
Math 102 Homework Assignment 7
Due Thursday, March 10, 2022

1. Let A =

1 0 1
0 −3 0
1 0 1

.

(a) Determine the singular values of A.

(b) Find an orthogonal matrix V so that V TATAV = Σ2 =

σ2
1 0 0
0 σ2

2 0
0 0 σ2

3

 with σ1 ≥ σ2 ≥ σ3.

(c) Find an orthogonal matrix U such that for each nonzero singular value σi of A, the
corresponding columns ui of U and vi of V satisfy ui =

1
σi
Avi.

(d) Write the singular value decomposition A = UΣV T .

2. Let A = U ΣV T be the singular value decomposition of a m×n matrix A of rank r with nonzero
singular values σ1 ≥ σ2 ≥ · · · ≥ σr > 0. Write U =

(
u1 · · · um

)
and V =

(
v1 · · · vn

)
.

(a) Show that
(
u1 · · · ur

)
is an orthonormal basis for R(A).

(b) Show that
(
ur+1 · · · um

)
is an orthonormal basis for N(AT ).

(c) Show that
(
v1 · · · vr

)
is an orthonormal basis for R(AT ).

(d) Show that
(
vr+1 · · · vn

)
is an orthonormal basis for N(A).

3. Show that if A is a symmetric matrix with eigenvalues λ1, λ2, . . . , λn, then the singular values
of A are |λ1|, |λ2|, . . . , |λn|.

4. Let A =

1 1
1 1
0 0

.

Determine the pseudoinverse A+ and verify that A and A+ satisfy the four Penrose conditions:

1. AA+A = A.

2. A+AA+ = A+.

3. (AA+)T = AA+.

4. (A+A)T = A+A.

5. Given a m × n matrix A, and let A+ be the pseudoinverse of A. Verify each of the following
identities.

(a) (A+)
+
= A.

(b) (AA+)
2
= AA+.

(c) (A+A)
2
= A+A.

6. Show that if A is a m× n matrix of rank n, then the pseudoinverse A+ =
(
ATA

)−1
AT .


