HOMEWORK 7, DUE TUESDAY MAY 23RD

1. Let X be a finite set, and let A, B and A;, As, ..., A, be subsets of
X. Let A° = X \ A denote the complement.

(a) What is
> xalx)?

(b) Use part (a) and the formulas you have proved about characteristic
functions to conclude that

|AU B| = |A| +|B| — |AN B|.

(c) Prove that
(AU B)¢ = A°nN B
(d) Prove that

n

X, ane = [ (1= xan).
=1
Ja
i=1

is the union of the sets Ay, A, ..., A, and

n
[
i=1

denotes the product of the numbers aq, ao, ..., a,.
(e) Prove that

X ape =Y _(=DF > Xrk_, 4y,
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Here

=1- (XA1 +oe XAn) + (XA1WA2 +oeee At XAnflmAn) +eeet (—1)77’)(,410,42‘..(7,4”.

Here the second sum runs over all k tuples of distinct integers from 1

to n.
(f) Conclude that
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2. (a) Write out the formula from 1 (f) in the case when k£ = 3 and
A:Al,B:AQ andC:Ag.

(b) How many integers between 1 and 1000 are not divisible by at least
one of 2, 3 or 57 You may use the fact that the integer n is divisible
by

(i) 2 and 3 if and only if it is divisible by 6,

(ii) 2 and 5 if and only if it is divisible by 10,

(iii) 3 and 5 if and only if it is divisible by 15,

(iv) 2, 3 and 5 if and only if it is divisible by 30.

3. Let f: A— B be a function. Prove that

(a) f is injective if and only if either A is the emptyset or there is a
function g: B — A such that go f =ids: A — A.

(b) f is surjective if and only if there is a function g: B — A such
that fog=1idg: B — B.

4. Suppose that f: A — B and g: B — C are two functions such
that go f: A — C'is a bijection.

Show that f is surjective if and only if g is injective.

Challenge problems/Just for fun:

5. (a) Let G = (V,E) be a graph. Show that the degree function
d: V. — N is injective if and only if the number n of vertices is at
most one.

(b) Classify all graphs G such that d misses at most one integer between
0 and n — 1.



