24. REPRESENTATION OF FUNCTIONS AS PRODUCTS

Lemma 24.1. Let f(z) be an entire function.
Then f(z) is never zero if and only if there is an entire function g(z)
such that

£(z) = e,
Proof. One direction is clear. The function
e9(2)
1s never zero.
Otherwise consider
f'(2)
f(2)
As this is entire, there is a holomorphic function g(z) such that
f'(z
J(2) = ()
f(z)
Consider f(z)e™9%). TIts derivative is easily seen to be zero and the
result follows easily. 0

Lemma 24.2. Let f(z) be an entire function with a finite number of
zeroes ay, as, . . ., ar and a zero of order m at 0.
Then there is an entire function g(z) such that

z
f(z) = zmed® H (1 - a) :
Proof. Clear, since the ratio
f(2)
)

is zero free. U

Again, we would like to do the same thing for a holomorphic function
with an infinite number of zeroes. As before the only problem with the
naive approach of extending the formula of to the infinite case,
are problems of convergence. In fact we are okay if

1
2 furl

converges and in this case we get absolute convergence on |z| < R. As

before in general we need to modify the product to induce convergence.
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So we try to introduce polynomials p,(z) such that

ﬁ (1 _ ai) e

n=1
converges.
Taking logs this is equivalent to convergence of the series
o0
rn(2),
n=1
where
z

ra(2) = log (1 - a—) + pa(2).

Here the branch of the logarithm should be chosen so that the argument
of r,(z) lies between —7 and 7 (inclusive).
Now consider the Taylor series of

log(1—y)=—-y—9y*/2-y"/3—...,

valid for |y| < 1. Of course, here we are using the standard branch
of the logarithm. Ignoring the minus sign (which won’t affect con-
vergence), if we take ¢,,(y) to be the first m terms, then what is left

is
1
m+ 1 Y
valid for |y| < 1.
Fix R and discard any term such that |a,| < R (there are only finitely

many such terms, so this will not affect convergence). If |z| < R and

1
m+1y

-1

m+1 ;m+2+' < —y)7t,

. m+11
m+2y - (

R
y:i then ly| = — < L
a

n |an]

It follows that

1 R m—+1 R —1
)< — (2 1— ) .
(2l < S (mr) ( mr)

Suppose that the series

o0

1 R \™™!
Soml)

n=1

converges, for some choice of m,. Then we set p,(2) = gm, (2/an).
Provided |z|/|a,| < 1, then r,(z) is close to zero and its argument is
then between —m and w. Then ) r,(z) is absolutely convergent and

uniformly convergent for |z| < R.
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Picking m,, = n, note that the series is absolutely convergent for all
R, since the sum above is dominated by a geometric series with ratio
less than one.

Theorem 24.3. Let ayi,as,... be a sequence of complex numbers that
tends to infinity. Then there is an entire function with these zeroes.
The most general function with these zeroes is of the form

— ,me(?) 1 - 2 et ()
f(z)=2z"e H( an)e ,

n=1
where my, are integers, g(z) is entire and
n(y) =y + (1/2)y" + (1/3)y* + - + (1/m)y"
Corollary 24.4. Fvery function meromorphic on the whole plane is

the quotient of two entire functions.

Proof. Let F(z) be a function which is meromorphic on the whole plane.
Pick an entire function g(z) whose zeroes are located at the poles of
F(z). Then f(z) = F(2)g(z) is an entire function and

Pz = 1) O
9(2)
The representation of is considerably more interesting if we
can choose h = m,, to be constant. By the proof of the Theorem, this
is equivalent to requiring convergence of the series

Z <|an\> '

h+1

In other words we require Convergence of the series

> e

Definition 24.5. Pick the smallest value of h for which the series
above converges. The corresponding product is called the canonical
product and h is called the genus of the canonical product. Suppose
that further g(z) is a polynomial (for the canonical product). Then f
is said to be of finite genus, and the genus of f is the larger of the
degree of g and the genus of the canonical product.

For example, an entire function of genus zero, is of the form

o fi(-2)



with .
>l
|an|

Genus one is either of the form

Cz"e™ ﬁ <1 — é) e/
1 1
Z W < 00, and Z m = 00,

or of the form .
z
m oz 1 _
Cz"e | | < _Cln) ,

with

with
Z — < 00, and a # 0.

Let us see what happens for sinmz. The zeroes are located at the

integers. As
Z 1
n

1
n2
converges, we have a representation of the form

sinTz = zed®) H (1 — E) e/m,
n

n#0
Taking the logarithmic derivative, we have

coth-—+g +Z<z—n —).

Here, we are allowed to differentiate term by term, as we have uni-
form convergence away from z = n. As we have already found such an
expression for cot mz, we see that ¢’(z) = 0 so that g(z) is constant.
Now

diverges and

sinmz

lim =,

z—0 z

so that
eI = .
It follows that
z
inmz =7z 1-— —) e*/m

sinm T H ( -
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Thus sin 7z is an entire function of genus 1. Combining the +n terms,

we also have
00 2
i z
sm7rz:7rzH 1——2 .
n

n=1
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