds (we don’t use k simply because k appears
in the formula). We have

m+1 m
H(l—xl) =(1—zps1) H 1—a;)
=1 =1
m
1 — l’m+1 (Z Z Li1 Ly o+ - ZE%)
k=0 1< <ig<izg <<t <m
m m
= Z(—l)k Z LizLig -+ - gy, — Tm+1 (Z(—l)k Z L1 Ljg -+« xlk)
k=0 1<ii < <ip<m k=0 1<ii < <ip<n
m m
= Z(—l)k Z TiyTig - .- iy + Z(—l)lﬂrl Z Tiy Ty« - Ty Ty
k=0 1< <<y <m k=0 1<ii << <m
m m+1
k=0 1<i1 <ig < <ip <m k=1 1< <t < <ip=m++1
m+1
= Z(—l)k Z Lz Lig -+ - Ty
k=0 1<t <9 <iz <<t <m+1

where we used the inductive hypothesis to get from line one to line two.
By mathematical induction it follows that P(n) holds for all n. It
follows that

n

X(Up_ Ag)e = Z<_1)k Z Xm;?:lAij

k=0 1< <ia<i3<-<ip<n
=1—(xa -+ xa.) T (ainas + -+ Xa,004,) + - F (71" Xain45-04,,
substituting x; = x4, and using the fact that

Xn4; = H XA;-
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(f) If we sum over x € X we get

n

D Ot a) =20 DT D Xk 4

zeX k=0 1<i1 <12<i3 < <ip<n x€X

It follows that

n

(U A) =) (-1 > | Moy Ayl

k=0 1< <in<ig<--<ix<n
As
(U 40)°] = [ X = [UiL Al

> 1=1x],

zeX

and

we conclude that

n

X = Uy Al = X = ) (=) > [ M5 A

k=1 1<41 <i9<i3 < <1 <N
so that
n n k
Ual=>_0=" 0 >0 N4l
i=1 k=1 1<i1<i2<iz<--<ip<n  j=1
2. (a)

|AUBUC| = |A|+|B|+|C|—|BNC|—|ANC|—|ANB|+|ANBNC]|.
(b) Let A be the integers between 1 and 1000 divisible by 2, B be
the integers between 1 and 1000 divisible by 3 and C be the integers
between 1 and 1000 divisible by 5, so that
A={keZ|1<k<1000, k is divisible by 2 }
B={keZ|1<k<1000, k is divisible by 3 }
C={keZ|1<k<1000, k is divisible by 5 }.
We use the formula in (a) to count the number of elements of AUBUC.
These are the integers divisible by at least one of 2, 3, or 5. Suppose
that @ € A. Then we can find & € Z such that a = 2k. As 1 <a <
1000, we have 1 < k£ < 500. Thus
|A| = 500

Similarly,

C| = 200.
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Now b € B if and only if b = 3k, some integer k. As 1 < b < 1000,
1 <k <333. Thus
|B| = 333.
Now
ANB={keZ|1<k<1000, k is divisible by 6 }.

Thus @ € AN B if and only if a = 6k for some integer k. We have
1 <k <166. Thus
|AN B| = 166.

Similarly
|ANC| =100 and |BNC| = 66.
Finally,
ANBNC={keZ]|1<k<1000, k is divisible by 30 }.

Thus a € AN BNC' if and only if a = 30k for some integer k. We have
1 <k <33. Thus
|[ANBNC|=33.

It follows that

|JAUBUC| =|A|+ |B|+|C|—|BNC|—|ANC|—|ANB|+|ANnBNC|
= 500 4 333 + 200 — 166 — 100 — 66 + 33
= 734.

Thus the number of integers between 1 and 1,000 not divisible by one

of 2, 3or 5is
266.
3. (a) Suppose that f is injective and A is not the emptyset. We

have to show that there is a function g: B — A such that go f =
idg: A — A. Pick an element ag of A. Define a function

g B— A

as follows. If b € B there are two cases. If there is an element a € A
such that f(a) = b then define g(b) = a. Note that a is unique by
injectivity. If there is no such element then define g(b) = ay.

We check that go f =id4. As both sides of the equation are functions
from A to A it suffices to check that they have the same effect on
arbitrary element a € A. Let b = f(a). Then ¢g(b) = a by definition of
g.

