25. ORTHOGONAL PROJECTION

What is the distance between a point p and a plane H in R3*? What
is the distance between a point p and a line L in R3? In the first case we
want a point ¢ € H such that the line pq is orthogonal to H. Similarly
we want a point ¢ on L such that the line pq is orthogonal to L.

Let’s use vectors to solve this problem. Let’s assume that H and [
contain the origin, so that they are linear subspaces. We first treat the
second problem of a line through the origin. In this case the line L is
the span of a single vector .

The point p is represented by a vector ¢f. The orthogonal projection
q is a point of the line L so that there is a scalar a such that the vector
corresponding to ¢ is o = au. What is left over,

Vi =y —au
is orthogonal to @. So

O=g1-@=(§— i) @ =7 i — i i

Thus
o= —.
U-u
The orthogonal projection of i onto L is then the vector
— . — ?7 . a —
Yo = proj, y = Z—u.
U-u

Note that this formula is valid in R".

Example 25.1. What is the distance between the point p = (1,—1,2)
and the line L given parametrically as (t,2t,3t)?

Let ¥ = (1,—1,2). We want the point ¢ on the line L closest to p.
The corresponding vector ¢ is a multiple of @ = (1, 2, 3).

(1,-1,2)-(1,2,3) 5
1.2.3) (12,3 23 = 23

We want the distance between (1, —1,2) and %(1, 2,3):

81+144+169_ 125+144_ /59
142 49 142 V2-49 49 V14

Now let’s turn to the first problem, the distance between a point p
and a plane H. Suppose that H is the span of two orthogonal vectors
i, and s, so that

Yo =projLy =

{ﬁhﬁQ}

is an orthogonal basis of H.



As before let i be the vector corresponding to p and let 4y € H be
the closest vector to y. Then 1, = ¥ — 1, is orthogonal to H, so that it
is orthogonal to w; and us.

As o € H and { @, Uy } is a basis of H we may find scalars a; and
oy such that

Yo = projy §y = auu; + agils.
We know that
i =9~ %o =9 — (s + azii)

is orthogonal to H, that is, it is orthogonal to u; and . Thus

0 = ?71 . ’Jl = (g— 0411,_[1 — 042172) . ﬁl = g 17:1 — Oéﬂjl . ’l_[l.
Solving for a; we get:
?7:1 . 171 '
The same piece of algebra with the subscript o replacing the subscript
1 yields:

a1 =

Uy - Uy
Example 25.2. What is the distance between the point p = (3,1,5,1)

and the plane spanned by the vectors w; = (3,1,—1,1) and Uy =
(1,-1,1,—1) in R*?

Qg =

We check that u; and sy are orthogonal:
iy -y = (3,1,—-1,1)- (1,-1,1,—-1) = 0.

So i, and s are orthogonal. We try to write ¢ = (3,1,5,1) as a sum
o + i1, where

Yo = projy ¥ = aqly + aols.
We have

(3,1,51)-(3,1,-1,1) 6 1

“TGL11) B, -1,1) 12 2

and
(3,1,5,1)-(1,-1,1,-1) 6 3
(:]{2 = = - = —,
(1,—L1,-1)-(1,-1,L,-1) 4 2
Thus the closest vector to = (3,1,5,1) in H is

1 3
Yo = PIojy y = 5(3, 1L,—-1,1)+ 5(1, -1,1,-1)=(3,-1,1,-1).

The distance between p and H is the length of the vector
Gi=7—14=(3,1,51)—(3,-1,1,—1) = (0,2,4,2) = 2(0, 1,2, 1).

The distance is

2W1+4+1=2V6.
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There are general results along these lines whose proofs are simple
generalisations of the arguments above:

Definition-Theorem 25.3. If W is a subspace of R™ and v is a vector
i R™ then we may uniquely decompose

Y=o+
where 4o € W and v is orthogonal to W. 4y = projy, ¥ is called the
orthogonal projection of i onto W.

If
{ul,U27...,Uk}
s an orthogonal basis of W then
— . — y_»'ﬁl—» ?7'62—» ?jﬁn_,
Yo =DPIOJyy Yy = ——= U1 + —= U+ + S—— Up.
Uy - Uy Uy * Us Up, - Unp

Theorem 25.4. If W is a subspace of R™ and § is a vector in R™ then
the orthogonal projection yo = projy, ¢ is the closest point in W to v,
that is,

1=l < g =l foral — @eW,
with equality if and only if W = vp.
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