
Math 102 Homework Assignment 2
Due Thursday, January 20, 2022

1. Let L be a linear operator on Rn with the property that L(x) = 0 for some nonzero vector
x ∈ Rn. Let A =

[
L
]
E be the matrix representing L with respect to the standard basis

E = {e1, . . . , en} of Rn. Show that A is singular.

2. Let L be a linear operaton on a vector space V . Let A =
[
L
]
B be the matrix representing L

with respect to a basis B = {v1, . . . ,vn} of V . Show that Am is the matrix representing Lm

with respect to B; that is, show that
[
Lm

]
B =

([
L
]
B

)m
.

3. Suppose A = SΛS−1, where Λ is a diagonal matrix with diagonal elements λ1, . . . , λn. Write
S =

[
s1 · · · sn

]
; that is, si is the ith column of S.

(a) Show that Asi = λisi for i = 1, . . . , n.

(b) Show that if x = α1s1 + α2s2 + · · ·+ αnsn, then Akx = α1λ
k
1s1 + α2λ

k
2s2 + · · ·+ αnλ

k
nsn.

(c) Suppose |λi| < 1 for i = 1, . . . , n. What happens to Akx as k → ∞? Explain.

4. Let A and B be similar matrices.

(a) Show that AT and BT are similar.

(b) Show that Ak and Bk are similar for every positive integer k.

5. A linear transformation L : V → W is said to be one-to-one if L(v1) = L(v2) implies v1 = v2.

(a) Show that if ker(L) = {0V }, then L is one-to-one.

(b) Show that if L is one-to-one, then ker(L) = {0V }.

6. Let V be the subspace of C[a, b] spanned by {1, ex, e−x}, and let D be the differentiation
operator on V .

(a) Find the transition matrix P representing the change of coordinates from the ordered basis
E = {1, ex, e−x} to the ordered basis H = {1, sinh(x), cosh(x)}.

(b) Find the matrix A = [D]H representing D with respect to the basis H.

(c) Find the matrix B = [D]E representing D with respect to the basis E.

(d) Verify that B = P−1AP .