(9o f)la) = g(f(a))

= a

= idA(&),
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where we used the observation above to get from line one to line two.
We now prove the other direction. If A is the emptyset then there is
only one function from A to B and this function is injective. Other-
wise suppose that there is a function g: B — A such that go f =
ida: A — A. We check that f is injective.

Suppose that a; and ay € A and f(ay) = f(az). If we apply g to both
sides we get

Thus f is injective.

(b) Suppose that f is surjective. Define a function g: B — A as
follows. If b € B then pick an element a of A such that f(a) = b. As
f is surjective we may find at least one such element. We check that
fog=1idg: B — B. As both sides are functions from B to B, we
just have to check they have the same effect on an element b of B. We
have

(fog)(b) = f(g(b))

= f(a)

=b

=1idg(b),
where we used the definition of g to get from line one to line two. Thus
f g = ldB
Now suppose that we may find a function g: B — A such that fog =
idg: B — B. Suppose that b € B and let a = g(b). We have

fla) = f(g(b))
= (fog)(b)
=1idg(b)
=b.

Thus f is surjective.

4. First suppose that B is the emptyset. Then A has to be the emptyset

as there is a function from A to B. As A and C are in bijection, it
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follows that C'is the emptyset. In this case f and g are bijections and
the result is clear.

By assumption go f: A — C is a bijection. It follows that there is a
function h: €' — A such that ho (go f) =ids and (go f) o h =ide.
We have

idgy =ho(gof)
=(hog)of.
It follows that f is injective by 3 (a). Similarly, We have

ide =(gof)oh
=go(foh).

By 3 (b) it follows that g is surjective.
Suppose that f is surjective. Then f is bijective. It follows that f is
invertible. Let k: B — A be the inverse of f. Then k is a bijection.
As the composition of bijections is a bijection, we have (go f) ok is a
bijection. On the other hand, we have

(gof)ok=go(fok)
=goidpg

Thus ¢ is a bijection. In particular it is injective.

Now suppose that g is injective. Then ¢ is a bijection. Let k: A — B
be the inverse of g. Then k is a bijection. As the composition of
bijections is a bijection, we have ko (go f) is a bijection. On the other
hand, we have

ko(gof)=(kog)of
=idgo f
—F

Thus f is a bijection. In particular f is surjective.

Challenge problems/Just for fun:

5. (a) If G has zero or one vertices then the degree function is injective.
So we may assume that GG has at least two vertices and we have to show
that the degree function is not injective. There are n numbers between
0 and n — 1. But if one vertex has degree 0 there are no vertices
of degree n — 1 and if there is a vertex of degree n — 1 there are no
vertices of degree 0. Thus we must miss one of the n numbers from
zero to n — 1. As there n vertices and at most n — 1 possible degrees,

the degree sequence cannot be injective, by the pigeonehole principle.
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(b) If n = 0 then G has no vertices and no edges. If n = 1 then G has
one vertex and one edge. So we may assume that n > 2.

There are two cases. Suppose that there is a vertex of degree zero.
Then there is no vertex of degree n — 1 and we must get all of the
numbers from 0 to n — 2. If we remove the vertex of degree zero then
we get a graph with n — 1 vertices and no vertex of degree zero.

If there is a vertex of degree n — 1 then consider the complement of
G, the graph H you get by putting an edge in H is there is no edge
in G. Then H has a vertex of degree zero, corresponding to the vertex
of degree n — 1 in G and H has vertices of every degree up to n — 2.
Thus there are two graphs where the degree function misses precisely
one number from zero to n — 1.

One can construct the graphs recursively as follows. Start with the
graph with two vertices and no edges. Take its complement to get the
graph with two vertices and one edge. Now add a vertex of degree zero,
to get a graph with three vertices. Take its complement to get another
graph with three vertices and then add a vertex of degree zero to get
a graph with four vertices, and so on.

Formally, let G1,G,,... be the graphs with a vertex of degree zero
and let Hy, Ho,... be the graphs with a vertex of degree n — 1. G5 is
the graph with two vertices and no edges. If we have constructed G,
then H, is the complement of G,, and G, is constructed from H, by
adding a vertex of degree zero.



