MODEL ANSWERS TO THE THIRD HOMEWORK

1. Since f is real on the real axis, we have

f(z) = f(2),
by the reflection principle. On the other hand, as f is purely imaginary
on the imaginary axis, g(z) = ¢f(—iz) is real on the real axis, so that
g also satisfies

9(2) = 3(2),
by the reflection principle. It follows that

fl—z+1iy) = —u+iv
where f(z) = u+iv. Thus

f(=2) = f(=z —iy) = f(maw +iy) = =[x +iy) = = f(2),
so that f is odd.
2. (i) Let
22— 2+2
24 +10224+9
Then R(z) is a rational function with a double zero at infinity. The
zeroes of the denominator are

0=2z'+1022+9= (22 +1)(2* +9),

so that R(z) has simple poles at z = +i and z = £3i. We integrate
R(z) around the standard contour from —R to R along the real axis
and along a semicircle of radius R in the upper half plane. As the
radius R tends to infinity the integral along the semicircle goes to zero.
If R > 3 then the contour goes around all poles in the upper half plane
which are at ¢ and 3¢. The residue at 7 is

P2 —1+2 1—1

(i+0)(@2+9)  16i

R(z) =

The residue at 3¢ is
(3i)> — 3i + 2 T+ 30
(3i +30)((31)2+1)  48i
Taking the limit as R goes to infinity by the residue theorem we get
/OO 2 —x + 2 (1—i T+3i 5
—————do =2mi — + , = —.
oot + 1022+ 9 164 481 12
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(ii) This is done in the model answers to the final of 220A but just for
practice let’s pick a different contour. We start just above the real axis
go around a big circle of radius R centred at the origin end just below
the real axis go parallel to the real axis almost to the origin, describe
a small circle of radius p centred at the origin clockwise and go back
along the z-axis.

It is straightforward to check that the integral along the big circle goes
to zero as R goes to infinity and the integral along the small circle also
goes to zero as p goes to zero.

Let
I= / T d‘f.
0o l1+x
We define 2% using a branch of the logarithm which excludes the

positive real axis and the argument 6 satisfies 0 < 6 < 27. If 2 = re'
then 2!/3 = r1/3¢%/3 In the limit, on the upper path we have

1/3 1/3

z =T

and on the lower path we have

: 1 3
/3 1/32mi/3 _ 1/ (_5 n §z> '

Thus the integral over the whole contour converges to
3 V3.
———1 | I
2 2

There are simple poles at =+i.

1/3

4 1 V3
—= 27'('/6:_ —'.
7 e 2—1— 5 7

and so the residue at 7 is

B 1 (V3

— = |5 T3]
2+ 21 2 2

(_,l')l/3 — e’iﬂ'/2 — Z

On the other hand

and so the residue at —7 is

(i) _ =i

—1—1 2
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Therefore by the residue theorem we have

/Ooxl/de o
o l+a? 3

(iii) Let’s try to integrate by parts,

> dz 1 [zl ode
log(1 H— == —_—.
R Y e
There are two cases. If & = 1 then consider the rational function
1
R(z) = ——.

(2) 1+ 22
We integrate R(z) around the standard contour from —R to R along
the real axis and along a semicircle of radius R in the upper half plane.
As the radius R tends to infinity the integral along the semicircle goes
to zero. If R > 1 then the contour goes around the only pole in the

upper half plane which is at <.

The residue at 7 is
1 1

i+i 20
Taking the limit as R goes to infinity by the residue theorem we get

> 1 1
/ de=2mi | — ) = 7.
oo 1+ 22 2i

If « # 1 the integral
/°° r'edr
I= —_—
o (%)

is very similar the one in part (ii). Let’s integrate over the same contour
and use the same branch of the logarithm. The integral over the circle
of radius R still goes to zero as R goes to infinity. The integral over
the circle of radius p goes to zero as p goes to zero as the length of the
path is proportional to p and the integrand is proportional to p!=¢.
We define z'~® using a branch of the logarithm which excludes the
positive real axis and the argument 6 satisfies 0 < 0 < 27. If z = re'
then 2!~ = rl=2i1=®) Tp the limit, on the upper path we have

-«

> _ l‘l_a

and on the lower path we have

Zl—a _ le—aeQ(l—a)ﬂ'z‘
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Thus the integral over the whole contour converges to
(1 _ 62(1_0“)7”)1.

There are simple poles at =+i.

,ilfa — 6(1704)7ri/2’
and so the residue at 7 is
11—«
' _ le(l—a)m'/Q'
i+1 27

On the other hand
(_i)l—a — 6(1—a)37ri/2‘

and so the residue at —7 is
<_,L')17a _6(1704)3#1'/2

—i—i 2i
Therefore by the residue theorem we have
—Q) T 2mi —a) T —a)37i —a) e —a)37i
(1_62(1 ) ) = o (6(1 )mif2 _ (1=a)3 /2) — (6(1 Jmif2 _ (1—a)3 /2) )
Thus
() d e(l—a)wi/Q _ 6—(1—a)7ri/2
/ log(1 + 2?) lf :z( . ‘ )
0 rlta a (e(lfa)m _ ef(lfa)ﬂ'z)
_ wsin(l — a)7/2
o« sin(l —a)r
T 1
2accos(l — a)m/2°

(iv)
dz| ipdz B —ipdz
/z|p|2 —al? /Z|p2(z —a)(p/z—a) /|z|p (z —a)(p—az)

The rational function

—ip
(z —a)(p—az)

has poles at z = a and z = p/a. Only one is inside the circle of radius

p. The residue as a is

—ip
P
and the residue as p/a is

—ip —iap

pli—a p—aP




By the residue theorem

/ de] [ Fe iffal <p
sl=plz —al? | e if fa] > p.




