Math 142B Homework Assignment 1
Due 11:00pm Thursday, April 9, 2026

1.

10.

1
Let f(z) = x?sin (ac) for x # 0 and f(0) = 0.
(a) Show that f is differentiable at each  # 0. (Use without proof the fact that sin(z) is
differentiable and sin’(z) = cos(z).)
(b) Use the definition of derivative to show that f is differentiable at = 0 and that f’(0) = 0.

(¢) Show that f’ is not continuous at x = 0.

. Let f(x) = 2%sin (i) for z #0, f(0) =0, and g(z) = = for x € R.

(a) Calculate f (%) forn = +1,42,£3,...
(b) Explain why lin%) g (fj(,f)i — ?(((“)f)(o)) is meaningless; that is, fails to exist.
xT— xXr) —
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(a) Show that f is continuous at x = 0.
(b) Show that f is discontinuous at all x # 0.

(¢) Show that f is differentiable at x = 0. Note that the formula f'(x) = 2z does not apply
to this function f.

. Suppose f is differentiable at * = xg.

f(@o+h) — f(o)

(a) Show that }l;_r)ra Y = f'(z0).
(b) Show that lim flwo + h);hf(xo =M _ ().

. Suppose that the function f : (0,00) — R is differentiable and let ¢ > 0. Define g : (0,00) — R

by g(z) = f(cz). Using only the definition of derivative (without appealing to the chain rule),
show that ¢'(z) = c¢f’(cx) for x > 0.

. Let g be a function that is differentiable on an open interval I containing xg.

9(z)=g(@o) 5
Define h(z) = z—o 1 T # 20,
g (z0) if x = xo.
(a) Show that h is continuous on I.

(b) Show that if ¢’(zg) > 0, then there is a § > 0 such that %ﬁgx(’) > 0 for 0 < |z — x| < 0.

Show that |cos(z) — cos(y)| < |z —y| for all z,y € R.

. Let f be a function defined on R with the property that |f(z)— f(y)| < (z —y)?. Show that

f is a constant function.

. Let f and g be differentiable functions defined on an open interval I. Suppose a < b € I

with f(a) = f(b) = 0. Show that f'(z) + f(z)¢'(z) = 0 for some x € (a,b). [Hint: Consider
h(z) = f(x) e’ ]

Show that ex < e* for all z € R.



