MODEL ANSWERS TO THE THIRD HOMEWORK

1. This is done by a trick. First suppose that m = 1. Then we get

=14+z4+22+...,

1—2z
simply because we recognize

1
1—=z2

as a geometric series with the given sum. Now suppose that we know
the power series expansion of (1 — z)~™. The derivative of this is
—m(1 —2z)""

On the other hand, we can differentiate a series term by term. For
example,

1
(1—z)’2:—5(1+22+322+4z3+...).

More generally,
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2. Note that
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The radius of convergence is 2, as the radius of convergence of
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is 2.

3. By definition cos z and sin z are linear combinations of e** and e

Now

el=et=1/e and el = el =,
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4. Suppose that w = se’® = 2!, Taking logs of both sides, we get

Thus

and

log s +i¢ = i(log2 4 2kmi) = ilog 2 — 2k,

for some integer k.



Equating real and imaginary parts, we get logs = —2km, whence s =
e 2™ and ¢ = log 2. Thus

w = e 2etos2 — 2T (cog(log 2) + i sin(log 2)),

where [ = —k is any integer.
Now suppose that w = ¢*. Taking logs of both sides, we get

log s +i¢p =i(logi + 2kmi) = i(im/2 + 2kmi) = —(4k + 1)7/2.
Thus, equating real and imaginary parts,
5 = ¢ WhHm/2 and ¢ =0.
So

w = I/,

where [ is any integer.
Suppose that w = (—1)%. Taking logs of both sides, we get

log s+ i¢ = 2i(log 1 + (2k + 1)mi) = —(4k + 2)m,
for some integer k. Thus, equating real and imaginary parts,
§ = ¢~ Wht2)m and o =0.

So

w = 6(4l+2)7r

where [ is any integer.

5. Suppose that w = z°. Then w = se® and z = re? for appropriate
r, s, # and ¢.

Now take logs of both sides

log s 4+ 1 = logw
= zlog z
= re (logr +i(27k + 0))
= (rlogr)e” +i(2mk + 0)re®.
Now the complex conjugate of the last expression is
(rlogr)e ™ —i(2nk 4 0)re ™.
Thus the real part is
log s = rlogrcos® — r(2rk + 6) sin 6
and the imaginary part is
¢ =rlogrsind + r(27k + 6) cos 6

S0
s = exp(rlogrcos@ — r(2rk + 0) sin ).
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Thus the real part of 27 is

exp (rlogrcosf — r(2mk + 0) sin @) cos (r log rsin 0 + r(27k + 6) cos )
and the imaginary part of 2* is

exp (rlogrcos — r(2rk + 6) sin 0) sin (r log rsin 0 + r(2wk + 0) cos ) .



